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Abstract

In this article we investigate the LBB condition for axisymmetric flow problems. Specifically,
the sufficiency condition for approximating pairs to satisfy the LBB condition established by
Stenberg in the Cartesian coordinate setting is presented for the cylindrical coordinate setting.
For the cylindrical coordinate setting, the Taylor-Hood (k = 2) and conforming Crouzeix-Raviart
elements are shown to be LBB stable. A priori error bounds for approximations to the axisym-
metric Stokes flow problem using Taylor-Hood and Crouzeix-Raviart elements are given. The
computed numerical convergence rates for the error for an axisymmetric Stokes flow problem
support the theoretical results.
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1 Introduction

Accurate numerical simulations of 3-D fluid flow problems is a computationally challenging problem,
involving the approximate solution of large (sparse) systems of linear equations. However, in the case
the domain of the problem is a volume of revolution about a central axis, and the fluid flow is also
invariant with respect to rotation about the central axis, a change of variable from a Cartesian to a
cylindrical coordinate system significantly reduces the computational complexity. Specifically, the
3-D fluid flow problem decouples into a 2-D fluid flow problem and a scalar flow equation. However,
this transformation from the 3-D problem to a 2-D problem results in differential operators with
singularities on the the central axis, requiring the analysis to be done in suitably weighted Sobolev
spaces.

In the approximation of a fluid flow problem based on a weak formulation of the modeling equations,
specifically those modeling Navier-Stokes and Stokes, an important component in the approximation
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algorithm is ensuring that the velocity and pressure approximation spaces, X, C X and Qp C Q,
respectively, satisfy the LBB condition, i.e.

b(gq, v)

inf sup ———>— > 83, (1.1)
9€Qn vex, llallq Ivix
for some B € R, where in Cartesian coordinates
b(qg,v) = /qV-vdx. (1.2)
Q

“Compatible pairs” of velocity and pressure approximation spaces for fluid flow problems in Carte-
sian coordinates are well documented in the literature, see for example [6, 4]. Commonly used
elements include the mini-element, PlisoP2 — P1, and Taylor-Hood pairs. There are a number of
ways of establishing that (1.1) is satisfied for given approximation spaces X} and @y, [6]. Of particu-
lar interest in this article is the general sufficient condition derived by Stenberg in [9]. Briefly stated,
in [9] Stenberg showed that if the partition of the domain can be classified into a finite number of
macroelements such that for each macroelement, M, the dimension of

Nup = {quh :/ qV -vdx = O,Vve{weXhzwlaM:O}} (1.3)
M

is equal to one, then (1.1) is satisfied.

In the case of axisymmetric flow in cylindrical coordinates one requires a 2-D LBB condition (1.1)
be satisfied. Here however

b(qg,v) = ba(q, Vv) = /qva‘vrdx + /qudx, (1.4)
Q Q
where V, = [0/0r,0/02]", v = [v,,v.]T, dx = drdz, and the function spaces (and norms)

for X and @ differ significantly from the Cartesian case. Ruas in [8] showed that (1.1)(1.4) was
satisfied for rectangular based Q2 — discP; elements, and for P, 4+ bubble — discP; on a restricted
triangulation of Q. In [2] Belhachmi, Bernardi, Deprais showed that (1.1)(1.4) was satisfied on a
regular triangulation of €2 for PjisoPy — P; elements (which also implied (1.1)(1.4) for Taylor—-Hood
P, — P; elements).

In this paper we establish that the sufficient condition of Stenberg also applies to (1.1)(1.4). Using
this setting we then show that the LBB condition is satisfied by Taylor-Hood P, — P; elements
and the conforming Crouzeix-Raviart P, 4 bubble — discP; elements on a general triangulation of
the domain 2. For applications where mass conservation is of particular importance using P» +
bubble — discP; elements is attractive, as the computed approximations are mass conservative over
each triangle in the partition of €.

The paper is organized as follows. In the following section we present the axisymmetric Stokes flow
problem, introduce the appropriate function space setting, give the corresponding weak formulation,
and describe the setting for the finite element approximation. Section 3 contains a discussion of
Stenberg’s sufficiency condition for the LBB condition and shows how it extends to the axisymmetric
setting. In Section 4 we use the Stenberg sufficiency condition to show that the Taylor-Hood (k = 2)
and the conforming Crouzeix-Raviart elements are LBB stable. Combining the approximation



properties derived by Belhachmi, Bernardi, Deprais in [2] with the LBB stability, in Section 5 we
give a priori error bounds for the approximation to the axisymmetric Stokes flow problem computed
using Taylor-Hood and Crouzeix-Raviart elements. A numerical example is given for which the
experimental rates of convergence for the approximation error agree with the theoretically predicted
rates.

2 Mathematical Preliminaries

In this section we give the mathematical framework for the investigation of the LBB condition
(1.1)(1.4). We follow the setting used in [2] for the axisymmetric Stokes problem.

2.1 Problem Description

Let Q ¢ R? denote a domain symmetric with respect to the z-axis. With respect to cylindrical
coordinates, (r, 0, z), we let Q denote the half section of Q, Q = QN {(r, 0,2) : r >0, z € R}.
For the description of the boundary we let I' := 9N 09, and Ty the intersection of €2 and the
z-axis, T := 9QN{(0,0, z) : z € R}. Note that 2 = T'UTy. In addition, we assume that € is
a simply connected domain with a polygonal boundary. (See Figure 2.1.)

Figure 2.1: Hlustration of axisymmetric flow domain.

