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SUMMARY

An approximation method is derived for the computation of the acoustic field between a series of
parallel plates, subject to a time periodic incident field. The method is based on the Wiener—Hopf
method of factorization, with computations involving orthogonal bases of functions that are analytic in
the complex half-plane. Copyright © 2004 John Wiley & Sons, Ltd.
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1. INTRODUCTION

In this article we combine the classical Wiener—Hopf technique with an orthogonal expansion
for holomorphic functions to compute an approximation to the solution of the acoustic field
between a series of parallel plates of varying heights and spacings. This problem has received
considerable attention throughout the years. An elegant solution for two, semi-infinite plates of
equal height, was obtained by Jones in Reference [1], (see also Reference [2]). In Reference
[3], Jones presented the solution for three uniformly spaced, semi-infinite soft plates, of equal
heights. The solution for two semi-infinite plates with different heights was given by Abrahams
and Wickham in Reference [4]. They extended their work in Reference [5] to model scattering
of water waves from opposing vertical barriers. In Reference [6] Alkumru considered the case
of electromagnetic diffraction from three uniformly spaced, semi-infinite thick plates, of equal
heights where the plates have non-zero thickness.

The difficulty in extending the Wiener—Hopf technique to the general N-plate setting has
been in obtaining a suitable product factorization of the N x N matrix arising in the method.
In Reference [7] Meister et al. presented an operator splitting approach to construct a suitable
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20 J. R. BRANNAN ET AL

Figure 1. Plane waves incident on a set of parallel plates.

factorization of the associated Fourier symbol, and showed that the Wiener—Hopf system was
invertible provided the plates were sufficiently separated.

Our work in this paper extends the approach presented in Reference [1] to the case of
N-plates. For our general setting an approximation method is required, as it is still an open
research question how to factor the operators associated with the determining equations for
the solution into two pieces: one holomorphic in an upper half plane, and the other holomor-
phic in a lower half plane, with algebraic behaviour at infinity. Using an orthogonal basis
for holomorphic functions we present a numerical approximation algorithm for the N-plate
problem. Results from the numerical scheme are demonstrated for a 3-plate example.

The multi-plate diffraction problem has recently been considered as a model for predicting
radiowave propogation in urban microcell environments [8—12]. (In the case the magnetic (or
electric) field of the incoming signal is orientated perpendicular to the direction of propogation
of the plane wave, the problem may be recast as the scalar Helmholtz equation.) Several
different approaches have been applied to this problem: empirical, semi-empirical, theoretical,
ray-tracing and those employing the uniform theory of diffraction [9-11,13].

This paper is organized as follows. In Section 2 we derive the approximating system of
equations for the coupled field. The approximation approach to solving these equations is then
presented in Section 3. An example demonstrating the technique is given in Section 4.

2. MATHEMATICAL MODEL

The problem investigated in this paper is that of a plane wave field impinging upon a system
of N semi-infinite plates, each parallel to the xz-plane and arranged one behind the other
along the positive y-axis (Figure 1). The height of the edges of the plates above the xy-plane
may vary from plate to plate. We assume that the vector normal to the wavefronts of the
incident field is parallel to the yz-plane and makes an angle 0 with the positive y-axis.

Copyright © 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:19-34



WIENER-HOPF APPROXIMATION TECHNIQUE 21

Assuming an e/’ time dependence, the incident field is specified by
¢inc(y’z) — efjk(y cos 0+z sin 0)

We partition the yz-plane into N+1 subdomains defined by

Do ={(y,z): —00 <y < y1,—00<z<oo}

D, ={(10.z2): yu<y<Ypi1,—00<z<oo}, n=1,...,N —1

and
Dy ={(y,z): yyn<y<o0,—00<z <0}

If we let y,(y,z) denote the total wave field in domain D,, then ;,(y,z) must satisfy the
two-dimensional Helmholtz equation,

Yy,
a—y2+@+k¢_o, (»,z)eD, (D

for each n=0,...,N. In addition, we impose the following interface conditions:

