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The Harmonic Series and Euler’s Constant

9 January 2013

Definition. We define the harmonic series, H,, as
n

Hy=3

k=1

Lemma. We have the following approximation:

| =

H, —1<log(n) < H,.

1
Proof. For reference, consider the following depiction of the function, f(z) = —,
T

over the interval [0,7] :

Figure 1: Right-hand Riemann approximation



Observe that H, is given by the right-hand Riemann approximation of
dx

n

/ —. In particular, subtracting off the area of the left-most rectangle, we
0o

have

Hn—lg/ do
1 x

= log(n) — log(1)
= log(n).

For the other bound, consider the similar figure:

0&F 1

Figure 2: Left-hand Riemann approximation

n+1 d
In this case, H,, is given by the left-hand Riemann approximation of / g
1
So we have
n+1
mx [ Z
1 X
=log(n+1) —log(1)
=log(n+1)
> log(n).
In this way, we conclude
H, — 1< log(n) < H,.
O



Of interest then, is to get our hands on this error term. To do so, we first
recall a bit of notation.

Definition. Given two functions, f(x) and g(z), if there is a constant ¢ € R so
that for some bound B, and for all * > B, we have that |f(z)| < ¢- g(z), then
we write

f(z) = O(g(2)).
This is called Big O notation. We may also equivalently write f(z) < g(x).

Theorem. There is constant v € R, which is known as Fuler’s constant, so
that

1
H, =log(n)+~v+0 (n) .

Proof. Set E,, = H,,—log(n+1), and refer to Figure 2. Geometrically speaking,
E,, is the sum of the areas of the first n “triangular” regions above 1/x. First,
note that as a sequence, E,, is strictly increasing, seeing as going further in the
sequence results in gaining more area. Furthermore, for any n, we have £, <1
(one can imagine sliding each triangle left into the unit square formed by the
axes). In this way, F), is monotonic and bounded, so it has a limit. Set

v= lim E,.

n—oo

Consider the quantity v — E,,. We know that v is the sum of the areas of all
triangles, and F,, is the sum of the area of the first n triangles. Thus, v — E,
is the tail after the first n triangles. Using the same sliding argument as above,

notice that 1 1
- F —_—< .
Y n < nil < "

So we have

H, =logln+1)+ E,
=log(n+1)+~vy+E, —v

— log(n) + O (i) + o+ (B =)
=log(n)+~v+ O (711) .

The penultimate step will be shown with rigor in a later exercise, but arises
from the fact that log(n + 1) ~ log(n). O

Definition. We say that two functions f, g are asymptotic and write f ~ g if

lim M =1.



Example. As we will see, the Prime Number Theorem states that

#{p < x| p is prime} ~ %.

Example. We have

$2+x~ 2.

Remark. The last example makes clear that ~ speaks only of relative error and

nothing of absolute error.

Corollary. We have the following immediate result:

Proof. Take n — oo in the previous theorem, and the error term drops out.

Additive and Multiplicative Functions
11 January 2013

Notation: Little “o”

We say f(z) = o(g(x)) if lim L,

Exercises:

e Suppose ¢ € R show log(n + ¢) ~ log(n).

Pf: We evaluate the end behavior using I’Hopital’s rule:

I _1
lim 09N EO gy B gy
n—oo log(n) n—oo - n—oo 1 + ¢

=1

e log(z) = o(z) Ve > 0

Pf: Let ¢ > 0.
We use I’Hopital’s rule to evaluate the following:

Hence log(z) = o(x°).

Arithmetic Functions

Definition.

O



e A function f: N — C is said to be arithmetic.

e An arithmetic function f is additive if f(mn) = f(m)+f(n) for (m,n) = 1.
If this holds for all m,n € N then f is completely additive.

e An arithmetic is multiplicative if f(mn) = f(m)f(n) for (m,n) = 1. If
this holds for all m,n € N, then f is completely multiplicative.

Example.

e v(n) = the number of distinct prime factors of n is an additive function.
ie. v(12) =2.

e Q(n) = the number of prime divisors of n counted with multiplicity is a
completely additive function. (£2(12) = 3 because 12 =2-2-3).

Complex Analysis Notes

Recall: € = cosf + isin6.
So if s =a+ bi and z € Ry then

28 = 2070 = pa by = eiblogs — 4 (cos(blog ) + isin(blog z).

Definition.
os(n) = Z d® is multiplicative but not completely multiplicative.
d|n

Proof. First the counterexample: o4(4) = 15425 +4% # (1°4-2%)2 = 0,(2)04(2).
Now suppose (m,n) = 1. Then

os(mn) = Z d’ = Z Z(dldg)s

d|lmn, di|m dz|n
Exercise: Justify this, i.e {d | mn} <> {(d1,d2) | d1 | m,ds | n}.

Proof. Since (m,n) = 1, each d uniquely determines prime factors that comprise
dy,ds so that d = dydy and dy | m while dy | n. Thus, we have

Z d° = Z (dids)® = Z Z(dldz)s-

d|lmn didz|mn di|m da|n



ogs(mn) = Z d; Z d5 | = os(m)os(n)

di|m da|n

Note: If n = pi'...pp* then apply the definition of multiplicative function
and induction we get

k k
os(n) = [Lose) = [T1° + i + % + o +0°)
i=1 i=1
k a; 4
=IT{ >y
i=1 \ j=0
k 1
)i -1
= (]91)71 (provided s # 0).
i=1
k k
If s =0, then o¢(n) = Hao(ptili) _ H(ai ).
i=1 i=1

Definition.
o (—1rm if n is square free
* uln) { 0 otherwise
e p(n)=#{1<m<n| (m,n)zl}an(l—l).
p
pln

e Von Mangoldt function

| log(p) if n = p* for some a > 1
Aln) = { otherwise
e.g A(12) = 0.
A(8) = log(2)
A(9) = log(3)
A(72) =0



Lemma.

|1 ifn=1
dz:ﬂ(d) - { 0 otherwise

Proof.
Suppose u = pi*...py* > 1 Then

Sould) =3 ulptpy)

dI’I’L 11=012=0 1, =0

Il
™ -
MH
.MH

s
=
Il
S
[V
I
o
<
x
Il

|
-E”

(1(1) + p(py))

-
I
—

I
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—
-
|
L
SN~—

|
o <.
Il

If n =1, then Zu(d) =ul)=1
d

Theorem. (Mdbius Inversion)

fn) =Y gd) & g(n) = > p(@)f (5)
d|n

d|n

Proof.

(=): Suppose f(n) = > _g(d).

d|n
Then,

Sou@f (%) = ud) Y ge)
d|n

d|n el %

p(pi...p)



= Z u(d)g(e) = Zg(e) (Z M(d)) =g(n)

n—deh eln e
(«<=): Suppose g(n) = Y _ pu(d)f (%)
d|n

Then

Mo =S w0 (£) = X uersn
d|n

dln e|d ehk=n
=D f) Y (i)
h|n IR
= f(n)

Remark. The following are just rearrangements:

Sou@f (5) =Y u(5) Fd =3 ue)fa).
din din n=ed



Mobius Inversion

14 January 2013
Exercise: Z o(d) =n
d|n

Proof. Recall from group theory the group Z,. A preliminary result is that if
some d | n, then there are exactly ¢(d) elements with order d in Z,. Since the
order of an element must divide the order of a group, summing ¢(d) over all

divisors d of n counts the elements in Z,, of which there are n of them. O
Lemma.
6(n) _ < pld)
n d
d|

Proof. Equivalently, we will show ¢(n)

> @ (%)
dn

Take f(m) =m and g(m) = ¢(m).
Then, using the previous fact, we have n = f(n) = Zg(d).
d|n
Now, using Mé&bius Inversion, we have:

¢(m) = g(m)

=Y u@)f (5)

dlm

S0 (3).

dlm

(3

Remark. Suppose n = p{' - - - p;¥ and let f be multiplicative.

k

L f(n) =[] £

i=1

ay a2 ag
2. 9() =) fd)=2 > - > ) fi).
d| i1=0i5=0 ix=0
We do this because the divisors look like pi*. Then, rearrange the terms

ap
to get a k-fold product of the sums so that g(n) = H (Z f(p?’)) .
=1 \4;=0



3. If f is multiplicative, g(n) = Zf(d) is multiplicative.
d
Let m = qll’1 ...qf’l, and suppose (m,n) = 1. Then

glnm) =" f(d)
d|lnm

ap b1 by

=D IED DD DD D (DR (VORI

i1=0 i =0j1=0 71=0

k a; l bj
H( f(pfi))H > fla)

i=1 \t=0
= g(n)g(m).

This means that in M&bius Inversion, either both f and g are multiplica-
tive, or neither are.

Exercise:

Recall:

[ loglp)  ifm=p°
A(m) { 0 otherwise

1. Show that Z A(d) = log(n).
d|n

Proof. Let n = pi*...p;*. Observe that

3 A@) = Z S AP

d|n i1=0 1. =0
a ' ay .
= (> AP [Z A(p?)}
i1=0 i =0
al a
= Z log(p1) ... Z log(pr)
=1 =1
= arlog(p1) . . . arlog(pr)
= log(n).

The second step is the key, and though it looks like it relies on the property
of multiplicity (with A(n) doesn’t have), I believe it holds because for
distinct primes p, ¢, we have A(pg) = 0, which kills many of those sums.
Thoughts? 0

10



2. Using Mébius Inversion, deduce that A(n Z wu(d)log(d

Proof. Set f(m) = log(m) and g(m) = A(m). Then using the previous
exercise and Mo6bius Inversion, we have

= A(n) = Zu(d)log (5)
= Zu Jlog(n) = _ u(d)log(d

d|n

log Zu =Y uld)log(d)

d|n

=0—Zu )log(d)

d|n

==Y u(d)log(d)
d|n

Exercise:
Show that for positive z,

:ZF(%) = F(%)ZZ“(”)G(%'

n<z n<z

Fact.

1. Suppose ng )| f(kx)| < oo and g(z Z flm
m=1

k=1
Then, f(z Zu
2. Suppose 3 da(R)g(ka)| < o0 and £(z) = 3 ulw)g(no).
k=1 n=1

Then, g(z i flm
m=1

11



Proof. = Suppose g(z) = Z f(mz). Then,
m=1

> un) > f(mnx)
Z Z w(n) f(mnz)

n=1m=1

> u(n)g(n

Let mn = r so that n | r. Then, rearrange* to get Z flrz) Z wu(n)

r=1 n|r

Z H(n) _ 1 r=1
0 otherwise

n|r

Recall:

All that remains is when r = 1 so that Z f(rz) Z u(n) = f(x).
r=1 n|r
*Rearrangement is justified because absolute convergence of the sum:

We have o = o .
> 3 mna) £ 32 - o) o)

SO we can see: ra)ld(r) < d3 (ra)| < oo by assumption. O
Z | f(ra)|d( y p
r<l1

Exercise 1.11 Liouville’s Function A(n) = (—1)%(™). Show that
! if n is a square
%3 Ald) = { 0 otherwise

Proof. Let n = p{*...p*. Then we have

al

ag ]
SN =D YA )
d|n i1=0  i,=0

aj,

=3 S yE

41=0 i, =0
j=1 zJ—O

Notice that the inside sum is 1 when a; is even. So for the entire product to
be 1, we require each of aq,...,a; to be even — which is equivalent to requiring
that n be a square. The product vanishes otherwise. O

12



Exercise 1.12 Ramanujan Sums

h .
Define Cy,(m) = Z e <m> and e(t) = 2™,
1<h<n n

(h,n)=1
We want to find a better way to express this.
Put

|
(]

hm
g(m) e (
n
1<h<n

(=)

If n f m, this is our result.

If n | m, then we get E 1 because we are considering e raised to an integer
1<h<n
which is 1 so we are consdering E 1 = n. This gives us a nicer formula so

1<h<n
that

(n) = n iftn|m
gm ) =13 o otherwise

hm
Note: gm(n) = — let h'd = h and n'd =
ote: gm(n) Z Z e( p ) so le and n n SO wWe are now

dln 1<h<n
(h,n)=d
- h'dm
considering Z Z e (dn’) = Z Chr(m).
dln 1<h’'<n’ d|n
(h';n')=1
So, we have g, (n) = ZCQ (m) where " is the variable.
d| ’ d
n

Using Mobius Inversion, we can get our hands on the right hand side so that

Culm) = 3 uld)gn ()
din
= ZN (g) gm(d)
din
> u(f)o

d|(m.n)

Note: Everything is killed but d | m because if d } m, gn(d) = 0.

13



Formal Dirichlet Series
01/16/2013

Ramanujan Sums Continued
Recall

and

1<h<n
(h7n):1

Exercise 1.14: Let 6 = (n,m). Show

Dirichlet Series

Definition. If f is an arithmetic function, then its formal Dirichlet series is

D(f )= fins =3 L)

n

Fact.
1. D(f,5)+ Dlg,s) = D(f + g, 5)

2. D(f,s)D(g,s) = D(f *g,s)
where f % g(n) = Z f(d)g(e) is called the convolution of f and g.

de=n

5(71){1 iftn=1

0 otherwise

Definition.

Note that f*xd = f. So § is an identity for the operation of convolution.
Exercise

1. If f and g are multiplicative, is f * g multiplicative?

14



Proof. Suppose (m,n) = 1. In an exercise from the second lecture, recall
that given relatively prime m,n, we discussed the one-to-one correspon-
dence between divisors of mn and ordered pairs of divisors (dy,d3), where
dy | m and da | n. This same idea justifies the key summation manipula-
tion below:

(f xg)(m) - (f xg)(n)

> fe)gld)- Y fle)g(d)

ed=m be=n

Y f@gd)f(e)g(b)

ed=m

S Fec)g(d)

ed=m
be=n

= > fs)g()

st=mn

(f % g)(mn).

2. Is * associative?

3. Are multiplicative functions invertible under * (i.e. can we solve fxg =4
for g given f)?

Fact
If f is multiplicative, then

(=31 ] (Zf‘p'”): [ G/ fep >+

ks
p, p prime \k=0 p p, p prime
Definition. 1
D(1 = — =
(Ls) =D — =((s)
n>1
Note that
1 =1 1 e
@=>u= 1 (Xmw)= II (==x)= II =™
n>1 p, p prime \k=0 p, p prime p* p, p prime

where the third equality comes from the fact that the inner sum is a geometric
series in p°.
Fact

1

D(M,S):F)

15



Proof.

D(u,s): H (Z/"(p )) _ H (lipfs)zﬁ

p, p prime \k=0 p, p prime

Now note that

1
slilf{l+ ¢(s) = zl;r&% - > IILH;O log(x) = co.

This implies that H (

>—>ooass—>1+. If we let s =1 we get
P

1— L
P

But we saw above that if we take the product of

P 1 over all primes it will go

to infinity. That can only happen if we have an infinite number of terms in the
product. Therefore there are infinitely many primes.

Fact 1.2.3:
An) — =C'(s) log(p)
D(A,s) =) v = o) " 3 e
n>1 pk21
P, prime

Proof. Differentiating ((s) yields

1
Thus —¢'(s) = D(log, s). Also, as we saw before —— = D(u,s). So

¢(s)
—¢'(s) _ _ _
OB D(log, s)D(, s) = D(log*pu,s) = D(A, s)

O
Exercise Prove the above blue equality.
Proof. In an earlier exercise, we showed that

n
An) =" u(d)log (%),
d|n

which is precisely our definition of convolution. O

16



Orders of Some Arithmetic Functions

18 January 2013

Fact Suppose f(n) = Zg(n) = g 1. Then we have
d|n

D(f,s) = D(g*1,s) = D(g,s)D(1,s) = D(g,5)¢(s)-

Exercise Show that for A(n) = (—=1)%™ we have

Proof. Keeping in mind that Liouville’s function is multiplicative, we compute

D()\ s) = Z Aln)

ns
n>1

Exercise We have the following identity:

2/ ¢2(s)
e (2s)

D(2,s) =

n>1

Proof. First, note that since v(n) is additive, the function 2(") is multiplicative.

