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Abstract

In this article we investigate the regularity of the solution to the fractional diffusion, advec-
tion, reaction equation on a bounded domain in R!. The analysis is performed in the weighted
Sobolev spaces, H{, ;) (I). Three different characterizations of H{, ,(I) are presented, together
with needed embedding theorems for these spaces. The analysis shows that the regularity of
the solution is bounded by the endpoint behavior of the solution, which is determined by the
parameters « and r defining the fractional diffusion operator. Additionally, the analysis shows
that for a sufficiently smooth right hand side function, the regularity of the solution to fractional
diffusion reaction equation is lower than that of the fractional diffusion equation. Also, the regu-
larity of the solution to fractional diffusion advection reaction equation is two orders lower than
that of the fractional diffusion reaction equation.
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1 Introduction

Of interest in this report is the regularity of the solution of the fractional diffusion equation

Lou(z) = — (D% + (1—r)D™)u(x) = f(z), wel,
subject to u(0) =

and the regularity of the solution of the fractional diffusion, advection, reaction equation

Liu(z) + b(x)Du(z) + c(x)u(z) = f(z), xel, (1.3)
subject to u(0) = u(1) = 0,
where I := (0,1), 1 < a <2,0<7r <1, c(x) — £Db(z) > 0, D denotes the usual derivative

operator, D% the a-order left fractional derivative operator, and D®* the a-order right fractional
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derivative operator, defined by:

D°u(z) == D F(Ql_ 3 /Ow (m _ls)a_l Du(s) ds, (1.5)
1
D*u(z):= D F(Zl— ) /x = i)a_l Du(s) ds. (1.6)

The regularity of the solution to a differential equation plays a fundamental role in designing optimal
approximation schemes for the solution.

In recent years fractional order differential equations have received increased attention due to their
application in the modeling of physical phenomena such as in contaminant transport in ground
water flow [7, 12], viscoelasticity [26], image processing [5, 10, 17, 18], turbulent flow [25, 32|, and
chaotic dynamics [35].

The diffusion operator, £, arises in a random walk process in which the jumps have an unbounded
variance (Lévy process) [7, 30].

For the case r = 1/2, E‘f‘/Q represents the integral fractional Laplacian operator [2]. The existence,
uniqueness and regularity of the solution to the fractional Laplacian equation has been investigated
by a number of authors, in R! see [3], in R"22 [4, 11, 20, 31]. Recently the regularity results for the
fractional Laplacian equation was extended by Hao and Zhang in [23, 36] to the fractional Laplacian
equation with a constant advection and reaction term (i.e. (1.3),(1.4), forr = 1/2,b(z) = b, ¢(z) = ¢,
b, c € R).

Fewer results on the regularity of the solution to the general fractional diffusion, advection, reaction
equation have been established. In [15] Ervin and Roop established existence and uniqueness of
solution, u € Hy / 2(I), for f € H~%/%(I). More recently in [14, 24] precise regularity results were
obtained for the solution of (1.1),(1.2) for f € HE, b (I), where HE b (I) denotes an appropriated
weighted Sobolev space. In [22] Hao, Guang and Zhang obtained regularity estimates for the solution
of (1.3) for b(x) = 0, c(x) = c. Their numerical experiments indicated that their regularity estimates

were not optimal.

In this article we present the general regularity results for (1.3),(1.4), in appropriately weighted
Sobolev spaces. The analysis establishes that the presence of a reaction term (i.e. ¢(z) # 0) limits
the regularity of the solution, regardless of the smoothness of the right hand side function, f(x).
This reduction in regularity is greater (by a factor of 2) when an advective term (i.e. b(z) # 0)
appears in (1.3). This behavior of the solution is in sharp contrast to that for the integer order
(a = 2) diffusion, advection, reaction equation. In that case, assuming b(z) and c¢(z) are sufficiently
regular, for the right hand side function f € H*(I) the solution lies in H"2(T).

The results we present herein extend those in [14] for the fractional diffusion equation, and those in
[23] for the fractional Laplacian equation with a constant advection and reaction term. The proofs
given are significantly different that those used in [22, 23].

The analysis of (1.3),(1.4) is most appropriately performed in weighted Sobolev spaces (due to
the singular behavior of the solution at the endpoints). There are different ways to define the
weighted Sobolev spaces: (i) using interpolation, (ii) using an appropriate basis, (iii) using an explicit
definition for the fractional order norms. Each of these representations have their advantages, and
are used in the analysis.



This paper is organized as follows. In the next section we present some preliminary definitions and
results. Section 3 presents the three different (but equivalent) definitions of the weighted Sobolev
spaces, along with some useful properties of the space H (Sa’b)(I). (For example, which H (Sa,b) (I) space
the function f(x) = z* lies in, and for which HE b (I) we have the embedding HE I) c C*(1).)
The regularity of the solution to the fractional diffusion problem (1.1),(1.2), is discussed in Section
4. The regularity of the solution to the fractional diffusion, advection, reaction problem (1.3),(1.4)
is presented in Section 5. In Section 6 we relate the regularity results obtained in weighted Sobolev
spaces to the usual (unweighted) Sobolev spaces. In the final section, Section 7, we give the proof
of a key result used in Section 4.

2 Notation and Properties
Jacobi polynomial have an important connection with fractional order diffusion equations [3, 14, 28,
27]. We briefly review their definition and some of their important properties [1, 33].

Usual Jacobi Polynomials, pi*Y (t), on (—1,1).
Definition: P\*" () = 3" o Pum (t— D)™ (¢ + 1)™, where

__i n+a n+b
= & (P20 ) (270, @

Orthogonality:

0 k#j

1
1— a 1 b P-(a7b) P(avb) — )
| a=onae P R ar PO Kl

(2.2)

1/2
(a+b+1) I(j+a+DT(G+b+1) /
2 +a+b+1)TH+)T(G+a+b+1)

a,b
where [|[P{*"[|| = (

In order to transform the domain of the family of Jacobi polynomials to [0,1], let ¢ — 2z — 1 and
introduce G;a’b)(w) = p{? (t(x)). From (2.2),

1 1
a a,b a,b a a a,b a,b
/1(1—@ (1+0)° P (1) P (1) dt = /0 2% (1 - 2)* 2" 2 P (20 — 1) P*" (22 — 1) 2d

J

1
= gath+l /0 (1—2)%a? Gt (x) G,(ga’b) (x) dx

o k7,
T 22, k=

1 r(j+a+1)r(j+b+1)>1/2
2 +a+b+)IGE+D)T(G+a+b+1)

where [[|G\"]|| = (
(2.3)

a,b b,a
Note that  [[|GY7]] = |G| (2.4)
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From [27, equation (2.19)] we have that

d* F'n+k+a+b+1) k, btk
L plad(y) = platk.brk) gy 2.
dtk™ " (*) 26T(n+a+b+1) "k (*) (2.5)
Hence,
dk I'n+k+a+b+1) ke, btk
Glab) (1) — Gtk bHR) 0y 2.6
g O (@) Tntatbtl) —nk (z) (2:6)

Also, from [27, equation (2.15)],

j; {(1 etk (1 g )btk P,gi;’“”’“)(t)} - (_(ﬁf)?' (1-) (1) P@O(t), n > k>0, (2.7)
from which it follows that
j;k{ (1 — )@tk gb+k Géajkk,b+k)($)} _ ((;1_)27;" 1 - )%zt GV (z). (2.8)
For compactness of notation we introduce
plat) = plab)(z) = (1 —z)ab. (2.9)

We let Ny := NUO and use y,, ~ nP to denote that there exists constants ¢ and C' > 0 such that, as
n — oo, cn? < |y,| < CnP. Additionally, we use a < b to denote that there exists a constant C'
such that a < C'b.

