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equations on bounded domains in R?

Vincent J. Ervin * John Paul Roop |

Abstract

In this paper, we discuss the steady state Fractional Advection Dispersion Equation
(FADE) on bounded domains in IR¢. Fractional differential and integral operators are
defined and analyzed. Appropriate fractional derivative spaces are defined, and shown
to be equivalent to the fractional dimensional Sobolev spaces. A theoretical framework
for the variational solution of the steady state FADE is presented. Existence and
uniqueness results are proven, and error estimates obtained for the Finite Element
approximation.
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1 Introduction

In this paper, we investigate the variational solution to the steady state fractional advection
dispersion equation (FADE) in IR¢, defined by

—/ Do Dy’ Dyu M(dv) +b-Vut cu=f, (1.1)
v||=1

where 0 < 5 < 1, b(x, y) is the velocity of the fluid, ¢(z, y)u represents a reaction-absorption
term, f is a source term, a is the diffusivity coefficient, M (dv) is a probability density
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function (p.d.f.) on the unit sphere in IR¢, D, is the directional derivative in the direction
of the unit vector v, and D,? is the § order fractional integral, given by

o0 wﬁ_l

o T'(5)

u(x — wv) dw. (1.2)

Our interest in (1.1) arises from the application of FADEs as a model for physical phenomena
exhibiting anomalous diffusion, i.e. diffusion not accurately modeled by the usual advection
dispersion equation. Anomalous diffusion has been used in modeling turbulent flow [3, 17],
and chaotic dynamics of classical conservative systems [18]. An application of particular
interest is that of contaminant transport in groundwater flow. In [1] the authors state that
solutes moving through aquifers do not generally follow a Fickian second-order governing
equation, because of large deviations from the stochastic process of Brownian motion. This
give rise to superdiffusive motion. In [10] the authors derive a general FADE, which is
equivalent to (1.1), by modeling the diffusion for which the probability density function
governing the underlying jump process follows the form of an arbitrary multivariate stable
law [16].

To date most solution techniques for equations involving fractional differential operators
have exploited the properties of the Fourier and Laplace transforms of the operators to
determine a classical solution. Finite difference have also been applied to construct numerical
approximation [12]. Finite difference quotients for multidimensional fractional differential
operators have also been derived [11]. Aside from [5, 6] we are not aware of any other papers
in the literature which investigate the Galerkin approximation and associated error analysis
for the FADE.

There are two properties of fractional differential operators which make the analysis of the
variational solution to the FADE more complicated than that for the usual advection dis-
persion equation. These are

(i) fractional differential operators are not local operators, and

(ii) the adjoint of a fractional differential operator is not the negative of itself.

Because of (i), (ii), and the fact that the FADE in (1.1) contains a probability measure over
the unit sphere in IR?, the correct function space setting for the variational solution is not
obvious. In our analysis we use the spaces J 5, Jg, which are direct generalizations of the
left and symmetric fractional derivative spaces introduced in [5]. Additionally, we define
a fractional derivative space J ,;, whose definition involves the p.d.f. M, and show the
equivalence of these spaces to the fractional Sobolev spaces HJy.

For clarity of exposition we present the analysis for the fractional operators in IR?. The
generalization from IR? to higher dimensions is obvious. This paper is organized as follows.
In Section 2, we discuss directional integral and directional differential operators in two
dimensions. In Section 3, the fractional integral and fractional differential operators are
defined in terms of the directional integral and directional differential operators and the p.d.f.
M. Section 4 contains a derivation/motivation for using (1.1) as a model for superdiffusion.
Section 5 contains definitions of fractional derivative spaces which form the functional setting
for the analysis of FADEs. In Section 6, we analyze the steady-state two-dimensional FADE,



establishing the existence and uniqueness of a variational solution in the fractional Sobolev
space H(§2). Section 7 contains the analysis for the Finite Element approximation, with
convergence results. For a discussion of the computational implementation of this method
see [14].

2 Directional Integrals and Directional Derivatives

In this section we introduce directional integral and directional derivative operators, and
establish properties of these operators. To this end, we associate with each unit vector
v = [v1,v5)" € IR? a unique angle § € [0,27) such that v = [cosf,sind]'. Also, let C5°(G)
denote the set of all functions u € C*°((G) that vanish outside a compact subset K of G.
The following analysis directly generalizes to higher dimensions.

Definition 2.1 [Directional Integral] Let o > 0,0 € [0,2m) be given. The o' order
fractional integral in the direction of 0 is given by

0o éa—l

INEY!

Dy %u(z,y) = ; u(z — & cosl,y — Esinb)de.

Remark: We note that for special directions the directional integral operator is equivalent
to the left and right Riemann-Liouville integral operators (see (A.1),(A.2)), i.e.

Dy®u(z,y) = _—oDy"u(z,y),
Do yu(@,y) = —«Dyu(z,y),
D %u(z,y) = D u(z,y),
Dy, y) = Du(z,y).

Theorem 2.1 The directional integral satisfies the semi-group property

Dy Dy u(z,y) = Dy Pulz,y), ¥V a,8>0, 0€l0,2r), ue LP(R?),p > 1.

Proof: Using the definition of the directional integral,
00 fa—l 00 y,@—l
o I'(a)Jo T(B)

Setting 7 = £ 4+ v in the inner integral, we have

D; Dy u(z,y) = u(z — (£ +v)cosl,y — (€4 v)sinb)dvdE.

DDy u(x,y) = u(z —mncosf,y — nsinb)dnd§

oo go-l /°° (n—&)~!
'3

0o I'(«a) IN(G))
00 n go—l(p — )1
= /0 u(z —ncosb,y — nsin@)/o 3 F((g)F(Z)) d&dn
= /OOO u(z —ncosb,y —nsind)k(n) dn, (2.1)
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where

n ¢ca—1 _ ¢\B-1
k(n) == /0 S F((g)r(% de. (2.2)

Substituting s = £/n in (2.2), we see that

1 oa—1 61
k(n) = 77‘”5’1/ cl Gl ) iy
0

INCHINCE)
= na‘i’ﬂle(a?B)
F(a)T'(B)
na+ﬁ*1
_ 7 2.3
[ 5) 2
where B(q, 3) denotes the beta function satisfying
! o - L(a)T'(B)
B(a, ::/all—ﬁld: .
(@.8) = [ 50— s = 0
The stated result then follows from (2.1), (2.3) and the definition of the directional integral.
]

Next, we establish the adjoint property of the directional integral operators for colinear
directions, i.e. Dy® and Dy .

