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Abstract

In this paper we investigate the numerical approximation of the fractional diffusion, advec-
tion, reaction equation on a bounded interval. Recently the explicit form of the solution to this
equation was obtained. Using the explicit form of the boundary behavior of the solution and Ja-
cobi polynomials, a Petrov-Galerkin approximation scheme is proposed and analyzed. Numerical
experiments are presented which support the theoretical results, and demonstrate the accuracy
and optimal convergence of the approximation method.

Key words. Fractional diffusion equation, Petrov-Galerkin, Jacobi polynomials, spectral method,
weighted Sobolev spaces

AMS Mathematics subject classifications. 656N30, 35B65, 41A10, 33C45

1 Introduction

Of interest in this paper is the approximation of the solution to the fractional diffusion, advection,
reaction equation

LIu(x) + b(x)Du(x) + c(x)u(z) = f(z), z€el, (1.1)
subject to u(0) = u(1) = 0, (1.2)
where L2u(z) := —D(rD~®~ 4 (1 —r)D= =) Duy(x), (1.3)

and I := (0,1), 1 <a<2,0<7r<1,c(z) — £Db(x) >0, D denotes the usual derivative operator,
D% the a-order left fractional derivative operator, and D®* the a-order right fractional derivative
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operator, defined by:

D%(z) := DoD;* ) Du(z) = D P(Ql_ 3 /Ox T _i)a_l Du(s) ds, (1.4)
1
D*u(x) = DxD;(Zfa) Du(x) = D F(Ql o) / = zlv)al Du(s) ds. (1.5)

In recent years fractional differential equations have received increased attention as they have been
used in modeling a number of physical phenomena such as contaminant transport in ground water
flow [4], viscoelasticity [29], image processing [7, 15], turbulent flow [29, 35], and chaotic dynamics
[41].

There are two important properties that distinguish a fractional order differential equation from its
integer order counterpart. Firstly, as can be noted from (1.3), fractional differential equations are
nonlocal in nature. Secondly, the solution of fractional differential equations (typically) have a lack
of regularity at the boundary of the domain. Finite difference methods [10, 27, 34, 37, 38], finite
element methods [14, 23, 28, 39|, discontinuous Galerkin methods [40], and mixed methods [8, 26],
have all been developed for fractional differential equations. These methods typically exhibit slow
convergence due to the lack of regularity of the solution at the boundary. In [22, 24] an enriched
subspace was given for one sided fractional differential equations, where the boundary behavior of
the solution was included in the finite element trial space. Mao and Shen in [33] extended the work
of Gui and Babuska in [17] to establish that, for an assumed boundary behavior of the solution,
a geometrically spaced mesh with increasing polynomial degree trial function on the subintervals
resulted in an exponential rate of converge for the approximation. For a special class of self-adjoint
fractional differential equations a spectral approximation scheme was presented in [42] using a special
class of functions, polyfractonomials. Spectral methods, exploiting a special property satisfied by
fractional diffusion operator applied to Jacobi polynomials (see (2.16)) has been particularly effective
for the approximation of the solution to fractional diffusion equations [9, 13, 25, 30, 32, 31, 43, 44].

Three recent papers have established the explicit form of the solution to fractional diffusion, advec-
tion, reaction equation on a bounded domain in R!. In [20], Hao and Zhang studied the case for
r = 1/2, for which £ is a symmetric operator. The general fractional diffusion reaction, equation
was investigated by Hao, Lin and Zhang in [19]. (As commented by the authors in their summary,
the regularity results obtained in [19] are not optimal.) The work in these papers was extended
in [12] to the general fractional diffusion, advection, reaction equation. The solution was shown
to have the form u(z) = (1 — 2)* PzP¢(z), where ¢ is contained in the weighted Sobolev space
H (0; tg ﬁ)(I) (defined in Section 2), where 8 and § are explicit functions of «, r, and the regularity
of the right hand side function, f (see Theorems 2.2 and 2.3 below). Of particular note is that for
the fractional diffusion, reaction problem, and the fractional diffusion, advection, reaction problem,
the regularity of the solution w is bounded, regardless of the regularity of f. This boundedness in
the regularity of u is not the case for the fractional diffusion, advection, reaction equation on R, as
was recently established by Ginting and Li in [16].

The numerical approximation scheme presented below is accurate as, using [12], the precise boundary
behavior of the solution is incorporated into the approximate solution. Additionally, using the special
property of the fractional diffusion operator applied to Jacobi polynomials (see (2.16))
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and that {é,(ﬁaf’g ) 122 is a basis for H (a—3,8) (I), the approximation scheme using Jacobi polyno-
mial is efficient in that if the solution is C*°(I) (very rarely the case) the approximation converges
exponentially. If the solution has bounded regularity (typically the case) the approximation con-
verges optimally at an algebraic rate of convergence.

This paper is organized as follows. In the following section definitions, notation, and several known
results are summarized. Section 3 contains the Petrov-Galerkin weak formulation for (1.1),(1.2),
and establishes the existence and uniqueness of its solution. The analysis follows the work of Jin,
Lazarov and Zhou in [24], wherein the lower order terms are handled using the Petree-Tartar Lemma.
The approximation scheme is given in Section 4, and associated error estimates derived. Numerical
experiments are presented in Section 5.

2 Notation and Properties

Jacobi polynomials have an important connection with fractional order diffusion equations [2, 13,
31, 30]. We briefly review their definition and some of their important properties [1, 36].

