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Abstract

We present a nonlinear subgrid—scale method for the stabilization of the Galerkin
approximation to convection dominated, convection diffusion problems, establish exis-

tence and uniqueness results, and provide an a priori error estimate for the method.
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1 Introduction

In this report we present a new stabilizing method for the solution of convection dominated,
convection diffusion problems. This new approach is a synthesis of the hierarchical subgrid
model recently proposed and analyzed by Guermond in [11] and the nonlinear artificial
diffusion method studied by Iliescu in [15]. These methods have the same stability and

convergence properties as those for the streamline diffusion method [16].
We consider the modeling equation

Leu = —eAu + v-Vu + qu = , in £,
‘ 1 ! (1.1)

u = 0, on I.

This equation has been — and continues to be — well investigated as it is an important
modeling equation in many applications, such as turbulent flow simulations, pollution dis-

persement, and computational meteorology.

It is well known that naive approximations to (1.1) contain nonphysical oscillations unless
the discretization parameter h is chosen sufficently small such that ||v|h/e ~ O(1). From
a Galerkin approximation point of view, these nonphysical oscillations are due to the fact

that the approximation, uy, is not stable in the Sobolev space H! as ¢ — 0.

In [11], in part analogous to the subgrid scale approach used in computational fluid dy-
namics, Guermond introduces an additional component into the bilinear form used in the
approximation. This additional component is only defined on the added “subgrid—scale”
elements. Combining the approaches of Iliescu and Guermond we introduce into the ap-

proximation scheme a nonlinear subgrid—scale model and analyze its properties.

In Section 2, we define the notation that we will use throughout the report. We then present
the approximation scheme in Section 3. Finally, existence and uniqueness results and an a

priori error estimate for the approximation are derived in Section 4.



2 Notation

In the following we assume (1.1) satisfies the following:

(Al) 0<ex 1,
(A2) v e Wh(Q), g € L=(Q), [Vlleo + lldlloo = O(1),

(A3) =3V -v + ¢>1.

As usual, || -|jo and || - ||1 denote the Sobolev norms on L?(Q2) and H'(2), respectively, and

|| - || denotes the L> norm on €.

Let I1;,(2) denote an edge-to-edge finite element triangulation of Q. Also, let S; C H ()
denote the conforming finite element space of piecewise linears on II;(£2), and let Sy C
H} () denote the subgrid-space (e.g. cubic bubble functions) on I (f2). For a triangle T

in I1,(Q?), let hr represent the local mesh parameter for 7.

Let Be(-,), b(-,-), bir(-,-), bsy(5+)s bsy,r(,-): H&(Q) X H&(Q) — IR denote respectively

the following bilinear forms:

Be(u,v) = /Qevu-w b (v-Vu + qu)vde, (2.1)
b(u,v) = /Q (v-Vu + qu) v dz, (2.2)
bur(uv) = /T v Vuvde, T € TH(Q), (2.3)
by(u,0) = /Q (¢ = V-v/2uv dz, (2.4)
boyr(u,v) = /T (¢ = V-v/2uuvde, T € T,H(Q). (2.5)

We define an energy norm, and a streamline-derivative seminorm associated with (1.1) as
1/2
llull == {elvull§ + uld} ", (2:6)
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lul1y = (/Q(V-Vu)2dx>1/2 . (2.7)

The notation |- |1 v 7, || - ||, is used to denote the streamline derivative seminorm and the

Lo norm restricted to the triangle 7T'.

Note that assumptions (A1) - (A3), the definition (2.1), and integration by parts imply that

Be(v,0) Z [loll®, Vv € Hg(9). (2.8)

Definition of the Subgrid—Space
Given U € S, @ Sg := X, introduce U, := I,U € S}, as the (bounded) projection operator
defined as the nodal interpolant of U in Sy, and Ug := U — Up, € S;. We assume that the

usual inverse inequalities hold on S}, and S;.

We further assume a decomposition of S into a direct sum satisfying

S, = € st

Telly

where, for f € ST we have that supp(f) C T.