Theorem 2.2 For all u,v € L*(IR?),a > 0,6 € [0, 27),

(Dgu(w, y), v(z,y)) = (w(z,y), Dyfv(z,y)),

where (-,-) denotes the usual inner product on L*(IR?).

Proof: From the definition of the fractional integral, we have that

(Dg_o‘u( /// 5(11 u(x — Ecosl,y — Esinb)v(x, y)dé dx dy.

Setting T = x — £ cos b,y =y — £sinf, we have

(De_o‘u(:p,y),v(m,y)) = /// fal T, 7)v(T + & cos b, g+ Esin0)dE dz dy

— (u(z, y), D9+7TU($, y)) )

Corollary 2.1 For a >0, u,v € L*(Q),

<D9_au’ U)LQ(Q) - (u’ De_fﬂv)p(n)'



Proof: Let u,v denote the extensions of u,v by zero outside of 2. Then, Theorem 2.2
implies

(De_o‘u, U)LQ(Q) = (De_au, U)L2(1R2) = (ﬂ, De_frﬁ)Lz(R2) - (u’ DQ_E"'U)LQ(Q)'

Theorem 2.3 The fractional directional integral operator Dy * satisfies the following Fourier
transform property

F(Dyu(z,y)) = (iwy cos O + iwe sin )™ t(wy, ws),

where ;
6—1(w1x+w2y)u<x’y) drdy = u(w,ws).

Fuz,y) = |

RQ

Proof: Introduce the linear mapping

T| cosf) sinf 3 RV I cosf —sind z (2.4)
g | | —sinf cosf y y | | sinf  cosf g |- '
Then,
00 wa—l
Dy%u(z,y) = T )u(fCOSH — gsinf —wcosf, Tsinf + g cos — wsinb) dw
0 a
0o, a—1
= e u((Z —w)cos® — gsinb, (T —w)sinh + ycosb) dw . (2.5)
o o)

Let n:==% —w < w=27—rn. Rewriting (2.5), we have

7 5 a1
Dy %u(z,y) = /_OO (xr(zé))u(ncos@—gjsin@,nsin@+ﬂcos@)d77.

Let v(n) := u(ncosf — gsin@,nsinf + gy cosf). Then

Dy %u(z,y) = /m Mv("rr)dn

Now,

F(Dy “ulz,y)) = e~ lrte) Dy ez, y) du dy

2

efi(wl(jcos 0—7 sin 0) 4w (Z sin 9+gcose))D;au(x’ y) d7 d:lj

2

I
Tgg

efi((aq cos 04ws sin 0)Z+(—w1 sin O+wo COSG)Q)D;O[,U/(:C’ y) d7 d:& )
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Let
W1 ;= wypcosl +wysinf and Wy := —wqsinf + wy cos b .

Thus,

2
= [ e [ e Drtu(a) didg
R R

= lRe”":’?g (101)"*F(v(Z)) dy (using (A.7))

— (idn)~® / — / e~ y(7) di d
R R

= (iv)™™ /}R2 e~ W=ty (2 4 dZ df.

FDula,y) = [ @D Drou(a,y) di dj

Finally, using @1Z 4+ w9y = wix + wey, we obtain.

F(Dy“ulz,y)) = (i)™ /IR2 e~ tev)y (4 ) da dy

= (Z'(:)1>_aa(u}1, a)2>

= (iw; cosO + iwy sin 0) " *u(wy, ws).

Next we introduce directional derivatives of arbitrary order.

Definition 2.2 Let n € IN,0 € [0,27) be given. The n'™ order derivative in the direction of
0 is given by

Dyu(x,y) := (cos 9; + sin 9;) u(z,y) = ([cos 0, sin0]" - V) u(x,y). (2.6)
x Y

Definition 2.3 [Directional Derivative] Let o > 0,0 € [0,27) be given. Let n be the
smallest integer greater than o, n — 1 < a < n, and define 0 = n — «. Then the o' order
directional derivative in the direction of 6 is defined by

Dgu(x,y) := Dy Dyu(x,y).
The Fundamental Theorem of Calculus generalizes to the directional integral and derivative.

Lemma 2.1 For u € LP(IR?), p > 1, we have

DoDy ' u(x,y) = u(z,y).



Proof: As before, define Z,y by the mapping (2.4). Then
Dytu(z,y) = D7 v(Z,9),

where, v(Z,7) = u(Z cos @ — gsinf, £sin 0 + g cosf). Then, using by the chain rule, we have

O ¢ pnaoy L 0RO 00D
L ., 0 IV
= cosfu(Z,y) — sm@a—g ( —eo D3 v(m,y)) : (2.7)
Similarly,
0 1. . 010 e - dy 0 EET.
87y ( —ooD:E U(ZE,y)) - ay or ( —OODi U(I7y)) + 8y 8(@ ( —OODx U(l‘7y)>
. L 0 1 -
= sinf (v(Z,9)) + cos Qa—g ( —ooD; v(x,y)) : (2.8)
Combining (2.7) and (2.8) with Definition 2.2 we obtain the stated result. N

Theorem 2.4 For u € LP(IR?), p > 1, we have
Dy Dy “ul(x,y) = u(z,y).
Proof: Taking n € IN such that n — 1 < a < n, with 0 = n — o, and using the semi-group
property, we have
D Dy *u(z,y) = Dy Dy Dy “u(x,y) = Dy Dy u(x, y) = u(z,y),
by repeated application of Lemma 2.1. [ |

The Fourier transform property also generalizes to the fractional directional derivative. We
show this property holds over C§°(Q),  C IR%.