For s € R, |s] is used to denote the largest integer that is less than or equal to s, and [s] is used
to denote the smallest integer that is greater than or equal to s.

Note, from Stirling’s formula we have that

. I'(n+o)

Definition: Condition A
For a and r given, satisfying 1 < a < 2,0 <r <1, let 8 be determined by « — 1 < 5 < 1 and

o= sin(r 5) (2.11)

sin(m(o — B)) + sin(7 @)

Furthermore, introduce the constant ¢ defined by

. sin(ma)
“ = sin(m(a — B)) + sin(nf) (2.12)

Function space L2(I).
For w(z) >0, z € (0,1), let

L2(1) = {f(z) : / w(z) f(z)*dr < oo}. (2.13)
0
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Associated with L2 (0, 1) is the inner product, (-,-),, and norm, || - ||,,, defined by

1
(f . gho = /0 w(a) f@)g@)de, and |fllo = ((f, Fu)? .

The set of orthogonal polynomials {Gga’b) }320 form an orthogonal basis for Li(a,b) (I).

3 Weighted Sobolev Spaces H, ; (I)

In this section we introduce the weighted Sobolev spaces H, (Sa7b) (I). These spaces differ from the usual
H*(I) spaces in that the associated norms apply a polynomial weight at each endpont of I, namely,
2% and (1 — )%, These weights increase with the order of the derivative. We give three equivalent
definitions for the H, (I) spaces. In the first definition the spaces H (ab) (I), for s > 0 & N, are
defined by the K- method of interpolation. The second definition is based on the decay rate of the
Jacobi coefficients of a function expanded in terms of the Jacobi polynomials G;a’b) (z). The third
definition uses an explicit Sobolev-Slobodeckij type definition for the semi-norm, | - | H, (D) All
three definitions are useful, and used in the analysis below. 7
Definition: Using Interpolation

Following Babuska and Guo [6], and Guo and Wang [21], we introduce the weighted Sobolev spaces

H;(a,b) (I) .

Definition 3.1 Let s,a,b € R, s >0, a,b > —1. Then, for n € Ny,

n
2
H;l(a’b) (I) = {'U : Z HD‘]”U‘ P(a+j’b+j) < OO}, (31)
5=0
_ , . e 1/2
with associated norm [[vl],, @b := (Zj:(] | DIv| p(aﬂ.,bﬂ.)) .

Definition (3.1) is extended to s € R using the K- method of interpolation. For s < 0 the spaces
are defined by (weighted) L* duality.

Babuska and Guo used the H ;<a7b) (I) spaces in establishing the optimal convergence properties of the

p- version of the finite element method. They also related the definition (3.1) to the decay property
of the coefficients of the Jacobi polynomials of the expansion of the function v. In [21] Guo and
Wang derived approximation properties of Jacobi polynomials for functions in the weighted Sobolev
spaces (3.1).

Definition: Using the decay rate of Jacobi coefficients
Next we define function spaces in terms of the decay property of the Jacobi coefficients of their
member functions.

Introduce ég-a’b) (x) = Gg-a’b) (w)/|\|G§ab)\H as an orthonormal basis for Li(a,b) (D).

Given v, let

1 ~
vj = /0 p(a’b)(a:)v(x)Gg-a’b)(x)da:. (3.2)
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Note that for v € Li(a,b) (),

o) = Y v GV (). (3.3)

Definition 3.2 Let s,a,b € R, a,b > —1, L2a7b)(1) = L%,, (D), and vj be given by (3.2). Then,

( p(a:b)
define
Hi, (D) = {v 0 Y (1+5%)° 0] < oo}, (3.4)
j=0

1/2
with associated norm [|v||s 4p) = (Z?io(l +j2)svj2«> , as the (a,b)-weighted Sobolev space of

order s.

Theorem 3.1 The spaces H(, (I) and H;(a,b) (I) coincide, and their corresponding norms are equiv-
alent.

Proof: See [13].

With the structure of the Hfmb) (I) spaces, and properties (2.6) and (2.3), it is straight forward to

show that D is a bounded mapping from H{, ) (I) onto Hf;j1’b+1)(l).

Lemma 3.1 For s,a,b € R, a,b > —1, the differential operator D is a bounded mapping from

s s—1
HE b (I) onto H(a+1,b+1)(1)‘

Proof: See [13].

Definition: Using a Sobolev-Slobodeckij type semi-norm
For s >0, let s = |s] + r, where 0 < r < 1. Let the semi-norm, | - ‘Hf o (D and norm, || - ||H€ (D)

be defined as
Ls] _ plsl 2
2 o _\a+s .bts |D f(l‘) D f(y)|
’f|H(Sa,b)(I) T //[K(l l‘) € |$ — y|1+2(57L5J) dydl‘

s i r12
S5 IS . forselN

and ”f”%{g {M = s .
a, " ¥) 2 2 —+
(a,b) Z]:OHD f||L%a+j,b+j)(I) + |f] t @D for s € RT\Nj
where (see Figure 3.1)

~ 2 1 1 2 1
A = {(x,y) : 3x<y<2x,0<x<2}u{(aﬁ,y) : gaz—i <y< 3:z:+3,1/2§a:<1}.
(3.5)

Definition 3.3 Let s,a,b € R, s >0, a,b > —1. Then
H{, (1) = {U Hollag, , 0 < OO}. (3.6)

Definition (3.6) is extended to s < 0 by (weighted) L? duality.
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Figure 3.1: Domain A.

Lemma 3.2 [16] Let s > 0 with s # 1 +a if a € (=1,0) and s # 1+ b if b € (=1,0). Then,

H(Sa’b)(I) = H(sa,b)(I)'

Proof: See [13].

For convenience, from hereon we use H¢ (I) to represent the spaces H D) (I), H (ah) (I), and
i (D)-

Some insight into the structure of the weighted Sobolev spaces is provided by the following two
lemmas.
Lemma 3.3 Let u(x) = a#. Then, u € H(, (1) for s < 2u+b+1.

Proof: See [13].

