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Abstract

In this article we investigate the numerical approximation of coupled Stokes and Darcy fluid
flow equations in an axisymmetric domain. The fluid flow is assumed to be axisymmetric.
Rewriting the problem in cylindrical coordinates reduces the 3-D problem to a problem in 2-D.
This reduction to 2-D requires the numerical analysis to be studied in suitably weighted Hilbert
spaces. In this setting we show that the proposed approximation scheme has a unique solution,
and derive corresponding a priori error estimate. Computations for an example with a know
solution are presented which support the a priori error estimate. Computations are also given
for a model of fluid flow in the eye.
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1 Introduction

For the past several years the investigation of the numerical approximation of coupled Stokes-Darcy
fluid flow problems has been an active area of research. A number of different formulations have
been studied. An approach introduced and analyzed by Layton, Schieweck, and Yotov in [27]
formulates the problem in terms of the unknown velocity-pressure variables in both the Stokes and
Darcy domains. Other researchers who have used this approach include [37, 8, 19, 17, 20]. In [14]
Discacciati, Miglio, and Quateroni formulated the problem in terms of velocity-pressure unknowns
in the Stokes domain and a pressure unknown (satisfying the Poisson equation) in the Darcy domain.
Other researchers who have used this approach include [30, 21, 11, 9]. Another approach is to use the
Brinkman equations for the coupled problem [22]. In this approach the Stokes modeling equations
and the Darcy equations are melded together using cutoff functions to obtain a single modeling
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equation throughout the coupled domain. Though computationally attractive this approach lacks
rigorous mathematical analysis as to the relationship between the computed approximation and the
true solution.

In this paper we investigate the special case of a 3-D Stokes-Darcy fluid flow problem in an axisym-
metric domain, having an axisymmetric solution. Our motivation for considering this problem was
to model fluid flow in the eye. Using the axisymmetric, we reformulate the problem in cylindrical
coordinates, reducing the 3-D problem in (z,y,z) to a 2-D problem in (r,z). Accompanying this
reduction in spatial dimension is that the function space setting for the problem is now cast in
weighted Sobolev spaces.

The numerical analysis of the finite element approximation to the axisymmetric Stokes problem was
presented in [4]. (See also [5, 29, 16, 6].) For the axisymmetric Darcy problem the numerical analysis
of the finite element approximation was recently given in [15]. Herein we combine the analysis of
the axisymmetric Stokes and Darcy problems with the framework of [27] to obtain and analysis an
approximation scheme for the coupled, axisymmetric Stokes-Darcy fluid flow problem.

This paper is organized as follows. In Section 2 the modeling equations are presented, rewritten in
cylindrical coordinates, and a corresponding weak formulation for the solution derived. Following,
in Section 3 we present the framework for the finite element approximation, establish existence
and uniqueness of the finite element approximation, and derive an a priori error estimate for the
approximation. Two examples are given in the Numerical Experiments section. The first example
investigates the a priori error estimate for several different choices of approximating elements. The
second example numerically investigates a model for fluid flow in the eye.

2 Modeling Equations

Let 2 C IR®, denote the flow domain of interest. Additionally, let Qf and Q denote bounded
convex polygonal domains for the Stokes flow and Darcy flow, respectlvely The 1nterface boundary
between the domains is denoted by I = 00 N OQ Note that Q := € ru Q UT. The outward
pointing unit normal vectors to Q ¢ and Qp are denoted ny and n,, respectively. On I let t1, o
denote linearly independent unit tangent vectors. We assume that there is an inflow boundary fm,
a subset of 9 f\f‘, which is separated from I', and an outflow boundary L'y, a subset of 8Qp\f,
which is also separated from I. See Figure 2.1 for an illustration of the domain of the problem.

Define Ty := 9Q,\(I' UTy,), and T := 9Q,\ (T U T ).

We assume that the flow in the porous domain Qp is governed by the Darcy’s equation subject to
incompressibility of the fluid, a specified flow rate (Z) across I'sy, and a non-penetration condition
on I'y.
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Figure 2.1: Ilustration of axisymmetric flow domain.

For the Stokes flow:

-V (2Ud(uf) - ;be) = f; in Qf, (2.1)

V-iy = 0 inQy, (2.2)

/ ﬁf‘flfds = —E, (23)

ﬁf =0 on ff. (2.4)
Ufg

where Gy = | uypy, = urze; + urgey + uyr.e,, for e;, ey, e, denoting unit vectors in the x, y
Ufs

and z directions, respectively, and d(i1) := 1/2(Vi + (Vi)T) represents the deformation tensor.

In (2.1)-(2.4) 6y denotes the fluid’s velocity, py the pressure, f; an external forcing function, v the
fluid kinematic viscosity, and = a specified inflow rate for the fluid.

For the porous domain Qp:

v K, + Vo, = £, inQ, (2.5)
V-, = 0 inQ,,
/ o, f,ds = E, (2.7)
f‘out
t, n, =0 on T,. (2.8)

In (2.5)-(2.8) 0y, pp, f'p, denote the fluid velocity, pressure and external forcing functions, respec-
tively. Additionally, in (2.5) vess represents an effective kinematic fluid viscosity, and K the per-
meability (symmetric, positive definite) tensor of the domain. For simplicity, we assume that there
is a scalar function s such that kI = v,y fIvifl.

Across the interface I' the flows are coupled via the conservation of mass and balance of normal
forces. In addition, the Beavers-Joseph-Saffman (BJS) condition [3, 23, 38] is used for the tangential



forces boundary condition on I.
g 4B, = 0, pp - (2vd(i)-ag) iy = py onl, (2.9)
it = —o (QV&(ﬁf) : ﬁf) 4 onl, 1=1,2 (2.10)
where a1, as denote friction constants.

The boundary conditions (2.3) and (2.7) are commonly referred to as defective boundary conditions,
as they do not uniquely define a solution to (2.1)-(2.8). In Section 2.1 we present a weak formulation
of (2.1)-(2.8) and discuss the existence and uniqueness of the weak formulation. At the end of
Section 2.1 we comment that, in addition to (2.3) and (2.7), the weak formulation implicitly imposes
additional boundary conditions for iy on 'y and for 1, on T put-

2.1 Function Spaces and Weak Formulation

In this section we introduce the function spaces needed to define the weak formulation for the
coupled fluid flow problem described above.

Let © := © x [0,27) € R® be a bounded domain formed by revolving the polygon © around
the z-axis. For the axisymmetric formulation we introduce the following weighted function spaces
and associated norms. For any real a and 1 < p < oo, the space ,LP(0) is defined as the set of
measurable functions w such that

1/p
loll, ooy = ( /@ |w\pradx) < o0,

where r = r(x) is the radial coordinate of x, i.e. the distance of a point x in © from the symmetry
axis. The subspace 1L3(0) of 1L?(0) denotes the functions ¢ with weighted integral equal to zero,

f@qrdx = 0.