Theorem 2.5 Foru € C5°(Q), Q C IR?, we have

F(Dgu(x,y)) = (iwy cos O + iwy sin 0)*t(wy, wa). (2.9)

Proof: Firstly, note that

i du(z,y) . Ou(z,y)
_ t(wr1z4way) YL T vult, y)
F(Dou(z,y)) /1R2 e <cos 6 o +sin 6 o dA

= / e~ w2y cos&/ e_iwlxiau(x’y) dz dy
R R 0

Xz

du(z,y)

+/ g1 sin@/ w2y TNL Y) dy dz.
R R oy
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Integrating by parts, we have
F(Dou(z,y)) = (iw; cos b + iwsy sin 0)t(wy, ws).

Then, F(Dgu(z,y)) = F(DyDy u(z,y))
= (iwy cosl + iwesin0)"F(Dy u(z,y))

= (iwy cosf + iwqsin 0)" 7wy, wa). n

3 Fractional Integrals and Fractional Derivatives

In this section we introduce the fractional integral and fractional derivative operators..

Definition 3.1 Let u : R? - R, a < 0 (a > 0) be given. Then the o order fractional
integral (derivative) with respect to the measure M is defined as

D%u(z,y) = 02“ Deu(z, y) M(d6), (3.1)

where M(dO) is a probability measure on [0,2m).

Note: From (2.9) and (3.1), the « order fractional derivative operator with respect to M
satisfies

F(Dyu(z,y)) = {/Ozﬂ(iwl cos 0 + iwy sin Q)O‘M(dﬁ)} U(wy, wa). (3.2)

Remark: Definition 3.1 is equivalent to the definition of the fractional order derivative in

[10],

F(D3u(x)) = [ /” i v)aM(dv)] i(w).

Definition 3.2 Let u : IR? — IR,a > 0 be given. Then the a order Riesz fractional integral
is defined as [15]

1
Dou(x :7/ x — y|*~%u(y)dy, 3.3
(x) @) o X YT u(y)dy (3.3)
where
(a) = 20792 T(2)/T(%52), ifa#d+2kkeN
T =0 ifa=d+2kkeN

This definition stems from the facts that, [7, 15], F(—Au(x)) = |w|* and

FL(]-0) — 1 |x|*d, if  #d+2k,a # -2k kcN
(0™ =2y | ke L, if o = d+ 2k, k € N :

[

(3.4)

Correspondingly, a Riesz fractional order derivative may be defined as a power of the Laplace
operator composed with a Riesz fractional integral operator.

8



Definition 3.3 Let u : R? — IR, > 0 be given, n the smallest integer greater than o/2,
(n—1<a/2<n,)and o =2n—«a. Then the a order Riesz fractional derivative is defined
as

(=A)"
Ya(o)

D = (~A)" D7y = /IR x =y tu(y)dy. (3.5)

Lemma 3.1 Foru:IR? — IR and M the uniform probability measure, the fractional integral
(3.1) is a constant multiple of the Riesz fractional integral (3.5).

Proof: If M(df) is constant, then M (df) = df/(27). From the definition of the directional
integral, we have

21 poo pa—l
Dfu(x =5 / - u(x + rcosf,y + rsinf)drdd.
T 0

Changing to Cartesian coordinates, this is just

1
DY = / — y|*u(y)dy,
MU(X) 27TF(O{) R2 |X Y| U(y) y
which is a constant multiple of the Riesz fractional integral. ]

The following theorem shows that the Riesz fractional integral of a function of two variables
which is constant with respect to one of the variables can be rewritten as a directional
integral.

Theorem 3.1 Let u:R? — R, and @ : R — IR satisfy u(z,y) = u(x). Then

D u(z,y) = D “a(x).

Proof: If u is constant in y, then changing to polar coordinates yields

D %u(x,y) = 72104 /%/ u(x — rcosf,y — rsinf)drdb
= 72 ) /27T/ ra’lﬁ(x — rcos0)drd
- vg(oz /15’1 /a: (cos 9 (T})dnd@
By J—oo (— cOS (9 (n)dnd@,

where Ey := (0,7/2)U(37/2,27), Ey := (7/2,37/2). By symmetry, this can be rewritten as

Dulw,y) =1 [ o =" an)d,



where

2 /2
= 0)~“d#.
c 72(@)/0 (cos0)

What remains is to show that ¢; = 1/ («).

Using the substitution z = sin®#, we have

1 1
o = / (1 — a)~o/2125- 12
12(a) Jo
1
- B(1/2—a,1/2).
B2

Using the definitions of the function v, (a), and the beta function B(:,-), we have

= (errm) Ui em )

I'(1/2) = /m, the stated result follows. [

4 Derivation of the FADE

In this section, we motivate the definition of the fractional advection dispersion equation
via a continuous time random walk (CTRW) model. For the CTRW we consider the jump
probability density function (p.d.f.) to be an arbitrary bivariate stable law. We then rewrite
the FADE in terms of the composition of the traditional equation for conservation of mass,
as well as a fractional Fick’s law.

For a particle undergoing a CTRW, let P(x,y,t) denote the p.d.f. describing the probability
of the particle being at position (z,y) at time t. We denote by f(Axz, Ay, At) the transitional
probability density of the particle being displaced (Az, Ay) units over the time interval At.
We assume that f(-,-,-) is both spatially and temporally independent. The Chapman-
Kolmogorov equation gives

Playy,t+0) = [ [ fo =&y =, APE v, 1) dEdv,

from which we obtain

P At)— P
e L2 80 ZP@l) - ([ g gy — v AP 1) de i - Pwy,z

1)
Taking the Fourier transform of both sides of (4.1) yields

P(wl,wg,t+ At) - P(wl,wg,At)
At

(f(wwa)At)p(wlanat) - p(Wl,WQ,t)) . (42)

10



If we view f(Ax, Ay, At) as an arbitrary bivariate stable distribution with index a0 # 1, [10],
we have

A~

2
flwi,we, At) = exp|—iAtb-w+a At/ (twy cos @ + iws sin §)* M (df)
0

2
= 1—-iAtb-w+a At/ (twq cos O + iwy sin 0)* M (df) + o(At). (4.3)
0

Substituting (4.3) into (4.2), using (3.2), and taking the limit as At — 0, we obtain the two

dimensional FADE op

We remark that the FADE in two dimensions can take a variety of forms depending upon the
structure of the probability measure M. For example, if M is uniform on [0, 27|, we obtain
a FADE with a Riesz fractional derivative in the dispersive term. However, if M is discrete
p.d.f. over the set {0, 7/2,m, 37 /2} with probabilities {p1, p2, p3, ps} respectively, we obtain

D?\}P = (pl 7ong +p2 fooD; +p3 ;ngo +p4 yDgo)P7

which corresponds to the FADE presented in [9], and represents a continuous time random
walk in which the jumps are restricted to the z (horizontal) and y (vertical) directions [10].