Theorem 3.2 (See [3, Theorem 4.14]) Let a,b > —1, k € Ng and s > k + 1 + max{a+k, b+
k, —1/2}. Then we have a continuous embedding Hi ) (I) ¢ C*(1) of Hi, (I) into the Banach
space C* (1) with the norm ||v]|cx = ||[v]loo + [|0%]l00.

Proof: See [13].

4 Regularity of the solution to the fractional diffusion equation

In this section we give sharp regularity results for the fractional diffusion equation (1.1),(1.2).



Theorem 4.1 For L(-) defined for 1 < a < 2,0 <r <1, let 5 be determined by Condition A.
Then the mapping LE(-) = pl@=B88) (z) ®H(S;r_aﬂ 8 (I) — His aep) (I) is bijective, continuous, and has
a Continuous tnverse.

Proof: From [14, 24],

F'k+1+a)

k=0,1,2,...
F(k/’-f-].) ) 0777 )

L;}( (a=8.8) Gl ﬁ)>( ) = MG D) where A = !

and ¢} given by (2.12).

Using Stirling’s formula,

L(k+1+ «)?
2 _ *\ 2 ~ 1 2
il (c}) T (k+1)** ask — o0,

e, c(1+k)*< A\ < CA+kH>. (4.1)
Let 6(z) = Yook Pw) € HF 5 (D), and én(2) = SiloonGy ™" P (@) Then
{Pn}>2 is a Cauchy sequence in H( “5.8) (1), with lim,, 00 ¢, = ¢
Consider,

falw) = £5 (PP Do) (@) = S N G € Yy ).
k=0

Then using (4.1),

N N
v = Pl s 0 = D (A+E) Quow)® < C D (1+F) (1+5) ¢}
k=M k=M

= Clon —omliin. (as.p)-

Thus {f,}52, is a Cauchy sequence in H fﬁ,af 8 (I). Tt then follows that f := lim,_, f, satisfies

f= L (P(Q_BNB) ¢) (r) = LY (P(a_ﬁ’ﬁ) Z¢kél(€a_ﬂ’6)> ()

=S Lo (p(afﬁ,ﬁ)él(cafﬁ,ﬁ)) (x)
k=0

= > NG (w).

k=0
Also, using (4.1),
A2 5,05 < D (1+E) A} < OZ L+ B8 = Clolia. s s - (4.2)
k=0

Hence £&(-) is a one-to-one, continuous mapping from p(@=%%)(z) ® H(Haﬂ B)( ) into His o0 p) (I).



Next, for f(z) = Y520 G (@) € Hy o 5 (1), let o(z) = Y2y + A6y 77 (). Note
that £& (p(a*ﬁ’ﬁ) ¢) (z) = f(z), and using a similar argument to that in (4.2), [¢[ls4a,@—p,s <
C | flls,8,a—p), from which the stated result then follows.

Using this theorem we obtain the following regularity result for (1.1),(1.2).

Corollary 4.1 For f € H{g a—,B)(I) there exists a unique solution u to (1.1),(1.2), which can
be expressed as u(z) = pl@PB(x)p(x), where p(x) € HTY (1), with 19lls+a,(@-5,8 <

(a—8,8) -
Cllflls,3,a—p)-

Combining Theorem 3.2 and Corollary 4.1 we obtain a sufficient condition for the solution of
(1.1),(1.2) to be continuous on I.

Corollary 4.2 Let 1 < a < 2, 0 < r < 1, and B be determined by Condition A. Then for

fe Hfﬂ,a—ﬂ)(l) where

s > (1—-a) + max{a— 0, B}, (4.3)

the solution of (1.1),(1.2) is continuous on 1.

|
Note: For r = 0 (r = 1) Corollary 4.2 implies for f € Hpy a—l)(I) (f € HE, 4 1)(I)), where
s > 2 —a, that u € C(I).

For r = 1/2 Corollary 4.2 implies for f € Hiy o a2 (I), where s > 1 — /2, that u € C(I).

5 Regularity of the solution to the fractional diffusion, advection,
reaction equation (1.3)

The H(, ;) (I) space a function f lies in is determined by its behavior at: (i) the left endpoint
(x = 0), (ii) the right endpoint (x = 1), and (iii) away from the endpoints. In order to separate
the consideration of the endpoint behaviors, following [9], we introduce the following function space

H(SW)(J). Let J := (0, 3/4), and
2 3 1 3 1 2 1
A* = .= — — L= — = — — 1 2< 4
{(x,y) 3x<y<2x,0<x<2}u{(aj,y) 57 2<y<3:U—|-3, / _w<3/}

;= AUA; (see Figure 5.1).
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Figure 5.1: Domain A* = AU A;.

Introduce the semi-norm and norm

DM DM DM — Dlsl 2

(1; — y‘1+2(5 \_SJ) (1; — y‘1+2(5 \_SJ)

(5.1)
= |fl: it 5.2
‘f‘Hm(A) + ’f‘H(v)(A1)7 (5.2)
(5.3)
o IDIfI1? , forseN

nd I i 4 gy ) ° (5.4)

) S IDI Al gy + Ty gyr fors €RMNo
(5.5)

where ||g]|7. 3 = /x”gQ(x)d:U.
) J

Then, HE, )( ) := {f : f is measurable and ”f”HS () < oo}

Note: A function f(z) is in He, b)(I) if and only if f(3x) € H, )( ) and f(32(1—1z)) € H(Sa)(J).

The following lemma and discussion allows us to further focus our analysis for determining the
regularity of (1 — 2)*? 28¢(z).
Lemma 5.1 Let s >0, ¢ € H(SW)(J), and g € C1°1(J). Then

lgvl: o) S M9llera ||1!}HHS
)

Proof: For s =0,
lg ¥l ) = lavlzz oy < l9liee) I¥IEe ) (5.6)
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Then, for s =1,
2
H9¢||Hs)(J = ||91/’||L2 o T HD(gWHL@H)(J)
g2 kuiz @ WDl o+ leD¥lL: | o)
S Nl 19122 5y + 1Dg ey 101132 3y + lEeqn IDEIZ2 | o

S

N

HQH%’I(J) ”¢”le J)- (5.7)

Next, for 0 < s < 1, consider the mapping F : HM(J) — H(SW)(J), defined by F(¢) = g.

From (5.6) and (5.7) we have that F is a bounded mapping for s = 0 and s = 1. As H(SV)(J) is
a family of interpolation spaces, it follows that F is a bounded mapping for 0 < s < 1, with

171 < Ngller -

For s > 1 the above argument extends in a straight forward manner.

x®,

Consider h(z) = g(z)i(z), where ¢(z) € H(,)(J) and g(z) = { Gext(T),

a Cl#1(0, 1) extension of z® satisfying lgllcraiy < lelgrapy 2
2’4

, for Gext (l')

INIA
INIA
Nl oo

O ol

Note that for t < s, t ¢ N,
Lt) t] 2
o ott [P (@ (2)) — DU (44 (y))|
D S L e P s T N 2

// PMLLLE |<>> DY,
A

y| 21

ot DM (@ 9(x)) — DU (g~ p(y))?
Z 1D (x ”L2 // o |z — y[l+26-1t) dy dzx
+ ”hHHEfH)(J)
Lt] 1) (& plt 2
o+t | D Y(x) — (y*¥())|
<ZHDJ HL?+) // |x7y‘1+2t [t dy dz

+ H?,Z)HH&)(J) (using Lemma 5.1).

