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Abstract

We develop and analyze a model for the interaction of a quasi-Newtonian free fluid with a poroe-
lastic medium. The flow in the fluid region is described by the nonlinear Stokes equations and in
the poroelastic medium by the nonlinear quasi-static Biot model. Equilibrium and kinematic condi-
tions are imposed on the interface. We establish existence and uniqueness of a solution to the weak
formulation and its semidiscrete continuous-in-time finite element approximation. We present error
analysis, complemented by numerical experiments.

1 Introduction

The interaction of a free fluid with a deformable porous medium is a challenging multiphysics problem
that has a wide range of applications, including processes arising in gas and oil extraction from naturally
or hydraulically fractured reservoirs, designing industrial filters, and blood-vessel interactions. The free
fluid region can be modeled by the Stokes or the Navier-Stokes equations, while the flow through
the deformable porous medium is modeled by the quasi-static Biot system of poroelasticity [5]. The
two regions are coupled via dynamic and kinematic interface conditions, including balance of forces,
continuity of normal velocity, and a no slip or slip with friction tangential velocity condition. These
multiphysics models exhibit features of coupled Stokes-Darcy flows and fluid-structure interaction (FSI).
There is extensive literature on modeling these separate couplings, see e.g. [19,33,40] for Stokes-Darcy
flows and [24,25,27] for FSI. More recently there has been growing interest in modeling Stokes-Biot
couplings, which can be referred to as fluid-poroelastic structure interaction (FPSI). The well-posedness
of the mathematical model is studied in [44]. A variational multiscale stabilized finite element method
for the Navier-Stokes-Biot problem is developed in [3]. In [11] a non-iterative operator-splitting method
is developed for the Navier-Stokes-Biot model with pressure Darcy formulation. The well posedness of
a related model is studied in [14]. The Stokes-Biot problem with a mixed Darcy formulation is studied
in [10] and [2] using Nitsche’s method and a Lagrange multiplier, respectively, to impose the continuity
of normal velocity on the interface. An optimization-based iterative algorithm with Neumann control is
proposed in [15]. A reduced-dimension fracture model coupling Biot and an averaged Brinkman equation
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is developed in [12]. Alternative fracture models using the Reynolds lubrication equation coupled with
Biot have also been studied, see e.g. [28].

All of the above mentioned works are based on Newtonian fluids. In this paper we develop FPSI
with non-Newtonian fluids, which, to the best of our knowledge, has not been studied in the literature.
In many applications the fluid exhibits properties that cannot be captured by a Newtonian fluid as-
sumption. For instance, during water flooding in oil extraction, polymeric solutions are often added to
the aqueous phase to increase its viscosity, resulting in a more stable displacement of oil by the injected
water [35]. In hydraulic fracturing, proppant particles are mixed with polymers to maintain high per-
meability of the fractured media [34]. In blood flow simulations of small vessels or for patients with a
cardiovascular disease, where the arterial geometry has been altered to include regions of re-circulation,
one needs to consider models that can capture the sheer-thinning property of the blood [32].

In this work we use nonlinear Stokes equations to model the free fluid in the flow region and a
nonlinear Biot model for the fluid in the poroelastic region. Our model is built on the nonlinear Stokes-
Darcy model presented in [22] and the linear Stokes-Biot model considered in [2]. Our Biot model is
based on a linear stress-strain constitutive relationship and a nonlinear Darcy flow. We neglect the
inertia terms in both the fluid and solid regions. Such assumption is justified in many applications
with low flow and displacement rates, including, for example, subsurface modeling, due to the low
permeability and high stiffness of the media. The coupling conditions between the two subdomains
include mass conservation, conservation of momentum and the Beavers-Joseph-Saffman slip with friction
condition. We focus on fluids that possess the sheer thinning property, i.e., the viscosity decreases under
shear strain, which is typical for polymer solutions and blood. Viscosity models for such non-Newtonian
fluids include the Power law, the Cross model and the Carreau model [6,16,35,37,38]. The Power law
model is popular because it only contains two parameters, and it is possible to derive analytical solutions
in various flow conditions [6]. On the other hand, it implies that in the flow region the viscosity goes to
infinity if the deformation goes to zero, which may not be representative in certain applications. The
Cross and Carreau models have been deduced empirically as alternatives of the Power law model. They
have three parameters, and in some parameter regimes, the viscosity is strictly greater than zero and
bounded. We assume that the viscosity in each subdomain satisfies one such model, with dependence on
the magnitude of the deformation tensor and the magnitude of Darcy velocity in the fluid and poroelastic
regions, respectively. We further assume that along the interface the fluid viscosity is a function of the
fluid and structure interface velocities. We consider both unbounded and bounded parameter regimes.
In the former case, the analysis is done in an appropriate Sobolev space setting, using spaces such as
WL where 1 < r < 2 is the viscosity shear thinning parameter. In the latter case, the analysis reduces
to the Hilbert space setting. Nonlinear Stokes-Darcy models with bounded viscosity have been studied
in [13,20,23], while the unbounded case is considered in [22].

Following the approach in [2], we enforce the continuity of normal velocity on the interface through
the use of a Lagrange multiplier. The resulting weak formulation is a nonlinear time-dependent system,
which is difficult to analyze, due to to the presence of the time derivative of the displacement in some
non-coercive terms. We consider an alternative mixed elasticity formulation with the structure velocity
and elastic stress as primary variables, see also [44]. In this case we obtain a system with a degenerate
evolution in time operator and a nonlinear saddle-point type spatial operator. The structure of the
problem is similar to the one analyzed in [45], see also [8] in the linear case. However, the analysis
in [45] is restricted to the Hilbert space setting and needs to be extended to the Sobolev space setting.
Furthermore, the analysis in [45] is for monotone operators, see [46], and as a result requires certain right
hand side terms to be zero, while in typical applications these terms may not be zero. Here we explore
the coercivity of the operators to reformulate the problem as a parabolic-type system for the pressure
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Figure 1: Schematic representation of the domain.

and stress in the poroelastic region. We show well posedness for this system for general source terms
and that the solution satisfies the original formulation. We also prove that the solution to the original
formulation is unique and provide a stability bound. We then consider a semidiscrete finite element
approximation of the system and carry out stability and error analysis. For this purpose we establish
a discrete inf-sup condition, which involves a non-conforming Lagrange multiplier discretization that
allows for non-matching grids across the Stokes-Biot interface.

The rest of the paper is organized as follows. In Section 2 we introduce the governing equations.
Section 3 is devoted to the weak formulation, upon which we base the numerical method, and an
alternative formulation, which is needed for the purpose of the analysis. In Section 4 we prove the
well-posedness of the alternative and original formulations. The semidiscrete approximation and its
well-posedness analysis are developed in Section 5. The error analysis is carried out in Section 6.
Numerical experiments are presented in Section 7.

2 Problem set-up

Let Q c R%, d = 2,3 be a Lipschitz domain, which is subdivided into two non-overlapping and possibly
non-connected regions: fluid region 2y and poroelastic region ,. Let 0y N 0§}, = I'y, denote the
(nonempty) interface between these regions and let I'y = 0Qf \ T'y, and T, = 09, \ 'y, denote the
external parts of the boundary 0€2. We denote by ny and n, he unit normal vectors which point
outward from 9€Q; and 0€2,, respectively, noting that ny = —n, on I'y,. Figure 1 gives a schematic
representation of the geometry. Let (uy,px) be the velocity-pressure pairs in (%, x = f, p, and let n,, be
the displacement in €2,. We assume that the flow in {2 is governed by the nonlinear generalized Stokes
equations with homogeneous boundary conditions on I';:

—V'O'f(Uf,pf):ff, V'Uf:th in Qf X (O,T], UfZO on FfX (O,T], (2.1)
where D(uy) and o ¢(uys,ps) denote the deformation and the stress tensors, respectively:
1
D(uy) = 5 (Vuy + Vup),  o(us,ps) = —psL+2v(D(ug))D(uy),

where I stands for the identity operator. We consider a generalized Newtonian fluid with the viscosity
v dependent on the magnitude of the deformation tensor, in particular shear-thinning fluids with v a



decreasing function of [D(uy)|. We consider the following models [16,37], where 1 < 7 < 2,0 < v < vy,
and Ky > 0 are constants:
Carreau model:

v(D(uy)) = veo + (10 — voo) /(1 + KD (uy)[)*~772, (2.2)
Cross model:
v(D(uy)) = Voo + (0 — voo) /(1 + Ky[D(us)*77), (2.3)
Power law model:
v(D(uy)) = Ky[D(us)[ . (2.4)

In turn, in 2, we consider the quasi-static Biot system [5]

~V-ou,(n,,pp) =1, inQ,x (0,77, (2.5)
_ 0 :

Verr(up)k tuy, + Vp, = 0, &(sopp +apVom,)+ V- u,=q, inQyx (0,77, (2.6)

u, -0, =0 on I x(0,7], p,=0onT) x(0,7), m,=0o0nT,x (0,7, (2.7)

where a¢(n,) and o,(n,,p,) are the elasticity and poroelasticity stress tensors, respectively,

ae(n,) = (V1) I+ 2u,D(n,), op(n,,pp) = ae(n,) — apppl, (2.8)

oy is the Biot-Willis constant, A,, i, are the Lame coefficients, so > 0 is a storage coefficient, ~ is
a scalar uniformly positive and bounded permeability function, and I', = Fi)v U FE . To avoid the
issue with restricting the mean value of the pressure, we assume that |F£’ | > 0. We further assume
that dist(I'2,T's,) > s > 0. We note that even though the analysis of our formulation is valid for a
symmetric and positive definite permeability tensor, we restrict it to kI, due to assumptions made in
the derivations of some of the viscosity functions suitable for modeling non-Newtonian flow in porous
media. In particular, we consider the following two models for the effective viscosity vers in €, [35,38],
where 1 <7 < 2,0 < vy <1, and K, > 0 are constants:
Cross model:

Veff(up) = Voo + (V0 — Veo) /(1 + Kp\up]%T)? (2.9)
Power law model:
vers(up) = Kp(|up|/(v/Rome))™ ™2, (2.10)

where k¢ is a characteristic permeability constant and m. is a constant that depends on the internal
structure of the porous media.

Following [3,44], the interface conditions on the fluid-poroelasticity interface I's,, are mass conser-
vation, balance of normal stress, the Beavers-Joseph-Saffman (BJS) slip with friction condition [4,41],
and conservation of momentum:

u;-ny+ (aazpjtup) 'n, =0 only, (2.11)
—(ofmy) -ny=p, onTly, (2.12)
—(omy) -ty; =vr apssVr1 (uf — a;f) “ty; onIy,, (2.13)

(2.14)

gy = —0Oph, ON Ffp,



where t;;, 1 < j < d— 1, is an orthogonal system of unit tangent vectors on I'g, and apss > 0 is an
experimentally determined friction coefficient. We note that the continuity of flux takes into account
the normal velocity of the solid skeleton, while the BJS condition accounts for its tangential velocity.
We assume that along the interface the fluid viscosity vy is a function of the magnitude of the tangential

component of the slip velocity Z?;i ((uy —om,) - th)tf’j’ given by the Cross model (2.9) or the Power

law model (2.10), where 0;¢ := 0¢/0t. For the rest of the paper we will write v, v.s¢ or v keeping in
mind that these are nonlinear functions as defined above.
The above system of equations is complemented by a set of initial conditions:

pp(07x) = pp,O(X)7 ﬂp(OaX) = np,O(X) in QP'

The initial data p,o and 1, need to satisfy a compatibility condition. In particular, given initial
pressure p;, 0, the initial displacement 1, is determined from (2.5) and the boundary and interface
conditions. The details are discussed in Section 4.

In the following, we make use of the usual notation for Lebesgue spaces LP(2), Sobolev spaces
WHP(Q) and Hilbert spaces H*(Q). For a set O C R%, the L2(O) inner product is denoted by (-,-)o
for scalar, vector and tensor valued functions. For a section of a subdomain boundary S we write (-, )g
for the L?(S) inner product (or duality pairing). We also denote by C a generic positive constant
independent of the discretization parameters.

Adopting the approach from [22,23], we assume that the viscosity functions satisfy one of the two
sets of assumptions (A1)-(A2) or (B1)-(B2) below. Let g(x) : R = R* U {0} and let G(x) : R? — R?
be given by G(x) = g(x)x. For x,h € R% let G(x) satisfy, for constants C1,...,Cy > 0 and ¢ > 0,

(G(x+h) — G(x)) -h>Cy|h% (A1)

G(x +h) - G(x)| < Cafh, (A2)
[?

(Glx+h) = Gx) b = O = T Y
b

(Gl +1) — G| < O o e (B2)

with the convention that G(x) = 0 if x = 0, and |h|/(c+ |x|+ |h|) =0 if ¢ = 0 and x = h = 0. From
(B1)—(B2) it follows that there exist constants Cs,Cg > 0 such that for s, t,w € (L"(O))? [42]

Is —t[2,
(G(s) — G(t),s — t)o > Cs (<|G<s> ~ G(t)][s — t])o + 9 ), (215)
c+ HSHLT(O) + ||t||Lr((9)
s—t r r!
(G(s) — G(t), w)o < Cg +’r|+’|t| e (G) GO I - t)d" Wiz o). (2.16)

Remark 2.1. It is shown in [20] that conditions (A1)~(A2) are satisfied for g(D(uy)) = v(D(uy))
given in the Carreau model (2.2) with v > 0, in which case Vs < g(x) < v9. A similar argument can
be applied to show that (A1)~(A2) hold for the Cross model, with g(D(uy)) = v(D(uy)) given in (2.3)
for Stokes and g(up) = vers(up) given in (2.9) for Darcy, in the case of Voo > 0. Furthermore, it is
shown in [42] that conditions (B1)—=(B2) with ¢ > 0 hold in the case of the Carreau model (2.2) with
Voo = 0, and that conditions (B1)—(B2) with ¢ = 0 hold for the Power law model (2.4) and (2.10).



3 Variational formulation

We will consider two cases when defining the functional spaces, depending on which set of assumptions
holds. In the case (B1)—(B2), we consider Sobolev spaces. For a given r > 1 let 1’ be its conjugate,
satisfying r—1 + (7/)~! = 1. Let

Vi={vy e (WY (Q))%:v;=0o0nT;}, Wy = L7 (), (3.1)
with the corresponding norms
HVfHVf = HVfH(WM(Qf))d7 waHWf = waHLr'(Qf)-

With L"(div; Q) = {vp € (L"(2,))?: V - v, € L7(2)}, let

V, ={v, € L"(div;) : v, ' m, =0 on T} }, W, = L (Q,),
X, ={¢&, € (H' ()", =0o0nT,} (3.2)
with norms
Ivpllv, = IVollizr @,y + IV - Vollzr(a,); lwpllw, = llwpll L g,

Impllx, = Ml (100, )2
In the case of (A1)—(A2), we consider Hilbert spaces, with the above definitions replaced by
Vf:{Vf S (Hl(Qf))d;vf:Oon Ff}, Wf:LZ(Qf), (33)
V, ={v, € H(div; Q) : v, ' n, =0on T}, W, = L*(,).

The global spaces are products of the subdomain spaces. For simplicity we assume that each region
consists of a single subdomain.

Remark 3.1. For simplicity of the presentation, for the rest of the paper we focus on the case (B1)—(B2),
which is the technically more challenging case. The arguments apply directly to the case (A1)—(A2).