Note that for a random walk in one spatial dimension, M must be discrete with P(6 = 0) = p
(jump to the left), P(# = 7) = ¢ (jump to the right), with p + ¢ = 1.

For a general FADE in two dimensions, consider the conservation of mass equation

%i)—l—V'F—i—cu:f, (4.5)

where F denotes mass flux, cu a reaction-absorption term, and f a source term. Observe
that the dispersive term in (4.4) can be rewritten as

27
py,P = [ DgP M(df)
0
27
- / (V - [cos 8, sin ]! DILP M(df)
0
2w
= V. (/0 [cos @Dy~ P, sin HDg‘lP]tM(dQ)) :

Thus, we can view the fractional advection dispersion equation (4.4) as (4.5) with the rela-
tionship
F=F,

where F; denotes the fractional Fick’s law
2
Fy=—a / lcos 6DS 1 P, sin DS~ P! M (df) + bP, (4.6)
0
b is the velocity of the fluid, and a denotes the coefficient of diffusivity.

11



Thus, we take as the general form for the time dependent fractional advection dispersion
equation in two dimensions

21
%]; -V (a/ [cos 0D P, sin QDg_lP]tM(d9)> +b-VP+cu=f. (4.7)
0

Note that if a = 2, then the traditional advection dispersion equation is obtained, i.e.

%];—V-AVP+b-VP+cu:f,

where
27

A=a [ SM(db),
0

with
B [ cos?f  cosfsind ]

cos@sinf sin? 6

represents the covariance of the distribution.

5 Fractional Derivative Spaces

In this section we function spaces needed for the analysis of the variational solution to
FADEs. We show that these spaces equivalence to the fractional order Sobolev spaces. The
following lemma is helpful in establishing equivalence of the spaces.

Lemma 5.1 Let a > 0 be given. Then for each 6 € [0, 27),

(Dg‘u, D§“+7ru) = cos(wa)HDg‘uH%z(Rg). (5.1)

Proof: We will make use of the property that for £ € IR

{ exp(—ima) (—i§)* £ >0 (5.2)

()" =\ explina) (@) ifeé<0 °

(— denotes complex conjugate.)

We have,

(Dgu, Dgﬂrwu) = /IR2 (i(wy cos € + we sin 0))* t(w) (—i(wy cos @ + wqsin b)) 4 (w)dA

= / (i(w1 cos O + wysin0))* (w) (—i(wy cosh + wysinh))* u(w) dA
E4

+ / (i(wy cos O 4+ wysin ) t(w) (—i(wy cos @ + wssinf))* u(w) dA,
Es

12



where
Ey = {(w,ws) € R*|w; cos § + wysinf > 0},

{
By = {(w1,ws) € IR?|w; cosf + wysinf < 0}.
Using (5.2), this becomes
(Dgu, Dg,pu) = exp(—ira) /E (i(wr cos0 -+ wy sin ) (o) dA
+exp(ima) /El |(i(w cos @ + wy sin 0))*i(w)|* dA
— cos(ra) /]R |(i(wr cos 0+ wy sin 0))a(w) | dA
+isin(mo) </El |(i(wy cos O + wy sin 0))“a(w)[* dA

[ [(i(wr 080 + ws sin 0)) i (w) dA) L (5.3)

Ey

For f(x) € R, we have that F(f)(—w) = F(f)(w). Thus,

(1(w1 cos @ + wo sin )0 (w) (i(wq cos O + wsy sin @) )0 (w)
= (—i(wy cos O 4+ wy sin ) )*tu(—w)(—i(w; cos § + wy sin 0))*iu(—w)

= |(—#(wy cosf + wy sin b)) u(—w)|.

Integrating over Ey, we have
/ |(i(wn €08 8 + wysin B))*a(w)|2dA = / |(—i(wy cos 8 + wy sin B)) 0 —w)|? dA
E1 El

(i(wy cos O 4wy sin 0))*au(w) > dA.  (5.4)

B |
Therefore, combining (5.3) and (5.4), we have the stated result. N

Next, we introduce two spaces which depend on the #-directional derivative and then show
that these spaces are equivalent.

Definition 5.1 Let a > 0, 6 € [0,27) be given. Define the semi-norm

|U|Jg’0(ﬂi{2) = ||Dgu||L2(R2),

and norm
lellog ey 2= (lullZacuen + [l )72 (5.5)

and let J3 4(R?) denote closure of C*=(IR?) with respect to || - || so o)

Definition 5.2 Let o > 0, a #n—1/2,n € IN,0 € [0,27) be given. Define the semi-norm

lul g, @w2) = | (D§u, Dgy ) - M2,

L2(IR?)

13



and norm

el ey = (lalaqueny + [l )7 (5.6)

and let J§o(IR?) denote the closure of C*(IR?) with respect to || - | o r2)-

Lemma 5.2 Leta >0, a #n—1/2,n € IN,0 € [0,27) be given. Then the spaces Ji 4(IR?),
J? o1 r(R?), and Jg"(,(RQ) are equal, with equivalent semi-norms and norms.

Proof: This result follows directly from the relation (5.1). n

Let © denote a bounded open, convex set in IR?. We now show that the same norm equiva-
lence holds for functions defined with support in €.