Consider Stokes equation (in Cartesian coordinates) in Q, subject to homogeneous boundary con-
ditions on 0f):

VgV +Vp = f inQ, (2.1)
V-a = 0 inQ,
4 = 0 ondQ,
Uy
where 4 = | u, = uge; + uye, + u.e;, for e;, ey, e, denoting unit vectors in the x, y and z
Uy

directions, respectively.



Multiplying (2.1) through by a suitable smooth function v, v|,4 = 0, integrating over Q, and
multiplying (2.2) through by a suitable smooth function ¢ and integrating over Q) we obtain

/nVﬁ:de — /ﬁv.wv = /f"-vdv (2.4)
Q Q Q
/q“V-ﬁdV = 0. (2.5)
Q
Uy
Expressing 1 in cylindrical coordinates, u = Ug = ure, + ugeg + u,e,, and assuming that
Uy

%

the flow is axisymmetric, i.e. u(r,0,z) = u(r, z), £(r,0,z) = £(r, z), p(r, 0, 2) = p(r, z), u,(0,z) = 0,
ug(0, z) = 0, equations (2.4)(2.5) transform into

1
/nva[“T ] :Va[vr } rdx -+ /nurvrdx - /pva' [ Ur ] rdx — /pv,ndx
Q Uz Uz Q T Q Uz Q
fr:| |:Ur]
= . rdx, 2.6

1
/nva ug - Vg vgrdx + /nuevgdx = /fgvgrdx, (2.7)
Q Q r Q
/qva- [ ur } rdx + /qurdx = 0, (2.8)
Q Uz Q
_[ojor _
where V, := [ 0,0 ] and dx := drdz.

Note that the angular flow equation for ug is decoupled from the flow equations for u, and wu,. For

simplicity of our discussion of the LBB condition we will assume ug = 0, and let u = [ ZT ],
z
v = [ vr }, etc.
Uz

2.2 Function Spaces and Weak Formulation

Let © denote a domain in IR2. For any real o and 1 < p < oo, the space oLP(0) is defined as the
set of measurable functions w such that

1/p
loll,oe) = ( /@ |w\pradx) < o0,

where r = r(x) is the radial coordinate of x, i.e. the distance of a point x in © from the symmetry
axis. The subspace 1L3(0) of 1L?(©) denotes the functions ¢ with weighted integral equal to zero:

/qrdx = 0.
©



We define the weighted Sobolev space 1 W!P(0) as the space of functions in 1 LP(0) such that their
partial derivatives of order less that or equal to [ belong to 1LP(©). Associated with W'P(0) is
the semi-norm | - [, yy1,p(@) and norm || - ||, y1.r(e) defined by

1/p

! 1/p !
(W, wire) = <Z||5f5,lz_kw||ﬁp(@)) v vl wirey = <Z|wfwk,p(@)>
k=0 k=0

When p = 2, we denote ;Wh2(0) as 1 H'(©). Also used in the analysis is the space 1V1(©), a subset
of 1H'(©), given by

1V1(@) = {w € 1H1(@) NS _1L2(@)} ,
. /
with nomm [Jwlviey = ([0 + o), 120))

It can be proven that all functions in 1 V() have a null trace on Iy, [2, 7].

In order to incorporate the homogeneous boundary condition for the velocity on I, let

\HY(Q) = {we H'(Q) :w=0onl}, and 1V} (Q) = {we V(Q) :w=0 onl}.

For convenience of notatii)/r; let X := 1Vg(Q) x 1H(Q) and for v = [v,, v:]", |vlx@e) =
<||vr||fvl(e) + ’UZEHl(e)) ,and Q = 1 L§(Q) with || [[¢ = || - Il,12()- When © = Q, we write
Ivllx == [[vlx(e). With X we associate the innerproduct
(v, w)x = / (Vav :Vow + &%> rdx. (2.9)
0 rr

Using as the pivot space (1L2(Q))2 with innerproduct (f, g) := fQ f-grdx,let X* denote the dual
space of X, i.e. X™* is the completion of (1L2(Q))2 with respect to the norm

(f, g)

I£llx+ = supgex ="
= lsllx

For © a domain in IR", n = 2, 3, we use the standard definitions for L2(©), L3(©), H*(©), and
HE(©) (see [1]).

The weak axisymmetric formulation for the Stokes equations can be stated as: Given f € X*,
determine (u, p) € (X x Q) satisfying

a(u, v) —be(p,v) = {f,v)x-x VvelX, (2.10)
bo(g,u) = 0, VgeQ, (2.11)
where

1
a(u, v) = /nvauzvavrdx + /nurvrdx, (2.12)

Q Q r
ba(q, v) = /qva~vrdx + /qudx, (2.13)

Q Q

5



and (-,-) x+ x denotes the duality pairing between X and X*.

For the discussion of existence and uniqueness of (2.10)(2.11) see [3, 2]. In particular we note that
there exists § > 0 such that
: ba(g, v)
inf sup

_bal.v) (2.14)
9€Qvex llallo IIvx

2.3 Finite Element Approximation Setting

In this section we describe, as in [2], the setting for the finite element approximation to (2.10)(2.11).
We assume that 2 is a convex polygonal domain and (73);, denotes a family of uniformly regular
triangulations of €) satisfying:

(i) The domain € is the union of the triangles of 7.

(ii) T N Tj is a side, a node, or empty for all triangles Ty, T}, k # j, in Tp,.

(iii) There exists a constant o, independent of h, such that for all T' € T}, its diameter hp is smaller
that h and T contains a circle of radius o hy.