Hence for the analysis of the regularity of f(z) = (1 — z)* B28¢(x) we can restrict our attention
on the analysis of the semi-norm to |f| HL (A):

The regularity of the solution to (1.3) can be influenced by the regularity of the coefficients b(x)
and c(z). The following two lemmas enables us to insulate the influence of these terms.

Introduce the space We™(I) and its associated norm, defined for k € Ny, as

Wheo (1) .= {f : (1= 2)/229/2D3 f(z) € Lo(1), j:O,l,...,k}, (5.8)
g = e 10— 2P/292D3 (@) (59)
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The subscript w denotes the fact that Wqﬁ’oo(I) is a weaker space than W*°°(I) in that the derivative
of functions in W»LIZ’OO(I) may be unbounded at the endpoints of the interval.

Lemma 5.2 Leta, > —1,0<s<keNgy, and f € qu,f’oo(l). Then, for
9 € H{, 4)(I) we have that fg € H{, g(I). (5.10)

Proof: We establish Lemma 5.2 for s =0, s = 1, and 0 < s < 1. The proof extends in an obvious

manner for s > 1.
If s =0 then k£ > 0, and

Ifolle, o = Hngfqga,m(U = /01(1 — )2 (f(x)g(x))* de
Sy Il | @y = Wy s - (.11)
Hence (5.10) is established for s = 0.
For s =1 then k > 1, and
Hngir(lm HngL2 Lo T HD(fg)HL

at1, 41D
1 1
- / (1 - 2)%8 (f@)g(x)? de + / (1 — )25 (g(a) Df(x) + f(x) Dy(x))? d
1
< / fa b (g(x))? dz + 2 / (1-2)'at (Df@)? (1-2)%° (g(x))?da

Lo / f@)? (1= 2)* T2 (Dg(x))? da

S (1B + ||(1—x)l/zw”sz(x)l\%oom) (912 o + 1091 )

2 2
s o Mz - (5.12)
Hence (5.10) is established for s = 1.

Note that for f € W (I), from (5.11), ||f9||Hg "

with (5.12) and the fact that HE, 8 (I) are interpolation spaces, it follows that for 0 < s < 1,
17l < 1 lyoeqo ol

o = HfHW&),oo(I) HgHH?a,g)(I)' Combining this

Arising in the analysis is the product of a function and a functional (e.g., b(z) Du(x)). To define
such a product it is convenient to consider L%a 8 (I)=H (Oa ﬁ)( ) as the pivot space for H (.5) (I) and

H s (I), with H_ (o 5)( ) characterized as the closure of L?a (1) with respect to the operator norm

(v, R pans)
lvll] == Sllp Hﬂip
hEH{ B H( @)(I)
Definition: Product of a function and a functional.
Let g € H(a )(I). Then there exists {g;}7°, C L%a (1), such that lim; o llg — gilll = 0. Thus, for
any h € Hi, 5(I), g(h) = limisoo(gi; h) pas)-
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For f € We™°(I), let fg be defined as
fg(h) = lim {(fg;, h) s - (5.13)

Lemma 5.3 Leta, > —1,0<s<keNg, and f € WZZ’OO(I). Then, for
g€ H(T;:B)(I) we have that fg € H(_ojﬁ)(l)' (5.14)

Proof: To establish that fg is well defined and contained in H (@ ° 8) (I), we show that {fg;}32, is a
Cauchy sequence with respect to the norm ||| - [||.

As (5.14) trivially holds for f =0, assume 0 # f € WZZ’OO(I). Then,

(fgi = f9j+ ) pam) (9i = gj s [P) pap)

I fg: — foill = sup = |Ifllyyr.c0 sup
' ! heH?, , (1) 1l e, oW ey @ I ooy [P0, )
. i h o
< | fllyrooqy  sup (9 = 95, TR e (using Lemma 5.2),

heH, (1) 1Fhllas, ,

(9i — g5+ 1) pa)

IN

|l sup

heH(Saﬁ)(I)

”f”wz’ﬁ’oo(l) |||gz - 9j||\ .

HhHH(Sa,B)(I)

IN

As {g;}7°, is a Cauchy sequence in H, (a 8”8) (I), then it follows that {fg;}°, is also a Cauchy sequence

with limit in H(_asﬂ) (I). Hence, (5.13) defines a linear functional in H(;Sﬁ) (D).
|

A key tool used in the boot strapping argument used to establish the regularity of the solution (1.3)
is given in the following theorem. The lengthy proof of this theorem is given in Section 7.

Theorem 5.1 Let s >0, > —1, and ) € Hfﬂ)(J). Then xP ) € Hfa)(J) provided
0<t<s, o+2p>pu, o+2p—t>—-1, and o+ 2p+t > pu+s. (5.15)

Additionally, when (5.15) is satisfied, there exists C > 0 (independent of 1)) such that ||zP wHHE X6) <
Clllla, -

Proof: See Section 7.
We are now in a position to establish the regularity of the solution (1.3)

Theorem 5.2 Lets > —1, 3 be determined by Condition A, ¢ € Wilmin{s’wr (@a=f)+1,a+5+1}] (1)
satisfying c(x) > 0 and

FeH PMNHY . (). (5.16)

Then  there exists a wunique solution u(x) = (1 — xz)*Babe(x), with
o(z) € H(aatg”ggs’aj%a_ﬁ)+1_€’a+6+1_6} (I) for arbitrary e > 0, to

Llu(x) + c(z)u(z) = f(x), z€l, subject to u(0) =u(l) =0. (5.17)
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Proof: The stated result is established using two steps. In Step 1 existence of a solution u € H' / 2(1)
to (5.17) is shown. Then, in Step 2 a boot strapping argument is applied to improve the regularity
of u.

Step 1: For f satisfying (5.16), from [15], there exists a unique solution u € ng/2(1) to (5.17).

Step 2: For u € Hg/z(l), from [19, Theorem 1.2.16], u(z) = (1 — z)*/?z%/2 g(z), where g € L*(I).
Then, as for 0 < e < min{a — 3, 5}

1 1 1
— ) eI (w(z))? de = —g)THete polteta (6(2))? da z))? dz 00
/{)(1 ) (u())? d /0<1 ) <g<>>d</0<g<>>d< ,

it follows that u € H?_1+E7_1+6) (I) H?ﬂ—l,a—,@’—l)(l) C H?,B,a—ﬂ) (I), and using Lemma 5.2 (with
=c

the association g(x) = u(x) € H(Oﬂ a,ﬁ)(l), flz) = e(z) e Wo™(1))
c(x)u(x) € H?ﬁya—ﬁ) (I). (5.18)
Using (5.18), the solution u of (5.17) satisfies

Lou() = f(z) — c@)ulz) = fi(z) € HEROD).