Definition 5.3 Define the spaces J7 4(2), J§4(S2) to be the closures of C5°(S2) under (5.5)
and (5.6), respectively.

Lemma 5.3 Leta #n—1/2,n € IN, u € C§°(Q2). Then there ezists a constant C such that

|Dgull iz < ClDGull 0. (5.7)
Proof: Under the change of variables
T| cosf sinfd x x| | cos —sind
g | | —sinf cosf y y| | sinf  cosf

Dg maps to D§. As u € C§°(Q2), D§u = D%u, the one-dimensional left Riemann-Liouville
fractional derivative (see (A.3)). By Fubini’s theorem

1 : (5.8)

S ]

Ymax f2(g) 9 g~ g~
/ | Dgu|” dzdy, (5.9)

f1(@)

|D5ultay = [ |Dgul* dady = [ Dl dzdg = |

Y
and
| D5l = [ [ 1Dguldedy = | [ |DguP dzdg.
R JIR R JIR

Note that as
Supp(U(i",gj)) g {(‘%ag | fl(g) S X S f2(g)a gmin S g S gmax}a
then,
SUPP(Dgu(QY?,g)) g {(iag‘ —oo<r< o0, gmin S g S gmax}-
Hence, by Property A.10,
D82y = /y/ Dol didj
0 Ull L2 (R2) . _—

min

gmax ~ fZ(Q) 9 o
< ["ew [ IDgul didy.
g f1(9)

min
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As Q is bounded, and C(g) is finite for all § € [Ymin, Ymax), there exists a constant C' such
that C(y) < C for all . Hence, by (5.9),

DoulZaa < O [ [ Dow didg = o) D02
| 9U||L2(1R2)_ _ )| oul”didy = C| Gu”LQ(Q)'

Ymin fl (Q

Lemma 5.4 Let o > 0, @ # n—1/2,n € IN,0 € [0,27) be given. The spaces J3 4(Q2),
J201.(82), and J§o(Q2) are equal, with equivalent semi-norms and norms.

Proof: We show the stated result for J7,(€2) and Jg,(€2). The proof for Jz,,  (22) and
J§ (€2) follows analogously.

Let @ be the extension of u by zero outside of 2. Note that
supp(Dgu D, u) C €.
thus
|ulsg @ = llsg,m2)-
We have from Lemma 5.2 that | - |je (r2) and |- [je (r2) are equivalent. Thus, it suffices to
show that | - |jo (r2) and |- [se () are equivalent.
We immediately have that for u € C§°(Q),
ulsg @ < lalsg ,m2)-
Also, for a #n —1/2,n € IN, Lemma 5.3 implies
|a|Jg’9(IR2) S O|U|JE,H(Q).
]
Next we define the fractional dimension Sobolev spaces and relate J7 o(€2) ( Jg 5, .(52), J§,(52)

) to H§'(2) [8].

Definition 5.4 Let Q C IR? and > 0. Define the semi-norm
|ulg@) = | |W|“@HL2(1R), (5.10)

and norm

el iy = (Il Zo0) + ulfruey)

and let Hi(Q) denote the closure of C§°(Q2) with respect to || - || gu(a)-

9

Lemma 5.5 Let o >0, a #n—1/2,n € IN,0 € [0,27) be given. The spaces J7 4(2), and
H§(Q) are equal, with equivalent semi-norms and norms.
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Proof: For 2 = IR? the statement follows directly from (5.10), Plancherel’s theorem, and
(2.9). For Q C IR?, with @ the extension of u by zero outside of ), we have

ulsg 0 = Julsg, @ = lalsg, w2 = il , w2
= |ﬂ|Ha(R2) = |U|HQ(Q).
N

We now present two properties for the directional derivative operator, Dy, (inverse and
adjoint) which we use in our subsequent analysis.

Lemma 5.6 For a >0, u € J7 (),
Dy Dgu = u,
and for 0 < s < a,
Dy Dy *u = Dyu.

Proof: The stated results follow directly from Property A.6 and Property A.7 ]

Lemma 5.7 For a >0, u,v € Ji4(9),

(D, v)p20) = (“ D3+w”)m<m'

Proof: Applying Corollary 2.1 and Lemma 5.6, we have

(Z)glh U)LQQD = (l)glh l);f%l)g+ﬁU)L2“D

o o
- (u’ D9+”U)L2(Q) ‘
|
For the next step in our analysis, we define a semi-norm by integrating |- ’35 @) with respect

to the probability measure M (df). We then show that the space defined using this semi-norm
is equivalent to H§ ().

Definition 5.5 For o > 0, define the semi-norm

2m 1/2
2
ulsg e = ([ luly ey M)

and norm
HUHJ;\;(R?) = (HUH%%]P@) + ’U@g{(]f@))ma

and let J3;(R?) denote closure of C*(IR?) with respect to || - || jo (r2)-
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Lemma 5.8 For an arbitrary measure M, there exists a constant C' such that

ul o (m2) < Clulgra(mre)-

Proof: Using (2.9) and Plancherel’s theorem, for 6 fixed we have

ulsg vz = 1 Dgull2me)
= ||(iw cos O + iwy sin 0) 0| 2(r2)
< lw]®@] L2(m2) = |u]gom2)-

Integration with respect to M(d6) implies |ul e r2) < Clu|ma(re). [ |
Definition 5.6 Define the space J§;(2) as the closure of Cg°(Q2) under the J$(2) norm.

Corollary 5.1 For an arbitrary measure M, there exists a constant C' such that

ulyo @) < Clulme ).

Proof: Let u be the extension of u by zero outside of ). Then we immediately obtain

|U|J;\*4(Q) < |@|Jﬂa4(]R2)
S C"ZL|H(¥(H{2)

]

In order to show existence and uniqueness for (1.1) over the fractional Hilbert space H§ (),
we must show [[ul e ) > C|lul|ga(). This, however, is dependent upon the form of the
measure M. We introduce the condition on M that

2
/ |sin 6|2 M(d(6 — ) > O, (5.11)
0
independent of the value of ¢ € [—7/2,7/2].