Usual Jacobi Polynomials, P,Sa’b) (t), on (—1,1).
Definition: P\"?(t) := 3" _ pom (t —1)®™ (£ + 1)™, where

1 [ n+a n+b
pn,m - 2n< m ) <n_m> (21)

Orthogonality:

1 0 k#3j
1 _ a 1 b P(avb) P(avb) — ’
fa-orarerrPont o = § e 15

1

(2.2)

1/2
la+b+1) I(j+a+DT(G+b+1) /
2 +a+b+1)TH+)T(G+a+b+1)

a,b
where [|[P{*"[|| = (

In order to transform the domain of the family of Jacobi polynomials to [0,1], let ¢ — 2z — 1 and
introduce G%a’b)(:v) = p{? (t(x)). From (2.2),

1 1
a a,b a,b a a a,b a,b
/_1(1—t) (1+6)° PV () PV (1) dt = /0 2% (1 - 2)* 2" 2® P{*" (22 — 1) P*" (22 — 1) 2d

1
= gutbil / (1-2)*2® G\ () GV (2) da
0
o k437,
2GR, k=1

b 1 TGG+a+ TG +b+1)\Y2
where [|GY7]] = ( ( ) AR

2 +a+b+)TG+D)T(G+a+b+1)
(2.3)



From [30, equation (2.19)] we have that

dtk™ "

dF 'n+k+a+b+1) k btk
Plab) () — plath brk) 4y 2.4
(*) 2kT(n+a+b+1) "k (*) (2.4)

Hence,

d" F'n+k+a+b+1)
2 ab) _ a+k , b+k) 9
gzt G @) Tntatbel) Cnk @) (25)

Note that, from Stirling’s formula, we have that

. I(n+o)
For compactness of notation, let
w@) = W@ (3) = (1 —2)% 2. (2.7)

We let Ny := NUO and use y, ~ nP to denote that there exists constants ¢ and C' > 0 such that, as
n — oo, cn? < |y,| < C'nP. Additionally, we use a < b to denote that there exists a constant C'
such that a < C'b.

For t € R, |t] is used to denote the largest integer that is less than or equal to ¢, and [¢] is used to
denote the smallest integer that is greater than or equal to t.

Function space L2(I).
For o(z) >0, x € (0,1), let

1
LE() = {f(x) : / o(z) f(x)?dx < oo}. (2.8)
0
Associated with L2(0,1) is the inner product, (-,),, and norm, || - ||,, defined by

1
(f g)o = /0 o(x) f@) g(@)dz, and [ flls == (f, Fo)"? .

The set of orthogonal polynomials {Gg-a’b) 720 form an orthogonal basis for Li(a,b) (I), and for

ééa’b) = G;a’b)/|\|G§-a’b) I, {@éa’b) }520 form an orthonormal basis for Li(mb) (D).

Without a subscript, (-,-) denotes the usual L?(I) inner product.

Function space H{, (D).

The weighted Sobolev spaces Hf, (I) differ from the usual H*(I) spaces in that the associated norms
apply a polynomial weight at each endpoint of I, namely, 2 and (1 — 2)% These weights increase
with the order of the derivative. We give two equivalent definitions for the H fa’b) (I) spaces. In the
first definition the spaces H{ , (I), for 0 < s ¢ N, are defined by the K- method of interpolation.

(a,b)
The second definition is based on the decay rate of the coefficients of a function expanded in terms



of the Jacobi polynomials éga’b) (z). Both definitions are useful, and used in the analysis below. The

equivalence of the spaces is discussed in [12].

Definition: [Based on the K- method of interpolation.]
Following Babuska and Guo [3], and Guo and Wang [18], we introduce the weighted Sobolev spaces

Hz(a,b) (I) .

Definition 2.1 Let s,a,b € R, s >0, a,b > —1. Then

S
H () == {U : HUHiw(a,w = Z HDjUHi(aﬂ,bﬂ) < OO} (2.9)
7=0

Definition (2.9) is extended to s € RT using the K- method of interpolation. For s < 0 the spaces
are defined by (weighted) L? duality.

Definition: [Based on the decay rate of Jacobi polynomial coefficients.]
Next we define function spaces in terms of the decay rate of the Jacobi coefficients of their member
functions.

Given v, let

1
v = / W@ (2) v(x) G (2) da. (2.10)
0
Note that for v € Li(a,b) (I),
~(a,b
=0

]Cfl)t;iﬁnition 2.2 Let s,a,b €R, a,b> —1, L%a,b)(l) = LZW)) (I), and vj be given by (2.10). Then,
efine

o0

H (1) o= {v 2 Y (1+ 570} < oo} (2.12)
j=0

as the (a,b)-weighted Sobolev space of order s.

Theorem 2.1 [12, Theorem 4.1] The spaces HE ) (I) and H? , 1) (1) coincide, and their correspond-
ing morms are equivalent.

With the structure of the H¢, (I) spaces, and properties (2.5) and (2.3), it is straight forward to

show that D is a bounded mapping from Hf, (I) onto H(Sajrll b+1)(I)'

Lemma 2.1 [12, Lemma 4.5] For s,a,b € R, a,b > —1, the differential operator D is a bounded

mapping from Hfa,b) (I) onto H(S(;}Lbﬂ)(l).

For convenience, from hereon we use H¢, , (I) to represent the spaces H®, , (I) and H, () (I).



Definition: Condition A
The parameters a, b, and 7 and constant ¢} satisfy: 1 <a <2, a—-1<8,a-<1,0<r<1
sin(ma)

= sin(m(a — B)) + sin(7f8)’ (2.13)

where [ is determined by
B sin(7 )
" sin(m(a — B)) + sin(w B) (2.14)

For compactness of notation, for o and r defined in (1.1) and § defined in (2.14) we introduce

wlz) = @ P(z) = 1-2)* PP, and w'(z) = WP @) = 1 —2)’2P.  (2.15)

Additionally, we use (-, -),, to denote the weighted L? duality pairing between functions if H @ 5 5.6) (I)

and HE, 5 5 (D).
From [13, 21],
~lo— ~ a— r 1
£o0w(@) G PP (@) = 388D (r), where A = w E=0,1,2,..., (2.16)

and ¢} given by (2.13). Also, using (2.6), \x ~ k.