From Corollary 4.1 it follows that

uw(z) = (1—2)2 P2l ¢i(x), where ¢1 € H(O;tgl’iggs’o} (T).

Using Theorem 5.1 (with its parameters s, u, p, o replaced by min{s+a, a}, a—f8, a—f, 3, respec-
tively; and in the second instance, with its parameters s, p, p, o replaced by min{s+a, a}, g, 8, a—
B, respectively) we have that, for arbitrary € > 0, u € H(rgma{i;?’a’mr(afﬁ)H*E’aJrﬁJrl*e} (I) and
using Lemma 5.2, _

c(z)u(x) € H(r?,n(){ls_’ﬁc;’mr (a=f)+1-c,a+f+1-c} Q) (5.19)

Again, using that the solution u of (5.17) satisfies

and from Corollary 4.1,

u(z) = (1- D ¢2(x), where ¢o € H&t?j%gs’a’a+(a_6)+1_57a+ﬁ+1_6} (I).

Using Theorem 5.1 (with its parameters s, u, p, o replaced by min{s + «, 2a}, a — g, a — 8, S,
respectively; and in the second instance, with its parameters s, u, p, o replaced by min{s +
a, 2a}, B, B, a— B, respectively), and Lemma 5.2,

C(fL‘) u(a:) c H(rgifl(;{ls_,;)a,a+(afﬁ)Jrlfe,aJrﬁJrlfe}(I)7

from which it then follows that

u(z) = (l—x)a_ﬁlﬁqbg(l’), where ¢y € Hat?jrégs,Qa,a+(a75)+175,a+ﬁ+176}(1).
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Noting that 4o > min{a + (=) +1, a + f + 1} for 1 < a < 2, repeating the boot strapping
argument two more times establishes the stated result.

|
The inclusion of an advection term can significantly reduced the regularity of the solution.
Theorem 5.3 Let s > —1, 8 be determined by Condition A,
b e ngax{l’ [min{s,a+ (a—B) — 1,a+5—1}]}700(1)7 = Wimin{s,a+(a—ﬁ)— 1’a+ﬁ_1}1’oo(1) satisfying
c(x) — 1/2Db(z) >0, and
feH PMNHY . () (5.20)
Then  there exists a unique solution u(x) = (1 — 2)*PaBe(x), with
o(z) € H&tgnzgs’wr(a*m717€’a+57 176}(1) for arbitrary € > 0, to
Lou(x) + b(x) Du(z) + c(z)u(z) = f(x), z €1, subject to u(0) =u(l) =0. (5.21)

Proof: The proof follows the same two steps as in Theorem . Step 1, establishing the existence of
a solution is exactly the same. In Step 2 the boot strapping argument is applied m times, where m
is the least integer such that m(aw — 1) > min{a + (o — 3), o + 8}, to obtain the stated result.

2 .
Step 2: For u € Hg/ (I) and 0 < e < min{a—f, B}, u € H?_1+€7_1+6)(I) - Hé)ﬁ_l’a_ﬂ_l)(l). Then
using Lemma 3.1, Du € H(_,Bl a—p) (I). Hence we have using (5.18) and (5.14),

c(x)u(x) € H&;’a_ﬁ) (I) and b(z) Du(z) € H(_Bl a—p) (I).

This leads to the solution of (5.21) satisfying

Lou(z) = f@) = b(x) Dulz) — c@)ulx) = fi(x) € Hy 30 (D).

From Corollary 4.1 it follows that

uw(z) = (1—2)* Pzl (), where ¢1 € H&tgljggs’_l}(l) :

Using Theorem 5.1 (with its parameters s, u, p, o replaced by min{s + a, « — 1}, a — 3, a —
B, B — 1, respectively; and in the second instance, with its parameters s, u, p, o replaced by

min{s + a, o — 1}, B, B, a —  — 1, respectively) we have that, for arbitrary e > 0, u €
Hmin{era,afl,a+(a75)76,a+,376}(1) _ Hmin{era,afl}

(B—1,a—B—1) (B—1.0—B—1) (I) and using Lemmas 5.2 and 3.1

Du(z) € Hy it 1), ey u(e) € B0 (1) and b(a) Du(x) € HZ™ 872 1).
(5.22)

The solution u of (5.17) then must satisfies

Lou(w) = f(z) — b@) Dulz) — c@)u(z) = folw) € HE 572 (1),

and from Corollary 4.1,

u@) = (1-2)" 2% go(x), where g € HY B2 (1),
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Using Theorem 5.1 (with its parameters s, u, p, o replaced by min{s+a, 2a—2}, a—g, a—p3, -1,

respectively; and in the second instance, with its parameters s, u, p, o replaced by min{s+ a, 2a —
2}, B, B, a — B — 1, respectively), we have that u € H&TFZ%&%&?’MP(a_ﬂ)_g’oﬁﬁ_e}(l), and
Du(z) € H(;l":iliﬁll){s-i-a,?a—?,a-ﬁ-(a—ﬁ)—eﬂ-&-ﬂ—ﬁ}(l)’

min{s,2a—2,a+ (a—p)—€,a —€ min{s,2a—-3,a+ (a—p)—1—€,a —1—e¢
c(@)u(x) € H3 20 2 H P et 82y and b(w) Du(z) € Hiy™ > 3w Bt @ A
(5.23)

The solution u of (5.17) then must satisfies

Lou(w) = f(2) — b@) Du(z) — c(@)u(x) = folx) € H">Je-datlemfizaatiztzd g,

and from Corollary 4.1,

u(z) = (1—2)2 P28 ¢3(x), where ¢5 € H&t;nfr/;gs’2a73’a+(aiﬁ)ilie’a+57176}(1) )

Repeatedly applying this boot stepping procedure we obtain after (m — 2) additional steps u(z) =
(1—2)*P 28 ¢y (2), where

a+ min{s,ma—(m+1),a+ (a—B) —1—e,a+ B —1—¢} . a+min{s,a+ (a—B) —1—c,a+ B —1—¢€}
Omi1 € Hio_g ) 0) = H, g 5) (D).