Remark 5.1: The condition (5.11) holds if M (d) is non-zero over a connected set of positive
measure in [0, 27]. As sin€ > 20/7 for 0 < 0§ < 7/2, we have

[ 0P arao ) = 2 [0 0 (M0 - ) + MGdr 0 4+)

0 T
+ M(d(m +6 —)) + M(d(2r — 0+ )],
which is positive if M (df) is non-zero over a connected set of positive measure.

Remark 5.2: The condition (5.11) holds if M (df) is atomic with at least two atoms, 6;,0;,
such that 6; # 6; + . In this case, (5.11) reduces to

2m n
| sin 0= M(d(o — ) = Y- P(0 = 60)| sin(6, + ),
0 i=1
which is positive for all such ¢ if and only if 6; # 6; + 7 for some 7 and j.

17



Theorem 5.1 Let M satisfy (5.11). Then the spaces H*(IR?) and J$;(IR?) are equal, with
equivalent semi-norms and norms.

Proof: We already have from Lemma 5.8 that
ul yo (r2) < Clulga(re)-
In order to show the reverse inequality, consider u € C§°(IR?). Then, we have
2 e
’u‘J]‘@(]RQ) = /0 ’U|Jg,9(1R2) M(d9)
= [ IDgul? Mr(as)
= [T 17 (g I M(ao)
_ /0 u /}R [(iwr cos B + iws sin0)” wi, ws)[? dew M(d)
_ /0 i /}R @l [sin(8 + arctan(wr /w2))** fi(wr, w2) | dw M(d6)
= /1R2 </027r |sin(6 + arctan(w; /ws))|** M(d9)> W] |t(wr, we) [ dw .
As for all (wy,ws) € IR?, ¢ = arctan(w; /ws) € [—7/2,7/2], (5.11) implies
‘u’?]j\*l(IR?) > C1|ulfa(me)-
Finally, as J{(IR?) and H*(IR?) are the closures of C°(IR?), the equivalence of semi-norms

follows. The equivalence of norms then follows from the definitions of the J¢ (IR?) and
H?(IR?) norms. |

Corollary 5.2 Let M satisfy (5.11) and o # n — 1/2,n € IN. Then the spaces J§;(2) and
H{(Q) are equivalent, with equivalent semi-norms and norms.

Proof: Let u € C§°(Q), and @ denote its extension by zero to all of IR?. Using Lemma 5.4
and Theorem 5.1, we have

21
ulgo = [ lully, @ M)
27
2
> 0/0 Ul i M(d0).

As
(Dgu, D3+7T’LL) L2() - (Dgﬂa Dg+7ra) L2(IR2) ’

18



we have

2
ulge = C [ lalf, e M(d0)
27
> 02/0 Wgﬁ,g(ﬂ’@) M (df), from Lemma 5.2,

= Oolufse e

> Csli3a(ge), from Lemma 5.8,

C3|Uﬁ{a(ﬂ) .
Finally, as J§;(2) and H§(2) are closures of C§°(£2) under equivalent norms, we have
[ulsgy @) 2 Clulme ).

The reverse inequality is given in Corollary 5.1, which implies that the semi-norms are
equivalent. By the definition of the J§;(2) and H§(2) norms, norm equivalence follows. ®

We now may state a fractional Poincaré-Friedrichs inequality for this set of spaces.

Theorem 5.2 Let u € J7 5(€2), then
[ullr20) < Clulse @), (5.12)
and for 0 < s < a,

ulsg @) < Clulsg @) (5.13)

Proof: Using the change of variables

T| cosf sind x x| | cost) —sind
g | | —sinf cos6 Y y | | sinf  cosf
Dy ® maps to Dy“, a one-dimensional fractional differential operator. In view of (5.9), the

conclusions (5.12) and (5.13) then follow from Property A.8 and Property A.9, respectively.
]

] . (5.14)

S =]

Corollary 5.3 [Fractional Poincaré-Friedrichs] For u € J§;(Q),

[ullzz) < Clulse ), (5.15)
and for 0 < s < a,
[ulss @) < Clulse (@) (5.16)

Proof: The conclusions (5.15) and (5.16) follow from (5.12), (5.13), and the definition of
the J{; () semi-norm. |
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6 Variational Formulation

Let © denote an bounded, open connected region in IR?. In this section we show that there
exists a unique variational solution of (1.1) in the space H§(£2).

Problem 6.1 [Steady State Fractional Advection Dispersion Equation]
Given f € H *(Q), find u : Q — IR such that

Lu = f, in €, (6.1)
0, on 0f2.

u

where o
0

0<pB<1,a:="28a>0 blz,y) = bi(z,y)b(r,y) € (CHRQ)?, c(z,y) € C(Q) with
c— 3V b >0 and M(df) satisfies (5.11).

In order to derive a variational form for (6.1)-(6.2), we assume that u is a sufficiently smooth
solution of (6.1)-(6.2) and multiply by an arbitrary v € C§°(2) to obtain

2
/fvdx = /—( DgaDguM(dQ))v+b-Vuv+cuvdm
Q Q 0
2
= /—/ aDyu Dy, v M(df) + Dou by v + Dyjou byv + cuv dx
o Jo

2m
= / - (/ aDgu Dy, v M(d@)) + DguD,*(byv) + DS jpu D?l);/oé(bQ v) 4 cuv dz.
Q 0

Thus, we define the associated bilinear form B : H§(§2) x H§(2) — R as

B(u,v) == — /O T (D§u, Dg,v) M(d6) + (Dgu, Dy *(biv)) + (D3 jou, Dy fa(bav)) + (cu, v) .

For f € H=*(Q2) we define the associated linear functional F': H}(2) — R as

F(v) = (f,v),

where < -, > denotes the duality pairing of H™#(Q) and Hj(2), u > 0.