Let Sy denote the space of polynomials of degree less than or equal to N. We define the weighted
L? orthogonal projection Py : L2(I) — Sy by the condition

(U — Pyo, (bN)w = 0, Von € Sy. (2.17)

A(a,b)

Note that Pyv = Zé-vzo v; G777 (x), where v; = fol w(x)v(x) @ga’b)(m) dx.

Lemma 2.2 [18, Theorem 2.1] For u € Ny and v € HL (1), with 0 < pu < t, there exists a constant
C, independent of N, a and 8 such that

|o = Prnollgeay < CNF ol g - (2.18)

Remark: In [18] (2.18) is stated for ¢ € Ny. The result extends to ¢t € R" using interpolation.

The regularity of the solution to (1.1) can be influenced by the regularity of b(x) and c¢(z). The
following lemma enables us to insulate the influence of these terms.

Introduce the space WE’OO(I) and its associated norm, defined for k£ € Ny, as

W (1) = {f: (1 — 2)9/229/2D3 f(z) € L=(1), ij,l,...,k}, (2.19)
B e
1 koo = Orgfgkll(l—x)”/ 2/2D7 f(2)|| Lo ry (2.20)

The subscript w denotes the fact that Wqﬁ’oo(l) is a weaker space than W*°°(I) in that the derivative
of functions in W»f’oo(l) may be unbounded at the endpoints of the interval.



Lemma 2.3 [12, Lemma 7.1] Let s >0, o, B> —1, k > s, and [ € Wq]f,’oo(l). For

(i) g € H{, (1) then fg € H{, 5(1), and for (2.21)
(17) g € H(_Ojﬁ)(l) then fge€ H(_Oj’ﬂ)(l). (2.22)

Theorem 2.2 [12, Theorem 7.1] Let s > —a, [ be determined by Condition A,

ceE WUEmin{S’O”L(a_BH1’a+ﬁ+m’°°(1) satisfying c(x) > 0 and

fe HPMNHG o p(0). (2.23)

Then  there exists a wunique solution u(x) = (1 — z)*Pabex), with
b(z) € Hfatglfggs*’*(“‘ﬁ)“’O‘*ﬁ“}(l), to

Llu(x) + c(z)u(z) = f(x), z€l, subject to u(0) =u(l) =0. (2.24)

The inclusion of an advection term can significantly reduced the regularity of the solution.

Theorem 2.3 [12, Theorem 7.2/ Let s > —a, [ be determined by Condition A,
b, ce Wimm{s’wr(a_ﬁ)_1’a+/8_m’oo(1) satisfying c(x) — 1/2Db(x) >0, and

fe HPMNHG g0 (2.25)

Then  there exists a unique solution u(x) = (1 — 2)* PaBe(x), with
¢($) 6H&t?jrégs,aJr(afﬁ)71,a+571}(1)’ to

Lou(z) + b(z) Du(z) + c(z)u(z) = f(x), x €1, subject to u(0) =u(l) =0. (2.26)

Introduce s defined by

- { min{s, a+ (a—8)+1,a+F+1}, ifb=0 (see Theorem 2.2) (2.27)

5T min{s, a+(a— ) -1, a+ -1}, ifb#0 (see Theorem 2.3).

3 Weak Formulation
In place of (1.1), (1.2), we consider the following problem.
Given H;*am(l), and b and c satisfying

be Wz[)min{s,a—l—(a—ﬁ)—1,a+ﬁ—1}]+1,oo(1) cc Wﬂ[}min{s,a—l—(a—ﬁ)—1,a+ﬁ—1}],oo(1) 21
c(x) — 1/2Db(z) >0, z €1, (3:1)

determine ¢ € Hg/Q(I) such that u(z) = w(z)p(x) satisfies

(L% + bDu + cu,P)r = (f, P)or, Vo€ HYXT). (3.2)



Remark: The assumption on b(-) is stronger than that required for Theorem 2.3, and that of f(-)
is weaker. This extra regularity for b(-) is needed in the proof of Lemma 3.5, where Theorem 2.3 is
applied to the adjoint of equation (2.26) (see (3.22)).

Note that the formulation (3.2) has different test and trial spaces. With this in mind we recall the
Banach-Necas-Babuska theorem.

Theorem 3.1 [11, Pg. 85, Theorem 2.6] Let Hy and Hy denote two real Hilbert spaces, B(-,-) :
Hy{ x Hy — R a bilinear form, and F : Hy — R a bounded linear functional on Hy. Suppose there
are constants C7 < oo and Cy > 0 such that

(1) |B(w,v)| < Cillwlg, 0], for alwe Hi, ve Hs, (3.3)
B
(i7)  sup [Blw,v)| > Col||lw| gy, for allw e Hy, (3.4)
0#vEHo HUHHQ
(731) sup |B(w,v)| > 0, forallve Ha, v#0. (3.5)
weHq

Then there exists a unique solution wy € Hy satisfying B(wg, v) = F(v) for all v € Hy. Further,
lwollz, < CollFllm,-

For f € H;*a/z(l), and b and c satisfying (3.1), let B : HS? % lLIUOJﬂ{2 — R, and F : Hfj*/z — R be
defined by
F() = {f, ¥hor - (3.7)

3.1 Continuity of B(-,)

In order to establish that B(-,-) is well defined and continuous we need to determine which H fa b) (1)
space w ¢ lies in.

The H{, (I) space a function f lies in is determined by its behavior at: (i) the left endpoint
(x = 0), (ii) the right endpoint (z = 1), and (iii) away from the endpoints. In order to separate
the consideration of the endpoint behaviors, following [6], we introduce the following function space

H;,\(J). Let J = (0, 3/4), and
2 3 1 3 1 2 1
* = T - — — .= —_ = — — <
A {(:c,y) 3x<y<2x,0<x<2}u{(:c,y) 5% 2<y<3w+3,1/2_a:<3/4}

= AUA; (see Figure 3.1).
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Figure 3.1: Domain A* = AU A;.