6 Regularity of the solution to the fractional diffusion, advection,
reaction equation in unweighted Hilbert spaces

To connect the regularity results for the solution of (1.3), given in Theorems 5.2 and 5.3 to the
usual (unweighted) Hilbert spaces we use four steps. Step 1 uses Theorem 5.1 to determine H fg)(J )

such that ug(z) = 2 g(x) € Hfa)(J), for yo(z) € H(S/;)(J) Step 2 applies an embedding theorem
(Corollary 6.1) to then obtain ug € H"(J). Step 3 repeats Steps 1 and 2 for ui(z) = % Py (),
for ¢y (x) € Hf;iﬁ)(J) to obtain u; € H"'(J). The final step combines Steps 2 and 3 to conclude
that u € H™r{vo.vi}(T),

To begin we introduce the space W(sc’il) (I) := {f : f is measurable and || f|| ;.2 @ < oo}, where
) (e,d)

S ] 2
> i—0 HD]fHLfcyd)(I) , forseNj

f 2 8, = ] 9
[ ||W<C?d><1> z}ionpaﬂ@% ot ’f@v;;’;)a)’ for s € RT\Np

= //~(1 _x)cxd |DLSJf(x) - DLSJf(y)dedx’
A

‘x — y’1+2(5_|_5J)

f 2 :
. |f’W<fd>(I)

and A as defined in (3.5).

16



Following (5.4), also introduce W(S(;)Q(J) := {f: f is measurable and HfHWs,g(J) < 0o}, where
(6)

Z] o l1D? f||L2 KX for s € Ny

2 —
’|fHW(85»)2(J) : ZLSJO HD]JCHZ e + ‘fﬁ 22() for s e R"\Ny ’
[ s 1DV — D P s D1 /(@) — DLy
and |f|W32(J) = // \x—y|1+25 B dydr + //A1 \x—y|1+23 D dy dz .

From [9] we have the following embedding result.

Theorem 6.1 [9, See Theorem 1.d.2] Let u, o > —1, and v, w be two real numbers such that
0 <v<w. Then, if

or , (6.1)

w,2 v,2
we have W3 J) c Wi (J).

Corollary 6.1 Let v > —1, and v, w be two real numbers such that 0 < v < w. Then, if

Vo< 2
or ) (62)
v = Y22 with 52 -1 ¢N

we have HZf’y)(J) C HY(J).

Proof: From [29, Theorem 3.3], it follows that H? b)( ) and W2

(a (a+s,b+s
are H fv)(‘]) and W(s,yis) (J). Using that H"(I) and W% (I) are equivalent spaces, the stated result

(o, 0)
follows from Theorem 6.1 for c =0 and p = w + 7.

)(I) are equivalent spaces, as

Corollary 6.2 (See Corollary 4.1.) Let s > —a, f € Hig o 6)(1)’ and s* := s + a. Then the
unique solution to (1.1),(1.2), satisfies for any e >0

u e Hmln{ + = 6)7 2 +ﬁ (a_6)+%_6’5+%_6}(1) . (63)
In particular, for s > —a+ 1+ min{(a — f), §},

w e Hmi{(e=8). 8} + 5y (6.4)

Proof: Proceeding as described at the beginning of this section, consider ug(xz) = 251g(z), for
Yo(xz) € H fg) (J). Using Theorem 5.1, the most regular (i.e., “nicest”) weighted Sobolev space that
ug lies in is given by the largest value for ¢ and the smallest value for o such that the conditions
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stated in (5.15) are satisfied. To apply Theorem 5.1 in this case we have: s — s*
5) then require that o and t satisfy

Equation (5.1

0<t<s®,

0-2_/65

Two cases arise for consideration.

Case 1. If s* < 8+ 1 then t and o satisfying (6.5) are determined by: 0 <t < s*

Figure 6.1).
With the choices t = s*

Case 2. If s* > 41 then t and o satisfying (6.5) are determined by: 0 <t < s*
and 0 > s* —t — [ (see Figure 6.2).

obtain, for € > 0,

up € Hfo)(‘])

0

o>t—20-1,

c HPz<(]).

— qE 2B+1
o+l=s-p Feasible
region
s /

NN
c=t-2p-1 \\\\\§;f§§§$
“

L

-1 -B - B G
Figure 6.1: Illustration of Case 1 for con-

straints (6.5).

Combining (6.6) and (6.7) yields

For uy(z) =

= Hmin{s 5

298 41 (z), , for vi(z) € HE._,

uy € Hmin

Combining (6.8) and (6.9) we obtain

u e H™

s* 4 (a— *
s (204 ﬁ)’SQJrﬁ’(a

—B)tg—e.Brz—eh(])

s = B, p— B

oc>s —t— (.

(6.5)

,and o > —f (see

, 0 = —f3, using Corollary 6.1 we obtain

(). (6.6)

,o>t—28—1,

With ¢t < s* and t — o < 28 + 1, using Corollary 6.1 we

(6.7)
t
c+t=5P T
st
\\\\\
\\§§§§:
c=t-20-1
Feasible
region
2B -1 B $-p O
Figure 6.2: Illustration of Case 2 for con-

straints (6.5).

Bra—eh(]y. (6.8)
)(J ), a similar analysis leads to
{s*+(2a*5) , (afﬁ)Jr%fE}(J) . (69)

(6.10)



Noting that for s > —a + 1+ min{(a — ), 8} that s* > min{(a — 3), 8} + 1, from (6.10),

u e gmin{(a=p),p} + %—6(1) .

Corresponding to Theorem 5.2 we have the following.

Corollary 6.3 (See Theorem 5.2.) Assuming the hypothesis of Theorem 5.2 are satisfied, and
let s* := a + min{s, a + (a—=B) + 1, o + B + 1}. Then the unique solution of (5.17) salisfies
for any e >0

w e Hmin{is*“;‘ﬁ),S*T*ﬁ,(afﬁ)%fe,m%*f}(l)_ (6.11)

In particular, for s > —a+ 1+ min{(a — f), §},

we Hmin{(afﬁ),B}Jr%*ﬁ(I)' (6.12)

Proof: Proof follows exactly as that for Corollary 6.2.

Corresponding to Theorem 5.3 we have the following.

Corollary 6.4 (See Theorem 5.3.) Assuming the hypothesis of Theorem 5.3 are satisfied, and
let s* == a + min{s, a + (o« — ) — 1, a + B — 1}. Then the unique solution of (5.21) satisfies
for any e >0

e Hmin{is*ﬁg—ﬁ),%ﬂ,(a—m%—e,m%e}g) , (6.13)

In particular, for s > —a+ 1+ min{(a — f), §},

we Hmin{(afﬁ),ﬁ}wL%*E(I). (6.14)

Proof: Proof follows exactly as that for Corollary 6.2.
|

Remark: If the regularity of the right hand side function f is further restricted then the regularity
of the solution may be improved. For example, if » = 1/2 the operator E?/z(-) corresponds to the

integral fractional Laplacian operator. For this operator Hao and Zhang in [22] showed that for
f € H*(I) the solution of (5.21) satisfied u € H™n{ste,a/2+1/2=eH(T) for any € > 0.