3.1 Lagrange multiplier formulation

To derive the weak formulation, we multiply (2.1), (2.5)—(2.6) by appropriate test functions and integrate
each equation over the corresponding region, utilizing the boundary and interface conditions (2.11)—
(2.14). Integration by parts in the first equation in (2.1), (2.5), and the first equation in (2.6) leads to
the Stokes, Darcy and the elasticity functionals

af(-,-) : Vf X Vf — R, af(uf,Vf) = (QI/D(Uf),D(Vf))Qf,

d d -
ap(-,-) :Vp,xV, — R, ap(up,vp) = (Vefk 1up,vp)gp,

CL;(‘, ) : Xp X Xp — R’ a;(npagp) = (2ﬂpD(77p)= D(&p))Qp + ()‘pv “Nps V- £p)Qp7
the bilinear forms

b*('a‘) :V,x W, — ]Ry b*(V,’U)) = _(V 'va)ﬂ*’ * = f7p’



and the interface term

IFfp = _<Ufnfan>Ffp - <0-Pnp7£p>rfp + <ppavp : np>1"fp-

This term is incorporated into the weak formulation by introducing a Lagrange multiplier which has a
meaning of normal stress/Darcy pressure on the interface:

A= —(omy) ny=pp, on I'g,.
With A introduced, we have, using (2.12), (2.13) and (2.14),

IFfp = aBJS(ufv 5t77p§ A\ Ep) + bF(Vf7 Vp, spa A)a

where

d—1
aprs(up,myve &) = (vrapssVet(up —m,) tr, (v — &) “tri)r,
j=1
bF(vaVp7Ep§ p) = (vy ns+ (Ep +Vp) - npn“)l“fp-

For the term br(vy,vp,§,;A) to be well-defined, we choose the Lagrange multiplier space as A =

W/ (Ty,). Tt is shown in [22] that in the case dist(T'D,Ty) > s > 0, if v, € L"(div;€),), then

Vp - plr,, can be identified with a functional in WY (Ty,). Furthermore, for vy € WH(Qy),

vy-ng € Wl/’"l”"((‘)Qf), and for £, € H'(,) € W'(Qy), €, -n, € W' (5Q,). Therefore, with

e Wi/ (I'yp), the integrals in br(vy, vy, §,; A) are well-defined.

The variational formulation reads: given fy € W1(0, T; V}), £, € Whi(0,T; X)), qr € whi(o,T; W}),
qp € WH(0,T; W];), and pp(0) = ppo € Wy, ,(0) = n, 0 € Xy, find, fort € (0,T], (uyp(t),ps(t), up(t), pp(t),
n,(t), A(t)) € L°(0,T; V)X L>(0,T; Wy)x L (0, T; V) x W22 (0, T; Wy, ) x Wh(0, T; X)) xL>(0,T; A),
such that for all vy € Vi, wy € Wy, v, € Vy,, wp € Wy, €, € X, and p € A,

ar(uy,vy) + al(u,, vy) + ab(n,, €,) + apss(uy, Omy; vy, &) + br(vr,pr) + bp(vVp, bp)

+ O‘pbp(gpapp) + bF(vaVmEp? A) = (fy, Vf)Qf + (fp’ép)ﬂzﬂ (3.
(500:pp, wp)Qp — apbp (atnp7 wp) — by(up, wp) — by(uy, wy) = (qf, wf)ﬂf + (ap, wp)ﬂp’ (3.
br (uf, u,, 8t17p;u) =0. (3.

)
)

)

~N O Ot

Note that (so0¢pp, wp)q, is well-defined, since for 7 < 2, we have that 7' > 2 and L"(Q,) C L*(y).

Although related models have been analyzed previously, e.g. the non-Newtonian Stokes-Darcy model
was investigated in [22] and the Newtonian dynamic Stokes-Biot model was studied in [44], the well
posedness of (3.5)—(3.7) has not been established in the literature. Analyzing this formulation directly
is difficult, due to the presence of 9;n,, in several non-coercive terms. Instead, we analyze an alternative
formulation and show that the two formulations are equivalent.

3.2 Alternative formulation

Our goal is to obtain a system of evolutionary saddle point type, which fits the general framework studied
in [45]. Following the approach from [44], we do this by considering a mixed elasticity formulation with
the structure velocity and elastic stress as primary variables. Recall that the elasticity stress tensor o
is connected to the displacement 7, through the relation [9]:

Ao. =D(n,), (3-8)

7



where A is a symmetric and positive definite compliance tensor. In the isotropic case A has the form

1 A ) _
Ao, = % <0'e — 2up:d)\ptr(ae)1> , with A 'o. = 2pp e + Mptr(oe)L. (3.9)

. . . d
The space for the elastic stress is 3, = (Lgym(Qp))dXd with the norm HO'@HQZe =D e ][(ae)i7j\|ig(ﬂp).

The derivation of the alternative variational formulation differs from the original one in the way
the equilibrium equation (2.5) is handled. As before, we multiply it by a test function vy € X, and
integrate by parts. However, instead of using the constitutive relation of the first equation in (2.8), we

use only the second equation in (2.8), resulting in

/Qp (e : D(Vs) — app,V - V) dx—/

opn, - Veds = / £, vsdx.
Tty Q

P

We eliminate the displacement 7, from the system by differentiating (3.8) in time and introducing a
new variable us := 9, € X;, which has a meaning of structure velocity. Multiplication by a test
function 7, € X, gives

/ (A0ioe : Te — D(uy) : 7¢) dx = 0.
Qp

The rest of the equations are handled in the same way as in the original weak formulation, resulting in
the same Stokes and Darcy functionals, af(us, vy) and ag(up, vp), respectively, and the same interface
term I, . Defining the bilinear forms bs(-,-) : X x 3, — R and afo(-, e x B — R,

bs(V&Te) = (D(Vs)vTe)pr a;(aeyTe) = (AO'e,Te)Qp,
we obtain the following weak formulation: given ff € WI’I(O,T;V}), f, € Wl’l(O,T;X;,), qr €
WL, T; W), gp € WHH0,T5 W), and py(0) = ppo € Wy, 06(0) = 0cp € B, for t € (0,71, find
(s(0), 27 (6), 1y ), By (), s (8), & (1), A()) € L0, T3 V)% L¥(0, T W) L0, T: V) < WH(0, T W) x
L>®(0,T;X,) x Whee(0,T;2.) x L>(0,T;A), such that for all vy eV, wre Wy, vy, €V, wy, €W,
Ve € Xp, Te € X, p €A,

ag(ug, vy) + ap(y, vp) + apss(ug, s vy, vi) + bp(vy,pr) + bp(Vp, p)

+ apbp(vsapp) + bs(vs, o) + bF(Vfa Vp, Vs; A) = (ff> Vf)Qf + (fp7 Vs)Qpa (3.10)
(500tpp wp)Qp + a}i(@tae, Te) — apbp (Us, wp) — bp(up, wp) — bs(us, 7e) — by(uy, wy)

= (Qf7wf)ﬂf + (QPa wp)ﬂpa (311)
br (uy, up, ug; ) = 0. (3.12)

Here, similarly to 7, ; in the original formulation, the initial stress oo is determined from p;, o using
(2.5). In particular, we will show that oy = A~'D(n, ). We can write (3.10)~(3.12) in an operator
notation as a degenerate evolution problem in a mixed form:

gt&q(t) + Aq(t) + B's(t) = £(t) in Q/, (3.13)
gtggs(t) — Bq(t) + Cs(t) = g(t) in S, (3.14)



where we define Q, the space of generalized displacement variables, as
Q= {q = (vp,vs,vy) € Vp x X, X Vf},
and, similarly, the space S, consisting of generalized stress variables, as
S ={s=(wp, Te,wys, ) € Wy x X x Wy x A}.
The spaces Q and S are equipped with norms:

lallq = [Ivpllv, +lIvslix, + [Ivellv,,
Islls = llwpllw, + ITells, + llwrllw, + llulla-

The operators A: Q - Q', B: Q — S5, C: S — 5, and the functionals f € Q’, g € S’ are defined as
follows:

l/eff/{_l 0 0
A= 0 apsVIVETIy —apys Vv Ve ,
0 —apjsViviVET y 2D D +apjsyvi VE Iy
V- oV 0 000 0 o o
0O -D 0 00 0O 0
5=10 o v | “Tloooof f7 lfp A P
Yo Yn Tn 0000 f 0

where 74 and ~,, denote the tangential and normal trace operators, respectively, and ~; is the adjoint
operator of ;. The operators £ : Q — Q/, & : S — S’ are given by:

000 5 400
Ei=10 0 0}, &=

00 0 0 0 0O

0 0 00

4 Well-posedness of the model

In this section we establish the solvability of (3.5)-(3.7). We start with the analysis of the alternative
formulation (3.10)-(3.12).
4.1 Existence and uniqueness of a solution of the alternative formulation

We first explore important properties of the operators introduced at the end of Section 3.

Lemma 4.1. The operator B and its adjoint B are bounded and continuous. Moreover, there exist
constants (1, Pa > 0 such that

. bs(VSa Te)
inf sup > i, (4.1)
0#£(0,v5,0)€Q (0,7.,0,0)s (0, Vs, 0)[ql[(0, 7¢,0,0)|s
inf sup bf(Vf, U)f) + bp(vpa wp) + bF(va Vp, Oa :u) > 62 (4 2)
0#(wp,0,wy,p)€S (vp,0,v5)EQ ||(Vp7O?Vf)HQH(mevwf?:U’)HS B



Proof. The operator B is linear and satisfies for all q = (v, vs,vy) € Q and s = (wp, Te, wf, 1) € S,
B(a)(s) =bp(vy,wy) + bp(vp, wp) + apbp(Vs, wp) + bs(vs, Te) + br(vy, vp, Vs; 1)
<19 Vil sl + 19 Vol @l + sV - vl lwpl o)
TIPS 2@ lITell2@,) + 1ve-np + (Vo +vs) - mplly—1/ee 0yl )
< C(HVfHWw(Qf)waHLr'(Qf) + Vol o @iviap) 1wl Lo @,y + 1Vsllar @ llwpll L )
vl a7z + IV llwre @ lllsrem o, ) + ¥l v lilhysrm o,

+ Vel o lllysrnor oy, ) < Cllatliallsls:

which implies that B and B’ are bounded and continuous.
Next, let 0 # (0,vs,0) € Q be given. We choose 7. = D(vg) and, using Korn’s inequality,
ID(W)l22(0,) = CrpllWll 1 (q,), for w € X, we obtain

bo(ve,7)  IPDEo)lTa,)

ITellz2,)  ID(Ve)llrzo,)

ID(vs)llzz,) = CrpllVsllaie,)-

Therefore, (4.1) holds.

Finally, we note that (4.2) was proven in [22] in the case of velocity boundary conditions with
restricted mean value of Wy x W,,. However, it can be shown that the result holds with no restriction
on Wy x W), since |I'p| > 0. O

Let us define, for vy € Vy and v, € X,

d—1

Vi —valgrs =Y apssll(vy = vs) - tejllee,,):
j=1

Lemma 4.2. The operators A and &5 are bounded, continuous, and monotone. In addition, the follow-
ing continuity and coercivity estimates hold with constants cy, ¢y, Cy, ¢y, ¢y, Cp, cr, ¢, Cr > 0 for all
ur, vy € Vi, uy, vy, € Vy and ug, v € X,

r/r

csllvillwr i, —exer <ap(vevy), ap(ug,vi) < Crllugllya. g Vilnir @), (4.3)
CPHVPHZ’“(QP) —CxCp < ag(vpavp)7 ag(upavp) < CPHupH{’[‘//TQQp)||VP||LT(QP)’ (4.4)

!
cr|vy —vslgrs —cx¢r < apys(Vy, VeV, Vs), apgs(uyr, ug vy, vs) < Crluy — us|%§5”"f = Vsllzrry,):
(4.5)

where ¢ is the constant from (B1)—(B2).

Proof. The operator & is linear and, using (3.9), it satisfies

Ea(s)(t) = (s0pp: wp)a, + (Aoe, Te)a, < C (Ilppll L2, lwpllzz(,) + loelz2,) ITellzz(g,))

E(5)(5) = (s0pp: Pp)os, + (Ae,ae)a, > C (ImpllEage,) + I7el3ae,)) » Vsit €S,

which imply that & is bounded, continuous and monotone. The continuity and monotonicity of the
operator A follow from (B1)-(B2), see [22] and [46, Example 5.a, p.59].
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For the continuity of ay(-,-), we apply (2.16) with G(x) = v(x)x, s = D(uy), t = 0 and w = D(vy):

2—r
T

[D(uy)|

af(up,vy) <2Cs m

(VD @)D(up), D)), D))

Lo (Qy)
Using (B2) with x = 0, h = D(uy), we also have

Dyl _ ., D)l _
e+ DupP 7 = D7 +1

[v(D(uy))D(uy)| < Cy < Cy[D(up)[

Combining the above two estimates, we obtain

af(uf,vy) < CHD(uf)HZf D)oy < Crllugllif @plvellwir@y):-

To establish the coercivity bound for as(-,-) given in (4.3) we consider three cases.
(i) ¢=0. From (2.15) we have

2
IDE A o)

f(Vfan) 205—
DO )

= 2G5|D(v)r(ap) 2 205CK ¢ Ivellwie ;) (4.6)

where Cl  is the constant arising in Korn’s inequality, [|[D(w)||zr ;) = Ck fllWlw1r(q,), for w € V.
(ii) ¢ # 0 and vy € V¢ with HD(Vf)HLT(Q > ¢. Then from (2.15) we have

( ) >2Cs D0l > Cs[[D(ve)llzrap) = CsCk llvelly (4.7)
ag\vy,vy) = 5 Villlrrn = CsCk IIVEllwir .- .
cﬂmwmmf L) @

(ili) c # 0 and vy € V¢ with ||D (Vf)|| o) <& Then CKHVfHer 0, < HD(Vf)HLr o < o/ (2=r)

Denote the coercivity constant from (4.7) as ¢y = C5CY and let ¢y = C5c(2r 2)/(2=7) | Now,
eV illiyin,) < CsIDE )5, < Csc/®™) = cay,

hence
CfHVfH?/VLT(Qf) — Céf <0< af(vf,vf). (48)

Combining (4.6)-(4.8) yields the coercivity estimate given in (4.3). The reader is also referred to [36],
where a similar result is proven under slightly different assumptions, which are satisfied by the Carreau
model with v, = 0.