Introduce the semi-norm and norm

1s] DLs) ()2 DUl () — Dlsl ()12
2 o vts DU f(2) — fW)l vts DY f (@) fW)l
|f|H<Sw)(J) - // z — y[l+206-1s) dydr + Al‘r z — y[lT26—1s])

= Wi )+ Wl an

5 |1DI f|? , forseN
Z] 0 H fHL%w-H’)(J) 0

and [|f|I7; (5 = s
Hiy ) ZHOHDJfH? L Wl gy fors €RFANy

where ||g]|7. ) = /x7g2(aj)da:.
) J

Then, H(SA/)( ) := {f : f is measurable and HfHHs () < 0o}

Note: A function f(z) is in He, b)(I) if and only if f(3z) € H(Sb)(J) and f(2(1—2)) € H("’a)(J).

From [12] we have the following theorem.

Theorem 3.2 [12, Theorem 6.4 Let n < s <n+1,n € Ng,p>n, p > —1, and ¢ € H&)(J).
Then xP 1) € Hfa)(J) provided

0<t<s, o+2p>pu, c+2p—t>-—-1, and o+ 2p+t>pu+s. (3.8)

Additionally, when (3.8) is satisfied, there exists C > 0 (independent of 1) such that ||xP ¢||H(t ¢, <
C ||¢||H(SM(J)

dy dz



Lemma 3.1 The terms (LY@, V) w=, (b Dwd, )+ and (cwd , 1), are well defined. Additionally,
there exists C > 0 such that for ¢(x) € Hg/Q(I) and Y (x) € Hff*/Q(I)

B(@,9)l = [{Liwd + bDwé + cwi, Y| < Clll garzy 191 oy - (3.9)

Proof: We begin by considering the (b Dw¢, 1)+ term.

From Theorem 3.2, with s = «/2, u = 8, p = 3, and choosing 0 = a— 3 —1 we have that t < «/2.
a/2

2 .
Hence for ¢ € Hg/ (1), 2Po(x) € H(a/_ﬁ_l)(l), with ||x/3¢0(x)”H&/EB71) < ||¢0(£)||H83/)2.
Again, using Theorem 3.2, with s = /2, u = a— 3, p = a— 3, and choosing o = 8 we have that

t < «/2. Hence for ¢; € Hgizﬁ(J), P (z) € H(OZ?/—21)(I) with ||3;a—5(;51(a:)HH<@.;3/721) S H(/>1(:U)HH(Q/Eﬂ).

Combining the above two applications of Theorem 3.2 we have that for ¢ € Hg/ 2(1), wo €

2 .
HE?) o pop)(D) with

||w¢||H?ﬁ/—21 I SJ |’¢”Hﬁ/2(1) (310)

A similar application of Theorem 3.2 establishes that for ¢ € He 2(I), we € Hff*/ 2 (I) with

Hw(bHHj’{Q(I) f, H(ﬁHHS/Q(I) (311)

From (3.10) and Lemma 2.1 we have that Dw¢ € Ha/2__1 (I) with [[Dwé|| ;a2-1 S ||l ar2-
(B,a=p) Hi" Lo HS

Thus, with the assumption on b and using Lemma 2.3,
(bDwg, Y)ur < |1 Dw| yarz—r b y1-as
(8,a—B) (B,a-8)

S

—~

H¢HH5‘/2 H@ZJHlea/Q ) 312)

AN

—~

101l yarz 191l as 3.13)

where in the last step we have used that 1 —a/2 < «a/2.

For ||¢|| € Hff/2(1) and [|y] € Hg!Q(I), using (3.11) and the assumption on c,

<C w¢ ) d})w*

/ W (2) ofz) w(@)$(x) (z) da

I

IN

w2 w*H/2 || oo / w'?(2)p(x) w2 (x) e(a) Y (x) dx
I
6llz lledllzz,
S 19l arz 191 gr-are- (3.14)
Sl garz 191 a2 - (3.15)

IN
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?or (§<w> = 3206 G P (@) € HYP(1) and w(z) = 229GV (@) € HIA(D), using
2.16

(Lowe, V) = (Z ~& X G 2), 3y @f’”)(:c)) (3.16)
i=0 j=0 -

= —ciZ)\kqbdek ~ Zkaﬂskwk

k=0 k=0

o0 /2 /o 1/2 ) /2 / 1/2
S (Z k* ¢kz> (Z K %) (Z +k2)°/? ¢k> (Z(l + k7)o W)
k=0 k=0 k=0 k=0
S M6l garz 19 gayz , using (2.12). (3.17)

Combining (3.13), (3.15) and (3.17) we obtain (3.9).

3.2 Conditions (3.4) and (3.5)
For the case r = 1/2 we have a — f = = «/2 and, consequently, w = w*. In this case for ¢ = ¢
1
6D@o) + cwd, vlu= [ wODwS) + cwd)sds
0

= /1b;D<w¢)2 T+ e(we)da
0

! 1

= / <c - 2Db> (we)? da. (3.18)
0
Proceeding as in (3.16), for ) = ¢ and w* = w,
(£ (w Zka O ~ Z (1+ K% 61

k=0

~ ||¢||2 wz - (3.19)
Ho/2,0/2)

Hence for (¢ — $Db) > 0, combining (3.18) and (3.19) we have that B(-, ) is coercive on H(aa//227a/2) X

H Ela/ /22 0/2)" Then, from the Lax-Milgram, we have the following lemma.

Lemma 3.2 Forl <a<2andr=1/2, given f € H;;f /2)( ) and b(x) and c(x) satisfying (3.1),
there exists a unique solution u(x) = (1—x)2z%2 ¢(z) to (3.2), with ¢ € H(C;//22 O1/2)( ) satisfying
o] [ Sl e :

ey S Wlgo

This special case of (3.2) corresponding to » = 1/2 has been thoroughly investigated by Hao and
Zhang in [20].