7 Proof of Theorem 5.1

An important part of the proof in establishing the regularity of the solution to (1.3) is determining
the value of t and o such that zPy(z) € H&)(J) for y(z) € HE (J). The general result is given in
Theorem 5.1. There are two key terms which arise in the proof of Theorem 5.1. The analysis for one
of these terms follows similarly to a term which occurs for the case of s between 0 and 1, discussed
in Theorem 7.2. The other of these terms arises for the case of s between 1 and 2, discussed in
Theorem 7.3. We begin this section with an embedding theorem which is used in the proofs of the
subsequent theorems in this section.
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Theorem 7.1 Fors>0,v—s > —1, then H(SW) (J) c L%'y—s)(‘])'

Proof: Firstly we consider the case for 0 < s < 1.
For s = 0 we have that
S _ 0 _ 2
H(W)(J) = Hm(J) = L(V)(J). (7.1)

For s = 1, consider ¢ € L%W_s)(J ) = L%W_l)(J ). Then, using Hardy’s inequality [8, Lemma 3.2],

o3, = [ (6w@) do

1 3
2 (¢ () da 2 (p(2))? da
S [PPw@) e+ [0 o)
S/Ja:“*“(qﬁ’(x)fdw + /Ja:'y(qb(x)fda;

= llolz - (7.2)

From (7.1) and (7.2) the identity operator I mapping from Ha)(.]) — L?

(7—5)0)7 s = 0,1is a
bounded operator.
Additionally, the spaces L2(J) are interpolation spaces [34, Lemma 23.1].

Hence, for § = (1 —60)0 + 01, using the fact that H(a,y) (J) and L%e)(J) are interpolation spaces, it
follows that

0 I 2 72
Hiy(3) = Lia—gyy +o(-1)) () = L{;p)(J)

is bounded. Thus, if u € H(HW)(J) then u € L%ia) (J) with HuHL%_m <C Hu”wa

Next, for 1 < s < 2, consider s = 2. For ¢ € L%V_s) (J) = L%V_z)(J), again using Hardy’s inequality
(and that v — s > —1),

o3, = [ 26w)"ds

2) J

/x”(gb’(az))Qd:c + /:1:7(qb(9:))2dx
J J
< /J 22 (¢ (1)) da + / 22 (¢ (x)) 2 d

A

8
+
8
2
—
=
8
=
N
IS
8

J J
< /J 272 (¢ (2)) da + /J 2 (2)) 2 de + /J 27 (¢(x))* da
= ”(b”%’?w' (7.3)

Again, using the fact that H(ev)(J) and L%e)(J) are interpolation spaces, it now follows that for
0<9#<2ifuc H(ew)(J) then u € L(27_9)(J) with HUHL?%Q) <C HUHH&)

The argument extends in an obvious manner to arbitrary s > 2.
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Theorem 7.2 Let 0 <s <1, u>—1, and ) € H(SH)(J). Then xP 1) € H(tg)(J) provided

0<t<s, c+2p>pu, c+2p—t>-1, and o +2p+t>pu+s. (7.4)
Additionally, when (7.4) is satisfied, there exists C' > 0 (independent of 1) such that H:cpi/JHH(t ) <
Cllllmg, )

Proof: Firstly, for s = ¢t = 0,

ool =l vl = [ o @v@)dr = o @) e (1)

(o)

IN

/x“ (¢(x))? dx, provided o + 2p >y,
J

_ 2 _ 2
= 10l = 1ol

For 0 < s < 1, in addition to (7.5) we must also consider the semi-norm |z 1[)|st ()

2 o+t P P(z) — yPab(y )|2
prw|Hf // |x S IEST dy dx (7.6)
gott 2 [0(@) = ¥y) )? 27 pr — yP?
< //A y2P Pa— T dydx + Y (x ‘1+2t dy dz
=1 + Ir.

Noting that in A, y < %x, for I we have

o [p(z) — ¥(y)]?
hs // T Iw —ypr W

2
< // pts W |1£21‘ dydx, provided o+t + 2p>pu+s, and t <s,

(7.7)

— 1ot )

If p =0 then Iy = 0. To bound I, for p # 0 we introduce the change of variable: y = %x, where
% <z < % With this change of variable, we have

-1 1
dy = —xdz, |z—y| = z-[z—1|, and for I
z z

1/2 3/2
12:/ x”+2p—t¢2(:v)d:c/ L SRR T R R (7.8)
0 2/3
3/2
< )2, / 1= 2 2P 1P (7.9)
(0 +2p—t) 2/3
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Using Hardy’s inequality [8, Lemma 3.2], we bound the integral in (7.9) as follows.

3/2 1 3/2
/ 1= a1 =2p 12 = / (1= 2)1=2(:» _1)2ds 4 / (2= 1)1 2(:2 — 1)2ds
2 1

/3 2/3
1 3/2
S / (1 _ z)_1_2t+2(zp_1)2 dZ + / (Z _ 1)—1—2t+2(zp—1)2 dz
2/3 1
<1, providedt<1. (7.10)
From Theorem 7.1, we have
< i _ —
Wz, % [l . providedo +2p —t > —1,
< ||1/JHH&), provided o + 2p > p, andt <s. (7.11)
Finally, combining (7.5)-(7.11) we obtain the stated results.
|
Theorem 7.3 Let1 <s<2, u>—1, and ) € HE;M)(J). Then xP 1) € Hfg)(J) provided
0<t<s, o+2p>p, c+2p—t>-1, and o+ 2p+t>pu-+s. (7.12)

Additionally, when (7.12) is satisfied, there exists C > 0 (independent of 1) such that ||zP 1/1||H(t X)) <
(7H@DH1{60(J)

Proof: For 0 <t < 1 Theorem 7.2 applies. We assume that ¢ > 1. Hence, of interest is

p p p
a7 lz o DG ) gz, D) s

From Theorem 7.2,
HJ,‘pI/}HL? ) S ||¢||H? ) provided o + 2p > p. (7.13)
o 7

For D (xP 1) we have
D (zPy) = aPy’ + paP~le and
(D@0’ S (@) + (@)

Then, using Hardy’s inequality [8, Lemma 3.2] (using 0 + 2p —t > —1, i.e., 0 + 2p > 0),
3/4 ) 3/4 )
D@ 5 [ e @ @) de s [ @ @)’ de
o+l 0 0

3/4 ) 3/4

— / x0+2p+1 (w/(x)) dr + / x0+2p71 (w(m_))Q dx
0 0
3/4 ,

S / xo‘+2p+1 (’(ﬁ/(ﬂf)) dx
0

3/4 3/4
n / 20241 (w/(x))Q dr + / 20241 (¢(x))2 dx
0

0
< ‘WH%I(IM)’ provided o + 2p > u. (7.14)
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Equation (7.14), together with (7.13) establishes the stated result for ¢t = s = 1.