Yoot — 0,2) =Y (¥, +0,2), h,<z<oo, n=1,....N (2)
alﬁn_l(yn—o,z):al//n(yn'f'O,Z)’ h,<z<oo, n=1,...,.N 3)
oy dy
M:O, _OO<Z<hn, n:L‘”aN (4)
ay
and
W02 o p iy 5)

dy

Conditions (2) and (3) arise from the requirement that the wavefield and its normal derivative
be continuous along the interfaces between regions above the plates. Conditions (4) and (5)
constitute a hard boundary condition on both sides of each plate. Note that together conditions
(3), (4), and (5) imply that

Mu—1(yn — 0,2) _ W(yn +0,2)
oy a dy

, —oo<z<oo, n=1,...,N (6)

In addition to the interface conditions we impose a constraint that disallows waves propagating
in from infinity assuming an e/’ time dependence, that is, a radiation condition. For the index
of refraction we use k =k, — jk, with 0 <k, <1, and requiring solutions to be bounded as y
tends to plus infinity. Calculations are simplified if we represent the total wave field in each

Copyright © 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:19-34



22 J. R. BRANNAN ET AL

domain as a sum of the incident field and a residual field ¢,(y,z),

‘Pn(}’»z):(ﬁn(y,Z)Jr(f?inc(y,z), n=0,...,N (7)

Denote the Fourier transform of ¢,(y,z) with respect to z by ®,(y, 1),

B,(y.1) = / u(y.2)e dz )

It follows from (1) and the radiation conditions that

By(y, 2) = Li(A)eV K )
By (1, 2) = Losr (DY Ry L R (W)eVAFY =1, N—1 (10)

and
By, )= Ry(A)e™ V7K (11)

The branch cut for VA —k is taken to be {1: A=k —j7, 0<T<oo} and the branch cut for
VA+k is taken to be {1:A=k +j1, 0<t<oo}. We also specify that Ze(v/ A2 — k?)>0 if
|Re(1)| > Re(k).

Fourier transforming each of the interface conditions (6) with respect to z and substituting
(9)—(11) into the resulting equations yields the following relationships between the left and
right propagating mode amplitude functions,

Li(A)e™ = Ly(A)e™ — Ry(A)e™™ (12)

Ly (A)™ — Ry(A)e™ " = L5 (A — Ryyy(A)e ™1, n=1,..,N—=2 (13)

Ly(A)e™ — Ry_1(A)e™ " = —Ry(A)e (14)

where y:=+v12 — k2.

The total wave field in each domain D, expressed in terms of Fourier integral representations
of the ¢,(y,z) is

o0

=5 [ L d fun2) (1s)

— 00

Un(y.2) = % / [Lo1(2)e” + Ry(Z)e 7 ]e d2+ ¢ine(,2), n=1,....N =1 (16)

D) =5 [ Rue e it fur.2) (a7

— 00
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If we now apply interface conditions (2) to (15)—(17) and use the relationships (12)—(14)
we find that

1 oo L
7 / Ri(M)e Meihei*2d) =0, z>0 (18)

— 00

1 o T,

> / [Lyi1(A) — Ly(A)]e e e*d) =0, z>0, n=1,....N—1 (19)
1 [ ) ) . y
7 / [Rui1 (L) — Ry(A)]e Mmigimel2d) =0, z>0, n=1,...,N—1 (20)

and

1 o0 ) ) .
7 / Ly(A)e™vetneizd) =0, z>0 (21)

Any argument similar to that of Reference [2, p. 101], see Appendix B, shows that
Ri(A)e e
[Lyi1(A) — Ly(A)]e e, n=1,....N—1

[Rus1(A) — Ry(A)]e Mgt p=1,. . N —1
and
Ly (2)elv g

are analytic functions of A for .#m(A)>k, sin 0 and are O(|A|~") as |A| — co. We therefore set

ED(2) = Ri(2)e™ e = (Ly(2) — Li(2))e” e, (using 12) (22)
ESD() = [Ru1(2) — Ry(2)]e™ 1 ghthne

= [Los2(2) — Lop1(A)]e1einn | p=1,... N -2 o)
Ez(vﬂ()”) = [Rui1(A) — Ry(2A)]e ™7 ehhn

= Ly(A)e"v el (24)

where the superscript plus signs indicate that the functions are analytic in the upper half space
and tend to zero as |4 — cc.