We define the weighted Sobolev space 1WW!'P(0) as the space of functions in 1 LP(©) such that their
partial derivatives of order less that or equal to [ belong to 1LP(©). Associated with ;W'P(0) is

the semi-norm | - [, y1.p(9) and norm || - [| yy1.p(g) defined by
l 1/p 1 1/p
Wl wisey = (;) uafai’fwﬁ’m)) C wll ey = (;0 lwi’wk,p@)) '

When p = 2, we denote ;W"2(0) as 1 H'(0).

For a domain T C IR?® we use the usual definitions and notation for Sobolev spaces. For vector
functions v defined on T expressed in cylindrical coordinates we use the notation v(r,6,z) =
vre, + vgeg + vy.e, = (vr,vp,v,), where e,, ey, e, denote unit vectors in the r, 6, and z directions,
respectively. Additionally, for v(r, z) defined on © we use v(r,2) = (v,,v;) = vr€, + Ve,

Let Ry denote a rotation with respect to ¢ about the z-axis. A function ¥ is axisymmetric if
0 = Vo Ry for all ¢ € (0,2m). A vector function v is rotationally invariant if v = R_4 0V o
Ry for all ¢ € (0,2m). Let H#*(©) c H*(®), s = 0,1,2 denote those functions in H5(6) which
are axisymmetric, and H*(©)3 the space of rotationally invariant H®(©)? vector functions. From
[1, 6, 29] we have the following two lemmas.



Lemma 1 For o(r,60,z) € ﬁs(é), s = 0,1, the mapping 0(r,0,z) — v(r,z) € 1H*(©) is well
defined for smooth functions and (up to a factor of \/2m) is an isometry. Hence the lifting v(r, z) €
1H?(©), v(r,z) — 0(r,0,2) € H¥(O) is also an isometry (up to a factor of V/2m).

For the case s = 2 introduce
1HE(©) = {ve 1H*O) : Ov/r €1L*(O)}.

Lemma 2 For o(r,60,z) € ﬁQ((:)), the mapping ¥(r,0,2) — v(r,z) € 1H2(O) is (up to a factor of
V2m) an isometry.

The trace space 1 H'/?(T') is defined using H'/?(I') and the isometry between H'(©) and 1 H'(0),
and 1 H~'/2(T) the dual space of  H'/?(T).

Let V, := [0/0r, 0/02])T, and for v = (v, v,), do(v) 1= 1/2(Va(v) + (Va(v)T), and divesi(v) =
Vv + v /r. In addition,

H(divagi,©) = {v = (v;,v:) € (L*O))* : divev € 1L*(©)} . (2.11)
_ _ ) 1/2
For v € H(divazi, ©), V]| i1(div.0) = (Hdww( 22 + el 2 + Huzung(@)) . Analo-
gous to Lemma 2, we have the following relationship between H(divags, ©) and H(div,©) := {v €
L*(©)* : Vv € L*(©)}, where |V ;) = (||dw( Wia) + IvallZae) + loylZae, + lo:l7

Lemma 3 For v(r,0,z) = (¥,,7,0.) € H(div,©), the mapping (9,,0,8,) = (vy,v.) = v(r, z) €
H(divagi, ©) is (up to a factor of \/2m) an isometry.

For the description of the fluid flow in Q, we introduce the space 1V(©), a subset of 1 H(©), given
by

. 1/2
1V1(@) = {’LU S 1H1(®) LW e _1L2(@)} s with norm Hw”lvl(e) = <|’U}‘1H1(® -+ Hw”%lLQ(@))

The relevance of the space 1V!(©) is apparent from the following lemma [1, 6, 29].
Lemma 4 For v(r,0,z) = (¥, ,0,) € HY(O)3, we have (¥,,9,) = (vp,v,) € 1VHO) x {H(O).

In order to incorporate the homogeneous boundary condition for the velocity on I'f, let

1HY(Qf) = {we HY(Qf) :w =0 onT;}, and V3 (Qy) = {we V(Q) :w=0 onT;}.

1/2
For convenience of notation, let Xy := 1V () x1H (), |[vllx, = <HQ}TH1V1 @ T \UZ]le(Qf)> ,
and My 1= 1L2(Q) with | - s, = || Il z2(,)-

The underlying space for the fluid velocity in €, is H(divagi, 2p). However a function w in this
space may not have sufficient regularity for its trace to exist on 0€2,. Hence, the interpretation of

o)



the boundary condition w - n|r, = 0 needs to be carefully defined. For v € H (div, Qp) we have that
v-n € HY2(Q). For v € H(divaz, ), A € 1H/?(T), following Galvis and Sarkis [19] (see also
[17]), we define the operator v - n, € 1H~1/2(") via an extension operator Er\. Specifically, for
A € HY2(I") the axisymmetric lifting of A from T to I, define Efj\ := Y0¥, where 7 is the trace
operator from H'(£2,) to H'/2(98),), and ¢ € H'(€,) is the weak solution of

9

-V-Vg = 0, in€Q, (2.12)
(i of v o
v { 0, onloy 9p/0ny = 0, on IQ\(I'U Lour) - (2.13)

Er)\ is the axisymmetric restriction of EFS\ to 8y, satisfying [|ErAll g1/200,) < C A, g1/
Then, we define the operator v-n € {H~/2(I) as

1. . o
(v-m, \))r := (v-n, ErA)sq, = %W -1y, Ef)‘>a(2p , (2.14)

where (-,-)sq, denotes the 1 L?(09,) inner product, extended to a duality pairing.

For the description of the fluid flow in €, let

X, = {w € H(divge;, Q) : w-m|p, =0}, M, = 1L2(9,) . (2.15)

. /2
and [[wllx, = (IdivassW) P20, + IWI2ay) o Il = - L,y - (216)

Let
X =Xy x X,, and M::{qufop : /qrdx:O},
Q

and denote the dual space of X by X*.
The axisymmetric weak formulation for (2.1)—(2.10) may be stated as: Given f € X*, =
determine (u,p,\,B) € X x M x {HY?*(T') x R? such that, for all v € X and (q,{,0) € M x
{H'2(T) x R?,

a(u,v) = b(v,(p,B8)) + br(v,A) = (f,v), (2.17)

17 _
b (0.0) - (w0 = o] T} | /), (215)

where

a(u,v) = as(uy,vy) + ap(up,vp), b(v,(g,0)) = bp(vy,(qr,01)) + bp(vp, (gp, 02)), (2.19)

br(v,¢) = /FVf-nfCrds + (vp -1y, Or, (2.20)



and

ap(u,v) = /Qf 2 (da(u):da(v) + “7”7) rdx + /Faa; (u-t)(v-t)rds, (2.21)
ap(u,v) = /Qp/{u~vrdx, (2.22)
bs(v,(q,8)) = /qu (Va-v + ”7) rdx + ﬁ/rmv-nfrds, (2.23)
b(v, (0, 8) = /qu (Varv + %) rax + 5 [ vonras. (2.24)

In (2.21) ays is the friction constant from the BJS condition.