The continuity and coercivity bounds (4.4) and (4.5) follow in the same way. O

Remark 4.1. The system (3.13)—(3.14) is a degenerate evolution problem in a mixed form, which fits
the structure of the problems studied in [45]. However, the analysis in [45] is restricted to the Hilbert
space setting and needs to be extended to the Sobolev space setting. Furthermore, the analysis in [45]
is for monotone operators, see [46], and it is restricted to £ € Q) and g € S, where Q) and S} are
the spaces Q and S with semi-scalar products arising from £ and &, respectively. In our case this
translates to £, = f; = 0 and qf = 0. To avoid this restriction, we take a different approach, based
on reformulating the problem as a parabolic problem for p, and o.. The well posedness of the resulting
problem is established using the coercivity of the functionals established in Lemma 4.2.
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Denote by W), 2 and X, 2 the closure of the spaces W), and X, with respect to the norms
2 2
lwplliv,. = (s0wp wp)r2(a,)s  Tellsy,, = (ATe, Te)r2(,) -

Note that W), o = LQ(QP), and 3o = 3. Let Sy = Wy, 2 x X . We introduce the inner product (-, -)s,
defined by ((w1,71), (w2, T2))g, = (Sow1,w2)r2(q,) + (AT1,T2)12(q,)-
Define the domain

D = {(pp,cre) e W, x X : for given (ff,£,,qr) € V'f X X; X W]'c
3 ((up, us,ur), pr, A) € Q x Wy x A such that V((vp, vs, V), (wp, Te,ws, 1)) € Q x S:
ag(ug, vy) +ag(up, vy) + apys(uy, us vy, vs) + by (v, pr) + bp(vp, pp)

+ apbp(Vs, pp) + bs(Vs, o) + br (v, v, vs; A) = (ff’vf)Qf + (fp’VS)Qpa (4.9)
(s0Pps wp)ﬂp + a;(a'e, Te) — apby (U, wp) — bp(uy, wp) — bs(us, Te) — by(uy, wy)

= (qp,wy)a; + (509p, Wp)a, + (Ade; Te)ay (4.10)
br (ug, up, ug; ) =0, (4.11)

for some (gp,ge) € Wy o X B g} C Wya X Bea. (4.12)

We note that (4.9)—(4.11) can be written in an operator form as
Aq+B's=f in Q)
~Bq+&s=g in S,

where g € S’ is the functional on the right hand side of (4.10).
Note that there may be more than one (gp,ge) € W, 5 X 3, 5 that generate the same (p,, o) € D.
In view of this, we introduce the multivalued operator M(-) with domain D defined by

M((pp,oe)) = {(gp —Pps Je — Oc) © (pp, 0¢) satisfies (4.9)—(4.11) for (gp, ge) € W;Q X 2;2} .

(4.13)
Associated with M(-) we have the relation M C (W, x £.) x (Wp2 X B¢ )" with domain D, where
[v,fle M if ve D and f € M(v).

Consider the following problem: Given h, € Wh1(0,T; Wyo) and he € w0, T, X, ,), find

(pp, o) € D satisfying
d (pp(t) pp(t) hy(1)
— . 4.14
it (o) +24 () = (it )
A key result that we use to establish the existence of a solution to (3.10)—(3.12) is the following
theorem; for details see [46, Theorem 6.1(b)].

Theorem 4.1. Let the linear, symmetric and monotone operator N be given for the real vector space
E to its algebraic dual E*, and let E; be the Hilbert space which is the dual of E with the seminorm

oy = Wz (@)'/?, zek.

Let M C E x Ej be a relation with domain D = {x € E : M(x) # 0}.
Assume M is monotone and Rg(N'+M) = E]. Then, for eachug € D and for each f € WH1(0,T; E}),
there is a solution u of

& Wult) + M) > (1), 0<t<T,
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with
Nue Whe(0,T;E;)), w(t)eD, forall0<t<T, and Nu(0) = Nug.

Using Theorem 4.1, we can show that the problem (3.10)—(3.12) is well-posed.

Theorem 4.2. For each ff € Wh(0,T; V}), f, € Wl’l(O,T;X;)), qr € WHY0,T; W}),
qp € WHL(0, T Wzlx)’ and pp(0) = ppo € Wy, 0¢(0) =00 € Be, (Ppo,0c0) € D, there exists a solution
of (3.10)~(3.12) with (uy, ps, Wy, Pp, Us, e, A) € LX(0,T;Vy) x L=(0,T;Wy) x L*(0,T;V,) x
WLo(0,T; W) x L°°(0,T;X,) x Whee(0,T; %) x L>=(0,T; A).

To prove Theorem 4.2 we proceed in the following manner.

Step 1. (Section 4.1.1) Establish that the domain D given by (4.12) is nonempty.

Step 2. (Section 4.1.2) Show solvability of the parabolic problem (4.14).

Step 3. (Section 4.1.3) Show that the original problem (3.10)—(3.12) is a special case of (4.14).
Each of the steps will be covered in details in the corresponding subsection.

4.1.1 Step 1: The Domain D is nonempty

We begin with a number of preliminary results used in the proof. We first introduce operators that
will be used to regularize the problem. Let Ry : X, — X, Ry, : V, — V), Ly : Wy — W},
Ly : W, — W, be defined by

Ry(uy)(vs) := rs(us, vs) = (D(uy), D(vy))a,, (4.15)
Rp(up)(vp) := rp(up, vp) = (|V - up|r_2v ‘up, V- Vp)Qp ) (4.16)
Ly(ps)(wp) = lp(pg,wp) = (Ips" ~*pgowy)ey, (4.17)
Lp(Pp)(wp) = lp(pmwp) = (‘Pp|r/72ppv wp)ﬂp‘ (4.18)

Lemma 4.3. The operators Rs, Ry, Ly, and L, are bounded, continuous, coercive, and monotone.

Proof. The operators satisfy the following continuity and coercivity bounds:

Rs(us)(vs) < llus|l g lIvsllar@,) Rs(us)(us) > CK,pHUsH%p(Qp)v Vu,, v, € Xy,
Rp(up)(vp) < IV UpHZ/f(/QP)HV : VpHLT(Qp)v Rp(up)(up) > ||V - uszr(Qp)’ Vuy, vy, € Vy,
Ly(ps)(wy) < Ilpf\l’;ﬂ’;ﬂf)waHLr'(ny Ly(ps)(py) = prH’er(Qf), Vpgwp € Wy,
Lp(pp)(wp) < prHZT/fZQP)prHLr’(Qp)7 Ly (pp)(pp) = ”ppH’ZT/(Qp)7 Vpp, wp € Wp.

The coercivity bounds follow directly from the definitions, using Korn’s inequality for Rs. The continuity
bounds follow from the Cauchy-Schwarz or Holder’s inequalities. The above bounds imply that the
operators are bounded, continuous, and coercive. Monotonicity follows from bounds similar to (2.15),
which can be established in a way similar to the Power law model [42]. O

It was shown in [22] that there exists a bounded extension of A from W/ (T';,) to W/ (9Q,),
defined as EpA = yé()\), where 7 is the trace operator from W' (€,) to W/ (99,) and ¢(\) €
WL () is the weak solution of

—V - VN[ 2V(A) =0, in Q, (4.19)
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d(A\) =X, on Ty, (4.20)
V(N "2Vh(A) -n =0, on 9, \Typ. (4.21)

We have the following equivalence of norms statement.

Lemma 4.4. For A € WY (T;,) and ¢(\) defined by (4.19)~(4.21), there ewists c1, ca > 0 such that
Cl”d’()‘)HWLT’(Qp) < HAHWI/T,T’(rfp) < CZHQS(A)HWLT’(QP)' (4.22)
Proof. For ¢ € W' (Q), |[Vo(A)|” ~2V¢(N) € L (div; Q) and, therefore, from (4.19)(4.21), we have

(VNI T2VB(N), Vo(N)a, = (IVO(N)[""2Ve(A) - 1, ErA)aq,
< IVON)"2VS(A) - nlly-1/mr o) BP9,
< OV 2V - nlly-1/mraa) M wasmer - (4.23)

Now, for 1» € Wh'(Q,),

/8 . IVo(N)|"2Vp(\) -npds = [ V- |[VoN)[" V(N dx + /Q IVoN)[" 2V e(N) - Vb dx

Qp
< 19N 2V zry) [l g,y (using (4.19))
= IVoll e, 18 lwira,) - (4.24)

Using the fact the trace operator, (+), is a bounded, linear, bijective operator for the quotient space

Wha(Q,)/W9(Q,) onto W'™7°9(99,) [26], we have

(’V¢()\)|T/_2V¢()\) 'n, 5>W—1/r,r(agp) WL/ (96,)

VN2V - llyy-1/rr(50,) = Sup
Eewl/r,r’(agp) ||§HW1/"°7W (aﬂp)
VoA 2Ve(N) -ny(¢) ds

<C sup fan | | )

wGWL’“/(Qp) HwHWl’T/(Qp)

r'/r .

< . . .
<C HV(]ﬁHLT,(Qp) , (using (4.24)) (4.25)

Combining (4.23) and (4.25) with the Poincare inequality implies that

16 sy < Cllmr e, - (4.26)
On the other hand, due to (4.20) and the trace inequality, we have

Mm@,y < CleMlyrr - (4.27)
Combining (4.26) and (4.27), we obtain (4.22). O

Introduce Lt : A — A’ defined by

Le(N)(w) = I p) = (VoW Vo(A), Vo), - (4.28)
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Lemma 4.5. The operator Lt is bounded, continuous, coercive, and monotone.

Proof. The result can be obtained in a similar manner to the proof of Lemma 4.3, using the equivalence
of norms proved in Lemma 4.4. In particular, it holds that

Lo ) < Oo Il il Lo 2 el Mg, - (429)
O

To establish that the domain D is nonempty we first show that there exists a solution to a regu-
larization of (4.9)—(4.11). Then a solution to (4.9)—(4.11) is established by analyzing the regularized
solutions as the regularization parameter goes to zero.

Lemma 4.6. The domain D specified by (4.12) is nonempty.
Proof. We will focus on the case (B1)—(B2) with ¢ = 0, which holds for the Power law model. The

argument for the case ¢ > 0 is similar, with an extra constant term on the right-hand side of the energy
bound (4.34), due to coercivity estimates (4.3)—(4.5).
For q9 = (Vpir Vsir Vi) € Q, s = (Wpyi, TeyisWri, i) € S, i = 1,2, define the operators
R:Q—-Q and L:S5 — 5 as
R(q(l))(q(2)) = Ry(vs1)(Vs2) + RBp(vp1)(vp2) = 7s(Vs1,Vs2) +1p(Vp1, Vp2),
and L(s)(s®) := Lp(ws1)(wr2) + Lp(wp)(wp2) + Lr(m)(u2)
= lp(wpi,wp) + p(wp,1, wp2) + I (p, p2).
For € > 0, consider a regularization of (4.9)—(4.11) defined by: Given f € Q', g € S’, determine
de € Q, sc € S satisfying
(eR+A)qe+B'se=f inQ, (4.30)
—Bge+ (eL+E)sc =g in S (4.31)

Introduce the operator O : Q x S — (Q x S) defined as
of 4) eR+ A B q
s | -B eL + &y s |
Note that

1) (2
o4 ) (%)) = Re@IE) + BEONA) - BaD)62) + (L)),

5
(4.32)
and

0 @) ) @
q q q q
= ((R+ A)qV — (R + A)q?)(qV) — q?) + ((e£ + &)sV — (eL + &)sP) (s — 52)).

From Lemmas 4.1, 4.2, 4.3, and 4.5 we have that O is a bounded, continuous, and monotone operator.
Moreover, using the coercivity bounds from (4.3)—(4.5) and (4.29), we also have

0(9) (%)) = R+ ata) + (& + st

S
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= erg(vs, vs) +erp(vp, vp) +ap(vy,vy) + ag(vp,vp) +apys(Vf, Vs Ve, Vs)

+ (Sowp, wp)a, + ap(Te, Te) + el p(wr, wy) + el (wy, wp) + €elr(p, 1)
> C<€||D(Vs)\|%2(9p) +ellV-vpllze,) +IDO L)) + 1Vellzr,) +1ve = vslbas

+ so”wp”%z(ﬁp) + HTeH%Q(QP) + €waHr'r’(Qf) + EprHTw(Qp) + 6‘|MH71;V1/r,r’(Ffp))'
(4.33)

In the case of (B1)-(B2) with ¢ > 0, we have an extra term —c(¢s 4 ¢, + ¢r) on the right-hand side of
(4.33) due to the coercivity estimates from (4.3)—(4.5). The argument in this case doesn’t change and
we omit this term for simplicity. It follows from (4.33) that O is coercive. Thus, an application of the
Browder-Minty theorem [39] establishes the existence of a solution (qc,s.) € Q x S of (4.30)—(4.31),
where qe = (Up,e, Use, Uf,e) and se = (Dp.e, Tees Dfes Ae)-

Now, from (4.33) and (4.30)—(4.31), we have

@) TV -,y + el + pelirq,) + e = vselpss

I

+ sollppellBaay) + 10eclZay) + ellprel g, + lenello g, + ellpmmre, |

< C(|’prH*1(Qp)||u87€HH1(Qp) + w10 o llagellwrr @)

sl 1ol gy + 160 2o el iy + [l oo loeclioey)- (430
From (4.10), o¢ and u, . satisfy
a;(ae,ea Te) - bs(us,ea Te) = (AgeaTe)Qp7 VT, € 2.

Therefore, applying the inf-sup condition (4.1), we obtain:

bs(us € Te) alsy(o'e,ea Te) - (Agea Te)Qp
[usellgi,) <C  sup ———=C sup
S (0,T¢,0,00€8 1(0,7¢,0,0)[s (0,T¢,0,0)€S 1(0,7¢,0,0)||s
<C( o) 1 H§6||L2(Qp)) . (4.35)

Combining (4.35) and (4.34), and using Young’s inequality, for a,b > 0, ;1) + % =1,and § > 0,

SPaP bl
ab< S5 4 (4.36)
p  0q
we obtain
s 1 @) TV -l + el + el q,) + e = selprs + E”u&CH?{l(Qp)

+ sollppelZa,) + 1eclFagy) + lppelly gy + elpnellyo g, + A,
< C(qu”LT(Qf)”pf,EHLT/(Qf) + ||§p||Lr(Qp)pr,eHLr’(Qp) + HfPHH—l(Qp)
/ B 1
1€y sy 1el3aiy)) + 5 (I, + sellivir,) + loedBag,) . (437)
from which it follows that

laeelZrga, + €IV aellfoa,) + Iurelivieg,) + e,y + loeclag,) + e — vl
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< € (I -1(0y) + Wy ) + sl @pliprello ) + 1961200, + 190l IPnclo o, ) -
(4.38)

To obtain bounds for p,., pr.e, and Ac we use (4.2). With s = (ppc,0,p5.c, Ae) € S, we have

pr,GHLT'(Qf) + HpP&HLT'(Qp) + H)‘euwl/r,r’(rfp)
b(VsPs.e) + bo(Vis Ppe) +br(vy, vp, 05 Ac)

<C sup

(vp,0,vy)EQ H(VP’07Vf)”Q
<C —erp(Upe, vp) — ay(uype,vy) —ag(upe, vp) —apys(uye s vy, 0) + (£, vy)a,
S sup

(vpzovvf)GQ H(Vp) 07Vf)”Q

< C (el el i,y + g ellifin o,y + el g, + 10re = o5 + 187l )
(4.39)

Using (4.38), (4.36), and (4.39), we obtain

@) T Ufe = Uselprs

Hus,eH?ql(Qp) eIVl o, +lupellvir @) + pelzrq,) + lloee 7

I

F1prellr ) + Wenelr s + INelipasmr e,
< C (16310 + W85l ) + 18Ty + 1By + s i) (440)

which implies that Hus,erp(Qp), ||uf7EHW1,T(Qf), |

o 2sel ey IPpell i ) 8 IAellpr e,
are bounded independently of e.
Also, as V-V, = (W,)’, we have from (4.31), (4.10), and the continuity of L, stated in Lemma 4.3:

IV - upellzr,) < sollgpllr,) + sollppellr @) + apllV - s ellzr@,) + €llpp,el

el

L (9p)

< 30||9p||LT(Qp) + 80|Pp,e '@,y T ap|[us e

L (Qp)
Therefore |[uy ¢ | - (givi0,) is also bounded independently of .
Since Q and S are reflexive Banach spaces, as € — 0 we can extract weakly convergent subsequences
{en 22, {Sen o2y, and {Aqc,}5°, such that qep, — qin Q, s¢, — sin S, Aqc,, — ¢ in Q’, and
(+Bs=f inQ,
Es—Bq=g in9.
Moreover, from (4.30)—(4.31) we have

lim SUP (A(ge)(ge) + Ea(se)(se)) = lim SUP( €R(ae)(ae) — €L(se)(se) + £(ae) + G(se))

< f(q) +3(s) = C(q) + &(s)(s).