Note the space of bubble functions satisfies this decomposition.

Definition of the Sub-Grid-Regularization-Operator
Let AVy(-,-) : Ss x Ss — IR, be defined by:

AV,(U V) = > hT/ d(|VU|)\VU -VV dz , (2.9)
Telly T

where

(A4) d(-) is uniformly Lipschitz continuous from IR* U {0} — IR™
(A5> 0< dmin < d() < dmaz )

(A6) d(-) is monotone nondecreasing.



A key inequality which is used to establish that the approximation satisfies the optimality

error estimates for this problem is

b s
YV e X, VT €Tl,  sup b1, (Vi 65)

> Ca‘vhll,V,T - c5bsy,T(‘/7 V)1/2 . (210)
soesT  |@sllT

This local property of the approximating spaces is satisfied by some commonly used ap-

proximating elements.

Theorem 2.1 Let Sy represent the space of continuous piecewise linears, and let Ss repre-

sent the space of cubic bubbles functions on I1j,. Then, the estimate (2.10) is satisfied.

Proof: See Guermond [11] pg. 1303-1305. ]

3 Discrete Approximation

The approximation U € X;, C H}(Q) is determined via:

Be(U,v) + AVy(Ug,vs) = (f,v) Ywe Xy . (3.1)

Note that the true solution u € H}(Q) satisfies

Be(u,v) = (f,v) Yo e H} Q). (3.2)

The space Sy, represents the space of resolveable modes of the true solution u. The subgrid—
scale space Ss is introduced to stabilize the approximation method. As such, the overall
accuracy of the approximation U is controlled by the approximation property of u in Sp.
Consequently, the error estimates we establish in this paper are given in terms of the mesh

parameter h for Sy.



4 Existence, Uniqueness, and A Priori Error Estimate

In this section, following the approach presented in [15], we establish the existence and
uniqueness of the approximation U given by (3.1), and we derive an a priori error estimate

for U.

To show existence of a solution U to (3.1), we rewrite (3.1) as a fixed point problem in the
following form:

u = Au ,ueX. (4.1)

The Leray—Schauder Principle considers a family of fixed point problems associated with
(4.1). Namely,
u=tAu ,ue X 0<t<1. (4.2)

Theorem 4.1 ( Leray—Schauder Principle: [29], Pg.64 ) Let X denote a Banach Space
and A : X — X a compact operator. If there is a number r > 0 such that if u is a solution

of (4.2) it satisfies ||u|| <, then (4.1) has a solution.

Lemma 4.1 (Existence of U) Assume (A1)-(A6) are satisfied. Then, there exists a solu-
tion U to (3.1) satisfying:

Il < e Hifll-1y (4.3)

where || - |1 denotes the norm on H~1(Q).

Proof:

Notationally, we rewrite (3.1) in the form (4.1) via:

U=B'(f) - BNAV(U)) = A(U),



To verify the existence of a bound r to U satisfying (4.2), we consider, for 0 < ¢ <1,
1
Be (U.0) + AVi(Uss0) = (£.0), v € X,

From assumptions (A3) and (A4) we have with v = U,

A

1 1
SeIVUIE + S0 < Hfu_luvul,

IFll- < e fll-1 -

= [Ulh

mln{e 1}

Next, as X}, is finite dimensional, the compactness of A is equivalent to A being continuous.

To verify the continuity of A at U, let y; := A(U) and ya := A(V'). Then,
Be(y1 — y2,v) = —AVy(Us,v) + AVy(Vi,v) , Yo € Xp.
For v = y; — y92, and using the coercivity of Be(-,-), we obtain

elyr —wl? < |AVe(Us,y1 —y2) — AVa(Vs, 01 — 42)|

< |ZhT/ (IVU) VU, — d(|VVa)VVa) - V(g1 — y2)da]

< X bl (VD VU =~ d(TVDTVL I [V 0 = )l
1/2

< (ZhTH (IVU)VU, —d<|W|>VV>||> I = 92)lh

1/2
ellyr — w2l < ( ht (d \VUDVU—d(!VV\)VV)H> :