Additionally we assume that each triangle T' in 7, has at least one vertex inside € (i.e. not on
I'n Fo)

The properties that 2 is convex and the triangulations uniformly regular are used in the proof of
Lemma 2.

Let Py(T) denote the set of restriction to T' of polynomials of degree less than or equal to k. For
the velocity approximation space we consider

Xy = {we (CO)? : wir=0,wr, =0,wl|r € (P(T)% VT € Th} C X. (2.15)

For the pressure space,
Qn = {qge Q) : / qrdx=0,q|r € Po_1(T),VT € T,} C Q. (2.16)
Q

The approximation pair (X, Qp) given by (2.15)(2.16) with k& = 2 represent the Taylor-Hood P,— P}
pair.

For T € Tp, let (A1(z,y), A2(x,y), A\3(z,y)) denote the normalized (i.e. \;+A2+A3 = 1) barycentric
coordinates of (z,y) € T. Introduce the bubble function on T,

br(z,y) := 27T\ (x,y)\a(x, y)A3(z,y), and Brp := span{br}. (2.17)
The approximation pair

X, = {we(C°Q)? : wir=0,w.|r, =0,w|r € (Po(T)® Br)>, VI € T,} C X,  (2.18)
Q= {a: [ ardx=0.qlr e AN VT €T} € Q. (2.19)
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correspond to the conforming Crouzeix-Raviart mixed finite element pair.
In Section 4 we show that the pairs (2.15)(2.16),for £ = 2, and (2.18)(2.19) are both LBB stable.

Below, all constants C, C1,Co, ... used are independent of h. However their values may change from
line to line.

3 Mathematical Preliminaries

In [9] Stenberg established a sufficient condition on the family of partitions (7), and the approxi-
mation spaces Xj, and Qp, for the LBB condition (1.1)(1.2) to be satisfied. For the axisymmetric
flow formulation we have a different operator b(-,-) and different velocity and pressure spaces.

The proof of the Stenberg sufficiency condition in [9] follows easily from two lemmas, generalized
as Lemma 1 and Lemma 2 below. The proof of Lemma 1 follows as in [9]. However, because of the
singular operators and different norms arising in the axisymmetric formulation, the proof of Lemma
2 is considerably more complicated. As in [9], the proof of the sufficiency condition follows from
Lemmas 1 and 2.

We discuss the case for a triangulation of the domain €. The results can be extended to a partition
of the domain into regular quadrilateral elements.

3.1 Stenberg sufficient condition

A macroelement M is said to be equivalent to a reference macroelement M if there is a mapping
Fyr o M — M satisfying the conditions:

(i) Fs is continuous and one-to-one.

—

(i) Far(M) = M.

(iii) If M = U;-"Zlfj, where fj,j = 1,2,...,m, are the triangles in ]\7, then T; = FM(T}-),
7 =1,2,...,m, are the triangles in M.

(iv) Fy. = Fryo Ff_l, J=12,...,m, where F5 and Fr, are the affine mappings from the
j j Y

reference triangle with vertices (0, 0), (1, 0) and (0, 1) onto CIA’] and T}, respectively.

The family of macroelements equivalent with M is denoted Eq-

For a macroelement M define the spaces Xj, pr, Qpar and Np, pr as

Xh,M = {W S (00(5))2 : W’F = O,QUT‘FO = O,W|§\M = 0, W‘T (S (Pk(T))Q, VT € M} C Xal)
Qnv = {q: /qudx =0,q|lr € B(T), VT € M} C1L3(M), (3.2)
Noy = {q4€Qnn : balg, w) =0, Ywe Xpar}. (3.3)

Theorem 1 [9] [Stenberg Sufficiency Condition] If



(i) there exists a finite set of classes 8@, i=1,...,n, n > 1, such that for each M € E+,1 =

(3

1,...,n, the space Ny is one dimensional consisting of functions which are constant on M,

(it) for each Ty € (Th),, the triangles can be grouped together to form macroelements Mj, j =
1,...,m, such that the so obtained macroelement partitioning of Q, My, satisfies that M;
belongs to some Ex7 , for all M; € My,

then (1.1)(1.2) is satisfied.
In the case linear elements are used for the velocity approximation there is one additional constraint

on Ty.

(iii) If vy is the common part of two macroelements in (i) then ~y is connected and contains at least
two edges of triangles in T,

Remark: The stated theorem trivially extends to the case where the velocity approximating space
is enriched with bubble functions, i.e. w|p € (Pi(T) @ By(T))?, where By(T) = {v € (Ppy1(T))?
V=AM A3w, W€ (Pk_g(T))Q}.

The following two lemmas are analogues of the key lemmas used by Stenberg in [9].

Let II;, denote the projection, with respect to the innerproduct (g, p) := fQ gprdx, from @} onto
the space
Q5 = {q€Q : q|y is constant VM € M} . (3.4)

Lemma 1 [See [9], Lemma 3.2] Under the conditions of Theorem 1, there is a constant C' > 0 such
that for all qn € Qp there is a v, € X satisfying

ba(gn, vi) = /tha'VthX + /thhrdx
Q Q

/(I — Hh)qhva‘vhdx + /(I - Hh)qhvhrdx
Q Q

CII(I = Ta)anll5 (3.5)

>
< I = M)anlle - (3.6)

and ||vi|lx

Proof: The proof of this lemma follows as that of Lemma 3.2 in [9].