Conditions for the existence and uniqueness of a solution to (2.17)-(2.18) are analogous to that
for the discrete formulation (3.14)-(3.15). Namely, (i) continuity of the operators a(-,-), b(-,-), and
br(+,-), (ii) the coercivity of a(-,-) (on an appropriate subspace), and (iii) that b(-,-), and bs(-,)
satisfy suitable inf-sup conditions (over appropriate subspaces). The continuity of the operators
and the coercivity of a(-,-) are straightforward to show. Below we establish the inf-sup conditions
for b(-,-) and by(+,-) for the discrete approximation problem. Establishing the inf-sup conditions for
the continuous setting can be done in a similar manner. (See also [27, 19].)

Theorem 1 Given f € X*, Z € R, there exists a unique solution (u,p,\, 3) € X x M x {HY/?(T) x
IR? satisfying (2.17)-(2.18).

Equivalence of the Differential Equations and Weak Formulation

The weak formulation (2.17)-(2.24) is obtained by multiplying the differential equations by suitably
smooth functions, integrating over the domain, and using Green’s theorem. Additionally, integrals
over fm and fout (arising from using Green’s theorem) are replaced by (31 ff‘m vy dS and B2 ff“om v-
n, dS, respectively. For a smooth solution the steps used in deriving the weak formulation can be
reversed to show that equations (2.1)-(2.4), and (2.5)-(2.8) are satisfied. In addition, a smooth
solution to (2.17)-(2.18) satisfies the following boundary conditions (see [18, 17]).

Let §; on fm be given by
2Vd(fl)ﬁf = sy + §,

v}

where $,, := (2vd(u)ny) - ny. Then, smooth solutions to (2.5)-(2.8) satisfy

On Ly : “Pf+ 8 = —f  and § = 0. (2.25)
On Ty : Py = —Pa. (2.26)

3 Finite Element Approximation

In this section we discuss the finite element approximation to the coupled axisymmetric Stokes—
Darcy system (2.17),(2.18). We focus our attention on conforming approximating spaces X, C Xy,



My, € My, X5, C Xy, My C My, Ly, C 1H1/2(F), where Xy, My, denote velocity and pressure
spaces typically used for fluid flow approximations, and X, M, ) denote velocity and pressure
spaces typically used for (mixed formulation) Darcy flow approximations.

We begin by describing the finite element approximation framework used in the analysis.

Let Q; C IR2, j = f,p, be a polygonal domain and let T;.n be a triangulation of Q;. Thus, the
computational domain is defined by

QZUK; K e 7},hU7;),h-

We assume that the triangulation is shape-regular and quasi-uniform, i.e. that there exist constants
c1, co such that

cih < hg < capi
where hp is the diameter of triangle K, px is the diameter of the greatest ball included in K, and
h = maXKE’Tf,hU'Y;,,h hK.

We also assume that the triangulation on €, induces the partition on I', which we denote Tr -

Let Py(K) denote the space of polynomials on K of degree no greater than k, and RT(K) :=
(Py(K))? + xP,(K) denote the kth order Raviart-Thomas (R-T) elements [36, 7]. Then we define
the finite element spaces as follows.

X = {veX;nC(Q)?:v|g € Pu(K), VK € Typ} (3.1)
Mgy, = {qe MynC(Qy):q|lg € Pn1(K), VK € Typn} | (3.2)
Xy = {vERTLK), VK € Ty}, (3.3)
M, = {q€M;:q|x € Po(K), VK € Tyi}, (3.4)

L, = {CeCT):(lk € P(K), VK € Trp} - (3.5)

The spaces (X7, My p) represent the Taylor-Hood pair of approximation spaces. The analysis below
also holds for (X, 5, M, ) corresponding to the Brezzi-Douglas-Marini (BDM) approximating finite
element spaces. Analogous to the continuous formulation, we let Xj, := X, x X, and M), :=
{g€ Myppx M,y : [oqrdx=0}.

Remark: In the axisymmetric setting, for the construction of the R-T interpolant weighted inte-
grals, i.e. [, ... rds, [;-... rdx, are used. (See [15].)

Below we assume that m > 2, k> 1, and [ < k.

Note that the interfacial pressure approximating space Ly, is contained in the space of the trace of
the normal component of the velocities of X, p,, i.e. L C{v -ny|r : ve X,}.

Used in the analysis below are the following two interpolation properties.
1. From [4], there exists a generalized Clément interpolation operator I : 1H'(Q;) — (e, , Ps(K))N
C'(£2;) such that

I~ Lollzzy < CHY2ollngay, i€ {fp} s>1. (36)
2. From the note above, and the definition of the R-T interpolant, Irrv,

<V ‘N, )\h>p = <IRTV "1y, )\h>F7 for all A, € Ly, . (37)



Also used in the analysis are the discrete function space:

Viwi={ve X, : by(vp,() =0, forall ¢ € Ly}, (3.8)
Zh = {V S Vh : b(V, (Qa Q)) = 07 for all (Q7 Q) € Mh x IRQ} : (39)

Let
X}),h = {V S Xf7h : V’aﬂf\r‘ = O} .

We have the following lemma.

Lemma 5 There exists C'yp, > 0, such that

fo qn divagi(vy) rdx

inf sup > Crp. 3.10
sty Tanlog, Tvallx, ; (310

Proof For the case of the pressure space having mean value equal to zero the inf-sup condition
(3.10) is established in [28]. As commented in [27], one can extend the inf-sup condition to the
above pressure space via a local projector operator argument. (See [7], Section VI.4.)

|

For (X, n, M, 1) Raviart-Thomas approximation spaces for the velocity and pressure, unlike in the
Cartesian setting, a,(-,-) is not coercive, with respect to the H(div, §2,) norm, on

Zpn = {veXy: / qdive;(v)rdx = 0, Vg€ My} . (3.11)

P
To compensate for this we add the term
y / divazi(0) divggi(v) rdx (3.12)
Qp
to ap(u, v), where v > 0 is a fixed constant, and define

ap~(1,v) = ap(u,v) + 'y/ divgzi (1) divgg; (v) rdx. (3.13)
Qp

In the approximation of Stokes and Navier-Stokes fluid flow problems in the Cartesian setting, the
addition of the analogous term to (3.12) has received considerable attention recently as a means of
improving the pointwise mass conservation of the approximation. (See [33, 34, 32, 26, 10].)

In case an axisymmetric source term, ¢, is modeled in the porous domain Qp, i.e. in place of
(2.6) we have the equation V -1, = g in €, together with adding (3.12) to ap(u, v) the term
’nyp g divazi(v) rdx would be added to the right hand side of (3.14).