11



For the general case, (r # %), to show (3.4) and (3.5), and hence establish the well posedness of
the formulation, following an approach by Jin, Lazarov and Zhou in [24], we use the Petree-Tartar
Lemma.

Lemma 3.3 [11, Pg. 469] (Petree-Tartar). Let X, Y, Z be three Banach spaces. Let A € L(X;Y)
be an injective operator and let T € L(X; Z) be a compact operator. If there exists ¢c; > 0 such that
allzllx < [|[Az|ly + |Tz||z, then Im(A) is closed; equivalently, there is ca > 0 such that

Vee X, olz|x < [[Azfy. (3.20)

To relate the Petree-Tartar Lemma to the formulation (3.2), with b and ¢ satisfying (3.1), let
X = HY?(0), Y = 7 = H,**(1),

A: X =Y bedefined by A¢p := Liwp + bDwp + cwep, and
T: X —Z7 bedefinedby T¢ := —(bDwd + cwo) .

That A € L(X;Y) follows from its definition and the continuity of B(-,-). To establish the injectivity
of A, consider k € Y and assume ¢; and ¢ satisfy A¢py = k and Apas = k. Then, correspondingly,
u1 = woi and uo = weo would satisfy

£2(m —u)(@) + b(x) D(ur —us)(x) + () (ur —uz)(@) = 0 € B2 A H, (1),
with (u; — u2)(0) = (u3 — u2)(1) = 0. Theorem 2.3 would then implies (u1 — u2)(z) = 0, i.e.,
up = ug <= ¢1 = ¢o. Hence A is injective on Y.

The fact that T' € £(X; Z) follows from its definition and (3.13) and (3.15). Also, from (3.12) and

(3.14) we have that T' : Ha/Q( I) — H1 a/2( I) is bounded. As HZ.(I) is compactly embedded in
H!.(I) for s > t, [12, pg. 10, Remark 2] since 1 — a/2 > —a/2, it follows that T' € L(X;Z) is a
compact operator.

Let ¢(z) = Y°, :G PP (2) € HY?(1) and (z) = 12, 6:GP* P (z) € H*(1). Note that
”QSHHg/z(I) = H¢HHQ){2(I) Then,

o0

1612 a2 = D (1+3%)"67

=0

N

YN = (Lowd, )
=0

= (LYwd + bDwop + cwd, P)r + (—(bDwd + cwd) , V).
= <A¢a ¢>w* + <T¢a ¢>w*
1461y ¥l gy + ITNy-ersgy 191 s

Using HngHfj/Q(I) = ”wHHﬂQ(I), we obtain that there exists ¢; > 0 such that

IN

alélx < [|Adlly + 1 Tollz-
Then, applying the Petree-Tartar Lemma, it follows that there exists Cy > 0 such that

Calldlx < llA¢lly, Le Colldllgarzyy < 14Dl —ary, - (3.21)
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Lemma 3.4 For B(-,-) defined by (3.6), the condition (ii) given by (3.4) is satisfied.

Proof: Noting that

B
wp 1B

> CQ HwH a/2
= HY (1
0£veH[2(1) H””Hj,{z(l) (

) is equivalent to HAwHH;f/Z(I) > O Hw||Hg/2(I),

the condition (ii) follows from (3.21).

Lemma 3.5 For B(-,-) defined by (3.6), the condition (iii) given by (3.5) is satisfied.
Proof: The adjoint problem to (3.2) is: Given g € HJQ/Q(I), determine 1 € Hgﬁ(l) such that
v(z) = w*(z)Y(x) satisfies

(L& o = bDv + (c = Db)v, dho = (g, ), ¥ € HI(T). (3.22)

Observe that the advection coefficient (—b), and the reaction coefficient (¢ — Db), satisfy the as-
sumptions of (3.2).

In relation to Theorem 2.3, the weak form corresponds to the fractional diffusion, advection, reaction
equation: Given § € H=*/2(T) N H;a/z(l) determine v(x) satisfying

(1—nv(@) = b(z) Dv(z) + (c(z) — Db(z))v(z) = g(x), €1, subject to v(0) =v(1) =0. (3.23)

Note that for the weak formulation (3.22), g may be chosen in H, o/ 2(I), whereas Theorem 2.3
requires the RHS, §, to be in H=*/2(I) N HJQ/Q(I). Also, note that properties (ii) and (iii) of
Theorem 3.1 are similar (property (ii) a stronger condition), where the supremum is taken over one
function space with the element in the other function space fixed.

For B*(¢,¢) = (L{_,w™Y + bDw Y + cw* i, @)y
= (Lfwg + bDwo + cwo, P)r = B(o, ).

An analogous argument as used to establish condition (ii) can be applied to B*(:,-) to obtain

|B* (v, w)| |B(w, )]

sup

Tl > Oy ||vHHaiz = sup
ozwe 2@ Ml aa2 o w

I

= sup |B(w,v)] > 0 forallve HSZQ(I), v#0.
weHS?(T)

A a/2
> Oy ‘|U"H542(I) for all v € H L*(I),

(Recall that in establishing condition (ii) Theorem 2.3 is only used with RHS function equal to 0 in
establishing the injectivity of the operator A.)
|

Combining Lemmas 3.1, 3.4 and 3.5 with Theorem 3.1 we obtain the following.
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Theorem 3.3 There exists a unique solution ¢ to (3.2), satisfying ”¢”H5/2(1 < 02 [l —a/2qy;

Proof: First, note that F' defined by (3.7) satisfies

F(y i
IFll= s e
0£peHL%(1) HY[*(1) 0£peHL%(1) HY[*(1)
HfHHSA/=2(I)H¢||HS>{2(I)
= 0 Il = Il
0£peH (1) HE2(T) “

Hence, F' defines a bounded linear functional. The existence and uniqueness of ¢ then follows from

combining Lemmas 3.1, 3.4 and 3.5 with Theorem 3.1. To obtain the bound for ||<]5||Ha/2(1)7 from