Lemma 2 [[9], Lemma 3.3] Under the conditions of Theorem 1, there is a constant C > 0 such
that for all qn € Qp there is a v, € Xy, satisfying

ba(qn, vi) = /tha'VthX + /thhrdx = | Thanld . (3.7)
Q Q
and |[vallx < Cagnllq- (3.8)
The proof of Lemma 2 involves three steps. First, for ¢, € Qp given, the identification of v € X

satisfying b,(qn, v) = Huqn, and v x < C|IIngnllq. Step 2 is the construction of an approxi-
mation vy € Xp of v such that b,(qp, vi) = ba(qn, v). The third step involves establishing that



[villx < C|lv|x. Because of the norms involved, it is this step that differs significantly from [9].

To do step 3 we follow the approach from Ruas in [8].

Steps 1 and 2 in proof of Lemma 2
Let ¢9 € Qp, be given. As I,q) € Q) from (2.14) we have that there exists a v0 € X satisfying
1 1
Vor & o = T, and Vlx < IMadllo. (3.9)
Let P, : X — X}, denote the orthogonal projection defined by (-, -)x. Let a;, i = 1,...,n, denote

a labeling of the triangle edges in the triangulation 7, with n; and 7; a unit normal and tangent
vector to a;, respectively.

Assume that we have a Lagrangian basis for X}, and that along each edge, a;, the nodes are located
at the endpoints and the Gaussian quadrature points. (For k = 3 modified Gaussian quadrature
points are used. See (3.25).) Let M; denote an interior nodal point on a;, with ¢y, the associated
local basis function, such that

/quirds # 0. (3.10)

Denote the other nodal points as S1,...,S5y,.

Introduce Rj, : X — X}, an approximation operator defined by

Rpv(S;) = Ppv(S)), j=1,...,m, (3.11)
RhV(MZ') T = PhV(MZ) T, i:i,...,ne, (312)
/th-nirds = /V'nirds, T=1...,MNe. (3.13)

For vV defined in (3.9), let

V2 = Rpv°, e% = V%—tho, and € = v0 — P,v°,

By construction
IThahllEy = balah, v°) = balap, vi)-
Also,
IVallxry < lefllxay + 1Pav0ilxer < lledllxay + IV00lxer)
n

To complete the proof it suffices to show that ||€))||x < C/€°|x. To establish this inequality re-
quires us to look closely at the triangulation of 2 and the interpolation. We introduce the additional
notation. For T' € Ty, (see Figure 3.1) let

- T | (ra=r1) (r3—r1)
FT(&)—JTEJr[Zi], Jr = [(22—21) (Zg’_zi) : (3.14)

al, i =1,2,3, denote the edges of T, with MlT denoting the associated edge point used in (3.12),

7 )

n’" the unit normal used in (3.13), I its length, and I7 C 1,2,3 an index set such that i € I
implies that al ¢ Ty, i.e. a] does not lie on the z-axis.



0,1
/N
A d
a, 1
©,0
PN
s %

\J

Figure 3.1: Mapping of the reference triangle T to triangle T.

By assumption of a regular triangulation, there exists constants cy, C; > 0 such that

cyh% < |det(Jr)| = |Jr| < Cyh%.

For © C Q, let 71,02(©) = max{r: (r, z) € O}, and 7, (©) = min{r: (r, z) € O} .

As Ty, is a regular triangulation of Q2 we have that there exists ¢; > 0 such that

Tmaz(T) > cihp, forall T €Ty,. (3.15)

It is useful to categorization the triangles T' of T, into three types. For constants co, c3, ¢4 > 0 the
following inequalities hold.

Type 1: T NIy is empty. For these triangles we have that

Tmin(T) > c2hr. (3.16)

Type 2: T NIy is a side. For these triangles, without loss of generality (WLOG), we assume that
the local counter-clockwise labeling of 7' is such that the vertices S; and S3 (equivalently al’)
lie on I'g. Then, under the transformation Fr,

r = 7'25 = Tmax(T)§7 and Tmax(T) < cshr. (317)

Type 3: T NIy is a point. For these triangles, WLOG, we assume that the local counter-clockwise
labeling of T is such that the vertex S lies on I'y. Under the transformation Frp,

ro= 128 + rgn = min{ry, 13}( +n) = cahr(§ + 7). (3.18)
Step 3 in proof of Lemma 2

For each T € T}, we now estimate [|€)||x (7). As T € T is considered fixed we omit the superscript
T in the notation of al-T, MZ-T, etc.

10



We have
0
eh‘T eh ‘n; ¢;n;,

where ¢; is the canonical local basis functlon of X}, associated with M;. Thus,
012 0 112 0 |2
lenllx iy = HehrHl\/l ) lenlmr
2

rdx—l—/
T

2

3 2

Zeg(Mi)'ni i Ny

i=1

rdx

Zeh “10; Vi niy

3
/
T

Ze%(MZ-) 0 Va@ing
3 2 3
> (en () Z(Mﬁz ey + 16l 2 ) (3.19)

i=1
i=1 =1

r2

rdx

IN

Mapping from T to the reference triangle T we have

6ty = /!V ¢il*rdx < C/ <8¢’!2 + ’a@' ) h72 7 h3. d€

< Crmae(T). (3.20)

For T' a Type 1 triangle,
1 Aol
2 2 2179
19l1%, L2y = /T'¢i' ardx = /f‘@l & b de

h% < Chr. (3.21)

< -
< O @) S

For T a Type 2 triangle, for i € I., ¢; vanishes along & = 0 thus ¢; = &1, with ) € P 1(T).