Now, we have that

[d(IVU)VUs = d([VVi)VVil| = [[d([VU)VUs = d([VVi)VUs + d([VVs)VU, = d(|VVL])VV]

1 (d(IVUs|) = d(IVVi])) VU, + d(|[VV3]) (VUs = VV)]]

< Cd|||VUs| - |VVSH| ||VUS|| + dmamHUs - ‘/s”l
< ¢ HVUH ||VUS - VVSH + dmax”Us - Vs“l
< Cd7U||Us_Vs”1-

(4.4)



Thus, we obtain
1/2
elyi —wp2li < ¢ <Z hz(|Us — VSH%,T)
T
< Us=Visllh < [U=V]h

from which the continuity of A then follows.

Applying Theorem 4.1 the existence of U is established.

Next we establish the uniqueness of U under the assumption that d(-) is monotonically

non-decreasing. This condition is a generalization of that established in [15].

Lemma 4.2 (Uniqueness of U) Assume that (A1)-(A6) are satisfied. Then there exists a

unique solution to (3.1).

Proof:

Assume that U and V in X, satisfy (3.1). Then, it follows that

AV, (Us,vs) — AVi(Vi,vs) + Be(U = V,0) = 0 Yo € X, . (4.5)

Choosing v = U — V, and using (2.8) we have

AV (U, Us = Vi) = AVi(Vo, Us = Vi) + e [VU = V)| + U=V < 0
>t | @ITU)TUL - (T, = TV) = d(VV) TV, - (VU = VV.)) do
+e[VU-MIP+IIU-V|* < 0
> hr (d(|VU)VU, — d(|VVL|)VV; , VU — Vi)
T
+e VU -V + [U-V[? < 0 (4.6)



Now for d(-) monotone non—decreasing we have that

(d([ti)tr — d([t2))t2, t1 — t2)r > (d([ta1])t1 — d([t2])t2, t1 — t2)

= (U + (D)t~ t2) 1~ t2)

S = dta) b+ t2) 1 — 12

v

Combining (4.5),(4.6),(4.7) we obtain that
VU -V)IP + U-V|*< 0,

from which the uniqueness of the solution to (3.1) follows.

(4.7)

Having established the existence and uniqueness of U satisfying (3.1) we next give an a

priori error estimate. Convergence of U to the true solution u under refinement follows

immediately from the estimate.

Theorem 4.2 For the solution u of (3.2) and its approximation U given by (3.1) we have

the following estimates.

1/2
eV (u—U)| +[lu—-Ul + (Z hT!Us|!2T> <

Telly

1/2
C ¢ imf 7 |ellVu—w)lF + hrlu—wlivr + hp'llu—wl]
WSSk per,

1/2
( Z hr|u — Uﬁ,v,T) <

Telly,

1/2
Cint > [ V—w)lF + hrlu—wlyr + hp'lu - wlF]
WEIh ety

(4.8)

(4.9)



Proof:
Let w represent an arbitrary element of Sy, and rewrite u — U =n — 1, where n = u —w

and ¢» = U —w. Noting that Us = 15, subtracting (3.1) from (3.2) we obtain
Be(¥,v) + AVs(¢s,v5) = Be(n,v), (4.10)
for all v € Xj,.

Choosing v = 1), (4.10) becomes

S VIR + by, 0) + AVi(t ) = /Q Vi Vipdz + b(n, )

Telly

_ /ﬂevn Vpd + 2bgy(n,9) — b(t,n)
_ /ﬂeVn-de:B + 2bgy (1, 9)

- /(V-Vl/})ndiﬂ 7/ qyndx  (4.11)
Q Q
We can bound the terms on the right-hand side of (4.11) in the following manner:
[ avnds < lal<llin
1 5 1/2
< ale ([ (0= 5V -viwds) ]
Q

1/2
— lalle ([(v- F0)0 +au?ds) ]
= alloc ey (5,0
2
< by 0) + L2

< by () ”q”°° S Il (4.12)

Telly

for 41 > 0 a constant.