Discrete Approximation Problem: Given f € X*, = € R, determine (up,pn, A\n, B) € (X x My X
Ly, x IR?) such that, for all v € X}, and (¢,¢,0) € My, x Ly, x R?,

ay(up, v) = (v, (pn, B)) + br(v,\n) = (£,v), (3.14)

b(up, (¢,0)) — br(uy,¢) = o- [ _1 ] =/(2n), (3.15)




where a,(u,v) = ar(uy, vy) + apy(up, vy).

A necessary condition for the existence and uniqueness of solutions to (3.14)-(3.15) is that, for the
discrete spaces Xy, My, and Ly, the following two inf-sup conditions are satisfied. There exists
constants Cyp, Cxrp >0 .

b(vh, (qn, B))

inf sup > Cyh, (3.16)
(0,0)%£(qn,B)eMy xIR* viEVS [vhllx ||(Q7/3)||MXR2
b A
inf  sup 1(tn, M) > Cxrp- (3.17)

0 MELn weXy, [[Wallx ARl iz

Note that the inf-sup conditions (3.16)-(3.17) differ from those in the Cartesian formulations in the
operators involved, and the functions spaces and norms used.

The following lemma is helpful in establishing (3.16).

Lemma 6 There exists Crxpn > 0 such that for h sufficiently small

) 051 fF' Wyrp-ngrds + B2 fF twpﬁ-nprds
inf sup L ou

> Crxn - (3.18)
0£3eIR? wieVy [whllx 18]R>

Proof: Note that the inf-sup condition (3.18) is equivalent to showing that there exists non-zero
vin € Xpp and vy € Xpp, and constants C1, Co > 0, such that

vip-ny =0 onT, / vin-nprds > Chllvyallx,, (3.19)
Tin

and v, -n, =0 onT, / Vph prds > Colvpllx,- (3.20)
Tout

We assume that there is at most one point on I';,, and T',, that lies on the symmetry axis (r=0),
and that such a point (if it exists) is an endpoint.

For i € {in, out}, let s;(x) denote an arclength parameter on I';. We have that there exists constants
70,, Ci, such that for x € I';,

¢isi(x) < r—rpi < si(x). (3.21)
Define ¢;;, : 092y — IR by
|p§n|3in(x) s x€ly, 0<s,< % ,
Pin(x) = y(inl = 5n(0),  x € Tin, el < 510 (3) < L.
0 otherwise.

)

If ny is discontinuous on I';,, e.g. I';, has corners, then ¢;, can be constructed on any subset of I';;,
on which ny is continuous.

Let a € 1H1/2(89f) be given by
a(x) = ¢im(x)ny , (3.22)

10



and a(z,y, z) denote the axisymmetric extension of a from 0 to 8Qf. Introduce § €2 (Qf) as

1 /
v.f[f, yR) = —~—wV——/— - Euifl ds.
9(z,y,2) 172 Jo, &

Note that HéHHl/Q(an) < wdiam(Qy) @il 17290, < C,and HﬁHLQ(Qf) < ﬂdiam(ﬁf)\fagfa-
nyds| < C.

From [19] we have that there exists v; € H'(€;)? such that

Vivp =g iy, vy =aondy, and [Vl < C (100, + lalmees,) < C
(Remark: The fact that v, € HY( ;P CH L0 7)? follows from the uniqueness of the solution in
H'(9)%)

vV, € H(,)? is constructed in an analogous manner to ;.

Let Vf(’f’, Z) = ‘v’f(q:7y’ Z)’ Vp(rv Z) = \V/'p(SC,y,Z) and Vf,h(ra Z) = IC(Vf(Tv Z))v Vp,h(’r? Z)) =
IRT(Vp(ry Z)

NOW,/ Vip-nprds = / Vf-nfrds—/ (Vvi—=vyn) nyprds
Fin Fin Fz‘n

C — Ch' 2|l ey

>
> C = Cillvynllx, -

Inequality (3.20) is analogously established.

Lemma 7 For h sufficiently small, there exists Cyp, > 0 such that

inf sup bvn, (an, B)) > Chyp, - (3.23)

0,0)%(qnB)em, xIR? vireVi, [IVallx 1@, B, m2 —

Proof: Let (pn, B) € M}, x IR%. We establish (3.23) via the following four steps.

Step 1. Construct uy, € Vj, to take care of 3 (i.e. the flow constraint.) (Use Lemma 6).

Step 2. Construct Gy, € X,? such that by(ayp, (prn, 0)) = fﬂf Prh (Prh — divegi(yp)) rdx.

Step 3. Construct a®*! € 1H1(Qp) such that u®|p, = Uy p|r,, and by (0t (Pp,hy 0)) = pr Pp.h (Pp,h—
divam'(flp,h)) rdx .

Step 4. Let u,,;, = Ipru®t u; = (U p, Upp) + Gy, and verify (3.23) is satisfied.

Step 1. From Lemma 6, there exists uy, € V}, such that

HﬁhHX S C HBHIRz and / 61 ﬁf,h . nfrds + 52 ﬁp,h . Ilp’l“ds Z CRXhHBH%RQ . (3.24)
Fin 1—‘out
Step 2. Consider uy,), € X%h, Df.h € My, satisfying
ag(pn, v) — bp(v,(Brr. 0)) = 0, Vv e X),, (3.25)
br(gn, (¢, 0)) = (¢ prp — diva(Ugn)), Vg€ Mgp, (3.26)

11



where af(u, v) = fQ (V u:Vyev + or ’;T) rdx . The existence and uniqueness of uy; and

Prh € My, follows from the inf-sup condition (3.10) and the coercivity of as(-, -). Next, note that
cllagnlk, < ap@pn, tpp) = bp(@gn, By, 0)

= / ﬁﬁh (pﬁh — divam(ﬁf,h))TdX
Qy

< WBsalry (Ipsallas, + Idivaci(ags)l, 2oy
< Bsallag; (Ipgnllagy + Cllagalx,)
< Clagallagy (lpsalas, + 181R2) - (3.27)
From the inf-sup condition (3.10),
) fﬂf D p divegi(v) rdx fo (Vallfh Vaov + ufhr zjf) rdx
Cralprnlv, < sup = sup
vexy, Ivllx, vexy, Ivllx,
[agnllx; [Ivilx N
< FRll X L= igallx, - (3.28)
S8 T M,
Combining (3.27) and (3.28) we obtain
lasalle, < € (Ipsallar, + 1Blige) - (3.29)
B 0, xe€ I\l 9 s <
Step 3. Let g(x) = { . el and g denote the lifting of g from 092, to 0fY,,.