Copyright © 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:19-34
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The interface conditions (4)—(5) applied to (15)—(17) yield the coupled system of 2N
integral equations

% / s — k2L (Z)e™ eiMei® dj = jk cos QeI cos O ET)SInG Tz 2 (25)

1 [~ , o
5 / VA2 = k2[Lysy (A1) — R,(A)e Pr]elel* d),
= jk cos Qg Ik cosbGFh)sin®) = ;0 p=1,... N —1 (26)
L[ 5 — 2hyi1 iz 45
% /L2 _k2[Ln+l(/1)e»yt«<1 _Rn()v)e /yn-l]eJ nueJ d/L
= jk cos Qg IKmicos Ozthi)sind) 2 <0 p=1,... N —1 (27)
and
1 [~ . o
—5- /_ _ VA2 — k2Ry(A)e Ve eitz d),
:_]k cos Hefjk(yN c050+(z+h‘y)sin0)’ z2<0 (28)

Note, in view of (12)—(14), Equations (26), (28), are equivalent to (25), (27).
Define

1 /OO \/7 N ik .y
— A2 — k2L (A)eel el dl z>0
gi(z) = { )y ‘ (29)
0 z<0
1 /00 JETR , B o
_ 22 — k2[Ly (A)e — Ry(A)e Prileimiel2d)  z>0
Gnai(z)= {2n e . (30)
0 z<0

for n=1,...,N — 1. We now Fourier transform (25), (27) to obtain the system of equations

) 0 . . _
VA2 — kZLl(/"L)eV}’l CMhl _ _% e*jk(yl cos 0-+h sin 0) 4 Gl( )(i) (31)

A2 — kz[Ln+l(}u)CVy”+l — Rn(,{)e*“/)’nﬂ]eﬂhnﬂ

kCOSO —j cos sin -
= hend e Ik(er cos Oy sin0) G;5+1>(}")’ n=1,....N—1 (32)

Copyright © 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:19-34
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where the functions G,ﬁf)(i), the Fourier transforms of ¢,(z), for n=1,...,N, are holomorphic
in the lower half plane .#m())<k,, see Appendix C, and are O(|A|~?) as |i| — —occ.

In order for the transforms (31)—(32) to exist it is necessary that Ym(1) >k, sin 0. Con-
sequently, inversion contours for (31)—(32) must pass below the branch point at A= —k and
above the branch point at A=k and the pole at A= —kssin 6.

Introduce the matrix notation R(A)=[R;(4),...,Ry(A)]T, L(A)=[Li(2),....Ly(A)]", a,(A)

VA
—=e/n
=c ,

fa1(4) 0 0
al(A) ax(i) --- 0
AD=1| . (33)
Lai(4) ax(4) -+ an(4)
ar' () a'() a2
0 a'(h) - ay'(h)
B()=1| . . : (34)
0 0 e ay'(A)
and
et 0O --- 0
0 el ... 0
P(2)=| . . : (35)
0 0 S
Note that (12)—(14) may be expressed in matrix form as
B !(J)L(1)=-A"'(A)R(1)
=L(1)=-B(A)A'(AH)R(1) (36)
and from (22)—(24)
EM () =P(L)A T (L)R(1) (37)

Equations (31)—(32) can be rewritten as

kcosO

—Vi2 = L+ POYCQ) + CT NPT DED () = — =

b+ G (38)

Copyright © 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:19-34
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where
E§+) G%*) e—jk(y1 cos 0+ sin 0)
ED)=| : |, GI))=| : |, b= : (39)
E](V+) G](V*) e—jk(yN cos 0+hy sin 0)
and
[0 ai(Ma;'(A) ai(Da;'(A) ... a(Day' (L) ]
0 0 a(Aa;' () ... a(Day'(A)
Cl)=|: : : : (40)
0 0 0 coan_1(May'(A)
10 0 0 0 i
If we now define
A 1
G()= G4 41
(4) N (4) (41)

then Equation (38) may be written as

kcos0
(A+ksinO)VA+k
Splitting the first term on the right hand side of (42) into a sum of two functions, one

holomorphic in the upper half plane and the other holomorphic in the lower half plane, we
rewrite (42) as

Vi = k[L+P(A)(C(2) + CT(2)P~ (D)ED (1) = b- G (42)

VA — k[T +P)(C(L) + CT ()P L(DET (1)

_ cosl Vi
~ J+ksin® /T —sin0

b+H)(1) (43)

where

kcos0 1 1

H())= . —~
W)= ksing Vitk k(1 —sin0)

b—G() (44)

In the classical Wiener-Hopf approach one would now factor the term in front of E(*) into
a product of two functions, one holomorphic in the upper half plane and the other holomor-
phic in the lower half plane, with algebraic behaviour at infinity. However, for the general
setting considered in this paper such a decomposition is not known. We therefore proceed by
computing a numerical approximation to the solution of (43).