Since A + &; is monotone and continuous, it follows, see [46, p. 38|, that .Aq = (. Hence, q and s solve
(4.9)—(4.11), which establishes that D is nonempty. O

Corollary 4.1. For M defined by (4.13) we have that Rg(I + M) = W) 5 x 3 5

Proof. To show Rg(I + M) = W, 4 x 3 , we need to show that for £ € W}, x 3{ 5 there is a v € D
such that f € (1 + M)(v).

Let (gp, ge) € W9 X 3¢ 5 be given. Lemma 4.6 establishes that there exists (pp,6e) € D such that
(4.9)—(4.11) are satisfied. Hence (g, — Pp, ge — 0c) € M(Pp, ) and therefore it immediately follows
that (gp, ge) € (I + M)(pp, Ge). O
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4.1.2 Step 2: Solvability of the parabolic problem (4.14)

In this section we establish the existence of a solution to (4.14). We begin by showing that M defined
by (4.13) is a monotone operator.

Lemma 4.7. The operator M defined by (4.14) is monotone.

Proof. To show that M is monotone we need to show for f € M(v), f € M(¥) that (f — f, v —¥)g, > 0.
For (pp,o¢) € D, (§p — Pp, Ge — Oc) € M(pp, o) and (wy, Te) € So, we have from (4.10)

((Gp —Pps Ge —0ec) (wp77'e))52 = (S0gp, wp) + (Age, Te) — (S0pp, wp) — a;(aeﬂ'e)
= —apby, (ug, wp) — bp(uy, wp) — bs(us, Te). (4.41)
Also, from (4.9)—(4.11), the corresponding (uy, ps, u,, us, A) satisfy

ag(ug, vy) + ap(y, vp) + apss(g, s vy, vi) + bp(vy,pr) + bp(Vp, pp)

+ apbp(Vs, pp) +bs(Vs, ) + br(vy, vp, Vs A) = (7, vy)a, + (B, vi)a,, (4.42)
(Sopps wp)Qp + a;(a'e, Te) — apby (U, wp) — bp(uy, wpy) — bs(us, Te) — by(uyr, wy)

= (509p> Wp)a, + (Ae, Te)a, + (af, wy)ay, (4.43)
br (uf,up, ug; p) =0, (4.44)

Next, for (g, — Pp, Ge — 0c) € M(Pp,Ge) the corresponding (Gy, pr, 0y, Us, A) satisfy

ag(Qf,vy) + ap(Qy, vp) + apss(Qp, W vy, Vi) + bp(vy, Br) + 0p(Vp, Bp)

+ apby(Vs, Pp) + bs(Vs, 0c) + br(Ve, Vi, Vi; 5\) = (ff,Vf)Qf + (£, vs)a,, (4.45)
(50Pps wp)Qp + a;(&e, Te) — apbp (Us, wp) — bp(Wp, wp) — bs(Us, Te) — by(Uy, wy)

= (809p> Wp)a, + (Ade, Te)a, + (a5, wy)ay, (4.46)
br (Uy, Up, Us; ) = 0.

With the association v = (pp,0c), V= (Pp,0¢), £ = (Gp — Pp, Ge — Oc), f = (Gp — Pp, Ge — Oc), using
(4.41)

(f - f', v = V)s, = — apby (Us, pp — Pp) — bp(Up, pp — Pp) — bs(us,0¢ — )
+ apbp (ﬁSapp - ﬁp) + bp(ﬁpapp *ﬁp) + bs(ﬁs, Oc — &e)~

Testing equation (4.42) with (v, vy, vs) = (uf, up, u,), we obtain

af(ug,up) + ap(up, up) + apys(ug, ugug, ug) + by(ug, py) + by(up, pp)
+ apby(us, pp) + bs(us, o) + br(uy, up, us; A) = (£, uy)a, + (£, us)a,.

On the other hand, choosing wy = py and = A in (4.43) and (4.44), we get

—bs(uy, py) —br(ug,up,us; A) = (g7, pf)a;-

Hence,
ar(uy,uy) + az(up, u,) +apss(uyg, us;ug, us) + by(up, pp) + apby(us, pp)
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+ bs(u57 O'e) = (ffa uf)ﬂf + (fp7 uS)Qp + (qfapf)ﬂf (448)
Repeating the same argument for problem (4.45)-(4.47), we obtain

af(ﬁf’ ﬁf) + ag(ﬁp, ﬁp) + CLBJS(ﬁfv us; ﬁf»ﬁS) + bp(ﬁpaﬁp) + O‘pbp(ﬁ&lﬁp)
+bs(0s,6¢) = (f,05)a, + (£, 0s), + (47, Dr)a;- (4.49)

Next, we test (4.42) with (v, vy, v,) = (Uy, Up, Us):

af(uy, iy) + ap(up, 0p) + apss(ug, ug iy, ) + by (g, pr) + by(tip, pp)
+ apby(Us, pp) + bs(0s, o) + br(uy, 0y, us; A) = (fr, uy)a, + (£, Us)a,.-

Choosing wy = py and = X in (4.46)—(4.47), we conclude that
_bf(ﬁfapf) - bl—‘(ﬁfa ﬁp7 ﬁsa )‘) = (qfapf)flfa
which implies that

af(uf, ﬁf) + ag(up, ﬁp) + aBjs(qu, u,;uy, Us) + bp(ﬁp,pp) + Ozpbp(ﬁs,pp)
+bs(Us, 0c) = (£, U)o, + (£, 0s)a, + (47, pf)a;- (4.50)

Similarly,

af(ﬁf, Uf) + ag(ﬁp, up) + aBjs(ﬁf, Us; uy, us) + bp(up,ﬁp) + Oépbp(usaﬁp)
+bs(us, 0c) = (fr,uyp)a, + (£, us)a, + (47, 5r)a;- (4.51)

Manipulating (4.48)—(4.51), we finally obtain

(f —f,v— {’)S =ayr(uy,uy) +ag(up,up) +apss(uyr,us;uy, uy)
2
~ d
_af( fvuf) CLp( pvup) aBJS( S;uf7 S)
—as(uy,y) — al(u,, 0p) — apss(uy us,uf,us)
+ayp(ty, i) + af(ty, 0y) + apys(ly, Us; Uy, )
=ayr(up,uy —uy) + a;,l(up, u, —U,) +apys(uyp, ugup — g, us — Uy)
—ay(fy,up — ) — al(ly, up — ) — apss(ly, Ay uy — Ay, us — 8) > 0,
due to the monotonicity of ay(-, ), ag(-, ) and apys(-, 5+, -)-

O]

Lemma 4.8. For each h, € WH1(0,T; Wya)s he € WHEH0,T; 3, ), and py(0) € Wy, 6¢(0) € X, there
exists a solution to (4.14) with p, € WH(0,T; W),) and o, € WH(0,T; X,).

Proof. Applying Theorem 4.1 with N' = I, M = M, E = W2 x Bea, By = W), x 3 5, and using
Lemma 4.7 and Corollary 4.1, we obtain existence of a solution to (4.14). O
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4.1.3 Step 3: The original problem (3.10)—(3.12) is a special case of (4.14)

Finally, we establish the existence of a solution to (3.10)—(3.12) as a corollary of Lemma 4.8.

Lemma 4.9. If (py(t),0¢(t)) € D solves (4.14) for h, = sy q, and he = 0, then it also solves (3.10)-
(3.12).

Proof. Let (py(t),o.(t)) € D solve (4.14) for h, = s5'q, and h. = 0. Note that (4.9) and (4.11) from
the definition of the domain D directly imply (3.10) and (3.12). Also, (4.10) and (3.11) are the same
when tested only with wy. Thus it remains to show (3.11) with wy = 0.

Since (p,(t),oc(t)) solve (4.14) for h, = sy'q, and h. = 0, there exist (g, ge) € W) o x 3¢ 5 such
that (gp — pPp, Je — 0c) € M(pp, o) satisty

i ()« (2)= (")
(o) (), () G = () (), = o

and, using (4.41), (4.52) becomes

Then,

(800kpp, wp) + af,(atae,Te) — apbp (us, wp) — bp(up, wp) — bs(us, 7e) = (gp, wp),
which is (3.11) with w; = 0. O

Proof of Theorem 4.2. Existence of a solution of (3.10)—(3.12) follows from Lemma 4.8 and Lemma 4.9.
From Lemma 4.8 we have that p, € W1>(0,T;W,) and o. € W1>(0,T;%.). By taking
(Vi Wi, Vp, Wy, Vs, Te, 1) = (U, pf, Up, Pp, Us, 0c, A) in (3.10)—(3.12), we obtain that uy € L*°(0,7;Vy)
and u, € L>(0,7;V,). The inf-sup condition (4.1) and (3.11) imply that u, € L*°(0,7T; X,,), while the
inf-sup condition (4.2) and (3.10) imply that py € L*°(0,7;Wy) and A € L>(0,T; A). O

Remark 4.2. We note that it is assumed in Theorem 4.2 that (ppo,0ec0) € D. Below we provide a
procedure for obtaining such initial data.

Let ppo € WL (Q,) be given and let u,o € L"(£2,) be the solution to
ag(up,o,vp) = —(Vppo,vp), Yv,e L' (Q). (4.53)
The solvability of the above problem follows from (4.4) and the Browder-Minty theorem.

Lemma 4.10. Assume that p,o € W' (Q,) and that the solution to (4.53) satisfies w,o € V,. Then
there exist oc o € Xe and ((Up,0, Us0,Uf0),Pf0, No) € QX Wy x A such that (4.9)—(4.11) hold for suitable
(Gp.0,Fe0) € W) o x B 5.

Proof. Our approach is to solve a sequence of well defined subproblems, using the previously obtained
solutions as data to guarantee that we obtain a solution of the coupled problem. We take the following
steps.

1. Define Ao = ppolr,, € A. Taking v, € V,, in (4.53) and integrating by parts, implies (4.9) with
a test function v,,.
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2. Define (uyo,pro) € Vi x Wy from (4.9) with vy, taking uso-ts; = 0 in apsg, and (4.10) with
wy. This is a well defined problem, since it corresponds to the weak solution of the Stokes system with
the given boundary conditions on I'y and the boundary conditions

—(orony) -np =X, —(opomy) tr;=viagisVe tupg-tr; onTp.

Note that Ay is datum for this problem.
3. Define (0c,0,m,0) € Ze x X, from (4.9) with v, coupled with

ap(0e0,Te) = bs(Mp0:Te) =0, V7e € e (4.54)

This is a well posed problem, since it corresponds to solving a mixed elasticity problem with the given
boundary conditions on I', and the boundary conditions

—(oponp) -ny =X,  —(opony) ty; =viapjsVetupe-ty; on Iy,

Note that pj 0, Ao, and uy, are data for this problem. We also note that 1, o is not part of the initial
condition for the alternative formulation, but it will be used to recover n,, in the original formulation.

4. Let usp € X, be a suitable extension satisfying (4.11) and u, - t,; = 0 on I'g,. Note that up
and uy are data for this problem.

It is clear from the above construction that (p,0,0¢0) € W), x 3¢ and ((up,0, Us0,Us0),Pf0,No) €
Q x Wy x A satisfy (4.9)(4.11) with
(50§p707 wp)Qp = (SOPp,Oa wp)ﬂp _apbp(us,()a wp) _bp(up707 U)p), (Age,()a T@)Qp = a;(o'eﬂy Te) —bs (uS,Oa Te)-

O

In the following we will refer to (pp.0,0e,0) and (ppo,M, ) constructed in Lemma 4.10 as compatible
initial data for the alternative and the original formulations, respectively. Note that it follows from
(4.54) that ocg = A™'D(n, ).

4.2 Existence and uniqueness of solution of the original formulation

In this section we discuss how the well-posedness of the original formulation (3.5)—(3.7) follows from
the existence of a solution of the alternative formulation (3.10)-(3.12). Recall that us is the structure
velocity, so the displacement solution can be recovered from

n,(t) = Mp0 +/0 us(s) ds, vt € (0,T7. (4.55)

Since u,(t) € L>(0,T;X,), then n,(t) € W>°(0,T;X,,) for any ,, 4 € X,,. By construction, us = 9;n,,

and 1,(0) = n,, .

Theorem 4.3. For each ff € Wh(0,T; V}), f, € Wl’l(O,T;X;o), qr € WL0,T; W}),
e WHH0,T;W)), and py(0) = ppo € Wy, m,(0) = m,o € X, where (ppo,m,) are compati-

ble initial data, there exists a unique solution (uy(t),ps(t ) ( ) pp(t),my(t), A(t)) € L°(0,T;Vy) x
L®(0,T; Wg) x L®(0,T5V,) x Whee(0, T W,) x WH(0,T;X,) x L®(0,T;A) of (3.5)-(3.7).
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Proof. We begin by using the existence of a solution of the alternative formulation (3.10)-(3.12) to
establish solvability of the original formulation (3.5)—(3.7). Let (uy, ps, up, pp, Us, 0, A) be a solution
0 (3.10)—(3.12). Let m, be defined in (4.55), so us = dym,. Then (3.11) with 7. = 0 implies (3.6)
and (3.12) implies (3.7). We further note that (3.5) and (3.10) differ only in their respective terms
ag (M, €,) and bs(vs, o). Testing (3.11) with 7. € 3 gives (0y(Aoe —D(n,)), Te)o, = 0, which, using
that D(X,) C X, implies that d;(Ao. —D(n,)) = 0. Integrating from 0 to ¢ € (0,7] and using that
o.(0) = A7'D(n,(0)) implies that o (t) = A~'D(n,(t)). Therefore, with (3.9),

bs(vs, 0¢) = (0¢,D(vs))o, = (AilD(np),D( ), = ay(1,,Vs).

Therefore (3.5) implies (3.10), which establishes that (uz, py, up, pp, m, 0+ fo us(s)ds, A) is a solution of
(3.5)—(3.7). The stated regularity of the solution follows from the established regularlty in Theorem 4.2.