As, for x € T, lim,_,p50 8yn = 0, then g € H'/2(99,)%. Also,

IN

Cllagallgiegy < Clagallge,,
< Clagalxy < Cllprnllag, + 18lRg2) - (3.30)

||§||ﬁ11/2(ag”zp)3

A

Let z € H'(,)? denote an extension of g such that

o = Bl and (2l < ClElmeen,) - (3.31)

Let w € H}(Qp)3, T €2 (2,) satisfy

vdQ, = 0, Yve HH Q) (3.32)

Qp

/vv“v;wcz() /

Qp

ﬁ = [(j(ﬁnh—v-ﬁh—v-i)dﬁp, Vq€L2( p§333)
Q, 9)

H(€,)3x L3(52,), follows from the uniqueness



From the Brezzi theory for mixed variational problems [7], we have the bound
”VW|’L2(QP) < C (Hﬁp,h”m(ﬁp) + Hv'ﬁhHm(Qp) + Hv'iup({)p))

C (Ippnling, + 18lRe + lpgallary ) - (3.34)

IN

Let 1! denote the reduction of (W + z) from Qp to Q,. From (3.30),(3.31) and (3.34), u®** €
V() x 1 HH (Qp) with [[0°]|x, < C G vi(0,)x,m1(0,) < C (prnllag, + lppnllas, + 18llR2)-

Step 4. Let flp7h = IRTﬁext, ﬁh = (flf’h, ﬁpﬁ) and up = ﬁh -+ ﬁh. Next we show that ﬁh S Vh,
i.e. br(ap, Ap) =0, and hence that uy € Vj,.

br(ap, A\p) = /Fﬁf,h'nf Anrds + (Upp -1y, ErAg)aq,
= /1“ﬁf’h.nf Aprds + /FIRTﬁem-np)\hrds (as IRTﬁext-npzoon oQ,\I)
= /Fﬁf,h'anthS + /F(W—i-z)-np)\hrds
= /Fﬁf,h-nf)\hrds + /Fﬁf,h'npAthS = 0. (3.35)
Now,

sup 2V 0w B)) b, P, B)) _ br((@pn + 8pn), (Prns 1)) + bp((Sp + Opn), (P B2))

wex, vallx 7 lallx [Jun||x
by((Agp +0pn), (P, B1)) = / P divegi (U + pp)rdx + 61/ (Gpp+1ry) nprds
Qf Lin
= / pfchrdx + 31/ Upp-nprds. (3.36)
Qf ’ Fin

bp((Opp +0pp), (Ppn, B2)) = / Pp.h QiVazi(Upp + Upp)rdx + P / (Gpp +0pp) -nyrds

P Fout

= / Dp,h AiVagi(IrT (W + 2)) rdx + / Pp,h AiVagi(Gp ) rdx  + 62/ G, 0,7 ds

P P l_‘out
— / Pp,h AiVazi(W + 2) rdx + / Pph AVagi(Gpp) Tdx  + 2 / G, 0,7 ds
P P Lout
= / ponTdx + 52/ W, 5 n,rds. (3.37)
Qp ' 1_‘out

Thus

b(up, (pn, B)) Ipnllar + 61/ usp-nyprds + 52/ Upp -0y rds

in out

pulias + CrxnllBlTe - (3.38)

Y]

As [lupllx < Cllpnllar + [1Bllg2), the stated result follows.
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Lemma 8 There exists Cxrp > 0 such that for h sufficiently small

. br(up, An)
in sup
0£MELn wyex), [[Unllx (ARl g2 gry

> Cxra - (3.39)

Proof:
The analogous continuous inf-sup condition is established by, given A € HY 2(T), constructing
a suitable v = (0, vp) € Xy x X, such that by(v, A) > C[v|[x [[All, gr/2(r)- As, for Ay € Ly,
and the Raviart-Thomas interpolant Irrv,, we have (v, - ny, A\p)r = (Irrvy - np, Ap)r, then for
vy, = (0, Iprvy), (3.39) follows.

|

With the inf-sup conditions given in (3.16) and (3.17) now established, we have the following.

Theorem 2 Given f € X*, fr € IR, for v > 0 there exists a unique solution (up,pp, A\n,3) €
(Xp, x My, x Ly, x R?) satisfying (3.14 )-(3.15).

Proof:
The proof follows from the continuity of the operators a(-,-), b(:,-,-), and bs(-,-), the coercivity of
a(-,+) on Zy, x Zy, and the inf-sup conditions (3.16) and (3.17).

|

3.1 A Priori Error Estimate

In this section we derive the a priori error estimate for the approximation (uy, pp). Used in estab-
lishing the estimate is the following lemma.

Lemma 9 There exists a constant C. > 0 such that

. b(Vh,Qh,Qh) - bI(vfmCh)
inf sup
(00.0)£(an ¢ 0, )M x L x IR? vie Xy, (anllar + [Gall, 2y + lenllge) IVallx

> C..  (3.40)

Proof: The “combined” inf-sup condition (3.40) follows from the individual inf-sup conditions
(3.23) and (3.39). (See [17], appendix.)
|

Theorem 3 For (u,p, A\, B) satisfying (2.17)-(2.18) and (up,pn, An, By,) satisfying (3.14)-(3.15),
and h sufficiently small, there exists a constant C > 0 such that
la—wlx + lp—palle + 18=Bullge + 1A= Anll g2y
< C (ianhGXh”u —villx + infg,em,llp — anllm + infeer, X — ChHlHl/?(F@Al)
Proof: Subtracting (3.14) from (2.17), and using ~y pr qdivezi(up)rdx = 0, for all ¢ € My, we
have that for (vp, qpn, pn) € Zp X My X Ly
a’Y(u — Up, Vh) - b(vhv b, ﬁ) + b[(Vh, >‘) = 0,
= a,y(u — Uy, Vh) = b(Vh, P — qp, 0) — b[(Vh, A— Nh) . (3.42)

14



Writing (u — up,) = e = (u — Up) + (U, — uyp) = &, + Ep, Uy € Zp,, and with the choice
v, = Ep, (3.42) becomes

ay(En, Ey) = —ay(&, Ep) + b(Ep, p—qn, 0) — br(Ep, A — pp) - (3.43)

For each of the terms in (3.43) we have the following bounds.

a,(En, En) > VI[Esal%, + /F%sl(Ef,h't)QT‘dS + min{r, 7} Eynll%, - (3.44)
v 1 _ 1 _
(€ B < vlplk, + FIEmI, + 5 [ond € 07 rds + 5 [ od (B vPrds
(ma’X{ﬁv 7})2 2 mil’l{li, 7} 2
92 min{li, 'Y} ng,hHXp + 92 ng,hHXp
v 1 _ min{x, v}
< ZHEf,hH,zXf + 2/Faasl(Ef,h‘t)27’dS + f”Ep,hH?Xp
+C (epalBe, + NEpnl,) (3.45)
bW(En, p—an 0) < oy — qrnllag Esnllx, + 1oy — @pnllag, 1Epnllx,
v min{x, v}
< B, + = [Bpnllk, + C (pr — apnllis, + llpp — qp,h\lﬁﬁﬁéﬁ)

br(Bp, A —pn) = /(Ef,h ng)(A—pp)rds + (Epp-np, (A= pn))r
r

< NEpn-npll gram A= pnll, geey + (Epp-np, Er(A — pn))og,

< NEgnll gzwy 1A= wnll greey + 1Eps - mpll g-12090,) 1B = wn)ll m11/200,)
v min{k, v}
ZHEf,hHicf + f“Ep,hH%(p + CIA = 1l a2y (3.47)