Copyright © 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:19-34
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3. NUMERICAL APPROXIMATION

3.1. Functions holomorphic in a half-plane

Let o >0 and consider the system of functions

o (4 jo)" !
T (n—ja)”

o (g — joy"!
. (n+jou)”

Restricting the domain of the functions to the real axis, the system (45) is a complete or-
thonormal system for %,(—o00,00), 1 < p<oo [14], equipped with the inner product

wn(n)= , o_p(n)= , m=1,2,3,... (45)

o= [ " Fnam)dn

Furthermore, functions E(x) which are holomorphic in the upper half plane with boundary
values in .%,(—o00,00) have a unique representation

E(n) = enon(n)

m=1
where the Fourier coefficients e, are obtained from the boundary values of £ on the real axis,
en = / E(m)d,(m)dn, m=1,2,3,...

Similarly, functions F(x) holomorphic in the lower half plane with boundary values in
%,(—00,00) have a unique representation

F) =Y f-mo—n(n)

m=1

Note that from (22)—(24), and (B7)—(B9), along the real axes VA — kE; (1) € £,(—o0,0),
for p>2. Illustrated in Figures 2 and 3, are the real and imaginary parts of w,(#n) and w7(n),
respectively.

3.2. Projection onto functions analytic in a half-plane

With k expressed in complex polar coordinates as k = p,w, where p; = |k| and w; = elae®),
and using the scalings A= pen, EF(n)=pEF(pen), P(n)=P(pin), C(n)=C(pxn), and
H ()= /peH ) (psn), then (43) may be rewritten as

Vi = w1+ P()(C(n) + CT ()P~ (i)IET ()

VWi cos 0 -
- b+H 46
(n + wy sin 0)v/T — sin 0 T (n) (46)

Copyright © 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:19-34
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Figure 3. Real and imaginary parts of w7(#).

We seek to solve for the approximation

M
MEH—)(V]) = Z emwm(n)

m=1

(47)

Copyright © 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:19-34
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v

0 1 2 Y

Figure 4. Configuration of plates and incoming wave.

Substituting (47) into (46), followed by taking inner products on both sides with @,(#),
v=1,2,3,...,M, yields the finite-dimensional system

eﬁZSvmem % sbh, v=1,... .M (48)
where
Sum = O + Rum = / Z P(IC(n) + CTIP~ (M n(n)d(n) dn (49)
and

_ [T o)
SV_/_OO (;1—|—wksin9)dn

Solving (48) for e,, v=1,...,M, we then use (47), (37), (36), (9)—(11), (7), to approximate
the total acoustic field.

4. NUMERICAL ILLUSTRATION OF THE METHOD

In this section we present an example illustrating the method presented above. We consider the
case of three parallel plates located at y; =0, y, =1, and y; =2, with heights & =6, h, =5,
and h3 =7, respectively (see Figure 4). The values for £ and 0 used were £ =20 —j0.05 and
0= —m/6. Presented in Figures 5-9 is [y (¥,2)|/|¢mc(¥,2z)|, plotted over a region containing
the three plates, and also for each of the regions between and outside the plates.

Note that the plot in Figure 6 is consistent with the sum of the incoming wave plus the
reflected wave with the maximum and minimum values occurring where expected. The plot
in Figure 9 is also consistent with what is expected for a signal in a ‘shadow’ region.

Copyright © 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:19-34
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-

B p— T
—— e g —

— — e — Bl

— — T B

(=] T

Figure 5. [yu(v,2)|/|dinc(»,2)| over the entire region.

7 =08 <05 04 =03 =02 =01 o

Figure 6. |Yn(3,2)|/|Pinc(y,2)| in front of plate 1.
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Figure 7. [Yu(,2)|/|¢inc(¥,z)| between plates 1 and 2.