17



We have

]
mu
~

I
= 41 3 -3

N
N
—
VA
~

Y

—
[\
@

N

O

Fact The following computation gives the Dirichlet series for |u(n)|. Observe
that

()
pS
1 - p%s
= H 1-— L
P p*
()
¢(2s)
Ramanujan’s Identity
i an+1 _ ﬁn+1 ,yn+1 _ 6n+1 - 1— Oéﬁ’}/(ST2
ZTaF y=5 " (I—arD)(1—adD)(1 - ByT)(1 - BOT)
Fact 1.2.8

o~ (n) _ ¢H(s)
ngl ns  ((2s)



Proof. Write
antl — gt
a—p
Take o = f = = § = 1 in Ramanujan’s identity to get

_ an +a"_16+...+ozﬁ”_1 _|_Bn.

= 1-12
S = Ao
— (1-17)
Then
o~ d*(n) o > (p") o~ (k+1)?
1
Taking T' = — yields
pS

Exercise 1.2.9
Using Ramanujan’s identity, show for a,b € C that

c- 1 ((5)¢(s—a)¢(s —b)¢(s —a—b)
;ga(n)ab(”)ﬁf C(2s —a—b) ’

Proof. If we write the right-hand side as an Euler product, then the factor for
a fixed prime p is given by

1 _p72spapb
(1 =p=*)(L = p=sp*)(1 —p=spb)(1 — p=spep®)’

Now applying Ramanujan’s identity with o = 1, 8 = p®, v =1, § = p?, and
T = p~* reduces this to

0 1— pa(m+1) 1— pb(erl) el
Z - - - - pfms _ (1+pa+p2a+m+pam)(1+pb+p2b+m+pbm)p7ms'
m=0 -p -p m=0
If we set

Ame: (1_|_pa _|_p2a_|_m+pam)(1 +pb _|_p2b+m_|_pbm)p—ms’

then

19



oo

s)((s—a)((s—b)(s—a—1> >
¢(s)¢( C()Qi(—a—)i() ):HZAPW:ZHAPM:

p m=0 n=0pm||n

- m —ms - 1
SOCIT a+pt 4™ )] A+ +0*+40") ] » :ZUa(n)ab(n)E.
n=1 pm|n p|ln pm|ln n=1
O
Exercise
Let

(n) 1 n=k" power
n) = .
qk 0 otherwise

¢(s)
qCON

Proof. Tt’s important to note that gx(n) is multiplicative. So we have

Then D(gg, s) =

S —s __ —s —2s —(k—1)s\ _ 1 _p—ks _ C(S)
;qk(mn —1;[(1+p +p 2 4 .p ! )—1;[ = Chs)

Fact 1.3.1
dn) =) 1= Y 1<2n
d|n d|n,d< /m

Fact 1.3.2 For every € > 0, there exists a constant ¢(e) € R such that d(n) <

c(e)n®.

Proof.

M:Hd(p“)zl—[a—i—l
pxe pxe

p*|n p*|n

1 1 1 1
Ifp > 2%,thenp€ > 280 p*© > 2%, Therefore — < — so ot < atl <
pae 20( pae 20(

1
1 and then H ot < 1. Forp§2%,
>2l pae
p €
a+1 « 1 « « «
(e%3 :ae+aegl+ aeS1+ :1+1 2 :
P D P P Qae elog(2)ae



Now for any y € R, one has €Y > y since eV = 1 4 y+ higher order terms.

Hence

(0% (0%

< —_— = o\
I+ elog(2)ae = 1+ log(2)ae L elog(2)

Thus

a+1 1 1 - !
I S I O < 10 aem) = 0 e

1
p*[|n,p<2< p*|In,p<2e p<2e

Now take

Then

1
p*||n,p>2€

Exercise 1.3.3
For any n > 0, show that

(1+¢) log(n)
d(n) < QTog(log(n)) |

Hint: Take

(14 %) log(2)
log(log(n))

Note: We showed

log(c(e)) | 2log(n)

d(n) < c(e)nf =2 Toem T e

Further Bounds on Arithmetic Functions

23 January 2013

We continue with our work in bounding specific arithmetic functions.

Fact. We have the following bound on o1(n):

o1(n) < n(log(n) + 1).

21



Proof. Observe that

o (oo 2+0(1)),

where this bound on the harmonic series comes from the first lecture. Recall
that the coefficient on the error term is a 1, and so using the Euler constant
approximation 7y & 0.5772..., we may conclude that for n > 3

o1(n) < n(log(n) + 1).

The cases for n = 1 and n = 2 are easily verified. O

1
Remark. A very simple lower bound is o1(n) =n Z p > n. Therefore,
d|n

n < o1(n) < n(log(n) + 1).

Switching our emphasis to ¢(n), we have the immediate upper bound ¢(n) <
n, where equality is reached only on ¢(1) = 1. In regards to how small ¢(n)
gets, we present no concrete result. Observe, however, that

o=l (5)

p|n

and so ¢(n) is small when many distinct primes divide n.
We do have a nice relationship between oy (n) and ¢(n):
Fact. There are constants c1,co € R so that
cin? < ¢(n)oy(n) < can®.

Proof. We begin by expressing these arithmetic functions in a more accessible
form. We know that

oi(n) = [[ A +p+...+0%).

p*||n

22



Therefore, dividing both sides of this identity by n yields

For ¢(n), we have
¢(n) _ (p—1>_ (p—1>
n 11 p l_[ p )
pln p|In
Thus, multiplying these expressions together gives
d(n)oi(n) _ H <p— 1) (pa+1 -1 )
n? o\ P p*(1—p)
B paJrl -1
- H pa+1 '

p||n

We immediately notice that each factor in this product is less than 1, so the
product as a whole is less than one. Therefore we have

o(n)or(n) < n2.

Hence, in the context of the problem statement, co = 1.

For the lower bound, we’ll need to do a bit more work with our product.
First, we’ll rewrite it as

() - (),

p*|In p*||n

23



so that multiplying by n? yields the following approximation:

om)or(n) = n* [[ <1 - p;ﬂ)

p*||n

vV
N
—
|

bS]
2l
~——

v IV
7 N z
— A~
I -
|
=
2 o5
SN—

P
1
@
Here, we note that FEuler first computed
LI o N
2 Hn*
and so we may set this as ¢y, which completes the proof. O

There is a tiny bit of hand-waving going in the final steps of the previous
proof. Without citing Euler, how might we have known that the infinite product
above actually converged?

k
Definition. Suppose z, is non-zero for all n € N. Set P, = H zn as the kP

n=1

partial product of z,. We define the infinite product of z, by

o) k
ZZHznzlim H’Z” .
k—o0
n=1 n=1

Notice that for any k, we have

Py
ZE = .
P4
This means that as k — oo, we require
z
R = — = 1.
z

In other words, the sequence must tend to 1 in order for the product of the
terms of the sequence to converge.

25 January 2013

24



=]
n
k

P = Hzn
n=1

Pk
Pk—1
Since py — z, 2z, — 1 as k — oo. Without loss of generality, Re(zx) > 0.

:Zk

We will eventually replace z, by 1+ z,. Note: If z = H(l +2y,) then z, — 0

n
as n — oQ.

log(Re') =log(r) +if(r > 0, -7 < 6 < )

Note: z = H(l + zp) and z ¢ R < log(z) = Zlog(l + zp).
Fact: H (1+42y,) converges to some complex number note in R<g iff Z log(1+

n>1 n
zn) converges in

[/
FiERERE

because log is holomorphic on the cut complex plane.

> (_1)n—1zn 212 23 2'4
Recall: log(1 = —t =z — 4+ = — — + ...
ecall: log(1 + 2) nZ::l - i- ot 3 2 +

has radius of convergence 1. (i.e This representation is valid and converges
for |z] < 1). Without loss of generality we may assume |z,| < 1Vn.

For |z| < 1,



1

2 5l + 2P + |2 + )
_ el 1
2 (1 - |z\)

1
Taking |2,| < 5. % < [log(1+2)| < §|z|.
K 3
ZE§Z|10g(1+Z)|§Z§‘Z| (1)

Fact: Suppose Re(z,) > —1. Then Z log(1 + z,) converges absolutely iff
n>0

Z zpn, converges absolutely.
n>0

Proof. This is straight forward from the Comparrison Test and from (1). O

Corollary. . H(l + z,) converges < Z log(1 + z,) converges

° Z log(1 + z,) converges absolutely < Z zn converges absolutely.

n

Definition. H(l + z,) converges absolutely iff Z 2, converges absolutely.
n

o0
Note: H (1+ 2,) converges absolutely, say to z.
n=1

= log(z)

Z log(1 + z,) converges to a complex number.
n>1

= log(z) = a+bi(a € R, =7 < jm).

= z # 0 since z = e (cos(b) + isin(b)) # 0.

~—

Exercise: Show v(n) < Log(n .
log(2)
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Proof. Factor n = p{*p3? ---p;*. Then we have

as

v(n) = v(pi'py® - pi¥)

O
Remark: Recall that ((s) = Z 1 H(#) = H(l + ! ) which
=IA/SASCLR The - TLS - 1 . % - ps _ 1
n>1 p p p
1
is valid and converges when Re(z) > 1. So,for Re(z) > 1, {(s) = H(lil) =
P p®

H(1 +

p

1
pra 1) converges and ((s) # 0
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Section 1.4: Average Orders
28 January 2013

Motivation: While we can find upper and lower bounds, at times, the functions
we are considering are not well-behaved. This motivates studying the average
behavior of arithmetic functions.

Definition. Suppose f(n) is arithmetic and g(z) is monotone increasing. We
say that g(n) is the average order of f(n) if

Y f(n) = zg(x) + o(zg(x)).

n<lz
Fact 1.4.1 The average order of d(n) is log (n).

Proof.

Sdm =Y Y

n<z n<z d|n

Notice:
—0 as = — oo.

xlog (x) - log (z)
Thus, z = o(xlog (x)). So, we conclude the average order of d(n) is log (n). O

Fact 1.4.2 There exists ¢ € R such that the average order of ¢(n) is cn.
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Proof. We start with

d>z

1’2>+ 22— p(d)

The sum is part of the "tail.” Now, let’s investigate the tail:

Sl ML),

d>x z
When this term is multiplied by the (7%) , we have a term that is bounded

2 d
above by |z| multiplied by a constant. In particular, the entire tail: | — % %
d>x
O(z). Since this doesn’t contribute as much as O(xlog (x)), it just gets sucked

into that term so that we have

> 6(n) = S-(@) + O(wlog ().

n<lz
Notice: | 01
g: ogQ(a:) — 0g (2) — 0 as ¢ — oo.
cx cx
2
cn
Thus, the average order of ¢(n) = Eh O

29



Exercise 1.4.3:
Show that the average order of o1(n) = Z d is en for c € R.
d|n

Proof. Let de = n.

332 X
-2(5+0(3))
i ST
= ?e<x?+ (.I Ogl‘)

1 o0
Let c = = —, and we can see this converges absolutely. Thus, o1(n) cx -
5 ; = g v n; 1(n)

(z). In other words, we have the average order of o1(n) = Zd is en for ¢ €

d|n
R. O
Exercise 1.4.4:
: = u(n)
- 1u(n
Show that = O|axk h = —,
ow tha n;qu(n) LT + T where ¢}, ,; pye

Proof. We will make us of the identity gr(n) = Z u(d) to aid in this proof.
dk|n
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We begin by writing

S ) =303 uld)

n<wz n<z dk|n
=3 || m@
d*|n
=z % - Z eapi(d),
dk|n d*|n

where 0 < ¢4 < 1. We easily bound the sum on the right by noting that

D ean(d) = Y eap(d)

dk|n dl ¥/n

<> 1
d| &/n
= O(z'/*).

Setting ¢x = E —u(:), (which converges for k > 2), we now have
n
n=1

qu(n):,r k= — +0(z'/*).
n<x

Finally, note that this middle summation is no larger than our existing error
term. Indeed,

@) <« pld) L cd
aF dk SZ%S WtTc_O(x )-
dF>x a> Yz a> ¥z
So we may conclude that Z qr(n) = cpx + O(gc%). 0

n<x
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Chapter 2: Primes in Arithmetic Progression
Section 2.1: Summation Techniques

Theorem (Dirichlet 1937-1840)
When (a,q) =1, 3 infinitely many primes, p, such that p = a( mod q).

Theorem (Partial Summation)
Suppose {a,}o>; C C, f(t) is differentiable on [z,1] where 2 € R. Set A(t) =

Zan and Ag = 0.

n<lx

Then, Z anf(n) = A(x)f(z) — /: A f'(t)dt.

n<x

Proof. First, suppose x € N.
Then, start with the left hand side:

Y anf(n) =) (A(n) = A(n —1))f(n)

n<z n<zc

=Y AW)fn)— Y A)f(n+1)

n<z n<zr—1

=A(2)f (@) + Y An)(f(n) - f(n+1))

n<z
n+1

—A@)f@) - Y A [ Fon

n+1
@@ - Y. [ awfo

n<lz—1
A1) - [ A0f O
1
We will finish this proof letting z € R next class.

Summation by Parts

30 January 2013

Last time we proved summation by parts for x € Z. We now complete the proof.
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Let x € R.

D anf(n) =) anf(n)

n<z n<[z]

= [Aws @ + (A (i) - A @) + [ A 0

noting that A(t) is constant in ([z], z) we get

- /A(t)f'(t)dt) + [A@)(f([2] = f(2))) + Alx)(f (=) = f([2]))]

Fact 2.1.2 Z logn = zlogz — z + O(log x)

n<x

Proof. Take f(t) =logt (so f'(t) = %) and a, = 1. Thus A(t) = [t]. Then

Zlogn—Zanf

n<x

—/A(t)f (t)dt
x]logx —/
1

1
=xlogz + O(log ) — /(1 + O(;))dt
1
=zlogz + O(logx) — 2 + O(log x)
=zxlogz —x + O(log x)

H—M—l

Exercise 2.1.3 Show that v := lim Z — — log = exists.

T—00
n<T

Exercises Suppose the prime number theorem i.e. Z logp =z + o(z). Show
p<z
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LY 1= o (1 - )
= ogx ogx
x? x?
2. =
Zp logx+0<logm>

p<z

1
3. Z — = loglog z + o(log log x).
p

p<z

Exercise 2.1.4: Show Z d(n) = xzlogx + O(z).

n<zx
Proof.
> d(n) = 1
n<zx nm<x
x
=3 [
x
=3 ()
x
=Y —+0@
m<x
= ! + O(x)
=T E T
m<zx
= zlog(z) + vz + O(x)
= zlog(x) + O(x)
O
Fact 2.1.5 Consider D(a,,s) = a—z. Suppose A(z) = Z an = O(x%) for
n> n n<x
some ¢ € R. Then, for Re(s) > 4,
[ A
D(a, s) :s/tsﬂdt.
1
Hence D(ay, s) converges for Re(s) > 0.
Proof. Take f(z) = 27% = 1987 5o f'(z) = —sz~(FD) = _Zemslogz They
x
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by partial summation

x
an

S = A()f (@) / A (8t

A €T
= % + s/A(t)t—(S“)dt
1

t3+1

:s/A(t)dtJrO(x‘s’s).

1
Note that for Re(s) > J we have

A .
D(ap,s) = ml;ngos/ts—gdt+0(x6 )
1
[ Aw)
= s/ pr dt
1
K 5 5
since / ffl) dt =0 <x + 1> and for Re(s) > 0, x— — 0. Thus, when Re(s) >
S xé xé
[ A®)
0, PP dt = O(1). Hence D(a,, s) converges for Re(s) > 4. O
1
Fact 2.1.6

1. {(s) = i 75/ o} dx where x = [z] + {z}.

s—1 xstl
2. Thus lim (s —1)¢(s) = 1.
s—1+

Proof. Note that ((s) = D(1,s), and Z 1 = [z] (i.e. § =1). So by previous
n<x
facts
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For Re(s) > 1

S t
C(s) = — —s/ts+1dt.
Thus

t
ot

tS

(s—l)C(s):s—(s—l)s/

So for Re(s) > 1 we have

Which implies

Hence

So

and therefore

Euler Maclauren Summation

01 February 2013

tewt
et —

tm
Fact 2.1.7 F(z,t) = Zbr(x)—' = T where {b,(z)}22, is defined recur-
7!