Now, assume that the solution of (3.5)—(3.7) is not unique. Let (u?,p’]}, u;,p;, 77;), M), i = 1,2, be two
solutions corresponding to the same data. Using the monotonicity property (2.15) with G(x) = v(x)x,
s = D(u}) and t = D(u?), we have

Hm@—m@mmﬂ

< (2v(D(u}))D(u}) — 2v(D(u?))D(u}), D(u}) — D(u%))ﬂf

¢+ IDp7{o,) + D@D, ~
= (af(u},u} - uff) - af(u?c,u}c — u?c)) =: 1. (4.56)
Similarly, we use (2.15) with G(x) = vesf(x)x, s = u} and t = u2, to obtain
I, - pHLT ) < (K Y vepr(ub)ul — vepp(u?)u?), ul — u?)
R, + T, = ety = e () = o,
= ag(u}, u}c - u?c) — ag(u?c, u} — u?) =: Ip. (4.57)

We apply (2.15) one more time to bound the terms coming from BJS condition. Set G(x) = v;(x)x,
s = ((u} - am})) “tyi)ty;and t = ((u?c - amz) “ts i)ty ;, then

IOt~ 05,
BJS -
= et I} —omp) -t e, ) + 1(uF = 0m3) -ty “Ffp

< (IBJS(U}', 8,57711,; u} - ufc, 87577;, — 81”7;27) - aBJS(uf, 8mp; uf - ufc, 8151711, — 8t77;2)) =:13. (4.58)

From (3.5) we have
I + I + I3 + ag(ny, — ny, Omy, — Omy) = —by(uy — u},p} — p}) — by(w, — vz, p, — py)
—apbp(amll, = 8t77p,pp = pp) = bp(u} = ufc, u[l, = u?), 87577}1) - 8t771293 AL —2). (4.59)

On the other hand, it follows from (3.6) and (3.7), with wy = p} — pfc, wy = pzl, — pg, w=A — A2, that

(s0 0 (P — 13) Py — P3) — apbp(0r (my —m32) 0y — P3) — bp(uy — w2, p) — )
—b(l— 2 1_2)_b( _ 2 1 6(1— 2).)\1_)\2):0 (460)
p(uy —uf,py —p}) = br(ug —uf,u, — g, d (m, — ) . :
Combining (4.59) and (4.60), we obtain

L+ L+ 15+ ag(n}) — ng, &mll, — 3757712)) —(50 0 ( pp) P - pZ),
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which implies
1
50 (ap(my = n2mh = n2) + sollph = P2l3ea, ) + 11 + T2+ Iy = 0.

Integrating in time from 0 to ¢ € (0,77, and using p}(0) = p2(0), 14(0) = n2(0), we obtain

1

t
5 (asmb(e) = m2(0),mb(6) = m2(0)) + sollph(t) — PE(0) 30, ) + /0 (L + I + Iy) ds = 0.

Hence, using (4.56)—(4.58), we have

% (aﬁ(ﬂé(t) mo(t), my(t) — mo (1)) + sollpp(t) —pg(t)||%2(9p)>
'[P}~ D), e %nir 0 )
¢ ; ds . (4.
/0 (C-i- HD(U})H (Qf) + D (u )HLT Q) ¢t Hu1\| )+ ||u2H <0. (4.61)

We note that ag(-,-) satisfies the bounds, for some c., Ce > 0, for all n,,, &, € X,

Ce”Ep”%—Il(Qp) < a;(gpusp)’ a;(npaép) < Cﬁ”anHl(Qp)||€p||H1(Qp)v (462)

where the coercivity bound follows from Korn’s inequality. Therefore, it follows from (4.61), together

with the established regularity u} € L>(0,7;Vy) and u; € L*=(0,T;V),), that u}(t) = u?(t), uzl,(t) =

ug,nl(t) = 7712], vVt € (0,T]. Finally, we use the inf-sup condition (4.2) for p} — p?,pll7 - pf,,)\l —\?
together with (3.5) to obtain
H(p}" - p%7p; - p?n )\1 - A2)HWf><Wp><A
<C Sup bf(vf7p} _pff) +bp(vpap; _p2) +bF(Vf7Vp7O;)‘1 _)\2)
B (Vf,Vp)EVf xVyp H(vf7vp)HVf><Vp
(af(Ufc, vy) —agp(uf,vy) +af(up, v,) — ad(ug, vp)
Ve vp)llvyxv,

=C sup
(v§,vp)EV XV

apys(u}, dmy; vy, 0) — aBJs(u}ﬁm});Vf,O)> 0
[(ve,vp)llv,xv, '

Therefore, for all ¢t € (0,7], p} = pfp, p}, = p%, A = A2 and we can conclude that (3.5)(3.7) has a
unique solution. O

We conclude with a stability bound for the solution of (3.5)—(3.7).

Theorem 4.4. For the solution of (3.5)—(3.7), assuming sufficient reqularity of the data, there exists
C > 0 such that

HufHET(O,T;leT(Qf)) + HuPHET(O,T;LT(Qp)) + uy — 8t77p\2r(o,T;BJS) + prHZT’(QT;LT’(Qf))
! ! 2 2
2ol 0,00 0,y T IM L 0w ) 1Ml 0,751 0,)) + 801PpNT 07522(0,)
< CGXP(T)(pr||2Loo(o,T;H—1(Qp)) + 11, (01310 + 50ll2p (017, 00,) + 10861720, 7 1-1 (02,

+ HffHrr’(()’T;Wfl,r’(Qf)) + ||qf||zT(O,T;LT(Qf)) + HQPHZT(QT;LT(QJC)) + C(Ef + ¢p + 5])) .
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Proof. We first note that the term c¢(¢y + ¢, + ¢r) appears due to the use of the coercivity bounds in
(4.3)—(4.5) in the general case ¢ > 0. For simplicity, we present the proof for ¢ = 0, noting that the
extra term appears in (4.64) and the last inequality in the proof. We choose (Vf,wfyvp7wp7£p7,u’) =

(ug,py,up, pp, Oimy, A) in (3.5)-(3.7) to get

1
5815 [(Sopp7pp) +a (npv np)] + af(“fv Uf) + a’g(upv up) + aBJS(“fa atnp; ur, 6tnp)
= (fr,uy)a, + (£, 0my)a, + (a7, pr)o; + (g, Pp)o,- (4.63)

Next, we integrate (4.63) from 0 to t € (0,7 and use the coercivity bounds in (4.3)—(4.5) and (4.62):

t
Sopr(t)H%%Qp) + ||T’p(t)H§{1(Qp) +/0 (||uf||{4/1,r(9f) + [l ) + Ty — atnp|TBJS> ds
t

t
< /0 (Fpup)a, ds + (6(t),m, (D), — (£,(0).m,(0))a, /0 (01t 1,0, ds
t
+ ) (rpnn + opon,) ds + ol + 1m0, )
< C (I6(0)3-1a,)

e / 671y 10y + 10 211+ I8l ) + NIy + Nl ) s

o+ 11,0 By + 50200, + 1601310, )
t
+allnynny + | (sl + 101150 q,) + Il ) (4.64)

using Young’s inequality (4.36) for the last inequality. We next apply the inf-sup condition (4.2) for
(pf,Pp, A) to obtain

br(ve,pf) + bp(Vp,pp) + br (v, vp, 05 A
(s Pps Mlwypxwxa < C sup s (Vs Py) + bp (Vs ) (Vs Vi )
(v vp)EV XV H(vf7vp)HVf><Vp
—C  sup —ap(ug,vy) — ab(u,,vy) —apys(ug, 8imy; ve,0) + (fr,v5)a,

(4.65)
(Vi vp)EVyxVp [(vy, Vp)HVf xVp

Using the continuity bounds in (4.3)—(4.5), we have from (4.65),

10720 Mwyeitc < € (165 g-sor )+ o) + g, + = dim i)
implying

t /
T 7"
o [ (sl + 1l + [N, )
t
< Cey /0 (uff||;V,1,7./(Qf) g By + Il + g = demyligs) ds. (4.66)

Adding (4.64) and (4.66) and choosing €2 small enough, and then €; small enough, implies

t
sollpp()l1220,) + 1,120 g, + / (Mgl gy + Il e,y + Ny = Oyl ) ds
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t
[ (0 W 0y + e, )
t
< O [ 1my By + 160 sy + IO+ 1, Ol ) + 0l 00,

t
r! 2 r r
+ /0 (UE sy + 19N 1) + Iy + Nl ) ds)-

The assertion of the theorem now follows from applying Gronwall’s inequality. 0

5 Semidiscrete continuous-in-time approximation

We assume that €y and ), are polytopal domains and that the Laplace problem in €2, has a solution
with Wt/ (Q,) regularity. We refer to [17,29] for sufficient conditions on ,. Let 7;Lf and T
be shape-regular and quasi-uniform affine finite element partitions of €1; and €2,, respectively, not
necessarily matching along the interface I',. We consider the conforming finite element spaces Vy, C
Vi, Wen C Wy, Vi, €V, Wy, € Wy, and X, € X, We assume that Vg, Wy, is any inf-
sup stable Stokes pair, e.g., Taylor-Hood or the MINI elements. We choose V1, W)}, to be any of
well-known inf-sup stable mixed finite element Darcy spaces, e.g., the Raviart-Thomas or the Brezzi-
Douglas-Marini spaces [7]. We employ a Lagrangian finite element space X,, 5, C X,, to approximate the
structure displacement. Note that the finite element spaces Vi, V5, and X, ;, satisfy the prescribed
homogeneous boundary conditions on the external boundaries I'y and I',. Finally, following [2, 33], we
choose a nonconforming approximation for the Lagrange multiplier:

Ah = Vp,h : nph‘fp.

We equip Ap, with the norm | - ||z, = || - HLT’(Ffp)'

The semi-discrete continuous-in-time problem reads: for t € (0, T, find (us(t), psn(t), upn(t), pp.u(t),
(D) An(t)) € L2(0, T3 V 1) x L0, T3 Wy ) X L2°(0, T; V) X W22 (0, T3 W, ) x W22 (0, T; X, )
LOO(O,T;Ah), such that V Vin € Vf,h, Wyrp € Wﬁh, Vp.h € Vp,h, Wy h € w, o €p,h € Xp’h, and up € Ap,

af(uf7h7 nyh) + ag(up,hv Vp,h) + a;(nnh? Ep,h) + a’BJS(“'f,hv 8tnp,h; Vi§h, sp,h) + bf(vf,hvpf,h)
+bp (Vo Ppi) + @b (€ s Pp.p) + 00 (Vhs Vs Epns An) = (B vien)o, + (B &pp)e,,  (5:1)
(500tPp,h> Wp,p) e, — bp(Oemy p, Wp,h) — bp(Up,ps Wp,n) — bp(Upn, wyn)
= (@fnwrn)a; + (Gphs Wpn)a,, (5.2)
br(uy p, Wy hy Omy 4 i) = 0. (5.3)
The initial conditions p;, ,(0) and n,, ,(0) are chosen as suitable approximations of p,¢ and 7, such
that (pp,(0),1,,(0)) are compatible initial data. Details will be provided in Section 5.2.
In order to prove that the semi-discrete formulation (5.1)-(5.3) is well-posed, we will follow the
same strategy as in the fully continuous case. For the purpose of the analysis only, we consider a
discretization of the weak formulation (3.10)—(3.12). Let X,,;, consist of polynomials of degree at most

ks. We introduce the stress finite element space X, ;, C X, as symmetric tensors with elements that are
discontinuous polynomials of degree at most ks_1:

Ee,h = {0'5 S Ze : U€|T€7’,f c ’])Zi’rill(T)dxd}.
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Then the corresponding semi-discrete formulation is: for ¢ € (0,77, find (uy (t), psn(t), Upn(t), Pp.n(t),
us,h(t), 0'e7h(t), )\h(t)) S LOO(O, T; Vf7h) XLOO((), T; Wf,h) XLOO(O, T; Vp,h) X Wl’oo((), T; Wp,h) XLOO((), T; Xp7h)
XWI’OO(O,T; Ee,h) X LOO(O,T; Ah), such that for all Vin € Vf,h, Wrp € Wf}h, Vp.h € Vp,h, Wy h € w, o
Vg € vah, Teh € 267;1, and tn € Ah,

ar(upn, vin) + at(Wpn, vipn) + apss(Upn, Wi Vin, Van) + b (Vi Drn) + bp(Vp s Ppn)
+ apbp(Vshs Ppp) + bs(Van, Ten) + 00 (Vin, Vpr, Vani An) = (£, vien)a, + (£, vsn)a,, (5.4)
(500tPp,hs wp,h)np + ap(Or0 e ny Ten) — apbp (Us py Wy n) — bp(Up py wWpp) — bs(Us p, Ten) — bp(gn, wyp)
= (g7, wrn)a; + (ps Wpn)oy, (5.5)
br (Wy h, Up,hs Us i ) = 0. (5.6)
The initial conditions py, ,(0) and o, (0) are approximations of p, g and o such that (p,,(0),0cx(0))
are compatible initial data.

We define the spaces of generalized velocities and pressures, Qn = V5, X X, X Vi, and Sy =
Wy h X Bep x Wy x Ap, respectively, equipped with the corresponding norms,

larllQ, = IVprllv, + IVsallx, + [IVeallv,s [snlls, = llwpnllw, + ITenlls, + lwenllw, + lpalla, -

5.1 Discrete inf-sup conditions

We first recall the inf-sup conditions for the individual Stokes and Darcy problems [22]. Since |[T'2| > 0,
it is sufficient to consider v,; € Vg,h,l“fp ={vpn € Vpp : vpp - np}rfp = 0}. There exist constant

Cp1 > 0 and Cy 1 > 0 independent of h such that

b
> Cp1, inf sup s (Vg win) >Crr. (5.7)

wf,hve,h Vf,hevf,h va,h ‘Vf”wf,hHWf o ’

inf sup bp(Vp,hs Wp,h)
wp7h€vah VP’hEVSth vavhHVprpJLHWp
olfp

We next prove inf-sup condition for br(-;-). We recall the mixed finite element interpolant II,; onto
Vi [7], which satisfies for all v, € V,, N (W57(Q,))4, s > 0,

(V- nvp, wp ), = (V- Vp, Wy )0, Vwpp € Wy n, (5.8)
(ppvp - Dp, Vi p - np>rfp = (Vp 1, Vp - np>rfp ) YV € Vi, (5.9)
as well as the continuity bound [1,21]
L1 Vpllzr,) < C (IVpllwer@,) + IV - Vpllzra,)) - (5.10)
Let ngh = {Vp,h EVpn:V-ovy = 0}.
Lemma 5.1. There exists a constant Cy > 0 independent of h such that
b 0, 0;
inf  sup C(Vph, 0,03 an) > (Cs. (5.11)
v, v Tvpnllv, Tunll,
Proof. Let up € Ay, be given. Consider the auxiliary problem
V-V¢ =0, in Q,, (5.12)
$=0 on T, 5.13)
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Vé-n, =u; ! on 'y, (5.14)
Vé-n, =0, on I}, (5.15)

Let v = V¢. Elliptic regularity for (5.12)—(5.15) [17,29] implies that
IV llwrme o,y < Clliy, ey, (5.16)

Let v, 5 = II,, ,v. Note that, due to (5.8), v, € Vg,h' We have

,r/
br(Vp,rs 0,05 ) (Uppv-mp, pp)ry,  (V-mp, pp)r,, HMhHLT/(Ffp)
[vp.nllv, 1T, nvllv, 1T, nvllv, 1T m vl 2r @,

and, using (5.10) with s = 1/r and (5.16),
M nvlizr@,) < ClvIwme@,y < Clluy, ) = Cllanll},
The proof is completed by combining the above two inequalities. O

We next prove the inf-sup conditions for the formulation (5.4)—(5.6).