Lemma 3.4
B *
ol < £ sup 2L L 10 )]
STy 0£peH/? ”ﬂ’” °/2(p) Ca O;ézperjf HwHHfiz(I)
1 ”fHH—:‘/Q(I) ||¢||Ha£2(1)
RN Tl 5 ly=erngy- (3.24)
2 0fveH L HL2(1)

Corollary 3.1 For f € HS.(I), s > —a/2, and b and c satisfying (3.1), there exists C > 0 such
that with ¢ given by (3.2) satisfies

Ilgzreqy < Cllflls. - (3.25)

Proof: The proofs of Theorems 2.2 and 2.3 use a boot strapping argument. The first part of
the proof establishes that, for f € H~%/ 2(I), the existence and uniqueness of a solution u(z) =
w(z) ¢(x), where ¢ € L%(I), which then implies that u € H2.(I). The subsequent (finite) steps in
the proofs iteratively improve the regularity of ¢ (boot strapping argument), until the optimum
regularity of ¢ is obtained.

In view of Theorem 3.3, for f € H?.(I), s > —«a/2, there exists ¢ € Hﬁ/z(I) satisfying (3.2). Con-
sequently, for u(z) = w(z)@(x), using Theorem 3.2, u € Hﬁ*/Q(I) Repeating the boot strapping
argument used in the proofs of Theorems 2.2 and 2.3 results in u(z) = w(z) ¢(x) satisfying (2.26),
with ¢ € H3t(I), where 5 is defined in (2.27). The norm estimate (3.25) follows from that at each
of the (finite number of)) steps in the boot strapping argument the terms on the right hand side are
bounded by a constant times ||f||H5* -

|

Remark: Comparing Corollary 3.1 with Theorems 2.2 and 2.3, for Corollary 3.1: (i) the regularity
condition for b is stronger, (ii) the condition on f is weaker, and (iii) a bound for ¢ is not given in
Theorems 2.2 and 2.3.

Remark: A corresponding weak formulation to (3.2) can be given for u, and subsequent analysis
performed. As the unknown in our computational algorithm is ¢ we have chosen to present the
analysis in terms of ¢.
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4 Approximation Scheme

a/2

J (a=B,p)
span{Gg-B’afﬁ) j-V:O - H(C,MB/?OL—ﬂ) (I). Corresponding to (3.2) we have the following approximation
scheme.

As {@§“”’> >, Is a basis for H(C’;/g)(l), let Xy = Span{@§,°‘_ﬁ’6) N

3=0 =0 (I), and Yy :=

Given [ € H;*a/z(l), and b and c satisfying (3.1), determine ¢y € Xy such that un(z) =

w(z) pn(x) satisfies

(Liw(z) on(z) + b(z) Dw(z) dn(z) + c(@)w(z) on(2), ¥n)wr = (f, ¥N)wr, VN €YN. (4.1)
The following lemma is used to establish the well posedness of (4.1).

Lemma 4.1 There exists C3 > 0, such that for N sufficiently large,

sup |B(¢n, ¥N)|

> Csllonll oy Vén € Xn. (4.2)
ozvneYn [[ON [ gorz HE* (M)

Proof: Let ¢y € Xy. For 1 € HY2 (1), let oy = SN 1:GP* (). Using Lemma 3.4,

B ) B } + B ) -
Collénllyzingy < sup R ¢(||¢N R wN)‘| o (O, = Ow)
ogpers 2 WNHIP M ogyenlP() HL (W)
sup B(¢n,¥N) n sup (= (b(z) Dw(z) ¢ () + c(z)w(@) Pn(2)) s ¥ — YN)wr
B 0£peHL? (1) ”w”Hj,{Q(I) 0£peHL? (1) W”Hfj{z(l)
(4.3)
where in the last step we have used (L%¢n , ¥ — Yn)w+ = 0.
From (3.12) and (3.14), and using (2.18),
[(b(a) Dw(@) (@) + (&) (@) b (@) ¥ — e | < C Nl gare 16 — ¥l gi-ove
< Cllonllyes N Wl o (44)
Combining (4.3) and (4.4), for N sufficiently large we obtain (4.2).
|

Theorem 4.1 There exists a unique ¢y € Hg/2(1) satisfying (4.1). In addition, for Cs given in
(4'2)7 H¢N”Hﬁ/2(l) < C%HfHH;*a/Q(I)
Proof: For ¢ = > j=0"¢; @ga—ﬂ,ﬂ) (x), from (4.1), the constants c¢; are determined from

Ac = b, where A4 = B(agafﬁ,ﬁ)’ a(ﬂ,afﬁ))7 and b; = <f(x),a(5’afﬂ)(1:)>w*,

) %
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for 0 < i,j < N. Condition (4.2) implies the invertible of the square matrix A, and hence the
uniqueness of ¢y satisfying (4.1). The bound for ¢y is obtained in an analogous manner to the
bound for ¢ in (3.24).

|
For ¢ given by (4.1) we have the following error bound.
Lemma 4.2 There exists C > 0 such that for ¢ satisfying (3.2) and ¢y satisfying (4.1)
”(b - ¢NHHS/2(I) S C CngiN ”(b - CN”H?;”(I) . (45)

Proof: Note that for {(y € Xy, using (4.2),

B - ’ ) w* B )
03 HQZ)N o €N||H3/2(I) < wsug | (TTZNH CJ\/f2 ¢N)| _ wsug |<f ¢N‘>|wNH /2(CN 711N)|
€ @ € @
In0 Ho M D0 Hm @
= sup ’B(”Z_”CN’ ¥ )l (using (3.2))
N a/2
wwNNE;év Hw* D

Ch ||¢ - CNHHff/Q(I) ||¢N||H512(I)

= Tonl
P Y, N a/2
Db B

= Ol H¢) - CNHHs/Q(I) . (46)

With the triangle inequality and (4.6), we obtain
H¢ - (Z)NHHLD)‘/Z(I) S ||¢ - <N||H5/2(I) + HCN - (Z)NHHS‘/Q(I) S (1 + Cl) H¢ - CNHHg/2(I) .