1
sively as bo(x) = 1, b].(x) = rb,—_1(x), and / by(x)dz = 0.
0

Proof.

tr—l

d N t
aF(m,t) = Z br(gc)ﬁ = Zrb“l(m)ﬁ = tz by—1(x) r—1)!

r>1 r>1 r>1

=tF(z,t)
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d
= %logF(I,t) =t

So log F(x,t) = tz 4+ C(t) and hence F(z,t) = e“®e®. By definition of b’.s,

1 1 o©

t"’
Fx,td:/ br(x)—dx =1
JRCX S0,

1 1 t
1 -1
= 1= / F(x,t)dx = / eCWevtdy = ec(t)zemtblv:o =M "
0 0

o) ¢
et —1°

tewt

Thus F(z,t) = EaEE
et —

Definition. b,(z) - Bernoulli polynomial
B, (z) = b.({z}) - Bernoulli function
B, = B,(0) = b,(0) - Bernoulli number

Exercise 2.1.8 By,y1 =0,r > 1

t — tr
Hint: Show that — + Z b-(0)— is an even function.
2 = 7!
Proof. First note that
t o t_ te+1
el—1 2 2e -1

If we replace t with —t, we get

—te'4+1 —tl4+e  te+1
2et—1 21—¢t 2e-—1

t t
so thus o + 5 is an even function. If we expand this as the power series
e

— tr
S+ > b (0)=,
2 +T:0 ( )r!

then we see from the following lemma that the coeflicients for the odd powers
of t must vanish from which our result follows. O

Lemma Let f(x) = Z anx™. If f is even, then a,, = 0 for n odd.

n=0

Proof. Note that we may write

oo o0
f(z) = Z Ao + Z a2n+1:c2".
n=0 n=0
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Then if f is even, we must have

o0 o] o0 o0
Z g + @ Z agn12”" = f(z) = f(-z) = Z g™ —x Z agp 12",
n=0

n=0 n=0 n=0

From this, we see that
o0
2
g agn417°"
n=0

is identically zero so the lemma follows from the uniqueness of power series. [

Remark A similar argument shows that if f is odd, all the coefficients for the
even powers of  must vanish.

Euler-Maclauren Summation
Let a,b € Z. We use the Stieltjes integral with respect to the measure d[t].

dz]([zi, Tit1]) = [Tit1] — [24]

S fn) = / F@)dlt]

a<n<b
Note i
[t]=t—{t} = [t :t—Bl(t)—§ = d[t] =dt —dB;
where
dBy([zi, wi1]) = Bi(it1) — Bi(ws).
Thus . .
fo) = | fwdt— [ ft)dB..
32 g0 = [ swai= [ sam,
Note

b

b b
/ f(t)dBy = B[~ / By(t) ' (t)dt = [f(b)B1(0)~ F(a) By (0)] — [ Ba(t) f'(t)dt =

b
Bi(f(b) - f(a)) - / By (1) (t)dt

38



Recall B)(t) = 2B;(t). Then

b
w= [ s 0 - s@im ) [ raim -

a<n<b

b b
/f@ﬁ—m ~ F@))By + 5Bl - /Bmﬁ%wﬂ

a

Repeating this process, we obtain Euler-MacLauren summation formula.

Theorem. Let k be a nonnegative integer and suppose f is (k+ 1) times dif-
ferentiable on [a,b] with a,b € Z. Then

_1)k
w=[ s wij D OO @B+ O [ B

Proof. The base case has been shown above. Suppose the claim holds for a
nonnegative integer k — 1. Since B, (t) = (k + 1)By(t), we can write

Bu( k) (k) )dB
[ mwsrowa= 2 [ rowas..

Now, integrating by parts using u = f(k) and dv = dBj,1, we obtain

/ FO(O)dBysy = fO () Buga (1 / Beya (0 0+ ()dt
= B (FP) - f®(a)) - /BHKMH%Mt

Now, using the induction hypothesis and substitution, we confirm the induction
claim by writing

b k—1 r+ _1\k—1 b
mzlmm+;<” ﬂ>>wmwm+ﬂ%1mwﬂmw

5 4D
b k— 1( 1+
:/ f(t)dtJrZ 1D f(r) ®) — ()] B, 11
@ r=0
k—1 b
+ ( (1]3)! kj— . (Bk+1(f(k)(b) — f(k)(a)) 7/ Bk+1(t)f(k+1)(t)dt>
. _1\k b
/ ~ (b) — f"(a)]Bry1 + (I(H—l)l)'/a Bjoi1 () f D (1)t

O
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Exercise (2.1.10). Show that

1 1 1 1
Z — log(x - ).
Z n og(x) + 7+ 2z * 122 o (.7:3>

n<x

Proof. blah O

Exercise (2.1.11). Show, using Euler-MacLauren summation, that
Zi :2\/;E+B+O<1>,

ovn v

where B is some constant.

Proof. Take f(t) =1/vt,a =1,b=z,and k = 0. Then using Euler-MacLauren
summation, we have

S TR

n<z

Observe that this last integral indeed converges, as we can write it as

/Bl(t)t‘3/2dt:/ Bl(t)t—3/2dt—/ By (t)t3/2dt
1 1 x

c+0<\}5>.

) alere ()

:2\/5+B+O<\/1§).

Thus we have

Z\/lﬁzz(\/%—l)Jr;(

n<x

-

O

Exercise (2.1.12). Let z be a non-zero complex number, and let § > 0 so that
|arg(z)| < 7 — . Show that

jzi:olog(zﬂ) = <z+n+;> log(= + 1) —n — <z—|— 1) log(z)—i—/on Bi@) .

2 z4+x
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Proof. Take a = 0, b = n, f(t) = log(z+1t), and kK = 0. Then using Euler-

MacLauren summation, we obtain

n n 1 " B
Zlog(2+j):/ log(z—i—t)dt—&-f(log(z_yn)_logz)+/ 1()dt
j=0 0 2 0 z+t

:(z+n)log(z+t)—(z—!—n)—zlogz—|—z_|_%(1Og(z+n)_logz)+/ Bl(t)dt

0o 2+t
— 1 1 ™ By(t
(Z ! 2) log (# +n) —n - (Z 2> tog 2 /o zl+(t)dt’

where differentiating log (z + t) is valid because |arg(z)| stays away from the
principal branch cut. O

2.2: Characters (mod q)

04 February 2013

Definition. A character mod q is a group homomorphism x: (Z/qZ)* — C*.

Recall from group theory that |(Z/qZ)*| = ¢(q), and every group element
raised to this power is the identity. This means that for any a € (Z/qZ)*, we
can write

1= x(1) = x(a”?) = (x(a))*?.

Thus, the image of a character is really just a ¢>(q)th root of unity.
Definition. We denote the n'” roots of unity by p, = {zeC: " =1}.

Remark. We can now revise our definition of a character to be any group ho-
momorphism x: (Z/qZ)" — pg(q)-

‘We make a few brief observations about our new definitions.
1. Set &, = *™/™ and observe that " =™ =1,50 &, € fin.

2. In fact, we can show that u, = {£;": 0 <m <n—1}.
Let z = e be any element of y,. Then for 2" = 1, we must have

rlandO(QWm).
n

Using the division algorithm, write m = na + b for some 0 < b < n. Then

o= (27;7”) — a(2m) + <2Zb) ,

and so taking all possible values of b yields all n roots of unity.
For our purposes, this implies that

to(q) = {€51g 0 <m < ¢(q)}.
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3. From group theory, we know that

&l m
@léd) ~ (@n)

so when (a,n) =1, then p, =< &, >=<&, > .

&al =

Definition. A Dirichlet character (mod q) is the natural domain extension of
a character to all of Z. That is, it is the extension x: Z — pg(q) given by

() _{ x([nlg) if (gn) =1

10 otherwise.
Exercise (2.2.1). Show that x is completely multiplicative.
Proof. If (mn,q) =1, then (m,q) =1 and (n,q) = 1. So

x(mn) = x([mn]q) = x([mlq[nlg) = x([mlg)x([n]g) = x(m)x(n).

If (mn,q) # 1, then either (m,q) # 1 or (n,q) # 1. In either case,

x(mn) = 0 = x(m)x(n).

Definition. A Dirichlet L-series is an infinite series of the form

Lis.y) = Dlx.s) = 3 .
n=1

Note that when Re(s) > 1, then L(s, x) converges absolutely.

Exercise (2.2.2). For Re(s) > 1, show that

s =057

p

Proof. Since x is completely multiplicative, we can write

eI (E5)

P

T4 )
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When Re(s) > 1, the inside sum converges, so recognizing this geometric series
we have

L(S,X) :H <1_1X(P)>

p ps

i)

O

Definition. The trivial Dirichlet character (mod q), denoted xo: Z — pg(q), is
given by

[ 1 if (g,n) =1
Xo(n) = { 0 otherwise.

Fact. If x,v are Dirichlet characters (mod q), then so are xi and X, where

X - ¥(n) = x(n)¢(n) and X(n) = x(n).

Note also that xx(n) = x(n)x(n) = 1 if (n,q) = 1, and 0 otherwise. In
other words, xX = xo. Recognizing that complex multiplication is associative
and commutative, we have shown that the set of Dirichlet characters forms an
Abelian group under multiplication.

Furthermore, because both (Z/qZ)" and pi4(q) are finite groups, we know the
set of characters mod q is also finite. Therefore, the set of Dirichlet characters
is actually a finite Abelian group under multiplication.

To learn more about the structure of (Z/gZ)", consider factoring ¢ = p{'p5* ... L.
By the Chinese Remainder Theorem, we know that

ZIQL =TL[p1' L % ... X L/piF L,
but moreover, for our purposes, we have
(Z/qZ)" = (Z/p0 D) x ... x (Z/pL)" .

So to understand the structure of (Z/qZ)*, we should really examine the struc-
ture of (Z/p®Z)" for prime p.
Fact (2.2.3). Recall from elementary group theory that (Z/pZ)* is cyclic.

Proof. Knowing that (Z/pZ)" is finite, let dy,da,...,d, be a list of distinct
orders of the elements in (Z/pZ)". Set e = lem(dy,ds,...,d,) and factor e =
it ps? ... peF. For each p‘;" , there must be some d; such that

P?j | d;.
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So d; = p?j t;, where p; ft;. Therefore, there is some element in (Z/pZ)" - call
it 2; - such that
|zj| = di = pj’t;.

. t a;
In particular then, |xj’| =p,’, so

|t mfc’“| =pit...ppF =e.
Because the order of an element divides the order of the group, we know e | p—1,
and so e < p — 1. On the other hand, however, every element y € (Z/pZ)"
satisfies the polynomial y® — 1 = 0. Thus, upon factoring this polynomial with
at least p — 1 roots over the field (Z/pZ)", we also conclude that p — 1 < e.
Therefore, e = p — 1, and so (Z/pZ)" is cyclic.
O

Definition. An element g € (Z/pZ)" of order p — 1 is called a generator or a
primitive root mod p.

Exercise (2.2.4). Suppose p > 2 is prime. Then (Z/p°Z)" is cyclic.

Proof. Hint: Let g be a primitive root mod p and show that either g or g + p is
a primitive root mod p?. Then show that if ¢ is a primitive root mod p?, then
¢ is in fact a primitive root mod p* for any integer k.

O
We now only need to take care of the case when p = 2. Observe that
(Z)22)" = {1} =< 1>
(Z)AZ) =7)27 = {1,3} =< 3 >
(Z)87)" =7.)27 x 7.)27 = {1,3,5,7} =< 5,—1 > (not cyclic!).
Exercise (2.2.5). For a > 3, show that the order of 5 in (Z/2°Z)" is 2°72.
Proof. Suppose we knew that for n > 3,
5" =1+2""1 mod 2" (2)

Upon squaring both sides of this equivalence, we obtain

27172

50 T =(1+21)?
=1+2" 4272
=1+2"(142"?)

=1 mod 2",
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which is the desired result. So we set about proving (1). For n = 3, the
statement is quickly verified. Suppose the claim holds for some integer k > 3,
that is, there is some integer m so that

5270 =142kl ok
Squaring both sides of this equation yields

52’“*2 _ (1+2k—1 +2k>2

— 1+2k+22km+2k+1m+22k—2+22km2

_ 1_|_2k+2k+1(2k71m+m+2k73+2k71m2)
=1+2% mod 2,

And so
520V ok D=1 g kL

Exercise (2.2.6). Use the previous exercise to conclude that for a > 3,

(Z)2°7)* = 7.)27 x 7.)2° %7 =< —1 > x < 5 > .
6 February 2013

Fact 2.2.7:

The number of {x (mod q)} = ¢(q)

Proof.
Write ¢ = 2%°p{*...pp* (ag > 0)

Recall that

k
(Z/42)" = @T/p¥2)* x 1/22 x T/ayL

i=1
For any xmodp), we can write

X = YoXoX1---Xk

where if ¢; € (Z/qZ)* is a generator for (Z/p;j Z)* and we take —1, go to be
generators for the 2— part if present then

Similarly for xo, ¥
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Note:
We can think of x; as a character modp‘;j . This is because

If a € Z/qZ* then we can write

a=(=1)"(g0)" (g1)"" ..-(gr)"*

for since 0 < ¢y <1
0<by<ap—2

0<b; <a
Then
k
x(a) = x((=1)°)x((g0)"™ H x(g5)
= vo(a)xo(a)...xx(a)
Note:

L (Z/p{)Z)" = L/ (pi)"~ (pi) "' Z.

The number of {x (mod p){*} = p((p;)*) because if x is a character

i

(mod p)i*, then x(g;) = x(9;)"-
Zwa.i,-
xi(gs) = (1200
covers all characters (mod p);*.

2. {x (mod 2)*} = {¢ox0|to(—1) = x(—1)x0(5) = x(5)}

The number of {x (mod 2)%} = 2292 = p(2%).

k

The number of {x (mod p)} = go(?ao)'H ©(pi") because x = YoXoX1---Xk-
i=1

Fact 2.2.8:
If x # z( then Z x(a) = 0.

a (mod q)
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Proof.
Since x # xo (mod ¢) there exists (b,a) = 1 such that x(b) # 1.

5= Z x(a) = Z x(ab) = x(b) Z x(q) = x(b)

a (mod q) a (mod q) a (mod q)

Hence (1 — x(b))s =0 and 1 — x(b) # 0. So s = 0.

O
Corollary.
_ | »(q) if X = Xo
Z X(a) = { 0 otherwise
a (mod q)
Fact:
Forg>1
_J el ifn=1(q)
Z x(n) = { 0 otherwise
X (mod q)
Proof.

If (n,q) > 1 then x(n) = 0 for all xpmodq. If m =1 (mod q) then x(n) =1
for all x (mod q).

> x(n) is equal to {x (mod ¢)} = (q).

X (mod q)
k

Suppose n # 1 (mod ¢) and (n,q) = 1. Write ¢ = pr
i=1

k
Write g = H pit. Thenn # 1 (mod p);" for at least one value of ¢. Without
i=1
loss of generality i = 1, o = th3 = ... = ¢ = vy (mod q) and ¥, (g") =
2mi
(lw(p;’i))k.

Define ¢ = 19 X 93 X ... X .

27

Then 1 =4 (n) = (1**")" where n = ¢* (mod p)}*.
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Sepi'n|ke k=0
< n#l (modp)

Note:

T= Y x(n= > ¥x(n)=vm)T = 1-¢,)T=0 andl-¢(n)#0
x (mod q) x (mod q)
=T=0

O
Section 2.3: Dirichlet’s Theorem
8 February 2013
Recall:
A way to prove there are 1nﬁn1tely many primes by analyzing the zeta function:
We have ((s Z 2 H . This implies:

n>1

log ¢ (s Zlog (1 — )
ZZ

P n>1

j2 n>2

Note: Let’s focus on the second term of the above expression.