Combining (3.43)-(3.47),
Bl + IBpall, + [ ol (Brn-t7rds
< C (lepalk, + I€nnlk, + oy = asnlids, + oy = aalids, + 1A = sl 318)
Using the triangle inequality we obtain
lhap —wal, + lwp = walk, < 20€00%, + 20Eml%, + 206400%, + 2Bk,
< C (lepnlk, + 1€mnlk, + Ips = arallds, + oo = apallis, + I3 = snl 2 4h0)

As Uy, € Zy, qn € My, up, € Ly, are arbitrary, (3.49) implies

2 2 : 2 2
lay —upnlyx, + [l — wullx, < C <viI€1th(IUf = vinllx, + lup = vpallx,)
. o 2 _ 2 . _ 2
b nt Uy = arali, + 1o = aoall) + 08 1A = sy 350
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The inf-sup condition (3.40) then allows the estimate (3.50) for v, € Zj to be lifted to vj, € Xp,
giving the estimate (3.41) for [ju — up||x.

To obtain the error estimate for the pressure error and the interfacial error pressure, using (3.40)
there exists vy € X}, such that

lpn = anllve + 1A = Gl ey + [1Bn — enllg2
Ce b(vi, (pn — an), By, — @n)) — br(va, (An — )

= 0 Fonlx
— % b(vh’ (p - q}z)v (ﬂ - Qh)) - bI(Vha ()\ - <h))
2 [vallx
G b(va, (p = pr)s (B = Br) — bi(vi, (A — An))
2 [vallx
_ Ceb(vi, (P = an), (B = @n) = biva, A = 1)) Ce ay((u — wy), vi)
2 lvillx 2 villx

< C(lIp = anlar + 18 = enllgz + 1A = Gall gz + u = willx) - (351)

The error estimate (3.41) then follows from the triangle inequality, (3.51) and (3.50).
|

Remark: For (u,p) sufficiently smooth, Xy, My, Xpn, My given by (3.1)—(3.4), we have from
4, 15, 28] that

inf fluy —v < Ch™, inf - < Ch™, 3.52
VREXfn Ius nllxy < qn€My Ips QhHlLZ(Qf) = ( )
inf fju, —v < ChF, inf - < O+, 3.53

VhEXpn || P h”Xp — My p ||pp qh||1L2(Qp) < ( )

Remark: For a sufficiently smooth function A, the interpolation results can be extended to obtain

inf [IA = Gull, gy < Chi*1=% s =0,1, (3.54)
Ch€LR

and then by operator interpolation to yield

: B 1+1/2

4 Numerical Experiments

In this section we numerically investigate the approximation of two, cylindrically symmetric, coupled
Stokes-Darcy flow problems. The first experiment is performed on an example with a known solution.
Rates of convergence of the approximation to the known solution are computed for several different
choices of approximating elements and compared with those predicted by Theorem 3. The second
example we investigate is that of fluid flow through the eye. For this example we compare the flow
profiles obtained assuming a parabolic inflow and outflow profile with that from using the defective
boundary condition discussed above.
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In describing the approximation spaces/approximating elements below, we use Pj to denote the
space of polynomials of degree < k on each triangle, which are continuous over the domain. The
notation discPy refers to the approximation spaces/approximating elements which are polynomials
of degree < k on each triangle, and are not required to be continuous over the domain.

For all the computations presented below the value used for v in (3.13) was v = 1.0.

4.1 Example 1

For this example we take Q = (0,1/2) x (=1/2,1/2), Q¢ = (0,1/2) x (0,1/2), ©, = (0,1/2) x
(—1/2,0), and I' = (0,1/2) x {0}. For the fluid velocity in Q; and €, we use

—r cos(mr) sin(7z)

u(r2) = up(r,z) = —2 cos(mr) cos(mz) + rsin(nmr) cos(rz) | (4.1)
and for the pressure in 1y and €2,
2
pr = pp = sin(nz) (—cos(nr) + 2mrsin(nr)) + dre " cos(rz) — =(1—5e ?). (4.2)

T
In addition we use v = vepr = 1, Kk = 1, and ay,s = 1.

Computations were performed on a series of meshes. Illustrated in Figure 4.1 is the computational
mesh corresponding to mesh parameter h = 1/4. The computed flow field and contour lines for
the magnitude of the velocity on the mesh h = 1/8, using Taylor-Hood P> — P; elements for

approximating (uys,ps), Raviart-Thomas RT; — discP; elements for approximating (u,,pp), and Py
elements for approximating the interfacial pressure A, are given in Figures 4.2 and 4.3.

0.5

0.4

0.3

0.2

0.1

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Figure 4.1: Computational mesh corresponding to h = 1/4.

Presented in Table 4.1 are computations obtained using the mini-element approximation pair, (P; +
Bubble) — Py for (usp,psn), Raviart-Thomas RT; — discP; for (a4, ppp), and P; approximation
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Figure 4.2: Computed Stokes velocity flow Figure 4.3: Computed Darcy velocity flow
field for Example 1. field for Example 1.

elements for A,. Theorem 3 predicts (bounded by the infy,,ex,,[[ur — vyl mi(q,) term)

lup—ugpnlix; + o —prall 2@, + I —wpnllx, + 1Py =Pl r2,) + A=Al gregy < ChY.
(4.3)

The experimental convergence rates computed in Table 4.1 are consistent with (4.3).

Remark: As L, c (HY/ 2(T), for a conforming method, we require that our approximation for
A, An, be a continuous function. Assumption Al, L, C {v-np|r : v € X, ;}, then implies that
RTy — discPy is not an appropriate choice as an approximation pair for (wp p, pp.p)-

Table 4.2 contains the computations obtained using Taylor-Hood P, — P; approximating elements
for (uypn,pyn), Raviart-Thomas RT| — discPy for (u,p,ppn), and P approximation elements for
An- Theorem 3 predicts (bounded by the infe,cr, [[A — Cull, g1/2(r) term)

lag—ugnllx, + s =prall 2 + 10 —wpnllx, + 2o =pnll, 20, + IA=2ull, oy < OB
(4.4)
The experimental convergence rates computed in Table 4.2 are consistent with (4.4).