1 . 1
2 — 2= = |
&4l 2y = /TW 2rdx = /f'qbl rn»Lax(T)ﬁth5

< ol/fg\z/}iﬁhmg < Chry. (3.22)

For T' a Type 3 triangle,

. i 1
2 — 12— = | ————h3
6%y = [ pras = [1bP— o hde

< C’1/ ](]51 hT d¢ < Chry. (3.23)
Thus, combining (3.20)—(3.23), we have for ¢ € I,
16il2 iy + 193l 12y < C riman(T) - (3.24)

11



Next we need to construct an estimate for |e) (M;) - n|.

/e%( i) n;pirds = /eo-nirds,

e |ed(M, nl]|/¢lrds| < /|eo.ni]rds.
a;

By construction of vg,

Note that ¢; r is a polynomial of degree < k 4 1 in s along a; which vanishes at the endpoints. For
k=2 and k > 4 the k — 1 Gaussian quadrature formula exactly evaluates fa_ ¢;rds. For k = 3 the
modified Gaussian quadrature formula,

[ e~ 21 + ), (325

exactly evaluates the integral.

With 7y, the r coordinate of M;, applying the quadrature formula we have that there exists ¢ > 0
such that
‘chi l; e%(Mi) . ni‘ < / \eo- n;|rds.
a;

For a; C Ty, e%(Mi) -n; = 0. Otherwise, for a; ¢ Ty, there exists a constant C > 0 such that
rar, > Crmaz(T), and I; > 20hp. Thus

‘e%(Mi)'ni‘ < C(rmaz(T) hT)l/ le’ - n;|rds. (3.26)

Next we use the obvious bound

/\eo‘ni|rds < / \e?]rds—i—/ 2] rds. (3.27)

For fa, |eY| r ds, again using the mapping of the triangle T' to the reference triangle T
0 — —
/ lex|rds < hr /A |red|ds < hp ||7“69||L2(3f) .
a; a;

Applying the Trace Theorem to T , and using |Jp| > ¢y h%, we then have

/ 2| r ds
a;

IN

Chr HTQQHHl(T)

IN

1/2
C hyp </ lrel|? | Jp| " dx + /|Vare,(3]2h2T|JT\1dx>
T T

IN

0
C /|e?2rrdx + h%/ |Va69]2rrdx + h%/ &
T T T|T

1/2
C (rmaa M) (12 p2ry + W3 IelPyacry) - (3.29)

2 /
rr dx) (3.28)

IN

12



In order to bound fa_ |€9] r ds we consider the three types for T € Tj,. In each case we establish

1/2
[ 1eirds < O ' (10 + B 1) (3:30)

Type 1. T'NT is empty. R
Estimate (3.30) is established by mapping T to T and applying the Trace Theorem. (See [5] for
details.)

Type 2. T'NT is a side.
Estimate (3. 30) is established by mapping T to T revolving T around the n-axis to generate a
reference cone E, and then applying the Trace Theorem to E. (See [5] for details.)

Type 3. T NIy is a point.

In this case, after mapping T to f, the integral is split into two pieces. One piece is handled as
in case Type 2, by forming a reference cone by rotating T around the n-axis. The other piece is
handled similarly, by forming a reference cone by rotating T around the &-axis. (See [5] for details.)

Combining (3.27),(3.29) and (3.30) we obtain

1/2
16 mdrds < O D) (18 + Wy + 168l + W)

(3.31)
From (3.26) and (3.31)

2 _ _
(M) il < C (anaa) ™ B2 (12 20my + B3Iy + el gy + B3Il -

(3.32)
Combining (3.19),(3.24), and (3.32) yields
leflBery < Chz? (el + WRIEIZ ey + Ielllzery + W3S Pmn) - (3.33)
Summing over the triangles we obtain
lebliier) < O X hrllelPrary + 1% ) - (3.34)
TeTh
Thus, what remains to show is that
Y b2 ary < C ek (3.35)

TeTh,

Using the fact that the mesh is a uniformly regular triangulation implies that there exists a constant
¢ > 0 such that ch < hp. Hence (3.35) may be replaced by showing that

1], z20) < Chlle|x. (3.36)

To establish (3.36) we use the following Propositions relating function spaces defined on 2 to ax-
isymmetric functions, with zero angular component, defined on €.

13



4 \3
Proposition 1 [3] The azisymmetric reduction of functions in (LQ(Q)> , with zero angular com-

ponent, to functions in (1L2(Q))2 is an isometry (up to a factor of \/2m).

. \3
Proposition 2 The azisymmetric reduction of functions in (HQ(Q)) , with zero angular compo-

nent, to functions in (1H2(Q))2 s a bounded mapping satisfying ||VV||(H2((~2))3 2 ||W||(1H2(Q))2-

Proof: The proof follows by direct calculation.
|

Let &° denote the axisymmetric extension of €% to Q. From Proposition 1 we have that
(L?(Q)) and (|8 2 = V2r[e°], 120y Let W € (HO(Q)) be given by

%

V-Vw =&, inQ. (3.37)

o o \3
As &° is axisymmetric, then W is also. Additionally, as € is convex, w € (HQ(Q)) , and

”VVVHH2(Q) <G HéOHL2(Q) < CHeoHle(Q)

Let w be the reduction of w to €. From Proposition 2 we have that w € (1H2(Q))2, and
||W||(1H2(Q))2 < HVVV”(Hz(Q))S < C||eo||1L2(Q)

Then
2y = 16 = (€% &),
= (Vw, Véo) 2y = 2 (w, e x
= 21 (w—y, e’ for x € Xy,

< 2rle’ inf [|[w—
< 27 IIXxeXhH xllx

< 2r)e'|xCh Wl (22 (from [2], Theorem 5)
< Chlle’|lx [l€°]l, 2o - (3.38)
Thus we have that
%], 2y < Chlle|lx- (3.39)
|

Proof of Theorem 1: In view of Lemmas 1 and 2, the proof of Theorem 1 now follows as in [9].
|

4 The LBB condition for Taylor-Hood and Crouzeix-Raviart ele-
ments

In this section we show that the Stenberg sufficiency criteria for satisfying the LBB condition
(1.1)(1.3) is satisfied for Taylor-Hood P» — P; and the conforming Crouzeix-Raviart approximating
elements on triangles.