For Re(s) > 1
Z Z Z Z nane(s '

p n>2 p n>2

npm
Furthermore, we may rewrite

p" = p" ) = exp (log (p) (n)(a + bi)) = exp (anlog (p)) exp (nblog (p)i).
Now, if we consider

[p"*| = [1] exp (anlog (p)) = p*" = p"Fels).
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Thus, we have

1 1
ZznpRe( <> ESZ,; 1 :Z
p p p

n>2 1—= p(p—1) nso !
p
1
This means Z Z pyery converges.
p n>2
So, we have log (¢ Z Z Z np”é
P n>2
Since have know lim ((s) = oo = hm log (¢(s)) = 00 = Z
s—1t
Thus, there are infinitely many primes.
. .. 1
Goal: We are working towards showing if (a,q) = 1, Z - = o0.
p=a(q) b
Hecho 2.3.1
lim (log (L(s, x0))) = oo.
s—1t

Proof. Recall:
(p) = 0 ifplg
Now, Consider

L(s,x0) =[] <1 - X‘)(p)>_1

s
» p

10

=C(5>H<1—p15)-

pllg
We chose these expressions because ((s) gives us all the primes - including those

1
that divide q. We multiplied this by H 1-— S) to cancel out all the terms

pllq
that divide g so we have equivalent expressions.

Note: for s =1, H (1 - 1) = oa) (a finite number).

p q
plq
Thus,
T (Esoxa)) = 22t ¢(s) = o0 = log (L5, ) =
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Fact 2.3.2
For Re(s) > 1

> L) =60 Y (=) | X S+ Y

np
x(mod q) n21 p”—l(q) p=1(q) n2>2pn=1(q)

Q

Proof.

Now that we have a nice expression to work with, we will consider the sum:

> | - Yy

x(mod q) X(mod q) p n>1

—zzmmzx

p n>1

=2 2

n>1prn= 1(q)

ZZ

n>1pr=1(q

Notice the rearrangement over the second equality is justified because Re(s) > 1,
we have absolute convergence (at the end). Also, the penultimate equality

follows from the fact that Z X (p™) counts characters. In particular, recall:
X
_ [ ole) ifp"=1(q)
S ={ 5@ T
X
Hence, we have the result. O
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Notation: we denote the order of p in (Z/qZ)" as order,(p).

Fact 2.3.3
For Re(s) > 1

> =1 Lsv)
x( a)

n>1
then a; = 1 and a,, = 0 for n > 2.

Proof.

I ten=eo(60Y ¥

x(mod q) n>1 p”fl q)

=11 11 =

n>lpr= 1(!1)

s <¢ss>>’“<z> ()]

Now, let n = f - ordery(p) so that the above expression equals

M{IE (o) () )

p f=1k=0

Furthermore, we may identify the coeflicients.
The important thing to note, though, is that each a; is nonnegative. O

11 February 2013

Fact (2.3.4). For a nontrivial character x mod g, we have that

D o x(n)|<q

n<lz

Proof. First, write
[x] = kg + r, where 0 <r < q.

Recall we showed that Z x(n) =0 and so Z x(n) = 0 for any k. So we have

n<q nk<gq
dDxm)=> xm+ DY xm)= D xn).
n<x n<kq kq<n<kq+r kq<n<kqg+r

The final summation is just summing r roots of unity, so

doxm < > k() <q-1<q

nsx kq<n<kg+r

o1



Corollary. L(s,x) converges for Re(s) > 0.

Proof. From Fact 2.1.5, we have

< s(t
L(s,x) = 5/1 t5(+)1 dt,

where s(t) = Z x(n). The result follows from the approximation in the previ-
n<t
ous fact. O

Fact (2.3.5). For a nontrivial character x mod g, we can show that

LX) #0 < L(1,%) #0.

Proof. We show one direction because the other is quite similar. Supposing
L(1, x) is nonzero, write

K10 = i S

n>x

o x(n)
=t >

n>x
= L(1, x).

If the conjugate of L(1,x) is nonzero, then certainly L(1, ) is nonzero as well.
O

Fact (2.3.6). The residue of the pole at s = 1 of L(s,xo0) is ¢(q)/q. In other

words, we have that
lim (s —1)L(s, x0) = @

s—1t q

Proof. Using a number of earlier results, we compute

i (5= DEsxo) = tim (s 1) I (1-7)

plg

XD i (5 - 1)¢(6)
()

(g
q
(q
q
Fact (2.3.7). If L(1,x) # 0 for all non-trivial characters x mod g, then

lim (s —1) H L(s,x) # 0.

s—1t
x(q)
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Moreover, part of Dirichlet’s theorem holds under this assumption:

Yl

p=1(q) p

Proof. We begin by computing

lim (s —1) HLsx—hm(s—l—C HLSX

s~>1Jr s—1t
x(q) x(q)
X7#X0
= la) lim L(s,x)
q s—1t
x(a)
X#Xo

# 0 by hypothesis.

In particular then,
lim L(s,x) =

1+
T @
For the second claim, note that for Re(s) > 1, we can write

e =I5
x(q) P p°

x(q)

= exp ZZZXM

x(q) P k=0
—ep (XY 5 Yoot
P k>0 x(q)
1
=exp | ¢(q) Z s
P

p"=1(q)

—en o) | 2 o+ Y o

p p
p=1(q) k>2
P*=1(q)

Since this product diverges to infinity as s goes to 1 from the right, and since
the second sum is convergent (via comparison to the 2nd degree overharmonic
series), we have that the leftover sum diverges, which is the desired result. O

Fact (2.3.8). Fiz (a,q) = 1. For any integer n, we have that
_ if n =a mod
S sl ={ §@ T et

otherwise.
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Proof. Recall that ¥(a) = x(a) = (x(a)) 'x(a™!). So we have

> x@x(m) = > x(atn) = { 6@ ifn=amodg

otherwise.
x(q) x(q)
O

Exercise (2.3.9). Fiz (a,q) = 1 and assuming L(1,x) # 0 for all nontrivial
characters x mod q. Show that

Then, deduce that

Proof. In the same vein of (2.3.7), we compute

tim (s — 1) T £(s,0%® = Tim (s — 1) L(s, x0)®@ [ Ls,2)%
x(q)

s—1+ s—1+
x(q)

XFXo0
= lim (s — 1)L(s, x0) H L(SaX)X(a)

s—1t
x(q)
XFX0
— M lim L(&X)x(a)
q s—1t
x(q)
X#Xo

# 0, by hypothesis.

In particular, we have

li X@) — 5o,
Jim T L(s.)¥® = 00
x(q)

I v(a)log L(s, x) = oo.
sg{gz(:)x(a) og L(s, x) = 00
xq

o4



For the second claim, observe that (2.3.2) gives us

> ko0 = X0 T3

x(q) p k>0

;g o 2 n

x(q)

1
Z kpks

p=a(q)

kpké

1 1
—o | X St X om

p
p=a(q) pF=a(q)
E>2

Taking s — 17 here, the LHS diverges to infinity. Seeing as the second sum
on the RHS is convergent (compare to second degree overharmonic series), we

must have
Sl
p=a(g)
O

Note that the past few results prove Dirichlet’s theorem under the very
strong hypothesis that y nontrivial and L(1,x) # 0. The next few results are
aimed at proving that this hypothesis always holds. For convenience, we’ll set

H L(s,x) Z n
x(q) n=1 "

where a1 = 1 and a,, > 0 for n > 2.

Fact (2.3.10). Suppose x1 mod q is not real (that is, x1 # X1). Then L(1,x1) #
0.

Proof. By the corollary to (2.3.4), L(1, x1) converges. To obtain a contradiction,
suppose L(1,x1) = 0. Write

L(S’Xl) = (5 - 1)9(57X1)7

where g(s,x1) is some continuous function when Re(s) > 0 except when s = 1.
Recall from (2.1.5) and (2.3.4) that

o s(t
L(s,x1) = s/1 t5(+)1 dt, where s(t le ) and |s(t)| < q.

n<t
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In particular, then, L(s,x1) is absolutely convergent when Re(s) > 0 and
L(1,x1) is differentiable. Therefore, set

. L(s,x1) — L(1,
g(1,x1) = L'(1,x1) = lim (s,x1) = L(L, x1)

s—1t s—1

= lim g¢g(s, .
Jim g(s, x1)

So g(s,x1) is continuous whenever Re(s) > 0. From (2.3.5), we also have that
L(1,x1) = 0, so we could similarly write

L(va_l) = (S - 1)9(50(_1)7

where g(1,x1) = L'(1, x1). Then we have

lim L(87X) = lim L(S,Xo) : (S - 1)29(83)(1)9(8;)(_1) : H L(87X)

s—1t s—1+
x(q) XF#X0
X?éx_l
X#X1
=o)L (1L,x)) L' (1,x0) [T L1, x) - lim (s — 1)
s—1t
X#X0
X?éX_1
X#X1
=0.

But this product is F(s), which is greater than or equal to one when Re(s) — 17.
Contradiction. Therefore, L(1, x) # 0. O

Dirichlet’s Hyperbolic Method

13 February 2013

Note: I intend to clean this up a bit in the next day or two.
Suppose f = g * h. Then

) =Y g(@h (%) = 3 g(dh(e).

d|n ed=n

Theorem Given f = g * h, for any y > 0,

3 0= Ssan (5) 5 () - (2
<z

n<z d<y

where G(z) = Z g(n) and H(z) = Z h(n).

n<x n<x
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Proof. Suppose y > 0.

St =33 gldh(e)

n<z n<z de=n
=Y gld)h(e)
de<uz
= > g@h(e)+ D g(dh(e)
de<z,d<y de<z,d<y
—zg<d>ﬂ<§>+zh<e> {G(E)—G@]
d<y e<z
= 2o (3)+ X na)c () - cwr (3)

Exercise (2.4.2). Show Z oo(n) = zlog(z) + (2y — 1)z + O(V/x).

n<z
Proof. First, notice that Z oo(n) = Z Z 1= Z Z 1.
n<zx n<z d|n n<z ed=n

With thls in mind, let’s choose ¢g(d) = 1,h(e) = 1 so that H(z) = G(x) =

Z 1 = [z]. Letting y = v/, we will apply Dirichlet’s Hyperbola Method:

n<z

St = 5 1[2]+ X 1[f] -

n<z d<\/z d<\/z

=2y {3} _

d<\z

:m<;Mm6+w+O<éJ>—x+0@@)

=zlogz + (2v - 1)z + O (Vz) .

o7



Fact 2.4.3 Suppose x( mod n) is real. Define f(n) = x*x1 = ZX . Then
d|n
f(1) =1and f(n) >0 for all n. Also if n is a square, then f(n) > 1.

Proof. Since x is multiplicative, f is multiplicative. Write n = p{*...p;*. Then

a+1 x(p) =1

= Hf( HZX x(p) = -1, even .

p*|In p*|In k=0 0 x(p) = —1,a odd

Thus f(1) = 1 and f(n) > 0 for all n. In addition, if n is a square, then « is
always even so the result follows. O

Fact 2.4.4 Let f(n Zx ) where x # xo is a character mod ¢. Then
d|n

> ff 2L(L, )V + O(L).

Proof. We will apply Dirichlet’s hyperbola method with y = v/z.

fn) 1 x(d x(d) 1
Note: —= = — x(d
\/ﬁ \/ﬁ% Z de=n f \/>
, x(d) 1 o
We will take g(d) = W7h(d)ﬁ’y = /z in Dirichlet’s hyperbola method.
Notes: ) )
H(x) = Z — =2/ +B+0 () Exercise 2.2.11
= Vn T

G(@:ZM:iM_ x(n) _ ( > ZX

1 . 1
t TE

By
—
~
=
I
~
2
—
=
|

Use partial summation with a,, = x(n) Here A(t) =

> x(n) < g o

n<t

W—A(y)f(y)—/w A(t)f (t)dt—A(m—l)f(x)_\/y+/gc s



1
Lemma For € > 0, x # Xo, ZX;;L):L(@X)"FO(LEE>'

n<z
Proof. Exercise O

Now use Dirichlet’s hyperbola method to write

| 005 My (2 *3 256 (5) - e (2)

Facts:

or-1(() 10

From Dirichlet’s hyperbola method, y = v/z so

f X 1 x
S5 M) X o) e
<V
Vd 1 1
- X7 (m)””@( )*Zf< (3 )*O(ﬁ (£ (30) o
d<\f ,
We'll simplify these three terms separately. For the first, observe that we can

rewrite this as
x(d X
VEDS *+ 2.
d<\/z d<f

Using partial summation on this second bit, we’ll take f(t) = =42 and ag =
x(d). Then it can be shown that

Z X— <1
d<f
So the first term reduces to

2/ Y @+O(1>.
A<\
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Regarding the second term, we can use partial summation with f(t) = 1/vt
and a, = 1 to show that

Z — =24+ 0(1).

d<f
So we have
Z f =2z Y @ +0(1) + 224 L (;x> +0(1) — 22Y4L <;x> +0(1).
n<u d<VT

=2z Y @+0(1).

d<v/z
o ) (LY
We will soon show in (2.4.6) that Z 7 = O 7z ) so we conclude by
d>+\/z *
writing
100 e (10000 (1)) o

n<x

= 2/zL(1, x) + O(1).
O
Fact (2.4.5). Let x be a non-trivial, real character mod q. Then L(1,x) # 0.
Proof. To lead to a contradiction, assume L(1,x) = 0. Then invoking the

previous fact gives
>

n<zx

However, we showed that under these hypotheses, f(n) > 1 when n is a square.

So we have f )
DR 2w

n<zx m<\/z

which as  — oo is much larger than O(1). Contradiction. So L(1,x) # 0.
0

This completes Dirichlet’s theorem in the most uncermonious of ways.

Exercise (2.4.6). Show that for a non-trivial, real character x, we have

S0

n>x
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Proof. Recall from (2.1.5) that we may write

L(1,x) = /100 ﬂdu where s(t) = Zx(n)

12
n<t

Then, using our familiar bound |[s(t)| < ¢, we have

Y
LR, )
-/ ERa e

o 1
S/ Lt + =
1 t X

1
< —.
T

O

Exercise (2.4.7). Let x be a non-trivial, real character, and let a,, = Zx(d).
d|

Show that
Y an =z +L(1,x) + O(V7).

n<z

Proof. Observe that a, = x(n) x 1. This suggests that we use Dirichlet’s hy-
perbola method, taking f(n) = a,, g(d) = x(d), h(d) = 1, and y = /x. Doing
this, we have

an= Y x@ 3]+ X 6(5) - cwaval.
n<w A<z d<\/x

Recall our convenient bound, |G(z)| < ¢. Thus, using this and the result from
the previous exercise, we may write

San<e Y XD S v

n<z d<\/z d<\z
d
— 3 X om
A<z

_ (L(l,x) +0 (\/15» +0(/7)
— ¢L(1,) + O(Va).

O

Exercise (2.4.8). Use the previous exercise to construct an alternate proof that
L(1,x) # 0 for any real, non-trivial character x.

61



Proof. As before, to reach a contradiction, assume L(1,x) = 0. Then from the
previous exercise,
F(z) = Z a, = O(V/z).
n<zx

Consider the Dirichlet series, D(ay,,s). Recall the result from (2.1.5), namely
that for F(z) = O(z'/?), we have that

D(an,s) = 8/100 F(t) dt

ts+1 ’

which converges whenever Re(s) > 1/2. Note also that
D(an, s) = L(s, x)L(s,1) = L(s, x)¢(s)-

On the RHS, we know that L(s,y) is defined for Re(s) > 0, and we showed
in (2.1.6) that ((s) has meromorphic continuation to Re(s) > 0. So write
s =1/2+ ¢ for some 0 < ¢ < 1/2. Then

lim D(ay,s) = Elir(r)lJr L(1/2+¢,x)C(1/24+¢€) = L(1/2,x)¢(1/2) € C.

e—0t

But from (2.4.3), we also have that

o0 o0

A 1
D(an,s) = Z m1/2+e Z Z m1+26 = C(l + 26)’
m=1 m=1
and lim+ C(1+2¢) = ((1) = co. Contradiction. So L(1,x) # 0. O
e—0

18 February 2013

Chapter 3: Prime Number Theorem

Definition.
m(x) = the number of {p < 1| p is prime }

Prime Number Theorem (1896)

log(z)

() ~ +O(z31)
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1 3.1. Chebysev’s Theorem

Observation:

(2] = 2 e )

is divisible by all primes n < p < 2n.
Fact 3.1.1

Letting 0(n) = Z log(p).

p<n

Then 6(n) < 4log(2)n.
Proof. Note

n<p<2n

> toat) < 3 tog) <tog (')
()

(2:) < i (2;.1) =(1+1)"=2%"

0(2n) — 0(n) < 1og<(2§)> < 2nlog(2)

= 02" =0(2") < 2" log(2)
So

02"t =0(2mt) — 0(2°)

= 1) —6(27)]
r=0

m

n
<) 27 og(2) = 2log(2) > 2"
r=0 r=0

= 2log(2)(2™T! — 1)

So, for 2™ < n < 2m*l

0(m) = 6(2™) + (6(n)) - 6(2™))
log(2) + (6(2™*") — 6(2™))
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< 2™ log(2) + 2" (log(2))

= 2m 2 og(2) = 4 - 2" log(2)

< 4log(2)n
O
Exercise. Use the previous result to deduce that
=Y 1< 4log2- —
w(n) = Z <4log2- Togn’
p<n
Proof. Observe that
logp 1 O(n)
= 1= < 1 = :
m(n) Z Z logp =~ logn Z o8P logn
p<n p<n p<n
So from the previous exercise, we have that
n
<4log2 - —.
m(n) < 4log logn
O

Exercise 3.1.2
Show
f(n) < 2log(2)n
Exercise. Induct on n to derive the better upper bound
O(n) <2log2-n.
Proof. Tt is quickly confirmed that the claim is true for n = 1,2,3,4,5. Take

any n > 5 and suppose the claim holds for every integer less than n. If n is
composite, then using the result from (3.1.1) we have

O(n)=60(n—1) <2(n—1)log2 < 2nlog2.