The computations in Tables 4.3 and 4.4 were obtained using Taylor-Hood P, — P; approximating
elements for (uyy,pyrs) and Raviart-Thomas RTy — discPs for (upp,ppn). For Table 4.3, X was
approximated using P; elements, and for Table 4.4, A\ was approximated using P» elements. For the
results in Table 4.3, Theorem 3 predicts (bounded by the infe,er, |A — Cull, g1/2(ry term)

g —ugnllx, + Ipr=prall 2, + 10 —vpnllx, + Ipp=ppall,2(,) + IA=Aull, ey < OB,

(4.5)
and fpr the results in Table 4.4, Theorem 3 predicts (bounded by the infy, ,ex,, |luy — Vf,h||1H1(Qf)
and an(]f,her,thf - qf,hH1L2(Qf) term)

lug—usnllx; + llpr—prali 2@,y + Wo—wnlx, + 12—l r2@,) + A=Al greey < CR?,

(4.6)

The experimental convergence rates computed in Tables 4.3 4.4 are consistent with (4.5) and (4.6),
respectively.
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Stokes flow approximation errors

h luf —uynllx, | Cve. rate | [[uy —upnll, 12, | Cve. rate || lpr —prallir2(0,) | Cve. rate
1/2 1.541E-01 4.705E-03 9.894E-02
1/4 7.513E-02 1.04 1.230E-03 1.94 3.141E-02 1.66
1/8 3.708E-02 1.02 3.106E-04 1.98 1.059E-02 1.57
1/12 2.460E-02 1.01 1.384E-04 1.99 5.619E-03 1.56
1/16 1.841E-02 1.01 7.791E-05 2.00 3.593E-03 1.55

Darcy flow approximation errors

h || llup —upnllx, | Cvg. rate | |[up —upnll,12(0,) | Cve. rate || [|pp — ppall,z2(0,) | Cve. rate
1/2 8.967E-03 7.424E-03 2.989E-02
1/4 2.365E-03 1.92 2.030E-03 1.87 6.569E-03 2.19
1/8 6.230E-04 1.92 5.405E-04 191 1.594E-03 2.04
1/12 2.703E-04 2.06 2.314E-04 2.09 7.023E-04 2.02
1/16 1.468E-04 2.12 1.232E-04 2.19 3.932E-04 2.02

Interfacial pressure approximation errors

h A = Anll gy | Cvg. rate A = Anll 22y Cvg. rate
1/2 1.508E-01 4.107E-02
1/4 8.033E-02 0.91 8.929E-03 2.20
1/8 4.213E-02 0.93 2.161E-03 2.05
1/12 2.845E-02 0.97 9.513E-04 2.02
1/16 2.145E-02 0.98 5.325E-04 2.02

Table 4.1: Example 1 using (P; + Bubble) — P;, RT; — discPy, and P; approximation elements.

Remark: The influence of using P» elements for A, when using RTy — discP, for (upp,ppp) is
clearly demonstrated by comparing the numerical results in Tables 4.3 and 4.4.

4.2 Example 2

To demonstrate the difference between flow fields generated assuming a parabolic inflow and outflow
profile with that from the defective boundary conditions given by (2.3) and (2.7), we simulate fluid
flow in the eye. In this simulation we assume the eye is looking straight up. Fluid in the eye is
generated by the ciliary body which is located on the wall of the eye adjacent to the lens [31].
Fluid flows from the ciliary body into the Anterior Cavity (front section of the eye), AC, by passing
between the lens and the iris and then flowing through the pupil, see Figure 4.5. We assume a flow
rate of 2 ul/min [24]. The fluid exits the AC through the Trabecular Meshwork, TM, located on
the wall of the eye slightly above where the iris attaches to the wall. After flowing through the TM
the fluids enters the Canal of Schlemm. The model geometry of the eye illustrated in Figure 4.5
was constructed using [12, 13] and [35]. For the model we assume:

1. The radius of the inside of the cornea is 7.2mm.
2. The radius of the lens is 12.5mm.

3. The distance between the lens and the cornea along the vertical axis is 2.7mm.
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Stokes flow approximation errors

h luf —uynllx, | Cve. rate | [[uy —upnll, 12, | Cve. rate || lpr —prallir2(0,) | Cve. rate
1/2 1.761E-02 5.184E-04 1.450E-02

1/4 4.452E-03 1.98 6.693E-05 2.95 3.265E-03 2.15
1/8 1.115E-03 2.00 8.390E-06 3.00 7.836E-04 2.06
1/12 4.956E-04 2.00 2.486E-06 3.00 3.454E-04 2.02
1/16 2.788E-04 2.00 1.048E-06 3.00 1.937E-04 2.01

Darcy flow approximation errors

h || llup —upnllx, | Cvg. rate | |[up —upnll,12(0,) | Cve. rate || [|pp — ppall,z2(0,) | Cve. rate
1/2 8.966E-03 7.415E-03 7.880E-03

1/4 2.344E-03 1.94 2.007E-03 1.89 2.032E-03 1.96
1/8 6.164E-04 1.93 5.331E-04 1.91 5.140E-04 1.98
1/12 2.671E-04 2.06 2.277E-04 2.10 2.291E-04 1.99
1/16 1.449E-04 2.13 1.210E-04 2.20 1.290E-04 2.00

Interfacial pressure approximation errors

h A = Anll gy | Cvg. rate A = Anll 22y Cvg. rate
1/2 1.451E-01 4.978E-03
1/4 7.995E-02 0.86 1.286E-03 1.95
1/8 4.210E-02 0.93 3.390E-04 1.92
1/12 2.844E-02 0.97 1.529E-04 1.96
1/16 2.145E-02 0.98 8.652E-05 1.98

Table 4.2: Example 1 using P» — P, RT} — discP;, and P; approximation elements.
4. The pupil aperture is 3mm.

10.

. The lower side of the iris has the same curvature as the lens.

The top side of the iris is
approximated as a straight line. The width of the iris is approximately 0.5mm, and we assume
the iris attaches to the cornea. (Physically the iris attaches to the ciliary muscles very near
the cornea.)

. The gap between the iris and the lens is 0.25mm.

The length of the interface between the AC and TM is 0.6mm.

. The width of the TM at the bottom is 0.1mm.

. The length of the interface of the TM with the Canal of Schlemm is 0.3mm.

A straight line connects the point at the top of the interface of the AC and TM with the point
at the top of the interface of the TM with the Canal of Schlemm.