Theorem 5.1. There exist constants 51, B2 > 0 independent of h such that

. b(dn; sn) + br(an; sn)
inf sup
(wPJL707wauNh)€Sh (Vpﬁh,O,V‘fﬁ)EQh H (VPJL’ 07 Vf7h> HQh H (wp7h7 O’ wf:hv Mh) Hsh
b (Vs,ha Te,h)
inf sup
(0,v5,1,0)€Q (0, T en,0,0)€S) ”(O Vs,h) )”QH(07 Te,hs 0, O)HSh

> P, (5.18)

where

b(an; sn) = br(Vin, wrn) + bp(Vphswpn),  br(dn; sn) = br(Vpn, 0, Vi n; fn)-

Proof. Let sp, = (wpp, 0, wsp, up) € Sy be given. It follows from (5.7) and (5.11), respectively, that
there exist g} = (v ;h,O vjlc n) € Qp with ||v1177h||vp =1, ||v}7h||vf =1, as well as g2 = (v12)7h,07 0) €Qy
with HV nllv, =1 such that

Cs
‘Wf7 br ( p,hJO 07Nh) ||NhHAh

bp(Vp s Wp,p) > %pr,h!lwpa by(Vipwin) > %wa,h
Since v;h . np'Ffp =0, we have
br (qhvsh) <th ny +Vph npaMh>Ffp = <VJ1fh ‘g, Mh)Ffp > CHth”LT(rfp Hﬂh”Lr (Ttp)
< C”Vf,hHWl*l/Tﬂ'(@Qf)HuhHLT (Tpp) = CFHthHW“(Qf HMhHLr Tp) — CFHVf,hHVfHMhHAm
where we used the trace inequality. Let rj = q}L + (1+2CrCy 1)q%. Since V - V;h = 0, we obtain
b(rp; sp) = bf(vfh,wf h) + bp(v ph,wp )+ (1 + QCFC’_I) bp( gh,wp,h)

mln(Cf717 p,1 )
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bp(rh; Sh) = br(q}l; Sh) + (1 + 20r02_1) br(q%; Sh)
Co _ Co
> ~Crllumlla, + =5 (1420005 ") llumlla, = =5 llnlla,.

Hence, using that ||ryq, < 3+ 2CrC; ', we obtain

min(Cy 1, Cp1,C2)
2

min(Cy 1,Cp1,Co)
6 +4CrCy !

which completes the proof of (5.17). To show (5.18), let (0,vs;,0) € Qp, be given. We choose 7. ), =
D(vs) € X, and, using Korn’s inequality, we obtain

b(rp;sp) + br(rp;sp) >

lsulls, > Irnllqy Isnllsy

bu(vonren) 1D B

ITenllzg,)  ID(vs, h)HL2(Qp

= ID(vep)lrz(e,) = PallVsnllmq,)-

5.2 [Existence and uniqueness of a solution

In order to show well-posedness of (5.4)—(5.6), we proceed as in the case of the continuous problem. We
introduce W}i p, and Zg,h as the closures of the spaces W), ; and X, with respect to the norms

il = Gowpmwpn)izy. Irenllye = (ATemTenliz,).
Define the domain

Dy, = {(pp,h,de,h) € Wy x Beyp, « for given (ff,f,,qr) € V} X X; « WJ’C

3 (Up s W py U p), Df iy An) € Qn X Wy g x Ap, such that

V((Vphs Vs, Vi) (Wp ks Te s Wiy fn)) € Qn X Sp:

ar(upn, vin) + a(Wpn, vpn) + aBss(Upn, Ui Vin, Van) + b (Vi Drn) + bp(Vpns Do)

+ apby (Vs Ppi) + bs(Vs,ny Ten) + b0 (Vin, Vpn, Vs An) = (B, vin)ay + (B, van)ay,
(0Pp,hs Wpn) g, + p(Teh Ten) = by (Usn, wp,n) — bp(Wp,h, wp,h)

—bs(Usp, Ten) = bp(upn, wpn) = (a5, wen)o, + (S0gp; Wph)a, + (Ae, Ten)a,
br (Wyp, Wp hy Ws s i) = 0.

for some (gp, ge) € (Wp h) (2 ) } C Wgyh X Ez,h. (5.19)

We note that (5.19) can be written in an operator form as
Anan + Bpsp = £ in Qp,
~Bpan + Eapsp =g in Sy,

where Aj, : Q = Q), By, : Q — 5, and &, : S — S}, are the discrete counterparts of the operators
introduced in Section 3.2.
Analogous to the continuous formulation, we introduce the multivalued operator Mj with domain

/
Dy, and its associated relation My, C (W) x B p) X (WQh X Ee h) , where

M((pp,h:Ten)) { — Pph>Je — Ten)  (Pp, 0c) satisfies (4.9)—(4.11) for (gp, ge) € 2 x 3 2}
(5.20)
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and consider the problem

£ ) ()

We can establish the following well-posedness result.

Theorem 5.2. For each fy € Wh(0,T; Vi), £, € wWhtio,T;X0), qf € WHY(0,T; Wi,
g € WHH0,T;W)), and compatible initial data (py1(0), oen(0)) € Wyp X Bep, there exists a so-
lution of (5.4)~(5.6) with (afn, Prh, Uphs Pphs Ushs Teh, An) € L0, T5Vyp) x L0, T3 Wy p) x
L>®(0,T; V) x WEhe(0, T35 W, 5) x L®(0,T; X, 5) x WHe(0,T; %, 1) x L®(0,T; Ap,).

The proof of Theorem 5.2 uses the following steps:

Step 1. Establish that the domain Dy, given by (5.19) is nonempty.
Step 2. Show solvability of the parabolic problem (5.21).
Step 3. Show that the solution to (5.21) satisfies (5.4)—(5.6).

With the established discrete inf-sup conditions (5.17) and (5.18), the proof follows closely the proof
of Theorem 4.2. In particular, the proofs of Step 2 and Step 3 in the discrete setting are identical to
the continuous case. The proof of Step 1 is also very similar. The only difference is that the operator
Lr from Lemma 4.5 is now defined as Lr : Ap, — A}, Lr(pn1)(pn2) = (],uh,l\rl_Quh,l,,uh’2>pfp. One
needs to establish that L is a bounded, continuous, coercive and monotone operator, which follows
immediately from its definition, since (Lp(uh)(uh))l/rl = ||\ pnlla,-

As a corollary of Theorem 5.2, we obtain the following well-posedness result for the original semi-
discrete problem (5.1)—(5.3). The proof is identical to the proof of Theorem 4.3.

Theorem 5.3. For each f; € WY (0,T; V}) £, € wWbil,T; ;X5), qp € Wi, T; W]’c),
e WHH0,T; W), and compatible initial data (py(0),1,1,(0)) € Wy x Xy, 4, there exists a unique so-

lution (uyn(t), pra(t), up (), Pp,a(t), mpn(t), An(t)) € L (0 T5V )< L0, T; Wy ) < L®(0,T; V) X
WLeo(0,T; W, 5) x WE2(0,T;X,,5) x L2(0,T;A) of (5.1)—(5.3).

Remark 5.1. To satisfy the compatible initial data assumption for (pp n(0),0¢x(0)) and (ppa(0),n,4(0)),
we take (q(0),s,(0)) € Qp X Sy, to be the Dy-elliptic projection of (qo, o) constructed in Lemma 4.10:

Ahqh(O) + B;Lsh((n = Apqo + B;LSO m Q;L, (5.22)
—thh(O) + 527h5h(0) = _tho + 527h80 m S;m (5.23)

The proof of the following stability result is identical to the proof of Theorem 4.4.

Theorem 5.4. For the solution of (5.1)—(5.3), assuming sufficient reqularity of the data, there exists
C > 0 such that

||uf,h”zr(o,T;W1w(Qf)) + Hup,hHEr(o,T;Lr(Qp)) + |uf,h - amp,h ET(O,T;BJS) + ||pf,hH2r'(o,T;Lr'(Qf))
/ / 2 2
+ pr7hH7Inl”‘/(07T;L7‘/(Qp)) + H)‘hH’rr’(O’T;Ah) + ”T]p,hHLOO(O,T;Hl(Qp)) + SOHPPJLHLOO(O,T;LQ(QP))
< CeXp(T)(HfPH%OO(O,T;Hfl(Qp)) + ||np,h(0)’|%—11(ﬁp) + 50||Pp,h(0)||%2((2p) + ||8tfp’|%2(o,T;H*1(Qp))

+ Hff||TT/(07T;W—1,T’(Qf)) + HQszr(o,T;Lr(Qf)) + HQpHEr(o,T;U(Qf)) +c(cr+¢p+ 51))-
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6 Error analysis

In this section we analyze the spatial discretization error. Let ky and s; be the degrees of polynomials
in Vg and Wy, let ky, and s, be the degrees of polynomials in V,, , and W), j, respectively, and let ks
be the polynomial degree in X, j,.

6.1 Preliminaries

We introduce Qy.p, @p,n, and @y as the L? projection operators onto Wi ny Wy, and Ay, respectively,
satisfying:

(pf — Qs pps,wrn)o, =0, Vwyp € Wy, (6.1)
(Pp — Qp,rPps Wph)a, =0, Vwp,n € Wy, (6.2)
<>\ - Q)\,h)\a Mh)rfp = 07 vluh € Aha (63)

with approximation properties [18],

sr+1
I = QrapslliLr @ < CPTpsllyeins g 0 (6.4)
pr - Qp,hppHLr’(Qp) < Ch8p+1prHWSpH,r’(Qp)a (6'5)
”)‘ - Q)\,h)\”y’(rfp) < Chkp+1")\||Wkp+1,r’(Ffp)- (6-6)

In the error analysis we will use an interpolant Iy, = (It 4, Iph, Ispn) : U — Uy, where
U= {(Vf,vp,fp) €V xV,xX,:br (Vf,vp,ﬁp;,u) =0,Vu € A} ,

U = {(Vih: Vo €pn) € Vi X Vi X Xpi 0 br (Vs Vi €p s i) = 0,Yun € Ap} .

We construct the interpolant by combining sub-problem interpolants with correction on the interface
for the flux continuity. We recall the mixed finite element interpolant II,; onto V,,; introduced in
(5.8). It satisfies the approximation property [1,21],

Ve = Wy nvpllLri,) < CHP HHIvpllypaprr o, )- (6.7)

Let Sf.p, Ss p be the Scott-Zhang interpolation operators onto V5, and X, 5, respectively, satisfying [43]
v = Sravellerq,) +hIVVE = Seave)llir @, < C’hkf+1||Vf||ka+1,r(Qf), (6.8)

1€, — Ssnépllrz,) + hIV(E, = Ssn€p)lrz(a,) < CR* € greti(q,)- (6.9)

We set Irj, = Sy and I, = S, . We next construct I, ,v,. Consider the auxiliary problem: for vy
and §,, given, find ¢ € WIH/rr(Q,) satistying

V-V =0, in Q,, (6.10)
¢=0 on 'Y, (6.11)
Vo -my = (vy—Ippvy)-ng+ (&, — Lsn,) - np, on I'yp, (6.12)
Vé-n, =0, on I'}Y. (6.13)
Let z = V¢ and define w = z + v,,. Using (6.10)-(6.13), we obtain
V-w=V.-z+V-.v,=V vy in Q,, (6.14)
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Won,=2z-n,+Vy -0y, =vy-ng—Ippve-ng+§&, n,—I;§, n,+ v, n

= —Ippvy-ng — I, - ny, onT'p,.  (6.15)
We now set I, v, = II, ,w. Using (5.8) and (6.14), we have
(V- Iy nvp,wpn)a, = (V- n,w,wpr)a, = (V-w,wpn)a, = (V- vp,wpn)a,, Ywpn € Wy (6.16)
Using (5.9) and (6.15), we have for all uj € Ay,
IpnVp - 0p, pin)ry, = (Hp pW - 1p, pip)r,, = (W - Dp, pip)ry, = (—Lpnvy np — Isp§p - Dy, i),
which implies that I, : U — Uy, satisfies
<If7hvf ‘nyg+ I vy np + I €, - ny, 'uh>1“fp =0, Yun € Ap. (6.17)
We next present the approximation properties of I,

Lemma 6.1. For vy € WrHLT(Qy), v, € WhtLr(Q,), and £, € H*+L(Q,), there exists C > 0
independent of h such that

Ivs — Tavsllap + BV = vl < OB vl oo (618)
”Ep - IS,hépHLQ(Qp) + th(Ep - Isﬁép)”l?(ﬂ;,) < ChkSJrngpHHkS+1(Qp)7 (619)
Ve = Lpnvpllra,) < CR P vpllympsin g,y + 1™ Vsl err ) + W (€l e, (6:20)

Proof. The first two estimates (6.18)—(6.19) follow immediately from (6.8)-(6.9). Next,

1vp = IpnvpllLr,) = Ve — Wpnvp — Upazllr,) < Ve — Upavpllire,) + Hpnzllr@,).  (6.21)

Using (5.10), elliptic regularity (5.16) for (6.10)—(6.13), (6.18), and (6.19), we obtain

Hpnzll L9, < Clizllwirrq,) < OV = Lrnvy) - npllpre,,) + 16 — Ln€y) mpllere,,))
< C(llvy = Ippvillwrrp) + 1€ — Lnépllar(e,))
< C(hkf||Vf||ka+1m(Qf) + 1€ e o) (6.22)

Bound (6.20) follows by combining (6.21), (6.7), and (6.22). O

6.2 Error estimates

For u = (uy,uy,n,) and u, = (Ugp, Upp, M, p), define

2—r 2—7r
E(uuy) = ID(uy) — D(uy)| v [up — up | r
c+ |D(uf)\ D)l e,y e+ Tl + [up ]l e q,)
d—
N . —Omyp) tr;— (apn — Omyp) -ty r and
~ c+ | uf = 0mp) bl +1(upn = Ompn) trilll e r, )
G(u,up) = ([v(D(uy))D(uy) — v(D(uyy))D(usp)l, ID(uy) — D(ugn))a;,
+ (|Vesr(up)uy — vepp(upp)uppl, [uy —upnl)a,
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d—1

- Z agys(lvi(((ay —0my,) -ty i)tr ;) ((up —Omy,) -ty i)ty
j=1

—vr(((ugn — Ompp) - tr)tr ) ((apn — Omy ) - trg)tssl,
[((uy —0my,) -ty )t — ((wpn — 0y ) - tr)trs)T,,- (6.23)

The above quantities appear in the error analysis when applying the continuity bound (2.16) to the
difference of the true and approximate velocities. Note that as each term in £(u,uy) is less than 1,
E(u,uy) < (d+1).

Theorem 6.1. Let (uy,u,,m,,pf,Pp, A) be the solution of (3.5)~(3.7) and (Wy p, Wy py My s Pf b Pphs Ak)
be the solution of (5.1)—(5.3). There exists a constant C > 0 independent of h such that

Juy — ufﬁ”%?(o,T;Wlﬂ'(Qf)) + [Jup — uth%g 0.1:L7(2,)) T |(ay —Omy) — (ugpn — Omy )|i2(o T;BJS)
r/ r/
+ pr _pf,h”Lr’(QT;Lr’(Qf)) + pr pp,hHLr (0,T;L7 (Qp + HQ)\ hA — /\hH (0,117 (T'fp))
+ 10y = Mol Fos (011 0y + S0lID5 — Pp,h||Loo(o,T;L2(Qp)) +1G (w, up) L1 0,7

< Cexp(T >(h2’ff||ufu + 0 g

L2(0, ;Wb (Qy))
+hr 5f+1)”p Hr

(0,1 WrITT ()

2(sp+1)

+ hr(kp—H HupHr

0,1;W T Q)

+ BTy 7

T(O T.wkp+1 7( )) ! 0 T Wep+1 r! (Qp))

2( 1
=+ h‘ 5;0"1‘ )(”8tpp||L2 0,T; Wspt+1s r! (Q ) + ||ppHLoo(0 T; WeptLlr (Qp)))

2ks 2
12 (022 0 rsarne 1 y)) + 102 200,101 F Mgl 0,101
+ hrkSHat'rlp”zr(o T;HFs+1(Qy,)) + p kot D) H)‘Hr

+ h2EED ()12 ) 19N

(0, T;Whp LT (T 4))

)+ A0

L2(0,T;Wkp 17 (T, o (0,T;Wkpt17' (1, )))

+7,(0) = 1w (O)121 ) + pr< > =02

L2(0,T;Wkpt17' (1,

Proof. The proof is comprised of four main steps. In Step 1, bounds for |juy — uf7h||W1,'r(Qf) and
lup — Wy nllzr(q,) are obtained using the the monotonicity (2.15) and continuity (2.16) assumptions.
Bounds for [|n,(t) — n,,#)#1(,) and [[pp(t) — ppr(t)|r2(q,) are obtained in Step 2. Using the
discrete inf-sup condition (5.17), bounds for ||p; — pf,h”LT'(Qf)? lpp — pp7hHLT/(Qp), and ||\ — )‘hHLr’(Ffp)
are obtained in Step 3. In Step 4 we combine the bounds, apply Gronwall’s inequality and the
approximation properties (6.4)-(6.6) and (6.18)—(6.20), to complete the proof.