If n is prime, write n = 2m + 1. In the proof of (3.1.1) we showed

0(2m + 1) — 0(m) < log <2mm+ 1)
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and also S
m+
2m+1 n 2m+1 < 2m'+1 _ g2mtl
m m+1 ]‘Z:o 7

Recalling that the middle binary coefficients of odd powers are equal, this implies

(Qm + 1) < oom.
m

Thus, using the induction hypothesis and the previous work, we have

2 1
0(2m+1) §10g< mt ) + 6(m)
m
< 2mlog?2 + 2mlog2

<2log2-(2m+1).

O
Fact 3.1.3
Let ¥(z) = Z log(p) = Z A(n). (= 0(z)+ error)
el n<x
Then
lem[1,2,...,n] = ¥
Proof.
lem[1,2,...,n] = H peP
p<n
where e, = mazi<m<n(ordy(m)).
log(n)
ex, = [log _(n)] = = 1
p [ gp( )] |10g(p) p;n
log(lem[1,2,...,n]) = > eplog(p) = Y (> 1)log(p)
p<n p<n p*<n
= log, <, log(p) = Y A(m)
m<n
O

Fact 3.1.4

1
Note that e¥(?n+1) / 2" (1—z)"dx € N which implies (2n+1) > 2log(2)n.
0
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Proof. Note:

1
I:/ 2" (1 —x)"dx
0

which is clearly rational.

Recall:

eV (ntl) — lem(1,2,...,2n 4+ 1)
= @D e N

Pt >

ppentn) 5 1
- I
Notice (1 — z) is maximized at z = ~, i Llo_ 1.1 gom
otice (1 —z) is maximized at x = =, i.ex = =. =(1— = = =. So the max
B STt Ty
value of 2" (1 — )" on [0,1] is o
1

ed’(2n+1) 2 % > 22n

= ¢Y(2n+1) > 2log(2)n
Fact 3.1.5

There is A, B € Ry such that

IN
&
A

AX
log(a)
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Proof. Recall §(z) < 2log(2)x.

P(2n + 1) > 2log(2)n
= Y(2n+2) > (2n + 1) log(2)
U(x) = log(2)x

So

> log(p) < 22log(2)
VI<p<z

m(z) = m(V) < 2log(2)x

Prime Counting Functions

20 February 2013

Definitions
L I(z)=)_1
p<z
2. O(x) = Zlogp
p<z

3. W(z) =Y An)

n<x

Exercise. Show that 1(x) = 0(z) + O(v/z log® z).
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Proof. Notice that
U(x) = 0(z) + Y log(p),

p“<z
a>2

and so it suffices to show that this sum is of order /zlog? . Observe that

> log(p) < > logx

p“<z p“<z
a>2 a>2

<logzx Z 1
P

alzx

<logzx Z Z 1

P§¢Ea§}
< log®x Z 1

p<Vz
<z log?z.

x

og
ogp

Facts

3. O(z) < Vxlogz
4. ¥(z) < Vxlogx
5 U(x) >z

1
1
Proof. Recall e¥® / 2"(1—2z)"dz e N= V@ < 1 where I is bounded
0

1
above so 1 <922 = U(2n+1) < 2nlogn > n. Select n such that 2n+3 <
T — 1

x>2n—|—17then\Il(:E)§\11(2n+1)>>nzT:§x—g<<x. O
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Note

O(z) —B(z) = Z logp

Vz<p<z
= 0(z) + O(y/xlogz)
> U(z) + O(vxlogz)
= loga[T(z) — TI(v/z)]
> ) logp

Vz<p<z
> x.

This implies
I(z )logx >+ 0 ((x)logz) > x

so that we can say II(z) > 1— Thus, there exist A, B € R+ such that
ogx

A B
T <T(z) € ——.
log x log x

Challenge: Find A, B that work assuming z sufficiently large.

Exercise (3.1.6). Use Euler-Maclauren summation to show
T(z): = logn=uxlogz —x+C+0 E
. _-n<x o ’ .

Proof. By Euler-Maclauren summation,

>f“ﬂ}wﬁ(‘W fBHmﬁ%“ww

CESA

a<n<b

Take a = 1, b = z, f(t) = logt, and k = 1 in Euler-Maclauren summation.
We'll look at the integral part first. Observe that

/ Bz ) gt _7/ 1/6 — {1} +{t}* .

t2

dt 1 t— [t T L2
_ L ”7/ “dHl/ 2
12/, 2 2/, 2 2/, t2

- [ dt+c+o( )
2 1 X

:—llog:c+C+O<1>.
2 x
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So with the result of the summation formula, we have

r 1 1 /1 1 1
Zlogn: logtdt+ —logex+ —|——1) —=loge+C+0O | —
1 2 12 \z 2 T

n<x

1
:xlogﬂc—x—i—C—i-O().

xT

Fact 3.1.’2 J
Show Z % =logz + O(1).

d<z

Proof. Recall Z A(n) =logn.
d|n

So, take 1 as an upper bound on the fractional part yielding

T(x)=x Z # + O(¥(x)) because Z A(d) = ¥(z). This implies:

d<z
A(d T
Z% = ﬂ+0(1) (b/c ¥(z) < z)
d<z x
=logz + O(1) (by exercise 3.1.6.)

Fact1 3.1.8
Z — =loglogx + O(1).
p<z
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Proof.

n<z p<w p p“<z p*
a>2
1 1
:Z in—l—Zlogp E
p<w NG log x
2<a<
logp
I 1 1
“S o Y o () |y
p p
p<z p<Vz 1-—-
p
1 1
oo 5
p<z p<Vz
1 1
-0 ()
p<z n3
1
=322 oq)
p<z p
1 A
SRR =3 B o)
p<lx p n<l1 n
1 1 log p
By partial summation, welet f(t) = —, f'(t) = —————, a, =
vp F0= pogi /O =~y =1 7
So,
1 1 *logt+ O(1
> = <logw+0<1>>+/ logt + O gy
P ogx 2 tlog”t
rode dt
=0(1 +/ —|—O<) u = logt
(1) o tlogt tlog?t ( 21)

log x d log x d
:mn+/ <40 / =
log 2 u log 2 u

1 1
= logl o)+ 0
oglogz 4+ O(1) + <logx + log2>

=loglogz + O(1).
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71

ifn=p



The following theorem, known as Bertrand’s Postulate is a famous result in
number theory. It was first proved by Chebyshev and later by Erdés. The proof
we will follow, however, is Ramanujan’s.

Theorem (3.1.9). There is a prime between n and 2n for n sufficiently large.

Proof. As a preliminary observation, recall that for a monotonic decreasing
sequence tending to 0 - denote it (a,) - it is true that

ap —a; < Z(—l)”an.
n=0
To begin the proof, note that

T()=Y logz =Y A=Y v (%),
n<z de<zx e<z
so in particular

1@ -2 (3) =20 (5) 2 20 (5)

elx

-Tene(®)

e<a
So by the observation above and from (3.1.6), we have that
vi@)—v(3) <T@ —27 (3)
=zlogz —x + O(logx) — (xlog% —x 420 (log g))
= zlog 2+ O(log z).
Rearranging and iterating the same inequality k times, we obtain

Y(z) < zlog2+ O(logz) + ¢ (g)

=xlog2+ O(logz) + (§1°g2+w (%) +0 (logg>>

1
= zlog?2 <1 + 2> + (2) +20(log x)

k n
= zlog?2 Z <;> + (2%) + kO(log x).
n=0

It is important we count the error terms here because our choice of k£ will depend
on x. In fact, we would like 2k > x, which amounts to choosing

log x
k= .
[logJ
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Doing this yields the nice bound
Y(z) < 2xlog2 + O(log? z).
Returning to the altenating series involving v, write
x x x
— — — ) > — — ) = .
W(z) — ¢ (2) + v (3) >T(x)—2T (2) rlog2+ O(logx)
Therefore we can use the bound deduced above to obtain

b(@) —v (5) = wlog2+ Ollogz) = ()

2log?2

> xlog2+ O(log ) — x4+ O(log? z)
_log2

3

z 4 O(log? z).

At this point, we use our knowledge of the relationship between ¥ (x) and 6(x)
to conclude the proof. We now have that

0@)—0(5) = v@) —v (5) + O(Valog’a)

log 2
> o?g); z + O(vxlog® x).

Since x grows quicker than /zlog®z, the RHS is eventually positive, which
means there is some prime between x and x/2 whenever z is sufficiently large.

O

Remark. A weekend challenge would be to make this theorem effective. That is,
determine the constant in the O(y/zlog® z) term in order to find a lower bound
on z. This would involve returning to earlier exercises to establish constants in
the appropriate estimates of 6(z) and ¥ (z).

Further Topics in the Theory of Prime Counting
Functions

25 February 2013

oo _ L os(@) _
Fact (3.1.10). Suppose {an}or; C C. let s(z) = Z . Ifmh_{nOO = then

n<z

an , an
E — =al 1 .e. E — al .
=« og(z) + o(log(z)) as x — o0, i.e — og(x)

n<x n<x

1 n T s(t
Proof. By partial summation with f(t) = o n _ 5(@) —l—/ %dt. Note
n x 1

n<zx
E(z)
T

that lim s() = « implies s(z) = ax + E(z) where

— 00 as & — 09,
r—o00 T
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T Yy T
i.e. s(x) = ax + o(x). Thus / %dt = / %dt + / %dt where we take
1 1 Yy

y = y(x) such that y(z) = oo as x — co. Then

/yz t(z)d _/y at—|—0 / +O/ymdtt

alog(s) +Ollog(y) +o( | %) = alog(a) + Ollog(y)) + oflog(v)).

Taking log(y) = o(log(z)), e.g. log(y) = log(log(x)) and thus y = log(x). Then
/ s(t )dt = alog(x) + o(log(z)). O

Note: @

|T—04|<1 = J|s(z) —a| <z = s(ﬂc):O(x).So/lyS(t)

— 00 as x — 0o so there exists M € Ry such that x > M —

vdt, s(x) an
O(/1 7) = O(log(y)). Note = O(1). Thus ng:x P alog(x) + o(log(z))
provided that log(y) = o(log(z)) where y = y(z) — 0o as 2 — co. Taking y =
log(x) works.

Exercise (3.1.11). Show that ¥ (x) ~ = if and only if m(x) ~ x/logx.
A
Hint: (=) Use partial summation on 2<7§;<w o2 te ; log(zlri) =m(z)+

O(vVzlog(z)). (<) Use partial summation on Zf(n) log(n) where f(n) =

<z
1 n prime
0 otherwise

Proof. For the first direction, keep in mind that by hypothesis we have that
Y(x) = 2+ o(x) and ¢(x)/xz = O(1). Consider the sum

A(n
> o

ogn
2<n<zx &

Taking f(t) =1/logt and a,, = A(n) yields

v
Zlogn_ :13)+ ()d

2 tlog t

T T Todt
log log x 2 log”t
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Observe that

Tt Ve at Tt
o o B
2 log™t 2 log~t vz log™t

Therefore, we have

A(n) x x x
Z = +o +0 — |-
logn logz log = log” z

2<n<zx

But recalling that v (x) = 0(z) + O(v/z log? x), we also have that

Z Aln) () = 7(z) + O(V/zlog z).

. logn logx

Equating these two expressions, consolidating error terms, and isolating ()
gives the result that
m(x) = x/logx + o(z/log x).

For the other direction, we’ll use partial summation on

O(x) = Z an logn,

n<z

where a,, is the prime indicator function. Doing this and using the hypothesis
yields

ba) = Y anlogn = n(a)loga — [ "
1

) =2z~ o(z) + O(log )
=z +o(x).

Again, we'll use the approximation 0(z) = ¥(z) + O(v/xlog? z). Combining
error terms yields ¥ (x) = x + o(x). O

m(x)

Fact (3.1.2). Suppose lim = «a. We already proved that there exist

e 2 Tog(@)
c1,co € Ryg such that lim inf m(z) > ¢ and lim sup ﬂ < ¢o. Then
z—oo x/log(x) z—oo x/log(x)

()



1
Z — = alog(log(x)) + o(log(log(x))), i.e. if o exists, then ¢1 < a < co. We
Pz

1
showed that Z = log(log(x)).

p<z

m(x)
/ log(x)

Corollary. If hm = « exists, then a = 1.
Tr —

1 n prime

Proof. By partial summation with a,
0 otherwise ’

I e

P<$ 2<n<zx
O(logl(@) + /j %dt n /: t(z)dt
1 Y adt Yoodt
O(log(x) ) +/x tlog(t) + O(/I tlog(t)) -
O(logl(x) +y) + alog(log(x))) + O(log(log(y))) + o(log(log(x))) =

alog(log(z)) 4 o(log(log(z)))

provided one can choose y = y(z) — oo as £ — oo such that y = o(log(log(z))).
log(log(z))

log(log(log(z))) " -

Taking y =
Section 3.2: Nonvanishing of Dirichlet Series on
Re(s) =

02/27/13

We could say that there are two ingredients to the proof of the prime number
theorem:

1. The meromorphic continuation of {(s) to Re(s) = 1.
2. The nonvanishing of {(s) on Re(s) = 1.

The first of these we already have - in fact, we have more than we need. Recall
n (2.1.6) we showed that

((s) = % - 5/1 m{i}ldt,

s —

and so equivalently

(5—1)C(s) = 5 — (s — 1)/1 x{i}l dt.
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The right-hand side of this second equation is analytic for Re(s) > 0, which
means the expression for ((s) derived in (2.1.6) is meromorphic for Re(s) > 0.
Furthermore, we know that it has only one pole - a simple pole at s = 1 with
residue 1.

Some work still needs to be done to obtain the second ingredient listed above.
We've aluded to the following fact before when we concluded our discussion on
infinite products, but we’ll make it explicit here.

Fact (3.2.2). If Re(s) > 1, then ((s) # 0.

Proof. For Re(s) > 1, we can use the Euler product to write

o6 =TT =TI (1+ 1)

S
P p p 1

Therefore, to show that ((s) is nonzero, it suffices to show that

>

P

1 < 0.

Observe that after setting s = o + it, we have

1 1
RPN
P P
s
Pl +1
1
= Z o ’
= n +1
which converges for o > 1. O

Fact (3.2.3). Let s = o + it and suppose 0 > 1. Then

Re(log((s))zz An) cos(tlogn).

= n? logn
Proof. Observe that for ¢ > 1 we have

log¢(s) = =Y log(1—p~*)
1
Yy

p k>1

1 1,
:ZgZﬁﬁkﬁ

k>1 P

(s



To combine these two summations, take n = p* and use the von Mangoldt
function to identify the primes. That is, write

log ((s) = Y0

nclogn
n>1 &

_ Z A(n)
n? lo,
n>1

gn

(cos(tlogn) + isin(tlogn)),

where from here we can pick out the real part. O

Fact (3.2.4). For s = o0 + it and o > 0, we have
Re[3log (o) + 4log ((o + it) + log (o + 2it)] > 0.
Proof. First, recall the double angle formula for cosine
cos20 = 2cos* 0 — 1.