14



4.1 Taylor-Hood P, — P, approximation pair
We begin by identifying an appropriate macroelement, M, and then show that the corresponding
vector space IV}, )y has dimension one.

Let M be given by the collection of three triangles in Figure 4.1.

A

z 40

Y

Figure 4.1: Macroelement for Taylor-Hood Figure 4.2: Macroelement for Taylor-Hood
P2 — Pl. P2 — Pl-

Let Xp, a1, Qnvr, Nuar, be given by (3.1)-(3.3) with £ =2 and [ =1, and

Xpau = {w e (C°()? : wlog =0, wlg =0, Wl € (B(T))?, VT € M} C Xpur, (4.1)
N,?yM = {q €Qnum : balg, w) =0, Vwe X27M} D Ny - (4.2)

As the function ¢ = constant is contained in Nj s and N}?7M, we have 1 < dim(Np pr) < dim(N}(L]’M).
Hence it suffices to show that dim(Np ,,) = 1.

Note that X,?’M differs from X}, 57 in that for M such that M NTy # 0, w € X,?’M satisfies w|r, = 0,
whereas for w € X}, yr, wy|r, = 0. XP ,, is introduced for convenience so that we do not need to
separately consider those macroelements which have a nontrivial intersection with the symmetry
boundary, I'g.

For notational convenience we suppress the h subscript and 0 superscript, i.e. Ny = N,? a and
X=X,
We have that

1 0 1 0
XM == span § vy = qﬁ(’ra Z) 0 , Vo = Q6(7', Z) 1 y V3 = Q7(7’, Z) 0 , V4 = Q7(7’a Z) 1 )
where ¢g, g7 represent the (continuous) Lagrangian quadratic basis function which has value 1 at
node Rg, Ry, respectively, and vanish at all other nodes. Qnr = span{li(r, 2), la(r, 2), I3(r, 2), la(r, 2),

l5(r,2)}, where l;, i = 1,...,5, represents the (continuous) Lagrangian linear basis function which
has value 1 at node R; and vanishes at nodes R;, j =1,2,...,5, j # i.

Note that the defining equation for Nj; generates four equations for the five unknown constants
P1. P2, P3; P4, P5, where p(r, 2) = p1li(r,z) + p2la(r,z) + p3ls(r,z) + pala(r,2) + psls(r, 2).
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Using Green’s theorem,

3
/pva'vrdx + / pupdx = —/ v -Veprdx = —Z/ v-Veprdx. (4.3)
M M M j=1"T;

Also,
/V.Vaprdx = /0~JTjtv5,npnyTj|d§dn, (4.4)
T; T

J
where |J7;| denotes the absolute value of the determinant of Jr,, J:Fj " the transpose of the inverse
of Jr,, and §(&,n) := g(Fg'(r,2)), (see (3.14)).

For v € Xy, p € Qu, V is a (vector) quadratic function, V¢, p is a constant vector, and Jr; is a
constant matrix. Hence the integrand in (4.4) is a polynomial of degree < 3.

Introduce the following Lagrangian quadratic and linear basis functions on T.
aEmn) = A -&-—n@-20-2n), ¢@En = 2(-1),

G@(&mn) =n@2n—1), 4 n) = 48,
G(&mn) = 4n(l =& —m), (& n) = 461 - & —n),

and R X R
Also note that the quadrature formula
[ Femddn ~ 5 (Fa/z0 + fa2) + fo.m) + 55 (F0.0 + F10 + f0.0)
f ) 120 9y 9 ) 120 ) ) )
27
—f(1/3,1 4.
is exact for polynomials of degree < 3.
4.1.1 Computation of ng v - Vaprdx
In terms of the mapping of T» to the reference triangle, relative to (3.14), associate S; = Ry,

Sy = R3, and S3 = Rs.
We have that

Vil = w0 | o | ok = w0 | ]

Vil = P | o | vl = a1

p(T’, Z) = DN ll(Fj:;(rﬂ Z)) + p3 ZS(FJT;(T?Z)) + s l},(Fﬁl(T, Z)),

_ | (ra=m1) (r5 —m1)
and Jr, = (23 —21) (25 —21) }
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Using (4.4) and (4.6) we have that

1
/ vi - Veprdx = %(27”1 +2r3+715) ((23 — 25)p1 + (25 — 21)ps + (21 — 23)ps) (4.7)
T
1
/ . Vaprdx = —%(27“1 + 2r3 + 7“5) ((7"3 — T5)p1 + (7‘5 — Tl)pg + (r1 — 7“3)]?5) , (48)
Ts
1
/ vy - Veprdx = %(rl +2r3+2r5) (23 — z5)p1 + (25 — 21)p3 + (21 — 23)p5) (4.9)
Ts
and
1
/ vy -V p?“dx = —%(Tl + 2r3 + 27‘5) ((7"3 — 1”5)]91 + (1"5 — 7“1)p3 + (7“1 — 7"3)]95) . (410)
1>

Similar equations to (4.7)-(4.10) are obtained from considering le v-Vprdx, and fT3 v-Vuprdx.
(See [5] for details.)