Definition 6.1 [Variational Solution] A function u € H$(Y) is a variational solution of
(6.1)-(6.2) provided that
B(u,v) = F(v), Yve Hf (). (6.3)

Using the results of Section 5, we show that there exists a unique variational solution to

(6.1)-(6.2).
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Lemma 6.1 The bilinear form B(-,-) is coercive over H$(S2), i.e. there exists a constant
Coy such that
B(u,u) > COHUH?{Q(Q). (6.4)

Proof: With o > 1/2, and v € H(Q) the limit of {¢,}, -, ¢n € C*(), it is straight
forward to establish that

1
(Dgu, Dy (b v)) + (D2ouDi fy(bav)) = —5 (V-b)u, ) .
Hence
2 o o 1
B(u,u) = —/0 a(Dgu, D9+7rv> M(df) + ((C—QV-b)u,u>

27
> q /0 [uf3s o) M (d0).

By norm equivalence (Lemma 5.4), Corollary 5.2, and the fractional Poincaré-Friedrichs
inequality (Corollary 5.3), we obtain

B(u,u)

v

2
Co [ ul3y, oM (@9)

= Cl‘u’?]?/[(ﬂ)

v

CQH”H%;(‘/I(Q)

CH”H%{(X(Q)-

v

Lemma 6.2 The bilinear form B(-,-) is continuous on H(2) x HF(S2), i.e. there exists a
constant Cy such that
[B(u,0)] < Callulien ol (6.5)

Proof: First, we apply the triangle inequality and introduce terms I, II and III:

B(u,v)| < ’— / o (Dgu, DG ) M(d@)‘ + |(Dgu, DX (b v)) + (DSu Dl (bev))

+ |(cu, v)]
= I+11+1II

In order to bound III, we use Cauchy-Schwarz to obtain

111 lcull 2o llv] 20
lellsollwll 2@ vl 22 ()

elloollull e (@ llv ]l 2o 0)- (6.6)

IA N CIA
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Next, using (2.9) we bound I by

27 1/2 2 1/2
U< o[ luBy@M@e) ([Tl M)
2w 1/2
< allullsg, @ </O |U|2Jg,9(Q)M(d9)> < allull e @ V]2 )
< Cillullgal[v]l e (6.7)

To bound II note that from Property A.11 in the appendix, there exists constants Cj, and
Cb2 such that HblfUHHlfa(Q) S Cb1||U||H1—a(Q) and HbQUHHlfa(Q) S CbQHUHHl—a(Q). Hence, using
Lemmas 5.4 and 5.5,

IT

< lullsg @ llorvllgi-e) + llullsg, @lb2vlls-e o)
< Cllulae (Brellm-ew + 12vlm-o)
< Collullae [[olla-e@) < Cllullge@ (vl - (6.8)
Combining (6.6) - (6.8), we have (6.5). N
Lemma 6.3 The linear functional F(-) is continuous over H§(S2).
Proof: The result follows from the fact that
F) = {f,v) < fla-e@lvlaee, ¥veHi ). (6.9)
|
Theorem 6.1 There exists a unique solution u € H§(Q) to (6.3) satisfying
[ull o) < Cllfla-o()- (6.10)

Proof: By Lemmas 6.1, 6.2, 6.3, the operators B, F' satisfy the hypotheses of the Lax-
Milgram theorem, from which existence and uniqueness of a solution to (6.3) immediately
follow. The estimate (6.10) is obtained from combining (6.4), (6.5), and (6.9). n

7 Finite Element Convergence Estimates

Let {Si} denote a family of partitions of 2, with grid parameter h. Associated with S,
define the finite dimensional subspace X} to be the basis of piecewise polynomials of order
m — 1, where m > 1 € IN. Denote by Z"u the piecewise polynomial interpolant of w in Sj.

Let uy, be the solution to the finite dimensional variational problem

B(uh,vh) = F(Uh), Yo, € X, (71)
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We define the energy norm associated with (6.3) as
|ullp = Blu,u)?. (7.2)

Note that from (6.4) and (6.5) we have norm equivalence of | - || ga(o) and || - |-

Theorem 7.1 Let u denote the solution to (6.3). There exists a unique solution to (7.1)
which satisfies the estimate

lu —unlle < Cr inf Jlu—vllp < Crllu— I"ul|p. (7.3)

Proof: Existence and uniqueness follow from the fact that X} is a subspace of the space
H§ (), and thus (7.1) satisfies the hypotheses of the Lax-Milgram lemma over the finite
dimensional subspace X}. The estimate (7.3) is a result of Ced’s lemma. ]

The finite dimensional subspace X}, and the interpolant Z"u are chosen specifically so that
they satisfy an approximation property over subspaces of H™(2). That is to say that Z"u
satisfies the following theorem [2].

Theorem 7.2 [Approzimation Property] Let u € H"(2),0 <r < m, and 0 < s < r. Then
there exists a constant C'y depending only on ) such that

[l —Ihu|

Hs(Q) S CAhT_SHUHHT‘(Q).

We can combine the previous results into an estimate for e := u — uy in the energy norm.

Corollary 7.1 Let u € H§(Q) N H"(Q) (o <r <m) solve (6.3), and uy, solve (7.1). Then
there exists a constant C' such that the error e = u — uy, satisfies

lell ey < CR™Jullar()- (7.4)

Proof: From Theorem 7.1, we have that the error satisfies
lells < Crllu — T"u|l .