Using the result from (3.2.3), write
A(n)
n? logn
A(n
nlogn

A(n)

no logn
n=1 &)

NE

Re[3log (o) + 4log (o + it) 4+ log ((o + 2it)] = (3 + 4 cos(tlogn) + cos(2tlogn))

Il
_

n

(3 + 4 cos(tlogn) + 2cos*(tlogn) — 1)

M

n

Il
8>~

Il
o

(1 + cos(tlogn))?,

which is certainly greater than 0. O
Fact (3.2.5). For s = o+ it and o0 > 0, we have

1(*(0)¢H (o +it)( (o + 2it)| > 1.
Deduce from this that ((s) is nonzero on Re(s) =1 (except when s =1).

Proof. Taking the result from (3.2.4) and exponentiating both sides gives the
first claim. To lead to a contradiction, suppose ((s) has a zero of order m at
s = 1 + it for some nonzero t. Set ¢ to be the residue of this pole, that is

lim C(o +1it)
o1t (o —1)m

=c#0.

Taking the result from (3.2.5) and multiplying both sides by (o —1)37*™ yields

(o = 1)°C(0) (0 = )™ ¢H (o + it)¢(o + 2it)] > (o —1)°7*,
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where upon taking ¢ — 17 we obtain
I1-¢* - o(1+2it)] > lim (o0 —1)>4™,
o—1t
If this is to be true, then the right-hand side cannot diverge to infinity. So we
must have
3—4m >0 = m=0,

because m is an integer. Contradiction. Therefore, ((s) does not vanish on
Re(s) =1 except when s = 1. O

1 March 2013

Last time:

C(o +it) # 0 if we have that o < 1,£#0
Suppose x # x> (x # Xo is not real)

We can use the same techniques as above to reprove the non-vanishing of
L-series at s = 1 with nonreal nontrivial character (already proved in (2.3.10)).

Exercise. Let x be a non-real, non-trivial character mod q and write s = o+1t.
If 0 > 1, then

log L(o, x) = i

(cos(tlogn — nf) — isin(tlogn — nd))

and
A(n)

n?logn

log L(o, x?) = (cos(tlogn — 2n6) — isin(tlogn — 2nb))

NE

n=1

Proof. From (2.3.2) we have the expression

log L(o, x) = Z > X ké

k>1 p
_ § : z :X —1tk
- ko

k>1

Setting x(1) = €', taking n = p*, and using the von Mangoldt function to
identify the primes (just like in 3.2.3) yields

log L(o, ) = Y M) (myn

79



Furthermore, if x(1) = %, then x*(1) = €2 and so similarly

e}

log L(o, x?) Z logn (cos(tlogn — 2nb) — isin(tlogn — 2nh)).

O

Exercise. For s = o + it with 0 > 0, use the previous result to deduce that for
a non-real non-trivial character x,

Re[3log (o) + 4log L(o, x) + log L(o, x*)] > 0.
Proof. As before, we use the double angle formula
cos 22 = 2cos® x — 1.

From the previous exercise, we have that

Re[3log ((o) + 4log L(o, x) + log L(o, x*) Z log (3 + 4 cos (—nb) + cos (—2nb))
= Z g) (3 + 4 cos (—nb) + 2 cos® (—nb) —
i A(n) (14 cos (—nbh))?,
—~ 7logn
which is certainly greater than 0. O

Corollary. As an immediate corollary, we have that for a non-real, non-trivial
character x,

% (o)L (0, x) Lo, x*)] = 1.

Proof. Exponentiate the result from the previous exercise. O

Exercise. Show that for non-real, non-trivial x, L(1,x) is nonzero.

Proof. Suppose L(1, x) has a zero of order m and residue ¢ at some ¢ # 0. That
is,
. L(o,x)
lim —=%= = 0.
Jm G onm =7

Taking the result from the previous exercise and multiplying both sides by
(o —1)37™ yields

(o = 1)°C (o)L (o, x) (0 = )T Lo, x*)| > (0 = 1>,
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Upon taking ¢ — 17 we obtain

I1-c* L1, x?)| > lim (o —1)374m,
o—1+

From the corollary to (2.3.4), L(1,x?) converges, and so the right-hand side
must also converge. Therefore we have

3—4m >0 = m=0,

since m is an integer. Contradiction. So L(1,x) is nonzero for non-real, non-
trivial x. O

Corollary. L(o +it,x) #0 ifc <1 andt € R and x # x°.
Fact 3.2.6:

The function

—¢(s)
¢(s)

simple pole at s = 1 with residue 1.

has meromorphic continuity to Re(s) < 1 with only a

Proof.
Recall: ¢(s) and also ((s) have meromorphic continuity to Re(s) > 0 with
poles only at s = 1.

Recall:
Cs) _ 5~ Al
s) = m
Also, ¢(s) # 0 if Re(s) < 1.
Cisj has meromorphic continuity to Re(s) < 1 with a pole only at s = 1
at order 1.

Recall (3.2.1)

(s — 1)¢(s) = s(1 — (s — 1)/1°° m{i}ldaz
Note: f(s) is analytic for Re(s) > 0.

= (s —1)((s) = sf(s) for 1 < Re(s)

= ((s) + (s = 1)¢"(s) = f(s) + sf'(s)




¢'(s) _ fls) | sf'(s)

T T e
. ¢'(s), _
Jim (=) 531 = -1
So —C'(s) has a simple pole at s = 1 of residue 1.
¢(s)

Exercise (3.2.7). Show that

. 1
=)0 1
S+ 3)0 L o504 cos20+ ...+ cosnb.

2sing 2

Proof. Starting with the right-hand side, observe that this expression is the real
part of the quantity

1 ) ) )
75+(1+619+6120+...+61n0),

which we can rewrite using a finite geometric sum as

1 ei(n—i—l)@ -1

et —1
Observe that multiplying the denominator by e W/? yields
012 _ =10/2 — cosg +4sin - — cos = 4+ ¢sin — = 2¢sin —
2 2 2 2 2’
so (1) can be equivalently expressed as
1 (ei(n+1)9 _ 1)672'0/2 1 6i(n+1/2)9 _ 67i0/2
-5+ .0 =—5+ .0
2 2isin 5 2 2isin 5
1 cos (n+ 3)0 + isin (n+ 3)0 — cos § +isin g
2 2isin ¢
1 icos(n+ 3)0 +sin(n+ 2)0 —icos§ +sin g
) QSing
_dcos(n+5)0 +sin(n+ 3)0 — icos &
B 2 sin% '

At this point, all that remains is to pick out the real part of this quantity and
confirm that this matches the left-hand side of the claim. O
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Ikehera Weiner Theorem
Review of Fourier Analysis

Definition. The Schwartz space of rapidly decreasing function is

SR) ={f € C*(R)| lelim x”f(")(a:) =0,Vm,n € R}

— 00

Example: fp,(t) = e~ € S(R)(m > 0).

Definition. For f € S(R) we define the Fourier (inversion) of f by

fla): @/ f()et>dt

Fact: f(z) = f/ (e,

Proof. exercise

N 1 & o
Corollary. Note: f(x —y) = — F(t)e itetitygy,
V2T J o

]?(:17 — ) and f(t)e"Y are Fourier inversions of each other.

Parserol’s Identity / f(@)q(z)dx = / f

Note: The formulas can be extended to L?(R
Riemann-Lebesgue Lemma
lim | / ft)etdt] = 0
A—00 0o
for every absolute convergent function f.

Fejer Kernel

sin?(\z

Kx(z) = Az?

where K = 2v2r(1 — |2£/\| if || < 2, and 0 otherwise.

4 March 2013
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Ikehara-Wiener Theorem
Let F(s) = Z —2 be a Dirichlet series with b,, € R+ and absolute convergence
n
n>1
for Re(s) > 1. Suppose also that F(s) can be meromorphically continued to
Re(s) > 1 with only a simple pole at s = 1 of residue R> 0.
Then, B(z) = Z b, =Rx 4+ o(z) as x — o0.

n<lz

Proof. Without loss of generality, we may assume R> 0 because if R=0, F'(s)
is analytic on Re(s) > 1 and we may replace F(s) by F(s) 4 ((s) where F(s) =

1+ b,
E i and this satisfies the hypothesis with R=1. Applying the theorem,
nS
n>1

1+0b,
then yields S~ — by = o(z). It R# 0,1, th 1
en yields ; e x+o(x) = ng; o(x) + en replace
5 <
F(s) by Z % = G(s). Then, G satisfies the theorem by R=1 and the theorem
n<z
1
gives R an =z +o(x) = an = Rx + o(x).
n<lx n<x
So, we assume R = 1. Then, by partial summation, letting f(¢) = et
N N
L bn . B(N) B(¥)
P = Jim, (Z ) i ( e[

B(N
Since F(s) is analytic for Re(s) > 1, % = 0(1) as N — oo for Re(s) > 1.
In other words, B(N) = O(N®(®)>1) for any s for Re(s) > 1.
That is, B(N) = O(N'*9) for all § > 0.

B(N
So, foranyswithRe(s)>1+6>0,%—>035N—>oo.
> B(t > B(t) d
So, for Re(s) > 1,F(s) = s tsil)dt = t(s)t? Setting t = ¥ —
1
dt

u=1In(t) so dt = e"du = du = e

F(s):/ooo %du Fis):/oooB(e")e_S“du

Note:
o 1
u=0T s 1

/ e—u(s—l)du — -1 e—u(s—l)
0 s—1
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Write s =14 § + ix where 6 > 0. Then,
F(s)  F(1+406+ix)

S 14+6+ix
/ B (eu) efu(1+5+i:v)du
0

/ B (eu) efuefuéefum’du
0

So,
F 1 o0 |

SR o SYP p—

s s—1 0
Let g(u) =B (eu) e U

F(140+ix) 1 F(1+ix) 1
- - = —~ . Wh

M) = A rm ot o MO T Ta s T Taa Vhere ()
just has § = 0.

We have that

is analytic at s = 1 and

1
is well defined for all z € R
T

as well as continuous and infinitely differentiable.
Aside: we want g(u) — 1 as u— 0o

Exercise

Both of these functions are square integrable because B(x) < Z b, ( > for
n>1

all ¢ > 1.

—

Continuing with the proof, then, notice that {\/27r(g(u) — 1)6“5] (t) = hs(t)

so that, using Parseval’s formula, we get
V2 / ) —1)e “ky(u) du—/ hs (2)k (z)da.
Also, using a property of translation with Fourier transform,

V2 / ) —1)e Wk (u—v) du—/ he(2)k(z)e v dz.

Recall: Since kk(x) has compact support [—2X, 2], the limits as § — 0 of the
right hand sides (of our above equations) exist, and thus the same is true for
the left hand side(s). Thus,
V2 / — Dkx(u—v)du = / h(m)@e‘””dx.
And by the Riemann-Lebesgue Lemma, we have that the RHS — 0 as v — 0.
After moving the constant to the other side, this argument leads to the
following statement about the left-hand side:

[ee]

;1_1)% Ul;nolo _Oo(g(u) — Dkx(u —v)du = 0. (4)
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Exercise. Show that

) oo _:..2
sin” \z
/_OOK,\(x)dx:/ v dx = .

— 00

f<t):{1 if ¢ < A

Proof. Set

0 otherwise.

Of interest is the Fourier transform of f:

fy= o= [ e

1 A
—itx
= — e dx
Vor /,A

(_}e—itr A )
it -2

. % (eit)\ _ e*i“\)

1
= —— . = (2isint\)
2 it

On one side of Parseval’s identity, we have that

/Z fA()dt = /1 ldt = 2\

oo © 94 2
2)\:/ fQ(t)dt:/ siniA

2
Lo T

so this means that

Rearranging this final equation gives the desired result. O

Using this result, rewrite (1) as

oo

lim g(wk(u —v)du =m, ()

where the condition that 6 — 0 will remain unstated for the remainder of the
proof. Consider the change of variables v = v + a/X so that du = da/\.
Rewriting (2) in this fashion we see that

=i o DR T
“di [ ) e ©
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We now begin building an upper bound. Recall that B(z) is monotonic
increasing, so for us > u; we have that B(e"?) > B(e*') and in particular,
using our function g(u) = B(e")e™" that

Ul —u

gluz) > g(uy)e

So for |a| < VA, certainly ¢ > ——\% and thus
(0% 1 ;1_;'_3
— ) > — Vx TX
g(v—l—/\)_g(v \/X)ex

1 =2
>glv——)evr.
( VA )
Returning to (3), we now see the power of the most recent change in variables.

We now have a bound on part of the integrand that does not depend on «. In
particular, write

0o 2

. o\ sin” «
7= lim g(v+—) 5 do
v—00 J_ o A o
. VA ay sin? a
> lim g <U + *) Tda
v=oo J_ /X A «

. 1 — [V sin%a
> lim supglv—— | eV da.

Voo VA ~Vx a2
Upon setting w = v — L we arrive at
VA
2
Jim_sup g(w) < ﬁﬂéf : (7)
J2ux #artda

To simplify the integral in this expression, observe that the integrand is even
and so

00 i2 VA 2 0o 2
7T:/ sin ada:/ sin ada+2/ sin ada

o O A o? Jx o a?

VA 2 oo
1
g/ Sln2ada+2/ —do
VA« VA @

VX 2
sin” « 1
= —da+ 0| —).
/ﬁ a? (\FA)

Therefore, rewriting (4) we have

lim supg(w) < —
w— 00 T + O (\%/\)

87



and driving the arbitrary A — oo yields

lim supg(w) < 1.

w—r 00

It remains to be shown that the limit of the infimums is bounded below
by 1, but the strategy is very similar to the one used for the supremums. In

particular, recall that for us > uy we had that g(us) > g(up)e** "2, but now
we’re interested in the equivalent statement
g(ur) < g(ug)e™ ™.
Now, for |a| < VA we have that ¢ < % and thus
(v+5) <o (v 5) e
glv+—)<glv+—]e
A VA
< ( L ) %y
<glv+—=|evx.
VA
Returning again to (3), use this new bound to write
. > an sin? o
m= lim g<v+—) —da
v—oo [ o A «
. 1 2 [ sin’a
< lim infg v+ — | eV da
V00 \/X oo a2

or more appropriately

VX 2
1 1 2
7T+O<)§ lim infg<v+)e%/ wda
\/X V—»00 \/X _Jx o
so that setting w = v + %, rearranging, and then driving A\ — oo we discover
that

RPN G ) KOS G ©29) LG
wee T %da (7r+0 (%))

This completes the proof. We’ve shown now that lim g(u) = 1 and so
U— 00

lim B(t) = ¢. Equivalently,
t—o0

B(t) =t + o(t).

Corollary (Prime Number Theorem). As an immediate corollary,

m(x) ~ z/logx
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Proof. The function —¢’(s)/¢(s) = D(A, s) satisfies the conditions of the Ikehara-
Wiener Theorem with residue 1, so we have that

D(A, s) =z + o(z).

In particular then,

Jim vla) = Jim ) Am) ==

and so by (3.1.11) we conclude that 7 (x) ~ z/logx. O
The next couple results extend the IWT to other contexts. In particular,

what if we have some negative coefficients in our sequence, or what if our se-
quence consists of complex numbers?