As (ny € Xy is arbitrary, then (4.5) follows.
|

Combining Lemma 4.2 with Lemma 2.2 and Theorems 2.2 and 2.3 we obtain the following error
estimate.

Corollary 4.1 For f € HS.(I), s > —a/2, and b and c satisfying (3.1), there exists C > 0 such
that for ¢ satisfying (3.2) and ¢n satisfying (4.1)

16— énll g < ON"CFD gl a0 < ONTEHD | fllye 0 (@47)
Proof: From Corollary 3.1 we have that ¢ satisfies ¢ € H5+O‘(I). Then, applying Lemma 2.2, with

i = a/2andt = 5 + «, and using Corollary 3.1, we obtain (4.7).
|

An estimate for ||¢ — ¢n||z2(r) can be obtained using a Aubin-Nitsche type argument.

Corollary 4.2 For f € H:.(I), s > —a/2, and b and c satisfying (3.1), there exists C > 0 such
that for ¢ satisfying (3.2) and ¢n satisfying (4.1)

¢ — onllzm < C NG+ 16l gy < C NG+ ”fHHi*(I)' (4.8)
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Proof: Introduce v € H*/*(I) satisfying
LE_yw' = bDw'y + (c — Db)w" ) = ¢ — dn.
As (¢ — én) € L2 (1), analogous to (3.25), we have that
[lle,q) < Cllo — onllrza - (4.9)
Then,
l6 — onllrz = ((6 = on), (6 = ow), = (¢ = o), LG_yw" Y — bDw* 9 + (c = Db)w* ),

= (Llw (¢ — ¢n) + bDw (¢ — ¢n) + cw(d — on), ¥),. = B(¢ — ¢n), ¥)
B((¢ — én), ¥ — nn), for ny € Yy, (using Galerkin orthogonality)

Cille — onllyarz ¥ — nnll yos2 . using (3.9),
CN=CH2 6] yova N7 |9 o, , using (2.18),
CN T 6] yssalld — dnllzz , using (4.9).

IN A

IN

Finally, dividing through by [[¢ — én||z2 and using (3.25) we obtain (4.8).

Error estimate for v — uy.
The weighted Li,l error estimate for u— uy, where uy := w ¢y, follows easily from the definitions
of uny and the Li,l norm, and the estimate (4.8). The proof of the estimate for u — uy in the

Hjﬁ norm is not so straight forward. The following lemma is helpful in establishing the HS[ % error
estimate.

Lemma 4.3 Let 0 < p < 1. For ¢ € H,(I), then z := w( € HY_,(I), with, for some C >0,

Izl @ < Clclmg- (4.10)

Proof: For this proof it is convenient to use the definition of the Hf, b)(I) spaces given by (2.9).
Let u =0, and ¢ € H2(I) = L2(I). Then, for z = w(

—(a—B) — 2
lel2o @ = N2l o = /Iu—x) @020 (w¢)2dz = Iz = Il . (411)

Next, for ,u =1,let ¢ € C®(I) C HL(I), and let z = w(. Note that Dz ~ (1 — 2)* PP~ (x) +
(1 —2)7#1e%(x) + (1 - 2)*Pa’ D(x), and

/(1 — )"l Fl =B+l (Dz)2 dx ~ /(1 — )@ ()2 de + /(1 — ) @A ()2 da
I

I I
+ /(1 — ) @A D ()2 dae
I
=11 +I, + ||D¢|3- M- (4.12)

(1—z)(@=B)+1z8+1
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To bound Z; and Z» in terms of [[([[z2 ) and || D(][ 2

PR ) we use Hardy’s inequality [5,
(1—z)(@=B)+148+1

Lemma 3.2].

1/2 1
7, = / (1 —2) @O+ (2) 2 da + / (1 —2) @O+ ()% da
0 1

/2
1/2 1
< / 2P (x)? da + / (1 — z) @A+l ()2 dg
0 1/2
1/2 1/2 1
< / PPH(De(2) 2 do + / PP (22 d + / (1= 2)@ A8 (2 ay  (4.13)
0 0 1/2

(using Hardy’s inequality)
1

1/2 1/2
/ (1 — ) @B+ B+ (D () de + / wl(z)?de + / w((z)dx
0 0 1/2

N

< 2 2 . 4.14
S Kz + HDCHL?FZ)(WB)HEEH(1) (4.14)
An analogous argument yields
I < <l DC|I; : 4.1
2 S Kz + | C\|L(2171>(a76)+115+1(1) (4.15)
Combining (4.11), (4.12), (4.14), and (4.15), we obtain
HZHHblrl(I) < ClIS e - (4.16)
Estimate (4.16) extends to ¢ € H}(I), using the density of C°°(I) in H(I).
Finally, estimate (4.10) then follows from (4.11) and (4.16) using interpolation.
|

Corollary 4.3 For HS.(I), s > —a/2, and b and c satisfying (3.1), there exists C > 0 such that
for w determined from (3.2) and uy determined from (4.1)

IN

le = unllzs @ < CN"CED Sl o (4.17)

lu = unllgor 4y < CN-GHar2) 1A 5,y - (4.18)

Proof: As commented above, (4.17) follows from the definition of uy and (4.2). The estimate
(4.18) follows from (4.10) (with z = v —un, ( = ¢ — ¢n) and (4.7).
|

5 Numerical Experiments

In this section we present three numerical experiments to investigate the approximation of (1.1),(1.2)
using (4.1). We compare the approximation errors with those predicted by Corollary 4.2.
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0, 0<z<1/2,
1, 1/2<x<1
of f the true solution is unknown. In order to be able to compute a convergence rate for the
approximation a very accurate approximation (using N = 40) is used as the reference solution. For
the computational experiments the entries of the coefficient matrices, which require the evaluation
of integrals of weighted products of Jacobi polynomials on I, are evaluated using the Legendre-Gauss
quadrature rule with 200 nodes. This ensures sufficient accuracy in order to accurately measure the
error associated with the approximation scheme (4.1). We evaluate the norms of the error using the
norms associated with Definition 2.2.