Applying the approximation property and continuity yields

||€||E S C1C[CAhr_a||u||Hr(Q). (75)

Finally, we obtain (7.4) via the norm equivalence of || - || go(q) and || - ||&. |
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We now apply the Aubin-Nitsche trick to obtain a convergence estimate in the L? norm.
First, we must make an assumption concerning the regularity of the solution to the adjoint
problem:

2
— | (Dfira Do) M(d6) + (=Y -Blr,y) +cley))w = g, inQ (7.6
w = 0, ondd (7.7

Assumption ADRG: For w solving (7.6) with g € L*(2), we have

Jwlg2a@) < Crllgllr2@)-

Theorem 7.3 Let uw € H(2) N H" () (a <r < m) solve (6.3), and uy, solve (7.1). Then,

under Assumption ADRG, there exists a constant C' such that the error e = u — uy, satisfies

||€||L2(Q) S OhTHUHHT(Q). (78)

Proof: Introduce w as the solution of (7.6) with g = e = u — u;, € L*(Q2). Then w satisfies
the variational form

B(v,w) = (e,v), Vwve H; (), (7.9)
and the regularity estimate
[wl[rr2e0) < Cllell 2.
Substitute v = e in (7.9), and applying Galerkin orthogonality, we have

H€H2L2(Q) = Ble,w)
B(e,w — T"w)

Chllell o llw — Z"w|| o)

ClOAhaHeHHa(Q) ||wHH2a(Q)

IA AN IA

C1CACER el e llel 2 @)
Therefore, dividing through by ||e[[12(q) yields the estimate
lellz2(@) < CL1CACER"|le]|k,
and applying (7.4) we obtain (7.8). n
Remark: For a Finite Element approximation to (6.3), u, € S, v € Sp,

~ 21
B(up,v) = /0 /QaDguhngdxM(dQ) + /Qb-Vuhvdqu/chhvdx,

is computationally more suitable than B(uy,v). See [14] for a discussion on Finite Element
implementation issues for FADEs.
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A Riemann-Liouville Fractional Integral Operators

In this section we present the Riemann-Liouville fractional integral and differential operators
and several properties which they satisfy.

Definition A.1 [Left Riemann-Liouville Fractional Integral] Let u be a function defined on
(a,b), and o > 0. Then the left Riemann-Liouville fractional integral of order o is defined to

be
1

oD %u(x) == (o) /ax(x — 5)7 tu(s)ds. (A1)

Definition A.2 [Right Riemann-Liouville Fractional Integral] Let u be a function defined
on (a,b), and o > 0. Then the right Riemann-Liouville fractional integral of order o is

defined to be

1

Dy %u(x) = (o) /:(3 — )7 tu(s)ds. (A.2)

Definition A.3 [Left Riemann-Liouville Fractional Derivative] Let u be a function defined
on IR, u > 0, n be the smallest integer greater than u (n—1 < pu <n), and c =n—pu. Then
the left fractional derivative of order i is defined to be

g e
Diyi= _ D'u=D" . D-"ulx) = F(lo_)dxn [ a-orued (A

Definition A.4 [Right Riemann-Liouville Fractional Derivative] Let u be a function defined
on R, > 0, n be the smallest integer greater than pu (n—1 < p <n), and o =n—pu. Then
the right fractional derivative of order i is defined to be

DF*u = Diu = (~D)" ,Dslu(x) = ‘;(3”6& [Te—artuede (g

Note. If supp (u) C (a,b), then D*u = ,DHu and D**u = ,Dju, where ,D! and ,Dju
are the left and right Riemann-Liouville fractional derivatives of order p [13].

With these definitions, we note several properties of the Riemann-Liouville fractional integral
and differential operators [13, 15].

Property A.1 [Semigroup Property] The left and right Riemann-Liouville fractional inte-
gral operators satisfy the semigroup properties: for u € LP(a,b), p > 1,

oDt oD u(z) = D %u(x), Yo € (a,b), Vu,o>0,
Dyt oDy %u(x) = Dy %u(x), Va € (a,b), Vu,o>0. (A.5)
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Property A.2 [Adjoint Property] The left and right Riemann-Liouville fractional integral
operators are adjoints in the L? sense, i.e. for all o > 0,

oD u,v = (u, Dy v , Yu,v € L*(a,b). (A.6)
b)

L?(a,b) L?(a,

Property A.3 [Fourier Transform Property] Let o > 0, uw € LP(IR), p > 1. The Fourier
transform of the left and right Riemann-Liouville fractional integral satisfy the following,

F( oD, u(z)) = (iw) 7a(w),
FloDJu(x)) = (—iw)"i(w), (A7)

where u(w) denotes the Fourier transform of .

Property A.4 The left (right) Riemann-Liouville fractional derivative of order p acts as a
left inverse of the left (right) Riemann-Liouville fractional integral of order u, i.e.

oDE D Mu(x) = u(z), (A.8
Dl 2Dy u(z) = w(z), Vu>0. (A.9)
Property A.5 [Fourier Transform Property] Let i1 > 0, u € C3°(a,b). The Fourier trans-
form of the left and right Riemann-Liouville fractional integral satisfy the following,
F(-wDiu(z)) = (iw)"i(w),
F(.Dhu(x)) = (—iw)u(w). (A.10)

In one space dimension the following norms and spaces are useful. For I denoting the interval

(a,b) C R}
i 9 o2 1/2
[l ey = ID ull 2y, lullmg = <||U||L2(1) + [|[D u||L2(I)) : (A.11)
" " 1/2
|U|Jg(1) = ||D* UHL?(I): ||U||Jg(1) = (||U||%2(1) + [|[D* U||%2(1)) 5 (A.12)

and J} (1), Jx(I), denotes the closure of C§°(I) with respect to (A.11) and (A.12), respec-
tively.

Property A.6 [5] For u € J/(I), we have D™"D*u = u, and for u € Ji(I), we have
D~ #D*u = u.

Property A.7 [5] Foru e J/(I),0<s < p,

D D*D* *u = D" *u.
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Property A.8 [5] [Fractional Poincaré-Friedrichs] For u € Jy (1), we have

lull 2y < Clul e, (A.13)
and for u € Jy(I),

lullc2ry < Clul e - (A.14)
Property A.9 [5] Foru e J/(I), 0 < s < u, we have

lulss () < Clulse,

and foru € J(I), 0 < s < p,

ulggry < Clul .-

We also state an additional result regarding the diminishing nature of ,D¥ outside of (a,b)
for functions u € C§°(a, b).

Property A.10 [5] Let p #n—1/2,n € N, u € C§°(I). Then there exists a constant C
depending only on u such that

| a Dl 2(ry < CllaDhl| 2 (ap)-

Property A.11 [5] Let € [0,1], b € CY(I) and v € H*(I). Then there exists a constant
C depending only on b and p such that

oV zery < Cllvl] ey
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