Fact (3.3.3). Suppose f(s) = Y..°, an/n, with real a, and f(s) absolutely
convergent for Re(s) > 1. If f(s) has meromorphic continuation to Re(s) > 1
with at worst a simple pole at s = 1 of residue Ry, and if there is some real
sequence b, with |a,| < by, where the function F(s) =Y .~ b,/n® satisfies the
hypotheses of the IWT with residue Rp, then the IWT holds for f(s). That is

Ax) := Z a, = Rz + o(z).

n<x

Proof. Consider the function G(s) := F(s) — f(s), which has positive real coef-
ficients. G(s) satisfies the hypotheses of the IWT with residue Rp — Ry and so

we have that
> (b — an) = (Rp — Ry)x + o(x).
n<lz
By assumption, F'(s) also satisfies the conditions of the IWT with residue Rp,
so we also have that
Z b, = Rpx + o(x).
n<x

Subtracting the first equation from the second gives the result. O
Fact (3.3.4). The previous fact also holds if a,, is a complezx sequence.
13 March 2013
Fact: Let ¢ € N and define 9(x, q,a) = Z A(n).

n<x,n=a (mod q)

Then ¥(x, g, a) ~ X provided (a,q) = 1.

e(q)
Proof.
. 1 — _LI( ) )
Consider f(s) = 2@ Z\ X(a)(Tij;).
X€EZ/qZ
Observations:
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+ o0 =TT - X))
= log L(s, y) = ijlogu X;f)) - ijg é(;k)sk
-2 o
. = P00 L og(r(s,0) = - fj XA
. 1) =~ oz q)X(a)ni; XA

n=1,n=a (q)
e Recall L(s,x) is analytic for Re(s) > 0 if x # xo, and if x = xo0, L(s, Xx0) is
analytic for Re(s) > 1 and has meromorphic continuation to Re(s) > 0 with a
simple pole at s = 1.

P p® plg
— [ -2
plg
v(q)

Also L(s,x) # 0 for Re(s) > 1.

So f(s) has meromorphic continuation to Re(s) > 1 with a simple pole at s = 1.

Recall: h(s) = (s — 1)L(s, xo0) is analytic for Re(s) > 0.

Ws) _ 1 L' (s, xo)
= h(s) s-—1 L(smhfo)
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So, Reg—1( LL(IS(S;C))()) 1
L —L (SaX)
= ReS 1(f( )) Res*l((p(q) . (%;d q) ( )( L(S,X) ))
— Re _LI(S7X0) 1
= et LG ehin)) ~ 9@
Applying LW.T Z A(n) = % + o(x)-

n<x,n=¢ (mod q)
X
Z fracA(n )@ —-1e H X, q, @ 7((]) log 7)

n=a (mod q)

Exercise. As an immediately corollary, use this result to prove Dirichlet’s the-
orem. That is, show that

"ead = 3 1 g

p<z
p=a(q)

Proof. Supposing ¢(z,q,a) ~ 2/¢(q), consider the sum

Z logn

n<z
n=a(q)

Taking f(t) = 1/logt and using partial summation yields

Aln) _ ¥(z,q.0)  ["Y(z,q,0)
E + 5—dt
logn log x o tlog®t

T T Toodt
= S@ogz ¢ <¢(q)10gfc> "o </2 tlog2t> ’

whereby using the approximation of this integeral computed in (3.1.11) allows

us to write
T T T
i) o 5
¢(q) log x <¢(q) log fc> log® x

= St (¢<q>ﬁogx> '

Seeing as this sum is precisely 7(x, ¢, a), we have our result. O
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The next two results generalize the Ikehara-Wiener theorem to functions
that have meromorphic continuation to any positive real number c.

Exercise (3.3.6). Suppose F((s) = -, b,/n® is a Dirichlet series with positive
real coefficients, which is convergent for Re(s) > ¢ for some real number c.
Suppose further that F(s) has meromorphic continuation to Re(s) > ¢, with at
worst a simple pole at s = ¢ of residue R. Then

R
B(z) := Z by, = zxc + o(z9).
n<z
Proof. Consider the function
b _
G(s)=F(s+c—1)=Y —"n "

nc—l
n>1

which shifts F' along the real line so that G satisfies now the conditions for the
Ikehara-Wiener conjecture with residue R. That is,

D(x) := Z nIZ’I’_Ll = Rx + o(z).

n<x

Now observe that we can write

and so taking f(t) = t“~! and using partial summation we obtain

B(z) = D(z)a*"! — /1 “(e— 1)D()e2a

= Rz + o(z°) — (c — 1) /lz Rt“"tdt + o </1x(c - 1)t01dt>

RC
=Rz —(c—1) ’ + o(z9)
c
Rz* .
= + o(x°)

O

Exercise (3.3.7). Suppose f(s) = > o7, a,/n® is a Dirichlet series with com-
plex coefficients and is absolutely convergent for Re(s) > c. If f(s) has mero-
morphic continuation to Re(s) > ¢ with at worst a simple pole at s = ¢ of residue
R, and furthermore, if there is a function g(s) = >_.°2 b, /n® that satisfies the

n=1

hypotheses in (3.3.6) with the added property that |a,| < b, then

A(z) = Z a, = gwc + o(z9).

n<z
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Exercise (3.3.9). Let ¢, > 0 and suppose

c(x) == Z en = Az + o(x).

n<z

Use partial summation to show that

Z - Alog x + o(log x).
n

n<xz

Proof. Take f(t) = 1/t and use partial summation to yield
PP clz) | / el gy
n T J1

n<z
:A+/ Adt+0</ dtdt)
Jit 1t

= A+ Alogz + o(log z)
= Alogz + o(log ).

Section 4.1: Basic Integrals
25 March 2013

Idea
an

We are going to relate the behavior of g an as n— oo to f(s) = —
n<z n<l1 n
N

Typically, we will compute ]{ f(s)ds = lim f(e+it)dt.
N —oo J_N

Re(s)=c
We will now introduce some notation for ease: Re(s) = ¢ will be written as (c).

Tool
Cauchy’s Theorem relating the value of a line integral to the residue of the poles
of the function (if any).

Section 4.1: Basic Integrals

Definition

Define
0 ifo<z<l1
1
1 ifx>1.
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Fact
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Theorem 4.1.4 )
1 c+iR 5
Put I.(z; R) = / —ds.
27i c—iR S
Notice that as R — oo, this is the same as Re(s) = c.
Then, for x > 0,c¢ > 0, R > 0, we have that

1

zminql, ——— > ifx#1
[Ie(z; R) — 8(x)| < <, { Rllogrc}

Proof. Case 1: 0 <z <1

l.s
Consider the contour, K, for u > ¢. Since — has only a simple pole at s = 0,
s

1 x®
— ¢ Zds=0=3
omi e 50 ()

so that

0(z) = Ie(a; R)| =

R u+iR s u—iR s

1 ute T T

- s — s — L ds
2mi c+iR S u—1iR S c—iR S

1 u+iR 33 1 u+iR 33 1 u— 1R
< |— —ds| + j{ —ds| + 7{ —ds
27t Jorir S 27i w—iR S 27i c—iR S

Now, our aim is to estimate these terms.

We have
1 /u+iR xsd
— ~ ds
270 Jorin S

s=w+iR

1 u ﬁEw+iR

— [ g

27rz'_/c w+ iR w‘
1 [ v

<o |

= / lw+iR|

/—dw

oo | conlliog (@)wydu

[log o )H

C

<
- 27TR| log (x)|

1 u—iR :L'S
L
2 J._ir S
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Similarly, we can show that m.




Now, let’s take care of the third integral. In particular, we have this estimate:

1 u+iR xsd i R quriw d
o —ds o p w
2mt Jy_in S 2mt J_p u+iw

1 R gu

s=w+iR

— [ =d
2w )l

2R
27 |ul

"R

=———=0as u—oo b/c 0<z<1.
7lu|

So, we can select u sufficiently large so that the integral becomes as small as

required, i.e.
1 /C-‘r’LR xsd
— ~ ds
2mt Jo_in S

:L.C

< —.
~ Rlog(x)

So, we have for this case:

xC

Le(a: R) = 8(x)] = |Le(: B < gy

All that remains to be shown is that the integral is bounded by z¢.

Consider the circle centered at 0 with radius +/c? + R2. Let (g be the arc
running from ¢ — iR to ¢+ iR (Notice this is the same as I). So, we can bound

our expression:
1 ct+iR xsd
— 2 ds
2mt Jo_in S

1 S
- / xfds
211 Cn S

< 1 / x¢ d
— ——=—=ds
- 27 Cr \/02 —+ R2

:L.C
_ ds
2mv/c? + R? /R
.’I/‘C
= — (02 + R?
2mv/ 2 + R? ( )

C

IN

x
2
<z
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Now suppose z = 1. Using the substitution s = c+it, ds = idt, we compute

1 c+iR ds

LB =50 Join s
1R dt
21 ) pe+it

1 B c 1 R t

| mrp®o | aiptt

27T R C + t 27T _R C + t

Notice that the first integrand is even and the second integrand is odd, which
makes the remaining calculation much easier. Now write

R
LO,R) = 5/ at
0

T c? 412

_1/R dt
em o 14 (t/c)?

t=R

1
= — arctan(¢/c)
i t=0

1
= —arct .
—arc an(R/c)

In particular, as R — oo, we have that I.(1, R) — X -2 = 1 = §(1). Therefore,

we can write
1 o0 dt
— 1 = — _—
[e(1, B) = o(1)] cr /R 1+ (t/e)?

1 < dt
= Tr/R (/o)

c |t=00

Tt lt=R
< ¢/R.

Finally, suppose x > 1. This case proceeds almost identically to the first
case. For u > ¢, consider the rectangular contour S, with diagonal vertices
—u — iR and ¢+ iR and a counterclockwise orientation. By Cauchy’s theorem,

1 S
— Tgs=1= o(x).
2mi Jg, s

Recognizing that I.(z, R) is the right vertical dimension of this contour, we can

use the triangle inequality to write
c+iR s —u—1tR _s —u+iR s
T 1 x T
/ —ds|+— / —ds / —ds
—u—iR S 27 c—iR S —u—iR S

Jr1
2T

1
(e, B) ()| < o

97



As before, we bound these individual pieces. For the first, set s = w + iR and

write
ct+iR s c w+iR
T T
/ —ds / - dw‘
—u+iR s —y W + ZR
1 [°¢ av
< — —dw
2 J_, R
1 ¥ jw=c
2R logx’
l,L.C

1
2

1
2T

w=—u

< I Rlogr (because = > 1).

Similarly, the other horizontal piece follows the same bound:

1 —u—1R xs c
L / sl < 2
2m | J.—ir s 2nRlogx
For the final piece, observe that upon setting s = —u + it, ds = idt, we discover
1 —u+iR s 1 R —utit
- / Tas|=— / T gt
21 —wu—3R S 2 _R U + it
1 R v
< — dt
271' —R u
"R
owu

so this term can be made arbitrarily small for an appropriate choice of u. There-
fore, we have the first result in this case, namely,

xC

I.(z,R) —6(x)| < .
e ) = 0(2)] < o

Now consider the same origin-centered circle of radius v/¢2 + R?, but this
time consider the contour + which is the major arc that connects ¢ — iR to
¢+ tR. From Cauchy’s theorem, we have that

211 S
and so
6(x) — I(x, R)| = |1 — L(2, R)| = ’1?{ 2 s
2mi ), s
i Lds
Zﬂ- Yy \/Cz_'_i-R2

as before. This completes the proof.
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Fact (4.1.5). Let f(s) = D(ap,s) be a Dirichlet series which is absolutely con-
vergent for Re(s) > ¢ —e€. Then for x € R —Z,

1
E ap = — f(s)m—ds.
21 S
n<x ()

Proof. Since f(s) is uniformly convergent in Re(s) > ¢ — ¢, then

1 x® 1 x\* ds
— ~Zd il i i
270 J (e /() s s 2mi ?{c) nz>:1 (n) s

LN
_2m'%:1 "%@ P
- X (7)

n>1

:Zan.

1<n<z

Fact (4.1.6). For ¢ > 0 and for any integer k > 1, a useful identity is
1 s 1 (logz)® ifx>1

x —(log z if x
270 J(e) 0 ifo<az<1

Proof. For x > 1, consider the circle of radius R > c¢ centered at ¢, and set Cg
to be the left semicircle oriented from ¢+ iR to ¢ — iR. Set I as the line from
¢ — iR to ¢+ iR. By Cauchy’s theorem, integrating our function around this
contour picks up the residue of the pole at s = 0, so we’ll calculate that first.
Observe that the Laurent series is given by

x® 1

- = e
kTl — gkl

1 (slogz)™
s Z n!

n>0

slogx

_ 5 g iy

n!
n>0

Thus, the residue of the pole at s = 0 is the coefficient on the s~! term in this
expansion, which occurs when the index n = k. That is, by Cauchy’s theorem,

1 x® x® (log z)*
o ds = Ress—g (s’”l) =

2mi Ir+CRr
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Therefore, it suffices to show that integrating our function along Cr vanishes as
R — oo. Indeed this is the case:

1 j{ s ds| < 1 % z¢ds Rx°
E— —as _— = .
2mi Jo, P T 27 Jo (R—co)ktL 2(R —c)kHL
For 0 < x < 1, consider the same circle but now set Dp as the right semicircle
oriented from ¢ — iR to ¢+ iR. Since the function in question is holomorphic

inside the contour Dg — I, Cauchy’s theorem gives that integrating along each
of these paths gives the same value. So in a similar way as before, we can show

that ) )
s ¢ ¢
— ——ds| < — ——ds = —+
2ri ]iR S S’ = o 7213 RFY T Rk

which vanishes as R — oo. O

Exercise (4.1.8). For a fized integer k > 0 and for any ¢ > 0, show that

k
1 1
1 j{ x%ds o (1—) ife>1
P =4q k! x
2mi Jioy s(s+1)...(s + k) 0 fo<z<1.

Proof. For x > 1, consider the circle centered at ¢ of radius R > ¢+ k and set
Cr as the left semicircle oriented from ¢ — iR to ¢ + iR. As usual, set I as
the vertical line from ¢ — iR to ¢ + iR. Noticing that the interior of this region
contains all of the poles of the function in question, Cauchy’s theorem gives

1 z5ds b 5
27”'7413,03 s(s+1)...(s+ k) 77;}{683:_" <s(s+1)...(s+kz)>
k —n
B ; (—n)(—n+1)...(—1)(1)...(—n+ k)
k -n
B ; (—)(n)(n—1)... (1)) ... (k—n)

k
B (_1)n,x—n
N 7;) nl(k —n)!

-2 ()

Therefore, it sufficies to show that integrating this function along Cr vanishes
as R — co. Indeed, since |s(s +1)...(s+ k)| > [s"T1| > (R — ¢)* !, we have

L% x°ds - i?{ xCds B Ra*
21t Jo, s(s+1)...(s+k)| = 21 Jo, (R—c)kt1 — 2(R—c)k+1’
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which concludes the first case. Supposing 0 < x < 1, consider the same circle
and set Dg to be the right semicircle oriented from ¢—iR to c+iR. Our function
is holomorphic inside the region between Dy and Iy, so by Cauchy’s theorem,
we need only show that the value of the contour integral along Dy vanishes as
R — oo. Since |s(s +1)...(s + k)| > |s"" > (R + ¢)**!, we see that

L% x°ds - ij{ zds Rax°
21 Jp, s(s+1)...(s+ k)|~ 2m Jp, (R+c)kt1 — 2(R+ c)kt1’

O

Exercise (4.1.9). Let f(s) = D(an,s) be a Dirichlet series, absolutely conver-
gent for Re(s) > ¢ —e. Show that for any integer k > 1,

1 w k! f(s)x*
ﬁzan(x_n) _Tm ((,)S(S—Fl)(s—‘rk)ds

n<z

Proof. Using the uniform convergence of f and the result from the previous
exercise, we see

| s | —8 .8
k! f(s)x ds:ﬁy{ Z apn” S ds

2mi (0 S(s+1)...(s+k) 27ri,(c)n208(s+1)...(s+k)
Z k! j{ (x/n)ds
= Qp5—
= 210 Jioy s(s+1)... (s + k)
k
el
= x/n
1
= I—kZan(x—n)k

Section 4.2: The Prime Number Theorem

For T > e? set g =1 — @ and consider the rectangular contour Rz, which
has diagonal vertices og — 71" and 2 + i7" and counterclockwise orientation. Of
interest is to integrate the function

¢'(s)
¢(s)
around this contour. The immediate problem, however, is that this pushes

to the left of Re(s) = 1, and we have very limited knowledge about the zero
behaviors of ((s), ¢/(s) in that region. But we do know the following: recall

fo) =~
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that f(s) = D(A(n), s), and so by (4.1.5), we can express the partial sum up to
some non-integer = as

v(a) = 3 A = o f/@ () 2 s

n<x

In particular, notice that ¢ (x) constitutes the integral along the right dimension

of Rr as T — oo. If we could somehow morph the left dimension of Rr so that

the only pole of f(s) contained in the modified contour R} is at s = 1, then by
Cauchy’s theorem, we’d have

1 ¥

Py f (5)?