We note that the discretization error is bounded in the same spatial norms as in the stability bound
of Theorem 5.4. The temporal norms for the pressures and the Lagrange multiplier are also as in The-
orem 5.4. However, due to the use of the monotonicity (2.15), the temporal norm for the velocity and
displacement error is L2(0,T). This is in contrast to the L"(0,7) norm in the stability estimate, which
used the coercivity bounds in (4.3)—(4.5).

Step 1. Bounds for |[uy — ufJ—LHWl,r(Qf) and |[u, — up7h||Lr(Qp).
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Using (2.15) with G(x) = v(x)x, s = D(uy) and t = D(uyy):

( ID(uy) = Darn)liq,
e+ D) 30, + D)3,

+ (D (uy))D(uy) = ¥(D(ug))D(ug)l, [D(us) = D{ugs)le, )
< (2v(D(uy))D(uy) — 2v(D(uyn))D(ugy), D(uy) — D(ugs))g
(

) (6.24)
= (2v(D(uy))D(uy) = 2v(D(usn))D(usn), D(uy) = D(vin))g,
+ (20(D(u))D(uy) - 20(D(us))D(uza), D(v1s) — Dlugs))g,
=:J1 + Jo, Yvin € Vi, (6.25)

where we used the factor 2v in (6.24) in order that the term Jp may be expressed in terms of ay(, ).
The term J; can be bounded using (2.16) with s = D(uy), t = D(uy;) and w = D(uy) — D(vyy):

J1 < C(Jv(D(uy))D(uy) — v(D(ugn))D(ugp)l, [D(ay) — D(Uf,h)\)éz/frl

D(up) ~Dlug)] |+ )
¢+ [D(us)l + Dugn)l || o, ID(uy) =Dl
< e(lv(D(uy))D(uy) — v(D(usp))D(ugp)l, [D(uy) — D(usn)l)e;

ID(uy) —D(ugy)| ||
’ D(us) = D(vn)lLr o, 6.26
c+ |D(uf)| + |D(uf7h)| Loo(Qy) H ( f) ( f’h)HL (Qy) ( )

+C

where we used Young’s inequality (4.36). We choose e small enough and combine (6.25)—(6.26) to obtain

ID(ug) ~ D(ugs)l3 g
e+ DA, + |

f)Q + ([v(D(uy))D(uy) — v(D(uyn))D(ugn), [D(uy) — D(ugn)|o,
D(uyn)|l

"( Qf)
ID(u) =D(ugn)| |*7
=C ’ D(uy) = D(vyu)lir +J2 |- 6.27
( c+ [D(uy)| + [D(uss)| Loo(@y) D (uy) (vl (Qp) T Y2 (6.27)

Similarly, to bound the error in the Darcy velocity we use (2.15) and (2.16) with G(x) = vefr(x)x,
s=u, t=u,, and w=u, — vy, vp, € V,, to obtain

[up — up,h”QLT(Q )

-t ([Vesr(ap)up — verp(up p)uppl, [uy — up,h|)9p

e+ upll T,y + Iapnl 7,
lup —upp o
<c » [t = Vol ) + (6.28)
< c—+ |up| + ‘up,h| Loo(2) P PAILT(Sp)

where
Jy = (Veff(up)ff_lup - Veff(up,hm_lup,h? Vph = Uph)Q,

The factor ! is introduced in the definition of J; in order that it may be expressed in terms of

ag(-, -).  Similarly, to bound the terms coming from the BJS condition, we set in (2.15) and (2.16),
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G(x) = vi(x)x, s = ((uy — 9my,) - tpj)tys t = ((wpn — Onyy) - trj)ty; and w = ((uy — 9m,) -
tri)trg — (Vin —&pn) “tr)trgs Vin € Vi, &, € Xpp, to obtain

dz 1(ay —0my) - tr5 — (apn = Omyp) - trjllie e,

= e+ (g — my) - trl1777 vy, TN =0y ) -ty

d—1

+C Y apys(lvi(((ay — 0my) - t55)t75)((ay — 0imy,) - b55)t 7,
j=1

2—r
7n(Ffp)

—vi(((agn = Ompp) - b55)t55) (W — Omyp) - trj)tsl,
[((up —m,) -ty )ty — ((apn — Omyp) - tr)trir,,
((uy —0imy,) -ty — (apn —0myp) - trgl |77

— e+ 1up—amp) - trl+ [(upn = Ompp) - trglll e, )
< |[(up = 8emy) - tr — (Vin = &pn) - trillee,,) + J6. (6.29)

|M:“

where

Jo =D anys (Ve wil((ug = 0my) - try)y5)(ug — Omy) -t

—vr(((upn —Ompp) - tr)tri)Upn — Ompp) trg), (Vin —&pp) ~trg — (Wpn — Omyp) -ty gy,

Combining (6.27)—(6.29) together with the regularity of the solution from Theorems 4.3 and 5.3, we
obtain

Jay — uf,hH%/vl»r(Qf) +lwp = wpnl7rq,) + 1y = 9imy,) = (wpn — Oy p)Bas + G(u,up) (6.30)
<C (5(U»uh)r(||uf — Vil + 10 = vpnrllpra,) +10m, = & nllEq,) +J2+ Ja+ Jﬁ) )
where we used the trace inequality. To bound the last three terms above, note that
Jo = ag(ug, vy —ugp) —ag(upn, vin —ugn),  Ji=ap(Up, Vpn — Upn) = ap(Upn, Vs — Upp),
Jo = aBJS(ufa 3t77p; Vih — Ufh, Ep,h - 8t77p,h) - aBJS(ufvh’ 81t77p,h5 Vih = Ufh, €p,h - atnp,h)'
Step 2. Bounds for [|n,(t) — n,,(t)| r1(q,) and |Ipp(t) — ppa(t)lz2(0,)-
We subtract (5.1) from (3.5) and test with (v, —wsn, Vpu — Upn, &, — 9in,p), to obtain
JQ + J4 + JG =a (np h — npa Ep,h - atnp,h) + bf(vf,h — Ufn,PDfh — Pf) + Oébp(sp,h - 8tnp,h7pp,h - pp)
+ bp (Vo = Up o, Pp = Pp) + b0 (Vin — Wpn, Vo — Uphy §p = O pi An — A)
agc;(np,h — Ny Sp,h - 8l‘/’r]p) + agc;(np,h — Ny 8l‘/’r]p - at’r,p,h) + bf(vf,h —Ufh,Pfh — Qf,hpf)
+br(Vin —upn Qrapy — pg) + bp(&pn — Oy s Pph — QpiPp) + bp(&p 1 — Oy s Qp,pPp — Pp)
+ bp(Vp,h = Up,ns Pp,h — @paPp) + 0p(Vpn — Upn, @pnDp — Pp)

+br(Vin = Upn, Vph — Uphs &pn — OeMy i A — QanA)
+br(Vin —Uph, Vo — Upn, & — Oy i QA pA — A). (6.31)
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Since V- V5, = Wy and V5, - nyr,, = Ay, (6.2) and (6.3) imply that

bp(Vp,h — Up s QpaPp — Pp) =0, br(0, vy —upp, 0;QxpA — A) = 0.

Now we take (Vyn, Vph&pn) = (Lrpuy, Ippuy, Is ,0im,,). Then (6.31) can be written as follows:

Jo 4 Ja+ Jo + ap(m, = My s Oy = Oy p) = ap (M = Ny Ls.n0emy, — Omy)
+op(Ipnuy —upn, prn— Qrapp) +br(Ippuy —upn, Qpnps — pr) + aby(Ls,n0imy, — ny s Pph — Qphp)
+ aby(Is nOin, — Oy, QpnPp — Pp) + br(Lypy — uyp, Ip pap — Uy iy Ls nOMy, — OiMy s An — Q)
+br(Iypuy —uypp, 0, I nOm, — Omy p; QA A — A) + bp(Lpp0p — Uy p, P — Qpapp).  (6.32)

Note that due to (5.3) and (6.17), we have

br(If}huf — U—f,h; Ip7hup — up,h, Is,hatnp — 6,517])7,1; )\h — Q)\jh)\) = 0. (6.33)
We next subtract (5.2) from (3.6) with the choice (wy p, wp.n) = (QfrPf — Pfh> @phDp — Pp.h):
SO(atpp - Qp,hatppa Qp,hpp - pp,h)Qp + SO(Qp,hatpp - 8tpp,h7 Qp,hpp - pp,h)Qp
- abp(atnp - Is,hat'rlpy Qp,hpp - pp,h) - abp(ls,hatnp - at'rlp,ha Qp,hpp - pp,h)

—by(up — Iy pap, Qp hpp — Pp,n) — bp(Ip ny — Wy hy Qp hPp — Pp 1)
—by(uy —Ippuy, Qrapy — prn) = by(Ippty —upn, Qpaps — prp) = 0. (6.34)

By (6.2) and (6.16), we have

SO(atpp - Qp,hatpp7 Qp,hpp - pp,h)Qp =0, bp(up - Ip,hupa Qp,hpp - pp,h) = 0.

Then (6.34) becomes

SO(Qp,hatpp - atpp,im Qp,hpp - pp,h)Qp = abp(atnp - Is,hatnp7 Qp,hpp - pp,h)
+ O‘bp(lahatnp - 8t77p,h> Qp,hpp - pp,h) + bp(Ip,hup — Uph, thpp - pp,h)
+bp(up —Ippug, Qpapr — pru) + bp(Ippy — upn, Qpaps — Pfh)- (6.35)

We now combine (6.32), (6.33), and (6.35), to obtain

Jo + Ju+ Jo + ap (M — My Oy p, — OMy) + 50(Qp pOePp — OtDPp by QppPp — Pp.h)ey,
= ap,(Mpp — Ny Ls nOmMy, — Omy,) +bp(up — Iypug, Qpuapy — prn) +0p(Ippuy —upp, Qrapy — py)
+ abp (I, 0y, — Oimyy, Qpapp — Pp,p) + bp(Ls nOimy, — Omy j, Qp Py — Pp)
+ ((Lrnup —upn) - np, QupA = Aoy, + ((Lsn0my, — 0imy 1) - 0p, QrnA = A)ry,- (6.36)
We next bound the first four and the sixth terms of the right using Young’s inequality (4.36). We note
that the velocity and displacement errors are controlled in L2(0,T), so the terms involving such errors

are bounded using (4.36) with p = ¢ = 2. The pressure and Lagrange multiplier errors are controlled
in L' (0,T), so for such terms we use (4.36) with p = 7/ and ¢ = . We have

a;(np,h — Nps IS,hatnp - 6tnp> < C(an,h - TlpH?{l(Qp) + ”137}18157712 - 8157717”%—[1(91,))7
bp(ug —Irpus, Qrupy = prn) < €tllprn = Qpapsle ) + Cllrnuy —usllyr gy,
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by(Ignuy —upn, Qrps —py) < elluy —uppllfpe o,
+ C( vy =gl + 1Qraps = prlT o )

aby(Lsh0emy — Oy, Qp.npp — Pp.i) < €1llpp.n — Qp,hpp”rr'(gp) + CllLsn0m, — atanrﬂl(Qp)’
((Irpup —upp) np, Qupd = Nry, < elluy —upnlfg g,

+ C(||If7huf - uf”%/l/lﬂ‘(gf) + ||Q>\,h)‘ - )‘Hir/(pfp))' (6.37)
We combine (6.36) and (6.37) and integrate in time from 0 to t € (0, T]:

t
5 (5,(0) = (0, 7, 0) = 7p(0)) + 501Qppp(t) — () ) + /0 (o + Ja+ J) ds

t
< eillpgn — Qenpsl gy + €tllppn — Quabplls s oy + 2lluy —upnlliping, ) ds
0 (€2y) (92p) (Qf)

1 e
45 (a5,(0) = 1,0, 7,(0) = 1, 1 0)) + 501 @y 1 0) — 2 0) )
t
+ C/O (an,h - an%—Il(Qp) + HIS,hatnp - atanj%Il(Qp) + ”I&hatnp - 3t77p||7}{1(ﬂp)
H1Qsnps = PrllTe o,y +1Q@xnA = Al o, s + Hpnay = sl + [1Tpnuy = uf\\%l,r(nf))ds

t
+ /o (abp(Ls 1n0my, — Omy 1y Qpupp — Pp) + (Ls n0imy, — Oy 1) - N, QunA — A1), ) ds. (6.38)

For the last two terms on the right hand side we use integration by parts:

t
/ (O‘bp(Is,hatnp - atrlp,hv Qprp — pp) + <(Is,h8t77p - 8“71)711) Ny, Qx A — )\>1“f,,) ds
0

t t
= abp(-[s,hnp - T]p,ha Qp,hpp - pp) 0 + <(Is,hnp - np7h) ‘N, Q)\,h)‘ - )\>Ffp 0

t
- /0 (abp(Tspmy = My ps Qonepp — 0ipp) + ((Ls w1y — M 1) - Dy QA — N1y, ) ds - (6.39)

and bound the terms on the right hand side above as follows:

t t
aby(Ls,11p = M.y QpiPp = Pp)| |+ {Usntly = Mp) - Dpy Qupd = Ay, | < eallmy (1) Mo (O Fr1 ()
+C (HIS,hnp(t) - ’rlp(t)H%Il(Qp) + HQP,hpp(t) _pp(t)”Qr’(Qp) + HQ)\,hA(t) - A(t)H2r’(Ffp)

1o nm,(0) = 1, O Brs gy + 1Qpnpp(0) = pp(0)2,1y ) + 1QAAAD) = AO) 2,1 ) (6.40)

t
/0 (abP(IS,h'rlp — Np,hs Qp,hatpp - 8tpp) + <(Is,h"7p - np,h) "Ny, QA,hat/\ - at/\>1“fp) ds

t
< C/O (I, = M ) + sy, = Ml 0

H1Qpndimy = Oy l2,r g ) + 1QARDA = DN, 1) dis. (6.41)
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Combining (6.38)—(6.41), we obtain
t
11,0 = 1) B+ 501 Qutt) — o + [ (T Jo s
t t
< (1m0~ 1y OBy + [ g =gl ) +€ [ 1y = ol o
t ! /
+ €1 /0 (pr,h - Qf,hprLr’(Qf) + pr,h - Qp,hppHLr’(Qp)) ds