4.1.2 Dimension of Ny,

Let

a1 = 2r1 4+ 19+ 213, Qg = 2r1 4+ 2r3 + 15,
a3 =11+ 2r3+2rs, og = 2r3+ra+2r5.

Note, asr; > 0,7=1,2,...,5, and the geometry of the triangles, that oy, asg, az and ay > 0.

Corresponding to [, pVe-vrdx + [, pv,dx = — [, v-Vgprdx = 0, Vv e Xy, we obtain
(after minor simplification) the following linear system of equations, Ap = 0, where A is given by

a1(z2 — 23) +a2(z3 — 25) ou(—z1+23) ai(z1 — 22) + aa(—=21 + 25) oo (z1 — 23)
ai(re —r3) +az(rs —rs) ai(—r1+r3) o ET1*7’2)+C¥2( 7”1+7‘5; az(ri —r3)
(- )

jol

as(z3 — 2z5) 3(—2z1+ 25) +ou(za — 2z5) ou(—23+25) as(z1 — 23) + as(z3 — 24)
as(rs —rs) az(—=r1+71s5) + aa(ra — s as(—=r3+71s5) as(ri—rs) + aa(rs —ra)
(4.11)

Note that p; = pa = p3s = ps = ps is a solution to (4.11), i.e. Ny contains the constant functions.
To show that dim(Nys) = 1 it suffices to show that the matrix A has full rank, i.e. the rows of A
are linearly independent.

Lemma 3 The rows of the matriz A given in (4.11) are linearly independent.

Proof: Let p1 = p1 + (as/aa)ps, ps = ps + (a2/a1)pe, P = [p1 p2 p3 pa Ps|”, and consider in
place of Ap = 0 the corresponding linear system Ap = 0.

To see that the rows of A are linearly independent, consider:

CiA1. + CoAy. + C3A3. + C4Ay. = 0. (4.12)
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Corresponding to columns 1 and 2 in (4.12) we have

ey e el - o)

Note that if 71 = r3, as Ry # Rs, then the second equation implies C7 = 0. The first equation then
gives Cy = 0. Therefore, assume 1 # 3.

A non-trivial solution for Cj, C5 requires the determinant of the 2 x 2 matrix to be zero. This

implies
(20 — 23) + 22(23 — 25) 21 — 23
o - (4.13)

(rg —r3) + 52(r3 —75) rL—T3

Consider now the quadrilateral formed by R;, Rs, R3, Rp, where Rp denotes the point on the half-
line passing through Rs and terminating at R3 given by
5] a2
Rp = — —(r3—15), 23 — —(23 — 25) .
p = (r3 o (rs —75), 23 o (23 — 25)
Equation (4.13) implies that the vector RpR> has the same slope as the vector Rl_Rg, which is
impossible as they form opposite diagonals of the quadrilateral. Hence C; = Cy = 0.

An analogous argument using columns 4 and 5 in (4.12) leads to C3 = C4 = 0.

Hence, the rows of A are linearly independent, i.e. rank(A) =4 = rank(A).
|

By modifying the matrix in (4.11), it is straight forward to show that the three triangles depicted in
Figure 4.2 also form a macroelement for Taylor-Hood P, — P; approximation pair. Thus, we could
conclude that for any triangulation of the domain of 2, which can be partitioned into groups of
three adjacent triangles, the Taylor-Hood P> — P; approximation pair is LBB stable. However often
the number of triangles in a triangulation is not exactly divisible by three. Next we demonstrate
that there are many choices of macroelements for the Taylor-Hood P, — P; approximation pair.

Lemma 4 Suppose M is a macroelement with Ny = 1, consisting of functions which are constant
on M. Let M be formed from M by adding an adjacent triangle (i.e. sharing an edge with M ).
Then M is also a macroelement with the desired property that Ny; = 1, consisting of functions
which are constant on M.

Proof: We consider separately the two cases corresponding to M being formed by adding a triangle
to M that: (i) shares two edges with M, and (ii) shares one edge with M.

Case (i): The added triangle shares two edges with M. (For example, see Figures 4.1, 4.3.)

Let A and A be the matrices associated with Nj; and N 7> respectively. For nys g the dimension of
Qnr, we have that rank(A) = nyg—1, and that A is a m x nys g matrix with m => nprg—1. A
is therefore a m x nys g matrix with m > ny g +1, as A must have at least one more interior edge
that M. Note that every row in A comes from fM vi-VpdA = 0, for v; € X;. As, Vv; € X,
fM vi - VpdA = 0 is satisfied for p a constant function, then p1 = ps = ... = py,, , satisfies
Ap = 0, and rank(A) < nyro — 1. Since the rank(A) = narg — 1, this implies that A has npro — 1

18
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Figure 4.3: New macroelement for Taylor- Figure 4.4: New macroelement for Taylor-
Hood PQ — Pl. Hood PQ — Pl.
3 A
linearly independent rows. The fact that for v € Xy, v| N\M = 0; we have A = | --- |, which
B

implies that A has at least n M, — 1 linearly independent rows. Hence rank(A) = n m,@ — 1 and the
dimension of N, = 1.

Case (ii): The added triangle shares one edges with M. Let Ry and R3 denote the endpoints of the
shared triangle edge. (For example, see Figures 4.1, 4.4.)