Figure 8. [Yu(,2)|/|¢inc(¥,2z)| between plates 2 and 3.

Copyright © 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:19-34
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2 21 22 23 2.4 25 28 2.7 28 248 3
¥

Figure 9. |[Yn(1,2)|/|dinc(¥,2z)| behind plate 3.

APPENDIX A: BEHAVIOUR OF ¢,(y,z)

Following the discussion of Noble [2, p. 100], we have the following behaviour for

Ou(3,2):

lim g1+ =0(D,  fim ()= 06—2),
for n=0,...,N, and i=n,n+ 1 (A1)

For any fixed y, —co<y<oo,

|p| <Cie ™ as z— o0, and |p|<Cre @507 a5 z - —o0 (A2)

APPENDIX B: BEHAVIOUR OF (L, — L,)eV*~¥ei#n AND
(R, — Ry_y)e= V7 Fmeiih

In view of ®,(y,/) defined by (8), we introduce the following notation:
B 00)i= 0 A= [ duloma)e 7 dz
hi
—e / u(ynoz + hi)e 7 dz, i=nn+1 (B1)
0

Copyright © 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:19-34



WIENER-HOPF APPROXIMATION TECHNIQUE 33

hi .
By (1) 1= B (yin ) = / bu(ymz)e dz

0
= e*j“"’/ Gu(Vurz + hi)e 4 dz, i=nn+1 (B2)

From (A2) it follows that ®;(y;) is analytic for Re(1)<k,, and ®,(y;) is analytic for
Re(2) >k, sin 0.
In addition, from the Abelian theorems, [2, p. 36], we have that

O, (y)=0047", &, (y)=0(4"") as|i—oc (B3)
Comparing (8)—(11) with (B1), (B2) we have:

(1) + By () =Li(A)eV 4 (B4)
B (1) + B (1) = La(D)eV 0 Ry (e VA

(1)2__1(%) + @ (V) :Ln(l)e‘/iz—“y” + Rnfl(i)e_‘/iz_kzy”
n=2,....N —1 (BS)
O, (1) + 0, (3n) = Lus1 (A)eV 7 7H0 4 Ry (A)e= VA K
(I);il(y,\,) + ‘I>JV_1()’N) :LN(i)e\/;,LkaN +RN_1(;b)eﬂ/isz2yN

A (B6)
(I)]\t(yN) + (D]\_f(yN) = RN(}v)ef\/AkaZYN

Using the fact that ¢, 1(V,z) = ¢u(yu,z) for z>h,, n=1,...,N, we have " (y,) =D, (yu).
Hence, subtracting the equations in (B4), (B5), and (B6) yields

B (1) — By (1) = (La(2) — Li(2))eV 2R 4 Ry(2)e= VA
O (y0) = By (90) = (L1 (A) — Lo(2))eV P 4 (Ry(2) = Ry_y(A))e™ VP
B (yw) — By () = —Ly(A)eV7 = £ (Ry(A) — Ry_1(1))e™ V7R
Next, using (12)—(14), implies

B (1) — By (1) = 2La() — Li(A))eV”
— 2R, (J)e— V7= -

B (3n) — Dy (¥0) = 2(Lns1(2) — Ly(2))e V2~
= 2(Ry(2) = Ry_y(2))e= V7R (B8)

Copyright © 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:19-34
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q)];(yN) - (b];_l(yN) = —ZLN()L)e\/AZ—TyN
:2(RN()V) _RN—I(/I))ei\/ﬁyN (B9)

Thus, in view of the behaviour of ®, ();) described above, we have that the function on the
RHS of (B7)-(B9), are all analytic for Re(1)>k,sin0, and are O(||~") as || — oo.

APPENDIX C: BEHAVIOUR OF G, (1)

We discuss the case of G, (1). Below # ! denotes the inverse Fourier transform, and ’
differentiation with respect to y.
From (29), (30) observe that

O0Pu(Yn,2) Z>hn

gu(2)=F @& (yn)) = . oo o (C1)

In view of the behaviour of 0¢,(y,,z)/0y, (Al), and the Abelian theorems, [2, p. 36], we
have that G, (1) is analytic for Re(1) <k, and has O(]A|~"/?) behaviour as |i| — co.
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