= Res;—; (f(s)f) =z,

which is the main term in ¢(z). It would then just be a matter of showing that
the error terms (the values upon integrating the top, left, and bottom portions
of the contour) vanish as * — oco. This is the motivation for the next few
bounds.

Fact (4.2.1). Let Re(s) > 1. Then

n—1

1 n™% nl=s Ct—[t]—-1/2

m=1

Proof. Taking f(t) = 1/t° and k = 0 in Euler-MacLauren summation yields
B B B
1 dt 1/ 1 1 ty—1/2
St (L Ly P,
— ms n 5 2\ B n® n s+l
m=n

1, e 1. 171 1 Bir—[t]—1/2
BT >+2<Bs‘m)‘3/n g

whereupon taking B — oo gives

o0

1 1=s - Xt —[t]—-1/2
DA Y
ms  s—1 2 n s+l

m=n

Thus, we have established the following meromorphic continuation of ((s) to
Re(s) > 0:

1 n™% nl=s Ct—[t]—-1/2

Fact (4.2.2). For s=o0+ it € Ry,

((s) ~ — = Ollog 7).
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Proof. From the previous fact, we can write

n—1

1 nl’s -1 n *{z}-1/2 1/2
ms s—1 2 Cogstl

G(s) =

m=1 n

Applying the triangle inequality gives the bound

1 Is| [ dx
‘C(S)‘s—l’ /*+277 ?/n zo
Since
| 1 " dx
70'+70'< 7+1
—m 2n 1z
we have
dx > dx
- =iz [ S5 [T
de |s| [ dx
<1+2/1 MJF?/ —oFT

Estimates on ((s)

3 April 2013

" dx 1 " dx
Note Z—+—<1+/ F.Thus|{(s)fs_—1|§1+s/1 x‘70+

m=1

[s] /OO dx ni=o0 — |s|n—70
— =1+2 .
2 J, aootl + [ 1— o9 + 200 ()
oty
Note As g9 — 1, (x) = 1+ 2[log(n) + 5 | which is minimized in terms of

n
5]

n at the same value of n as (%), namely T

[s| oo —|—it t

For,s:ao—l—it,zz 4 1 4—Wewﬂltaken—[].SoforsERT,
1 ls| [ dx Tr=o0 — 1. |s|Tt=90
(s——§1+2/ —+— =142 <
2T log(T) + w = TTos(™) [21log(T)+ ﬂ] =e[2log(T)+ ﬂ] Now
200T 200T 200"
. 1 5 |8 24T
for s € Ry, |s| < 2+T, and since g > — because T' > e, — < < 2+T.
2 20’0 20’0

So [{(s) — 8%1| < e[2log(T) + %} << log(T).
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Fact (4.2.3). For s € ORyp, ((s) = O(log(T)).

1 1 ) 1 1
| < min{ ———, ——
-1 lo—1]"1+1

Proof. Note For s = o+it € R, < .
roof. Note For s = o+1i T|S S Tira S }

From before, we have for s € R, |((s)| < LJrO(log(T)) I<(s )—L| <<
s —

O(log(T)) = ((s) = S%ﬁoaog( )) < min{—— —} + O(log(T)). On

1 1
o —11"¢
). On vertical strips,

horizontal strips of Ry, |((s)] < m +O0(log(T)) << log(T

€] < = +Oflog(T) < + O(log(T)) << log(T). O

log(T')

Exercise (4.2.4). For s = o + it with fized o > 1/2, show that as |t| — oo,
(o +it) = O(|t['/?).

Proof. Using the result from (4.2.1) and methods following the proof of (4.2.2),
we can express

l1-o l1-o
n -1 n
i) <1
Clo+t) <1+ 1—-0 +(c771)2+t2
<1+n1/2_1+ n PN
- l—0o (0 —1)2+12 n® on%’
Here, setting n = [t| — oo gives the result. O

Fact (4.2.5). For s € Ry,

/ 1 _ 2
I¢"(s) — m| = O(log™T)

. From 4.2.1,

n—1
1 1 "dr 1 < (z} —
_ — - or d
¢(s) s—1 mZ:1 ms 1 xs 2ns o n 5Tl v

. Differentiate with respect to s

1 :nillogm+ " log(z) ot logn /{x}— / ({x}—%)logmdw

s s+1
=1 m 1 xS T

. So, letting n = [T] again,
1 > dx 1 [ dz ls| [ logx
!
<(8)+(s—1)2 < <logT—|—210gT/1 $00)+2/T $00+1+7/,'; maoﬂdav
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1
du = —
T
dv =z 1%z
-1
v=—x °
o0

T
dx 1 1 |s| [ logT 1 [ dx
—logT(1+2 [ 2y42 il S A
ogT(L+ /1 x”0)+2 |:O'0TUO:| + 2 [UoTUO +00/1 xootl

Bounds on zeta and zeta prime

5 April 2013
Bound ¢'(s)

Recall: we have

1 — 1 "dr 1 > {g} -1
C(S)_s—l_zﬁ_ ;_Qns_s/n xstl de.

1

Letting n = [T] and applying the triangle inequality a few times, we obtained
the bound:

1 T dz 1 1 ls| (logT 1 [ dz
' — | <logT [1+2 = ==+ —=
() + (s — 1)2| =08 ( * /1 x‘70> + 2 <00T”0> + 2 (UoT”O * 00 /T gootl

)

5]

1 e elogT 1 1
log?T + = [ —— L] — | =00
< 8 + 2 (UoT) + 2 < 0'()T + go ( 0_01‘

1/ e |s| (elogT e
—log? T+~ (-2 )+ & L
o8 1t (00T> 3 ( ooT +J§T>

logT 1
log? T
< log +1—logT+ . N2
( - logT)
< log?T.
Using side calculation:
1
op=1-—
0 logT
To0 6logT(l—ﬁ)
_ 610gT6_1
T
e



and the facts: |s| = VT2 +4 < T and T > €*.

Fact
For s = o +it € ORy,('(s) = O(log® T).

1
Proof. From before, we have ¢’(s) + EEE = O(log® T
1 ) 1
1 O(log®T '(8)] = .
o + 00 D) = 1C(9)| = =
IPEEIY] < min{il}. So, on the vertical strips of our con-

(s—1) (c—1)2, =

7t2
or = 2.

= ('(s) =

As before,

tour, we have 0 > 1 —
logT
This implies

1 1
= —— <logT =

1> —— <log®T.
lo =112 logT = |o—1] 2 =%

1
o — 1]

Thus, |¢'(s)| < +log® T < log® T.

s =12

1 1
= — < log?T thus,

. . 1
On the horizonal strips, ¢ = T so we have m < 2= 72

we conclude |¢'(s)] < log? T. O
Fact 4.2.7
Let s = o + it as before. Then, there exist c1,co € Rsg such that 1 — ] C; TS
og
oc<2andl<t| <T then |((s)| > Ci .
log" T

Proof. Recall from exercise 3.2.5, we have |¢3(0)¢* (o + it)C(o + 2it)| > 1 for
.. . N4

o > 1. This implies |((o + it)|* < REFTIEE

Also, recall that ((o)(o — 1) is bounded as ¢ — 11. Thus, f(o)(c —1) is contin-

uous on [1,2] so this function will acheive a maximum value. Choose this and

call it B at o'.

In particular, this means B = ((¢0”)(¢c’ —1) = [{(0)(c —1)| < Bfor o € [1,2] =

1 < lo — 1]
C(e) = B
By exercise 4.2.3, we have that there exists &’ such that
1

2it)| < k'log T = > .

6lo +2it)l < KlogT = (2= 5551 = Tog T
ki(o —1)3 1 k
So, we have, |¢(o 4 2it)|* > l(lng) where i k and k; = 55
ki(o —1)3

Then, |¢(o + 2it)[* > 1(1‘(’)gT).
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3
k il
' (bg”T) ke

logT  log™T’

14 CQ,T < o <2, then |[((o + 2it)|* >
O,

1
Thus, |((s)| > ——.
N> o
Now, we will use MVT to extend into the region of interest. Choose s’ = o’ + it
and 1 <t <T.

where ¢/ =1+

Then, by MVT,

1
log” T

(0" +it) = ¢(o +it)| = o — o||¢ ()]
for some ¢’ < ¢ < o Then, by 4.2.5, we have
IC(o" 4 it) — ¢(o +it)| < |0’ — a|(log® T.)

So, we can say

C(8) = [¢ (0" + it)| + O((o — o) log* T). ()
2
Choosing 1— Cé <o< 1—1—07; so that |o—o'| < 071 = |o—0'|log® T <
log™ T log™ T log" T
261
log" T
Thus, for ¢; sufficiently small (smaller than the constant implied in (x)),
e obtain |{(s)| > ! O
w —.
log7 T

With this, we can prove the prime number theorem.

Theorem (4.2.9). There is a positive constant ¢ so that
(x) = x + O(x exp(—c(log z)/19)).
Remark. Note that this is indeed enough as the error term is o(z).

Proof. Let x be exactly 1/2 more than any natural number. Using the repre-
sentation ¥ (z) = —¢'(s)/{(s), we invoke (4.1.5) and write

1 —('(s) a*
'Q[J(LU) - Tm (@) C(S) ?dsa

for any choice of a > 1. We'll take a = 1+ ¢/ log” T, with T > 1 to be chosen
later. Seeing as §(x/n) > 1, multiplying the result of (4.1.4) by ¥(z) gives the
approximation

a+iT "(s) x5 s T\ % .
=5 [ T s +O (2 (3" st T“Og1$/”|>> |
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The bulk of the work comes in estimating this error term, which we’ll do in
cases. First, if n < § or if n > 37“3, then the smallest |log £| can be is log %,
which doesn’t depend on z. In particular, then,

Am) o (1 cl ey
pa o R "T|logz/n| = a—1® R "Tlog3/2

a

x
(a—1)T
z%log® T
—r

<

<

Now, for those n such that § <n < 37’”, set 2 =1 — 2 so that

22 23

X
1 =—log(l—2)=z2+4+"+"+....
g og(l—2z)==z 5 T3

Again, we need to determine how small the log term in the denominator can
become. Since |z| < 1/2, this implies that

TR | P T
)| 2 e

Since this bound depends on z, we’ll have to treat the entire sum at one time.
In particular, we have

llog 2| = |2
n

zon<ie Ton<ie
logn z®
< a ' s
2, G T
3x 29
T ()
2 G ) raney
3z 2%
< - )=
_mzhlog(Q)T'ix”
7 <n<S5
T 1
<<Tlogas 23 o=
F<n< =g

< %(logx)?

Therefore, we have rewritten our central approximation as

a+iT_/ s a 9 2
() 1 / C(s)mderO(x log T+x10g x)

~ 2mi air  C(8) s T T
Recall our rectangular contour, Rr, with diagonal vertices b —¢7" and a + 4T’
and counterclockwise orientation. Upon setting b = 1 — h;ngT’ Cauchy’s residue
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theorem gives

1 a+iT C/(s) 8 1 b+iT CI(S) 8 b—iT CI(S) 5 a—iT C/(S) s
— — —ds = x—— —d — —d ds | .
278 Jooir C(s) s P 2mi (ngriT C(s) s SJF?{HT C(s) s SJF]{fiT C(s) s i

These integrals are easily bounded with the help of (4.2.5) through (4.2.7).
Observe that for s € Ry, we have

¢'(s)
¢(s)

~ O(log®T)
= O0/ET) O (log”T).

The work in bounding the £- bit has already been done in the proof of case 3

S

of (4.2.1), and so in particular we have

1 b+iT / s a 9

7% _C(s)£d8<m10gT

2mi Jopir  C(s) s T

1 a—1T / s bl 9T al 9T
WGP & e

27t Jy_ir  C(8) s T T

1 b—1iT / s T1 9T

L _((s) z® s| < 2P10g® T - 907% < 2P10g0 T,

21t Sy C(s) s log”T — ¢

where the final bound is because

Tlog T  Tlog’T

K < logT.
log? T —¢  Tlog®T &
Therefore, we have established
2%log” T b 10 zlog®x
Y(x)=2+0 T—}—xlog T+ T .

Setting T so that
2clogz = log'® T

gives the result. 0

Ch. 5: Functional Equations

5.1: Poisson Summation

Theorem (Fejér). Let f(x) be a function of a real variable that is bounded,
measurable, and periodic with period 1. Set the Fourier coefficients of f to be

1
an/ f(x)e 2™y
0
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and also define

SN(JI): Z CneQWinx-

In|<N

If f is continuous at xo and if the sequence (Sn (o)) converges, then

oo
f(l‘o) =Cp + Z(Cne%rinzo + C_nefQﬂ'inzo).
n=1

oo

Furthermore, if f is continous and )~

|cn| converges, then

f(:L‘): i cneQWinm.

n=—oo

Definition. If F(x) is continous with [ |F(x)|dz < oo, we define the Fourier
transform of F to be

F(u) :/ f(x)e 2m@udy,
One can show that F(u) is also continuous, and that F(u) = F(—z).

Exercise (5.1.1). For Re(c) > 0, let F(z) = e~ °I*l. Show that

. 2c
Fu) = 2 + 422’

Proof. We calculate
F(u) :/ efc\z|727rimudx

0 )
:/ ex(672ﬁiu)dz+/ efx(ch?Triu)dx
0

— 00
e 0 e T >
- c— 27T’iu’—oc B c+2m’u‘0
B 2c
T2 Ar2?’

~ 2

Exercise (5.1.2). For F(z) = e™™ | show that F(u)=¢€"™.

Theorem (5.1.3: Poisson Summation). Let F' € L'(R). Suppose that

ZF(n—l—v)

nez

110



converges absolutely and uniformly in v, and that
PRIACD]
mEZ

converges. Then

Z F(n+v) = Z F(m)e2minm,
meZ

nez

Corollary. Taking v =0 in the previous result gives

Y Fn)=>_ F(m).

nez meZ

Exercise (5.1.5). With F as before, show that

SF (j) = 3 [ty

nez meZL
Exercise (5.1.6). Show that
e“+1 = 2c
ec—1 n:Z_OO 2+ 4n?n?’

Proof. Using (5.1.1) and the corollary above, it suffices to show

Z e~cnl =2 i e " —1

nez n=0

2 ! 1
1—e¢

e +1
ec—1°

Exercise (5.1.7). Show that

_ 2 2 .
E e (nta) m/z _ 371/2 § e mr+2mina
nez neL

Corollary. Taking o = 0 in the previous exercise gives

2 2
E e " /T _ CC]'/2 § e~ TT

nez neZ

5.2 Riemann Zeta Function
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Definition. Define 6(z Ze’”" #. Taking w = iy and w(y) = 6(iy), then
nez

1
by Thereom 5.18, w <m) = z2w(z).

Recall:
infty
I'(s) = / e """ 1dtRe(s) > 0.
0

s > s
r (7) :/ —ty3 gy
2 ,

Take t = n*nz,dt = n?ndx. Then,

So,

This implies:

e s —s = —n’rz_S-1
2l (=)n°= e 2 dx.
2 0

For Re(s) > 1, we can sum over all n > 1 so that

72T (%) C(s) = / 2271 (Z e " ”) dz.

Note: The sum is absolutely convergent which justifies the swapping of the in-

w(z) —1 set W) s

tegral and the summation. Noting that Ze_"z’”c = 5

n=1
1 i 3 —1
W(x)—x W(z) + R

=s f - e s_q
W?F(Q)C(s)—/o x2 7 W(z)dx
/ 271 (z)da +/ 31w (1> dz
1 1 z
o0 S > S l - 1 S
= / 2 W (x)da +/ <x2W(x) + w22 ) 2 dx
1 1
x 1 [ 1 [
:/ dz+/ W (x T +f/ 1:_(52+1)dx77/ r7 2 N
1 2N 2.

1 1
/ W (z x2—|—x2)—+ - —.
-1 s

This is meromorphic on the entire complex plane with simple poles at s = 0
and s = 1. Also, note that this gives the same value for s and s — 1 (around
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1
Re(s) = 5) Moreover,

¢(s) = %s(s — )=l (g) ¢(s) is analytic on C and ¢(1 — s) = ((s).
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