Next, for |D (xP 1)) | -1 (A) We have
(o+1)

(zP — D 2
’D (l,pw) Ht L // o+t ‘D 1/)( )) D(y ¢(y))’ dyd:v

Gty (A |z — y[tT20-1)

o+t |xp .fL') - yp 1111( ’2 a+t |:E ¢ ) - yp¢l(y)|2
S //A x PEIE Gy dydr + ETES Y dy dx

= I3 + 1I4. (715)

For I3, proceeding as in (7.6),

ott 2p-1) |¥(@) — Y(y) 2 2z ’xp Py
I3 < //A y 2= o iR dyda: + ( ST+ 20-1) dy dx

= 13’1 + 13’2.
For I3 1, using y < %x, and the introducing the change of variable y = %w, where % <z < % we

obtain

1/2 3/2 L 142(t—1)—2(p—1) 1
< o+t+2(p-1) c T N R
13,1N/z . x /22/3 (@]z — 120D l(x) @ZJ(ZJ:)| 2 “xdzdx

=0

S /:/2 x0+2pt</;2/3(1 ~ ) 2 () — ¢(}x))2dz

3/2
[0 T ) - v )i

=1 z

N
&;\
i
~
)
)
+
no
S
-
N
t\
I -
o
<
w
—
—
S~—
o
o
o~
|
B
o
—~
<
—
—
8
S~—
N—
o
IsH
N

(using Hardy’s inequality)

1/2 3/2 1
/ x‘7+21’_t+2/2/3|1—z|3_2t(w’(zx))2dzd:v. (7.16)

=0

N
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Next, letting w = %w, then dw = %dx and

3/2 1/22
I31 5 / I / (zw)? T2 =2 () (w))? 2 dw dz

=2/3 =0

3/2 3/4
5 / |1_Z|3—2tdz/ wo+2p—t+2(w/(w))2dw
2/3 0
S 17 ,ast <2,
(c+2p—t+2)
< | HHt 1 , (using Theorem 7.1) provided o+ 2p — t + 2 > —1,
(e +2p+1)
< \|1/)||H§ 1, provided o + 2p > pu, and t <s,
+1)
< 1ol - (717)

If p=1 then I35 = 0. For I3 with p # 1, proceeding as in the approach used to obtain the bound
for Iy, (7.8) - (7.10),

1/2 3/2
I3s < / / l,(a—&—l)—(t—1)+2(p—1)(,¢)($))2 dr / / Z—1+2(t—1)—2(p—1) |1 _ Z|_1_2(t_1) ’Zp_l _ 1|2 dz
’ 0 2/3

1/2
< / 27 TP (2))? de, provided (t—1) < 1, ie., t <2,
=0

1/2 1/2
< / 2P (@) de + / 2P 2 ()2 da
0 0

(using Hardy’s inequality) provided o + 2p — t > —1,
W’Hiz + 9072

o+2p—t+ (c+2p—t+2)

¢’ HHt 1 + [9l3e , (using Theorem 7.1) provided o + 2p — ¢t + 2 > —1,
p+1)

(e +2p+2)

A

N

S e IIHs o F [l ., - provided o + 2p > p and t <5,

1% - (7.18)

A

With I, proceeding as in (7.6),

o+t 2p [V (x) — )‘2 o+t (10 s 2P — yp‘Q
//A:n y 7 — y!1+2 5 dydx + AZE (' (x)) T — 2D dy dz

< |1/J\ el () (provided o+ 2p +t>pu+s, and t<s)

1y

N

+ ||w|]Hs 1 (providedo + 2p —t+2 > -1, 0 + 2p>p, and 1 <t <3s)
+1)

< Il (7.19)

Combining (7.13) - (7.19) we obtain the stated result.

We are now in a position to prove Theorem 5.1.
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Proof of Theorem 5.1

The proof is an induction argument, using Theorem 7.3 as the initial step.
For t = s = n we have,

ID (2P @Dl S D Nl D”’W(%)H%gg

s

n_ .3/4
= Z/ o (xp_j D”_jw(ac))2 dx
0

J=0

n 3/4 A A 9
_ Z/ 2o +tn+2(p—i) (Dn_]w(x)) dr
0

=0

+n)

(applying Hardy’s inequality j times, using o + 2p — n > —1)

<S5 [ )
7=0 k=0

< DIl

S S,
7=0
n

< DIy using o + 2p >

S 2D (wsing o+ 2p = )

n
< Diy|? < 20 = 2, . 7.20
S ;H wu%m S Hd}HH(M HwHH(#) (7.20)

Equation (7.20), together with the induction assumption establishes the result for t = s =n .

Forn < t,s < n+1 we also need to consider |D”(:cpw(:n))\Héfn ()
o+n
n oit |27 D Ip(x) — yPI DM Ip(y)|?
D" @) o Zj [« e dy da
- D" I(x) — D" Ip(y)?
o+t 2(p
Z (// & z — y|t+2En) dy dx
it - 9 ‘mP—J — yp—J’2
+ //w (D" 94p(x)) PR dy dx
_ ot 2p | D"P(x) — D"P(y)
B // v |z — ylt+2tm) Ay

n n— n—j 2
4 o+t 2(p 7) |D J@Z}( ) D ]1[}(3/)‘ dy dr
IR

N

|z — y|l+20=n)

. o n—j 2
+ > //Ax (D iy(x)) PRy dy dz . (7.21)
j=0

The first term in (7.21) is bounded in a similar manner to /; in Theorem 7.2, with ¢ — o + n,
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t — t —n, to obtain

[[ 2ot 22005) = Dvla)
A

|z — y|l+20=n)

dydx < |1/)|§{(5H)(A), provided o + 2p +t > pu+s, and ¢t <s.
(7.22)

For the second term in (7.21) the terms in the summation are bounded in a similar manner to I3
in Theorem 7.3, 0 - c+n—1,t - t—n+1,p — p+1—j, to obtain

n—j n—j 2
// xo’-i—t y2(p—j) ’D Jw(x) - D Jw(y)‘ dyd:U
A

|z — y[l+20—n)

—j+1,,(12
S D2, _ .
(0 +2p+n—j+1—(t—n+j—1))
S DR ey, providedo 4+ 2p4n—j+1—(t—n+j—1) > —1
Hig Copin=jt)
< HD”_j‘HwH2 s—(n—j+1), provided o + 2p > p and t < s,
H(u+7zfj+l)

< Il - (7.23)

For the third term in (7.21) the terms in the summation are bounded in a similar manner to I in
Theorem 7.2, 0 —- o +n,t - t—n,p — p—j, to obtain

o+t (i 9 |$p—j _ yp—j‘2 nd
Ax ( w(x)) |z — y[L+20n) yax
< ||D"_j¢||%2 = \|D"_j¢||%2 , provided t < n+1,
(0 +2(p—j) +n—(t—n)) (0 +2p+n—j—(t—n+j))
< ||D"_]1/1||Zt—(n_j) , providedo + 2p +n—j—(t—n+j) > —1
(o +2p+n—j)
< HD"*JwH2 s—(n—j)» Dbrovided o + 2p > p and t <s,
He, nj)
S Il - (7.24)
)

Combining (7.20) - (7.24) the stated result follows.
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