The fluid flow in the AC is modeling using the Stokes equations and that through the TM modeled
using the Darcy equations. For the kinematic viscosity of the fluid we use v = 0.66mm/s (approx-
imately that of water), and in the TM for the effective viscosity very = 0.66mm/s, and for the
permeability x = 2.0 x 10~ 5mm? [2].
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Stokes flow approximation errors

h luf —uynllx, | Cve. rate | [[uy —upnll, 12, | Cve. rate || lpr —prallir2(0,) | Cve. rate
1/2 1.761E-02 5.185E-04 1.451E-02
1/4 4.452E-03 1.98 6.692E-05 2.95 3.264E-03 2.15
1/8 1.115E-03 2.00 8.389E-06 3.00 7.836E-04 2.06
1/12 4.956E-04 2.00 2.485E-06 3.00 3.454E-04 2.02
1/16 2.788E-04 2.00 1.048E-06 3.00 1.937E-04 2.01

Darcy flow approximation errors

h || llup —upnllx, | Cvg. rate | |[up —upnll,12(0,) | Cve. rate || [|pp — ppall,z2(0,) | Cve. rate
1/2 2.088E-02 2.084E-02 1.277E-03
1/4 8.199E-03 1.35 8.177E-03 1.35 1.708E-04 2.90
1/8 3.143E-03 1.38 3.129E-03 1.39 2.532E-05 2.75
1/12 1.751E-03 1.44 1.743E-03 1.44 9.069E-06 2.53
1/16 1.149E-03 1.47 1.144E-03 1.46 4.536E-06 2.41

Interfacial pressure approximation errors

h A = Anll gy | Cvg. rate A = Anll 22y Cvg. rate
1/2 1.452E-01 4.971E-03
1/4 7.948E-02 0.87 1.294E-03 1.94
1/8 4.193E-02 0.92 3.407E-04 1.93
1/12 2.838E-02 0.96 1.535E-04 1.97
1/16 2.142E-02 0.98 8.673E-05 1.98

Table 4.3: Example 1 using P, — Py, R15 — discP», and P; approximation elements.
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Figure 4.4: Tllustration of the anatomy of an Figure 4.5: Model for simulating fluid flow
eye [25]. through the eye.

In our modeling equations there arises from the Beavers-Joseph-Saffman boundary condition (2.10)
a frictional constant, denoted by ags in (2.21). As we do not have a reference value for ays, we use
the nominal value a5 = 1 in our computations.

Computations were performed on a series of three meshes. The initial mesh (h = 1) is given in
Figures 4.6 and 4.7. The two subsequent meshes (h = 1/2, h = 1/4) were obtained by mid edge
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Stokes flow approximation errors

h luf —uynllx, | Cve. rate | [[uy —upnll, 12, | Cve. rate || lpr —prallir2(0,) | Cve. rate
1/2 1.761E-02 5.163E-04 1.450E-02
1/4 4.452E-03 1.98 6.686E-05 2.95 3.264E-03 2.15
1/8 1.115E-03 2.00 8.387E-06 2.99 7.835E-04 2.06
1/12 4.955E-04 2.00 2.485E-06 3.00 3.454E-04 2.02
1/16 2.788E-04 2.00 1.048E-06 3.00 1.937E-04 2.01
1/20 1.784E-04 2.00 5.367E-07 3.00 1.238E-04 2.01

Darcy flow approximation errors

h lup —upnllx, | Cve. rate | [|up —upnll 120, | Cve. rate | |lpp — ppull,z2(0,) | Cve. rate
1/2 3.082E-03 3.029E-03 1.143E-03
1/4 8.579E-04 1.85 8.413E-04 1.85 1.304E-04 3.13
1/8 1.837E-04 2.22 1.806E-04 2.22 1.474E-05 3.14
1/12 7.053E-05 2.36 6.954E-05 2.35 4.219E-06 3.09
1/16 3.527E-05 2.41 3.483E-05 2.40 1.751E-06 3.06
1/20 2.049E-05 2.43 2.026E-05 2.43 8.877E-07 3.04

Interfacial pressure approximation errors

h IA = Anll gy | Cvg. rate A = Anll 22y Cvg. rate
1/2 3.470E-02 1.412E-03
1/4 9.454E-03 1.88 1.819E-04 2.96
1/8 2.441E-03 1.95 2.314E-05 2.97
1/12 1.091E-03 1.99 6.933E-06 2.97
1/16 6.145E-04 2.00 2.941E-06 2.98
1/20 3.934E-04 2.00 1.510E-06 2.99

Table 4.4: Example 1 using P» — P;, R15 — discP,, and P, approximation elements.

refinement, whereby each triangle in the mesh was divided into four smaller triangles by connecting
the mid edges of each side.

Figure 4.6: Computed mesh for the AC corre- Figure 4.7: Computed mesh for the TM cor-
sponding to h = 1. responding to h = 1.
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The approximating elements used were the Taylor-Hood P, — P; for the velocity-pressure approxima-
tion in the AC, Raviart-Thomas RT) — discP; for the velocity-pressure in the TM, and continuous,
piecewise linear elements, P;, for the interfacial pressure term along the interface between the AC
and TM regions. Presented in Tables 4.5 and 4.6 are various norms of the approximation computed
on the three different meshes for the case of the degenerate boundary condition.

Stokes flow norms Stokes flow norms
hol lagnllx, | llagallize@p | Ipeellc2@)) hol lagnllx, | lagallize@p | Ipeellz@))
1 1.717E-01 1.616E-02 3.977E4-00 1 1.732E-01 1.620E-02 4.003E400
1/2 || 1.725E-01 1.622E-02 3.981E4-00 1/2 || 1.742E-01 1.627E-02 4.008E+00
1/4 || 1.726E-01 1.623E-02 3.981E+00 1/4 || 1.743E-01 1.628E-02 4.009E4-00
Darcy flow norms Darcy flow norms
h lupnllx, | llupnllire@,) | IPonlliz2@,) h lupnllx, | llupnllire@,) | IPonlliz2@,)
1 1.002E-03 1.002E-03 1.363E+01 1 1.111E-03 1.111E-03 1.606E+01
1/2 || 9.967E-04 9.967E-04 1.353E+01 1/2 || 1.111E-03 1.111E-03 1.607E+01
1/4 || 9.943E-04 9.943E-04 1.348E+01 1/4 || 1.111E-03 1.111E-03 1.607E401
Interfacial pressure norms Interfacial pressure norms
Rl Il gy | Il 2o bl Il gy | Il 2
1 3.017E+01 9.637E-01 1 3.395E+01 | 1.064E+400
1/2 | 6.345E4+01 | 1.078E+00 1/2 || 7.273E4+01 | 1.212E+400
1/4 || 7.978E+01 | 1.026E+00 1/4 || 9.212E4+01 | 1.154E+00

Table 4.5: Example 2 using P, — Py, RTy —
discP;, and P; approximation elements, with
a defective boundary condition.

Table 4.6: Example 2 using P, — Py, RTy —
discP;, and P; approximation elements, as-
suming a parabolic inflow and outflow profile.

Tllustrated in Figures 4.8-4.11 and 4.12-4.15 are the flow fields and pressure plots obtained on the
finest mesh, h = 1/4, for the cases of the degenerate boundary condition and an assumed parabolic
inflow and outflow profile, respectively. Visually the difference in the computed solutions is most
apparent in the velocity and pressure plots in the TM, i.e. by comparing Figures 4.10, 4.11, with
Figures 4.14, 4.15. Consistent with (2.26), for simulations generated using the defective boundary
condition formulation we note that the pressure along the outflow boundary is constant, and the
flow much more uniform than for the case when the parabolic profile for the outflow is imposed.
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