The next term is bounded as
1
2bsy(77»w) < '72bsy(1/) ¢) 4ryg sy(n 77)
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< yabey (i, 9) + H LIS

2 perm,

Continuing,

eVn-Vipdr = Ze Vn - Vipdx
J J

Telly,
< > dvnlizlVelr
Telly
1
< 3 Y €llVelF + . S ellvnlF
Tel, 13 e,

Thus, from (4.11) and (4.12)—(4.14) we obtain

Z 6(1 - ’73>va”% + (1 -7 — 72)bsy(wa'¢) + AV}(%,%)

Telly,

(4.13)

(4.14)

1 c
< — [ (v-VY)nde + — il + — 7
< [ Vo S VAl + 3l

3 Tel, Tell,

L
An 7o,

IN

1 2
- [ Vemds 3 €Vl

3 rerm,

lali%, | e :
+ + — :
( o) X Il

471 Telly,

Finally, we consider the [,(v - V)ndz term.

[-vomde = 3 [ (v- Vo

TEHh
< > Whvelnlr -

Telly

To handle the |9|; v 7 term we use (2.10). Since supp(¢s) C T,
br(nd) = [ v-Vino.do

11
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(4.16)



— /eVn-Vqudx—i-/V-anﬁsdx—i-/qn(bsdx
T T T

—/ Vi - Vs do —/v-vmsd:c - / Qs dr — AV, (s, bs)

T T T

ehp IValrlleslr + ez IVolzlloslre + nhvrlesle + clnllzloslr
+ || Vs |7l dsllT + cbsyr(h, )2 bsllT + cdmasl|Vs|Tlds T -

Hence, using (2.10),

calUnlive < ehp' |[Valr + ehp! Vollr + lnlivr + cllnlr

Fe||Vsllr + cbsyr(h, )2 (4.17)

Using ¢ = ¢y, + 15 and (4.17), the term [¢|1 v 7||n||r is bound as

Wlhivrllnle < ehp IVallzlile + mlyvrlnlr + clnlz

+ehp IVelrlinlr + el Voslirlinle + cbsyr, )2 |nlr

IN

—1/2 —1/2
ehp 2 1Vnlle b P nlle + mhovrlnlle + clnlé
_ 2 —1/2
+ 2|Vl 2hptnllr + bVl ¢ by ln ) r
+bsy,T(w7¢)1/2 CHUHT :

Next, summing the above terms over all triangles T € II; yields the estimate:

> !

_ 1 _ 1
wvrlnle < Y (5ErHIValE + ShztlnlF + shrinlive + clnlz
2 2 2

Telly, Telly,

+ Lz + ez + S hrlnlE + <l
gl Il et Tl g = he il +

+ Y (el VEIF + p2 hrll Vel + ps boyr(,0))
Telly,

Thus, returning to (4.15), for suitably chosen values of 1, 2, and pg, and assuming 0 <

€ < hp < 1, we have that

D ElVYIF + bey(,¥) + hrl|Vibs|7

Telly
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< C Y (el Vnll+ Il + R IVnld + b Il + hrlnf v r + ehz?lnllF)
Telly

< ¢ Y (elvald + helnf vz + (0 + bt + ehp)linlF) - (4.18)
Telly

Finally, estimate (4.8) follows the triangle inequality and applying the estimate (4.18).

To establish (4.9) note that from (4.17) we have

cahiPlnlive < ehp PVl + ehn IV elr + cha v + bl

+ehiVsllr + ehi*beyr (v, )2 .

Thus,

> hrlenlive < O {ERGH IVl + R IVEIF + hrlnfv
T, T
+ hrlnl + hrl|Vesld + hrbsy,r(,v)} -

Since we assume 0 < € < hp < 1,

> hrlvalive < O {Eh |Vl + e VelE + hrlnlly o
TeHh T

+ brlnl + hrll Vel + cby(w,v) .

Now, using the triangle inequality as in obtaining the estimate (4.8), and the inequalities

from (4.18) and (4.8), estimate (4.9) follows. ]
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