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(1) (a) Let |G| be finite and N < G. If N € G/N has order a power of p, show that there
exists y € G such that |y| is a power of p and yN = zN.
(b) If G/N is abelian and P is a p-Sylow subgroup of G, prove that PN/N is the unique
p-Sylow subgroup of G/N.
(2) Let H; < G;. Prove or give a counterexample.
(a) G1 = GQ, H, =2 Hy, = Gl/Hl = GQ/HQ.
(b) G = Go, Gl/Hl = GQ/HQ = H, = H,.
(C) H, = H,, Gl/Hl = G2/H2 = G1 = Gs.
(3) Give an example of groups H;, K; such that H; x Hy = K; x K, and no H; is isomorphic
to any Kj.
(4) Let G be the additive group Q of rational numbers. Show that G is not the internal direct
product of two of its proper subgroups.
(5) If G is the internal direct product of subgroups G; and Gz, show that G/G; = G5 and
G/Gy =Gy
(6) (a) Show that Z(][,Ga) =11, Z2(Ga).
(b) Show that (G; x G x -+ X G,) =G} x Gy x -+ x G
(¢) Under what circumstances is G; X Ga X - -+ X Gy, solvable?
(7) If f: A — B is an equivalence in a category € and g: B — A is a morphism such that
gf =14 and fg = 1p, show that g is unique.
(8) (a) Prove that any two universal (initial) objects in a category € are equivalent.
(b) Prove that any two couniversal (terminal) objects in a category € are equivalent.
(9) In the category of abelian groups, show that the group A; x Ay together with the homo-
morphisms

L12A1—>A1 XAQ, Ll((E):(ZL',e)
te: Ag — A X Aa,  1a(z) = (e, x)
is a coproduct for {A;, A3}. Why is this not a coproduct in the category of groups?