For the numerical experiments we use f(z) =1 and f(z) = { . For these choices

The numerical convergence rate, k, corresponding to ||us9 — un|lnorm < N7, is presented in the
tables together with the errors. Also included are plots of the reference solution ug4g, and the error
Ugp — UN-

In Experiment 1 the data is symmetric about x = 1/2. However the operator is not symmetric
(r = 0.2), corresponding to a preferred diffusion toward z = 1 over diffusion toward x = 0. This
is reflected in the solution being slightly skewed toward z = 1 (see Figure 5.1). In Experiment
2 the larger value of r (r = 0.3), together with a left-to-right drift (advection) term results in a
solution highly skewed to the right (see Figure 5.2). For Experiment 3, with the diffusion and drift
parameters as used in Experiment 2, the source term is taken to be zero for z € (0,1/2) and one
for z € (1/2,1). This data results again in a solution highly skewed to the right (see Figure 5.3).

Typically when approximating a function which is itself, or its derivative, singular at a point zg, the
error in the approximation will be significantly larger in a neighborhood of z5. In the approximation
scheme studied herein the correct endpoint behavior of the solution is built into the approximation.
Figures 5.1-5.3 contain plots of the error for the approximations. In Experiments 1 and 2 the largest
errors occur at the right hand endpoint, x = 1. Notable is that the errors in a neighborhood of
x = 1 are the same order of magnitude as the errors across the interval. For Experiment 3 the
largest errors occur in a neighborhood of the discontinuity in the source term, around x = 1/2.

Experiment 1. Fractional diffusion, reaction equation with C*°(I) data.

For this experiment we use a = 1.60, r = 0.20, b(x) = 0, ¢(z) = 5, and f(x) = 1. Theorem 2.2 states
that even with C*°(I) data the regularity of the solution is bounded. For this data 8 = 0.93, and
s = min{oo, a+(a—pF)+1, a+5+1} = 3.27. Corollary 4.3 predicts that ||u — UN”Li—l(I) ~ N7487

and |lu — uyl| ey ™ N—407 The numerical convergence rates for the errors are presented in
-1

Table 5.1, and are in good agreement with the predicted rates. A plot of the reference solution and
plots of the errors are given in Figure 5.1.

Table 5.1: Experiment 1: o = 1.60, r = 0.20, b(z) =0, ¢(z) = 5, and f(z) = 1.

N u—aunllpz & lu—unllyen

6 1.05E-04 5.36E-04

8 9.52E-05 497  1.56E-04  4.30

10 8.62E-06  4.81  6.22B-05  4.11

12 361E-06 477  2.97E-05  4.06

14 1.74E-06 476 1.59E-05  4.05
Pred. 4.87 4.07
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Figure 5.1: The plot of the reference solution u4g(z) (left), and the plot of the errors for Experiment
1.

Experiment 2. Fractional diffusion, advection, reaction equation with C*°(I) data.

For this experiment we use o« = 1.40, r = 0.40, b(z) = €, ¢(x) = 5 + sin(x), and f(x) = 1. As
previously commented, even with C*°(I) data the regularity of the solution is bounded. In addition,
comparing Theorems 2.2 and 2.3, the presence of an advection term results in reduced regularity of
the solution of the fractional diffusion, advection, reaction equation to that of the fractional diffusion,
reaction equation. For this data 8 = 0.93, and § = min{oco, a + (« — ) — 1, a+ f — 1} = 1.01.
Corollary 4.3 predicts that [|u — UNHLZA(I) ~ N724 and |u — uN||Ha/21(I) ~ N~LT The

numerical convergence rates for the errors are presented in Table 5.2, and are in good agreement
with the predicted rates. A plot of the reference solution and plots of the errors are given in Figure
5.2

Table 5.2: Experiment 2: o = 1.40, r = 0.40, b(x) = €*, ¢(x) = 5 + sin(x), and f(z) =1

N o u—unl_ & llu—unlpen &
12 5.67E-03 3.57E-02

14 411E-03  2.08  2.82E-02  1.53
16 3.09E-03 215  227B-02  1.62
18 92.38E-03 221  1.86E-02  1.71
20 1.87E-03 226  1.54E-02  1.80
Pred. .41 1.71

Experiment 3. Fractional diffusion, advection, reaction equation with f € H%Q_E(I).

0, 0<z<1/2,
1, 1)2<z<1

In this case the regularity of the solution is limited by the the regularity of f. For this data
f=091,and s = min{l/2 —¢, a+ (a— ) — 1, a+ -1} = 1/2—e€. Corollary 4.3 predicts that

For this experiment we use a = 1.70, r = 0.30, b(z) = 2, ¢(z) = 5, and f(z) = {
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Figure 5.2: The plot of the reference solution u4g(z) (left), and the plot of the errors for Experiment
2.

lu — “NHLi,l(I) ~ N722 and ||u — UNHHaizl(I) ~ N7135 The numerical convergence rates for

the errors are presented in Table 5.3, and are in good agreement with the predicted rates. A plot
of the reference solution and plots of the errors are given in Figure 5.3.

Table 5.3: Experiment 3: a = 1.70, r = 0.30, b(x) =2, ¢(z) =5

N u—unlpz ok ||U—UN||Ha/z1 K

12 371E-04 1.27E-03

14 92.69E-04 210  3.45E-03  1.38

16 2.08E-04  1.91  2.92E-03  1.26

18 1.61E-04 218  244E-03  1.50

20 1.30E-04  2.02  211E-03  1.40
Pred. 2.20 1.35
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