#C [ (eamy =~ s+ s, = 0um, i+ esdom, — Oumy o

QA = M T, s+ 1Qpndepp = Oppl 70 ) + 1QARON = AT

+1Qpnps — P20, + gy — ufuivmf) + g = usllipn oy ) ds

+C (ITmy () =m0l ) + 1@pnpn(t) = o2 ) + 1QAAND) = ADIZr, |

+ [[15,,m,(0) — nP(O)H%'Jl(Qp) + [|@p,npp(0) —pp(O)HZT/(Qp) + [|Qx,nA(0) — A0 )HQT (T}

17,0 = 7, 0) 31 ) + o) = P (0)2,1g ) (6.42)
Step 3. Bounds for [|py _pf,hHLr/(ny 1Py _pp,hHL?“’(Qp) and |[A — )\hHLr’(r
Next, using the inf-sup condition (5.17), we obtain

(g1 — Qsnpss Pph — QpnPps M — QAN Wy x W, x Ay,
by (Vins e — Qraps) +0p(Vphs Pph — QpaPp) +00(Vin, Vpn, 03 An — Qan)

<C sup
(V1. Vp,n)EV £ X Vp,h ||(Vf,han,h)HfoVp
_c sup ap(upnvyn) —ap(ug, ven) | 0(dpn Vpn) = a5(dp, vpn)

(Vi Vp,n)EV g nXVp n - 1V s Vo) [V v, 1V en Vo) v,
apys(Wyh, OMyp; Vi, 0) —apys(uy, dny,; vin, 0)
(V1.5 Vo) IV, v,
n by(Vin, Qrnps — r) + bp(Vpn, QpaPp — Pp) + br(Vyn, Vphy 05 Qx pA — A)}
(Vs Vo) IV xv,
=¢ (5(“’ )G, un)"" + 1Qpnps = el ) + Qoo = Pollir ) + Q1A = AHLT’(rfw) ’

using (2.16) for the last inequality. Hence, as £(u,uy) < (d + 1),

t
/ (o2 = Qa5 )y + oot = Qpimpllyor ) + 130 = Quudle, )

< 610/ (u,up) + HQlepf pf”rLr’(Qf) + HQ;DleP _pPHZr’(Qp) + HQ)\,h)\ - )\Hrr/(l"fp)> ds. (6'43)
Step 4. Combination of the bounds.

We now integrate (6.30) in time, combine it with (6.42) and (6.43), take €; small enough, then ey
small enough, and apply Gronwall’s inequality, to obtain

2 2 2
luy —ugp L2(0,m;wir () T [up —upp L20,1507(2,)) T [(uy = 9mp) — (upp — 8t’7p,h)|L2(o,T;BJ5)
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+ |Qs.npf — Psp

7,/ 7,/ 7,/
oz @) T 1QaPy = Pollier 0.1, 0,9 + 1@ARA = Ml o 1y

+ 10y = Mol Zos o e 0y + 50/1@pinPp = Pppll7oe o120y + 1G(0 R |10,

< Coxp(T) Iy = Tty l3e oy + 107 = Itz @)
1, = Lonmpl 20 msm (9y)) + 110 = IpaWpl o rsnr,)) + 106, = Lsn@p |l o 111 0
+10m, = Lsndemyll720. 111 (0, + Q1005 — pf||iz(0,T;LT»/(Qf)) + |QxnA — Allig(omy/ 1)
+ |Qp,n0epp — athHiQ(QT;Lw(QP)) + |Qx RO — 8t)‘”i2(07T;Lr’(rfp)) 11, = Lonpll 7o (011100
+ |Qp,npp — pp”ioo(oj;y-/(gp)) + [|QapA — )‘||200(07T;L7"(1"fp)) + |Qsnps — pf||TL,T-/(07T;LT-/(Qf))
+11Qutpp = Poll e o o1 0,0+ 1@ARA = Mt 0 g, )

1m,(0) = 1, 403110 + [125(0) = Bp (02,0 gy )

The assertion of the theorem follows from the approximation bounds (6.4)—(6.6) and (6.18)—(6.20) and
the use of the triangle inequality for the pressure error terms. O

Remark 6.1. Recall that the discrete initial data is chosen as the elliptic projection of the continuous
initial data, see (5.22)—(5.23). Following the arguments from the proof of Theorem 6.1 for the error anal-
ysis of the corresponding elliptic problem, it can be shown that the initial error ||n,(0) —np7h(0)||?{1(ﬂp) +

lpp(0) _Pp,h(o)sz(Qp) can be absorbed in the rest of the terms on the right hand side in the error bound.

7 Numerical results

In this section we present numerical results that illustrate the behavior of the method. For spatial
discretization we use the P1b — P1b MINI elements for Stokes, the lowest order Raviart-Thomas spaces
RTo—"Pp for Darcy [7], continuous piecewise linears P; for the displacement, and piecewise constants Py
for the Lagrange multiplier. We neglect the nonlinearity in the BJS condition (2.13). We discretize the
problem (5.1)—(5.3) in time using the Backward Euler scheme with a time step 7. The resulting coupled
nonlinear algebraic system at each time step is solved in a monolithic fashion. The nonlinearities in
Stokes and Darcy are handled using the Picard iteration. At each iteration, the resulting linear system
is solved using a direct solver. Other approaches are possible, including using preconditioned iterative
solvers or non-overlapping domain decomposition algorithms, see e.g. [47], which is beyond the scope of
this paper. The computations are performed on triangular grids, matching across the interface, using
the finite element package FreeFem++ [31].

7.1 Example 1: application to industrial filters

Our first example is motivated by an application to industrial filters, see [23]. The units in this example
are dimensionless. We consider a computational domain 2 = (0,2) x (0, 1), where Q¢ = (0,1) x (0,1)
is the fluid region and €, = (1,2) x (0,1) is the poroelastic region, which models the filter. The flow
is driven by a pressure drop: on the left boundary of {1y we set p;;;, = 1 and on the right boundary of
Qp, Pout = 0, which is also chosen as the initial condition for the Darcy pressure. Along the top and
bottom boundaries, we impose a no-slip boundary condition for the Stokes flow and a no-flow boundary
condition for the Darcy flow. We also set zero displacement initial and boundary conditions. We set
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pressure velocity
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(a) pressure (b) velocity vector (arrows) and magnitude (color)

Figure 2: Example 1, non-Newtonian pressure and velocity solutions at time ¢ = 1.

Ap = pp = 50 = a = apjs = 1.0 and k = I. We consider the Cross model for the viscosity in Stokes
and Darcy:

l/f70 — Vf7oo

Vp,0 — Vp,oo
7.1
1+Kf|D(Uf)|2_Tf, ( )

14 Kpluy|?~7’

vi(D(uy)]) = vfeo + vp([up|) = vpoo +
where the parameters are chosen as Ky = K, = 1, v oo = Vpoo = 1, Vo = 1po = 10, ry = r, = 1.35.
The simulation time is 7" = 1.0 and the time step 7 = 0.01. To verify the convergence estimate from
Theorem 6.1, we compute a reference solution, obtained on a mesh with characteristic size h = 1/320.
Table 1 shows the relative errors and rates of convergence for the solutions computed with mesh sizes
h =1/20,1/40,1/80 and 1/160 . Since we use bounded functions to model the viscosity in both regions,
we compute the error norms using 7 = 7’ = 2. As seen from the table, the results agree with theory,
i.e. we observe at least first convergence rate for all variables. We note that the time step is sufficiently
small, so that the time discretization error does not have an effect on the convergence.

We also investigate the non-Newtonian effect by comparing to the linear analogue of the method
(5.1)-(5.3). For visualization we use the solutions computed with mesh size h = 1/40. We set the
viscosity in the linear case to be 1/?” = Vfo = 1 and V]loi" = Vpoo = 1. This choice is motivated
by investigations in the literature of non-Newtonian effects for physical fluids, such as blood, where
the viscosity for the Newtonian fluid is taken to be the minimum value of the non-Newtonian viscosity
model, see, e.g. [30] and references therein. In Figure 2 we plot the non-Newtonian pressure and velocity
at the final time. We observe channel-like flow in the fluid region, which slows down and diffuses as
the fluid enters the poroelastic region. The pressure drop occurs mostly in the fluid region. In Figure 3
we plot the nonlinear viscosity at the first and last time steps. We note that the viscosity is highest
in the middle of the fluid domain and it decreases towards the boundary, which is due to the fact that
the strain rate increases towards the boundary. On the other hand, the viscosity does not vary as
much in the poroelastic domain due to the small changes in velocity. These observations agree with
the conclusions in [23]. In Figures 4 and 5 we plot the difference nonlinear — linear solution, where
colors represent the magnitude of the corresponding difference and arrows represent the direction. We
observe that the higher viscosity in the non-Newtonian model results in lower Stokes velocity, as shown
on Figure 4(b), which in turn leads to lower displacement, see Figure 5(b).

7.2 Example 2: application to hydraulic fracturing

We next present an example motivated by hydraulic fracturing. We study the interaction between a
stationary fracture filled with fluid and the surrounding reservoir. The units in this example are meters
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5, —ag,nll
fh T OARI2(0, T HL Q)

ref
Iy —8p.nlli20,7:02(0,))

P55 —p sl
f.h T PHRN2(0,1502(05))

7
Il ||l2<o,T;H1(9f))

Fi
g 20,7522 (0

P57 I
Py li2(0,15L2(24))

h error order error order error order
1/20 | 4.83E-03 — 1.55E-01 — 2.75E-02 —
1/40 | 2.31E-03 1.06 8.63E-02 0.85 1.03E-02 1.41
1/80 | 1.04E-03 1.16 4.08E-02 1.08 4.62E-03 1.16
1/160 | 3.94E-04 1.40 2.07E-02 0.98 2.14E-04 1.11

oo —pp.nll
Py, Pp,h112(0,7;12(2p))

Iyl —pp.nll
Pp, i Pp,hllico (0,152 (Qp))

ref
072, 5 =T llioo 0,71 (02

e, |
Pp,i 12(0,7;1.2(2p))

oo/
Pp,h 11120 (0,75L2(Qp))

i
1720 oo 0,711 (2)

h error order error order error order
1/20 | 4.10E-02 - 1.15E-01 — 4.98E-02 -
1/40 | 1.92E-02 1.10 5.28E-02 1.12 2.88E-02 0.79
1/80 | 8.24E-03 1.22 2.25E-02 1.23 1.61E-02 0.84
1/160 | 2.75E-03 1.58 7.48E-03 1.59 6.59E-03 1.29

Table 1: Convergence for (P1b x P1b) x (RTo X Pp) x P1 x Py elements.

(a) t =0.01

viscosity
I 1.000e+01

t9.3336+OO

(b) t =1

Figure 3: Example 1, nonlinear viscosity.

(a) pressure

pressure
4.057e-06

I—4.5969—02

viscosity
19.9989+00

[9.027e+00

(b) velocity vector (arrows) and magnitude (color)

Figure 4: Example 1, difference between non-Newtonian and Newtonian solutions at time ¢ = 1.
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displacement displacement
4.229e-03 3.535e-03
E E
;
t0.000e+00 t0.000e+00
(a) nonlinear displacement (b) difference

Figure 5: Example 1, non-Newtonian displacement solution and difference at time ¢ = 1.

for length, seconds for time, and kPa for pressure. We consider a reference domain € = [0,1] x [—1, 1]
and a fracture domain {1¢, which is located in the middle with a boundary

& = 200(0.05 — 9)(0.05 + 9), § € [~0.05,0.05].

The reference poroelastic domain is Qp =0 \ Q #- The computational domain, shown in Figure 6 (left),
is obtained from the reference domain via the mapping

[x](fc A)—001[ v
y| Y " (5 eos(55Y) cos(Tt)? + /2 — £/10) |

We enforce an inflow rate uy-ny = 10 m/s, ug-7¢ = 0 m/s on the left part of 92y and no flow u,-n, =0
m/s and no stress opn, = 0 kPa on the left part of 9€2,. On the top, bottom, and right boundaries we
set pp = 1000 kPa, n,,-n, =0 m/s, and opn, - 7, = 0 kPa. The initial conditions are p, = 1000 kPa and
n = 0 m/s. The poroelastic parameters, which are typical for hydraulic fracturing and are similar to
the ones used in [28], are given in Figure 6 (right). The nonlinear viscosity model in Stokes and Darcy
is from [35] for a polymer used in hydraulic fracturing, see Figure 7 (left) for the viscosity dependence
on the shear rate. We match the curve using the Cross model (7.1) with parameters K; = K, = 7,
Vico = Vpoo = 3.0 x 1070 kPa s, vsg =10 = 1.0 x 1072 kPa s, and ry = r, = 1.35.

We run the simulation for 300 s with time step 7 = 1 s and compare the results of the linear and
nonlinear models. For the linear model we use the viscosity for water, 1/?" = V[lf" =1.0 x 107 kPa s,
which is slightly lower than the minimum value of the nonlinear viscosity. We present the simulation
results at the final time for both models in Figures 7-9. We note that the scales in the plots are
different for the two models, due to significant differences in the solution values. The computed Stokes
and Darcy velocities are shown in Figure 8. We observe channel-like flow in the fracture with both
models. However, the higher nonlinear viscosity results in smaller velocity, especially near the fracture
tip. The nonlinear viscosity in the fracture is shown in Figure 7 (middle). We note the significant
shear-thinning effect, especially along the wall of the fracture, where the viscosity is reduced to values
in the order of v . Comparing the Darcy velocity fields in Figure 8, we observe that the combination
of very small permeability and high fluid viscosity in the nonlinear case results in very little fluid
penetration into the reservoir. This is an expected behavior in hydraulic fracturing. Correspondingly,
the nonlinear viscosity in the poroelastic region, as shown in Figure 7 (right), is significantly reduced in
a close vicinity of the fracture, but is equal to the maximum value v}, o away from the fracture. In the
linear case, the Darcy velocity is larger and the fluid penetrates further into the reservoir. The behavior
for both models is consistent with the computed pressure fields shown in Figure 9. For both models
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Parameter Units Values

Young’s modulus FE (kPa) 107

Poisson’s ratio o 0.2

Lame coefficient (kPa) 5/12 x 107

Lame coefficient A, (kPa) 5/18 x 107

Permeability K (m?) (200,50) x 10712
(kPa=1) 6.89 x 1072
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Figure 7: Example 2, nonlinear viscosity model and computed Stokes and Darcy viscosity at ¢t = 300s.

we observe increase in pressure near the fracture. In the linear case the pressure gradient extends away
from the fracture. In the nonlinear case, since the fluid cannot penetrate further into the reservoir, we
observe a significant pressure buildup along the fracture, about 100 times larger than in the linear case.
This in turn results in about 100 times larger displacement in the nonlinear case. This includes larger
opening of the fracture, all the way to the tip. We note that our models are for stationary fractures, but
the large displacement and corresponding stress near the fracture tip in the nonlinear case may result in
practice in fracture propagation, as would be expected in hydraulic fracturing. To summarize, this is a
numerically very challenging test case, due to the large stiffness and small permeability of the rock. The
numerical difficulty for the non-Newtonian fluid is further increased due to the model nonlinearity and
the larger viscosity. We observe that the model is capable of handling parameters in this challenging
range and produce results that are qualitatively similar to practical hydraulic fracturing applications.
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