In this case, along with two new triangle edges, an additional triangle vertex is added to M in

forming M. Therefore, the dimension of Q 7 = dim(Qur) + 1, with the increase in dimension

corresponding to the new added vertex. Again, as Vv; € X, / 7 Vi VpdA = 0 is satisfied

for p a constant function, then p; = ps = ... = pp,, 41 satisfies Ap = 0, which implies that
A 0

rcmk:(fi) < num,qg. Also, as for v € Xy, V’M\M = 0;wehave A = | --- - |, where the number
B b

of rows in the matrix B is two, corresponds to the velocity basis functions v, vo, associated with
the shared triangle edge, added to Qs to form @ ;. As the added triangle lies in the support of v,
and V5, then from (4.4) (and corresponding minor simplifications) b = [a(—z2+23) a(—r2+73)]7,
for a > 0. As Ry # Rg, the number of independent rows in A must be greater than the number of

independent rows in A = np;q — 1. Hence rank(A) = npr,g and the dimension of Ny = 1.
|

Corollary 1 The Taylor-Hood P> — Py approzimation pair is LBB stable on a regular triangulation
of €.

4.2 Crouzeix-Raviart approximation pair

Again, we begin by identifying a macroelement M for the conforming Crouzeix-Raviart elements.
In this case we simply take M to be an arbitrary triangle T in 7T, see Figure 3.1.
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With [;(€, n), i = 1,2, 3, defined in (4.5), let

8(57 77) = 27[1(67 77) 52(57 77) Z3(§7 77) . (414)
l;(f , m) is the cubic bubble function which vanishes on the boundary of f, and is equal to 1 at
(& n) =(1/3,1/3). With by(z,y) as defined in (2.17), let
0 1 0
Xpay = spanqbr E br 1 C Xnm, (4.15)
N,?jM = {q €Qnm :balg, w) = 0, Vwe X;?yM} D Ny - (4.16)

We note, as commented at the beginning of Section 4.1, that ¢ = constant is contained in N}, »s and
N,(;M, we have 1 < dim(Np,pr) < dim(N,?’M). Hence it suffices to show that dim(N,?,M) = 1.

Again, for notational convenience we suppress the h subscript and 0 superscript, i.e. Ny = N, ,? M
and Xy =X ,? M-

The defining equation for Nj; generates two equations for the three unknown constants p1, p2, ps,
where p(r,z) = p1li(r,z) + p2la(r, 2) + p3ls(r, 2).

From (4.3)(4.4) we have
/ pVe -vrdx + / pu.dx = /A\A/-JTjtV&n;ﬁﬂJTj]dfdn.
M M T
Lot val = | [ b€ mie mdgdn = 1Tzl [ B m) (s + (ra =) + (3 = ri)m g
Note that, as b(¢,n) and #(£,7) are greater than 0 for (£,7) € T\OT, val > 0.

For v = by { (1) ], we obtain

/ pVa-vrdx + / purdx = ((z3 —21)(p2 —p1) — (22 — 21)(ps — p1)) val, (4.17)
M M
andforv:bgp[?],
/ pVe-vrdx + / popdx = —((r3—r1)(p2 —p1) — (r2—z1)(ps —p1)) val. (4.18)
M M

From (4.17)(4.18), Ny is given by the solutions to the linear system of equations

[2223 —21+ 23 21— 22 p =0, (4.19)

To—1T3 —Tr1+7r3 11 —7T9
where p = [p1 p2 pg]T.

The two rows of the coefficient matrix in (4.19) are linearly independent unless the points (r1, 21),
(r9,22), (13, 23) all lie along a line. That, however, would contradict the facts that the points form
the vertices of a non-degenerate triangle. Hence dim(Nys) = 1.

In summary, we have the following.
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Corollary 2 The conforming Crouzeiz-Raviart (Pa + bubble — discPy) approximation pair is LBB
stable on a regular triangulation of €.

5 Numerical Experiment

From the continuity and positivity of a(-,-), the continuity of b,(-,-), and the inf-sup condition
(1.1)(1.4) we have that approximations (uy, pp) to (2.10)(2.11) satisfy

- —pallg < €4 inf Ju— inf [lp—qllg -
a il + o= mllg < ¢ { inf u=vilx + inf o~ alo}
From [2], for X}, @, given by (2.15),(2.16), respectively, and k = 2

. 2 . 2
o u=vilx < CRulms@) and inf Ip—dlo < Chplmo -

Hence, for u € 1H3(2), p € 1 H%(R), we have that
lu—wslx + llp—pallq < Ch®. (5.1)

We investigate this a priori error estimate in the following example.

Let @ = (0,1/2) x (=1/2,1/2), Ty = {0} x [-1/2,1/2], T = 9O\I'sp. We consider a modified
Taylor-Green vortex flow problem

—r cos(wnr) sin(wmz)
u(r,z) = 2 . )
— = cos(wnr) cos(wmz) + rsin(wnr) cos(wnz)
p(r,z) = sin(wnz)(— cos(wnr) + 2wnrsin(wnr)) .

The computations are performed for w = 1. A plot of the velocity field u, and the pressure p, is
given in Figures 5.1 and 5.2, respectively.

For the Taylor-Hood (k = 2) and Crouzeix-Raviart approximation pairs the errors for the velocity,
pressure, and divergence ( divggi(u) = V4 -u + u,/r), along with their experimental convergence
rates are given in Tables 5.1 and 5.2. (The Crouzeix-Raviart approximation is mass conservative over
each triangle 7' in the triangulation Ty, i.e. [ divazi(up)rdx = 0.) The experimental convergence
rates are consistent with those predicted in (5.1).
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