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ABSTRACT

Traditionally, the radiative transfer equation and its Py or spherical harmonics approxima-
tion are derived for a medium with a spatially constant refractive index (Ishimaru 1978 Wave
Propagation and Scattering in Random Medial vol 1 (New York: Academic)). In this re-
port, we derive the radiative transport equation and its Py approximation relevant to optical
tomography for a medium with a spatially varying refractive index. We find the analytical
solution of the coupled system of partial differential equations corresponding to the Py ap-
proximation in a spherically symmetric geometry. We compute the eigenvalues of the system
and compare them with the eigenvalues for the spatially constant refractive index case. We
show that the Py model with spatially varying refractive index for photon transport is sub-
stantially different than the spatially constant model.

Keywords: Radiative transport, optical tomography, Py approximation, spherical harmon-
ics expansion, refractive index, inverse problems, and biomedical imaging.

1 INTRODUCTION

Recent interest in the radiative transfer equation (RTE) for a medium with spatially varying
refractive index is getting more attention [14, 10, 19, 18]. Media with spatially varying
refractive index are among us in the form of biological tissues and the atmosphere, just to
mention two examples [26, 23|. For a detailed discussion on the potential applications in
optical imaging of biological tissue, see Jiang [10]. For a general introduction to optical
tomography, we refer to the following [3, 11, 30, 16, 4] and the references therein.

Recently several authors including Ferwerda [7], Khan et al. [13], Tualle et al. [27],
Marti-Lopez et al. [19] attempted to derive the RTE for a medium with a spatially varying
refractive index. However, a closer look in the literature reveals that Ryzhik et al. [24]
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had derived the general form of the transport equation for the energy density of waves in
a random media. Bekefi [5], Kravtsov and Orlov [17], and Apresyan and Kravtsov [2] had
also derived various versions of a ray refractive index equation for a non-absorption and
non-scattering media with spatially varying refractive indices. In fact, there have been other
attempts to derive the RTE for a few special cases for a medium with a spatially varying
refractive index as early as the time when Chandrasekhar derived his equation for a constant
refractive index [9, 20]. In fact, the RTE relevant to optical tomography for a medium with
a spatially varying refractive index is only a special case of the general result. However the
appropriate photon transport model for a medium with spatially varying refractive index is
still not widely known to applied and interdisciplinary practitioners for optics applications
[10]. The aim of this report is twofold. The first goal is to present a simple derivation of the
RTE and derive its Py approximation relevant to optical tomography accessible to a wider
audience. The second is to compare the spatially varying refractive index model with the
spatially constant model to conclude if there are substantial differences between these two
models for photon transport phenomena in biological tissue.

The outline of the report is as follows. In section 2, we derive the RTE for a medium
with spatially varying refractive index. In section 3, we derive the corresponding Py ap-
proximation. In section 4, we find the analytical solution of the coupled system of partial
differential equations corresponding to the Py approximation in a spherically symmetric ge-
ometry. In section 5, we compare the eigenvalues for the spatially varying and spatially
constant refractive index cases. In section 6, we discuss conclusions and future work.

2 DERIVATION OF THE RTE FOR SPATIALLY VARY-
ING REFRACTIVE INDEX

The fundamental quantity of interest in radiative transfer is the spectral density of the
radiance or spectral radiance or simply radiance L, (r,,t) (which is sometimes called the
specific intensity) which is defined as the amount of energy which at position r flows per
second through a unit area perpendicular to the unit vector €2 in the frequency interval
(w,w + dw). L, is measured in W sr™'m™2Hz! or in erg s™'sr 'em 2Hz~'. The above
definition is the most general definition of radiance which considers both statistical and wave
aspects [24, 2|. The radiant flux F,, the total quantities F and L, and the energy density
®(r) are defined as

Fo(rt) — /S2Lw(r,ﬂ,t)ﬂdﬂ, (1)
F(r,t) — /ZFw(r,t)dw, @)
L, Q1) = /OOLw(r,Q,t)dw, (3)
S(r,t) — %Z2L(r,9,t)dﬂ. (4)

For the most general case, in an anisotropic, inhomogenous, and dispersive media, we also
need to consider that beam propagates with a group velocity v,, the magnitude of the velocity
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vy may depend on frequency and direction of the wave k. In the general case of an anisotropic
medium, the direction of the group velocity no longer coincides with the wave vector k and
the frequency w is related to k via the dispersion relations w = w(k,r). Therefore in general
the energy density ® and flux F are defined as

F(r,t) = /Lw(r,ﬂ,t)ﬂdwdﬂ, (5)
O(r,t) = /%Lw(r,ﬂ,t)dwdﬂ. (6)

It should be emphasized that for anisotropic media, €2 = v, /v, rather than Q = k/k is the
unit vector of ray direction. Furthermore, the integration is carried out over the domain B
in direction and frequency, (w, ) space, corresponding to the propagation of waves. Using
quantum approach, one can obtain a relationship between the group velocity and the spatially
varying index of refraction n(w,r) as in [5]:

2
VyC

J (7)

n?(w,r) =

dk | vy
dwdQY|

w3 w?
where J = |dk/dwdS}| is the Jacobian of the transformation from k = (k,, k,, k.) space to
(w, Q) space where Q is the solid angle around the direction v,/v,. The main idea behind
the following derivation is: (i) start from energy balance using physical principles, and (ii)

find derivatives along the ray using eikonal equations.

2.1 Energy Balance

Now from energy balance over a domain B = AwA§ we get:

1
2/ L (r, Q, £)dwdQ
6t ng

N J/

D(r,t)

+ V-/Lw(r,ﬂ,t)ﬂdwd&):
B

F(r,t)

o / (:ua + Ms)Lw(r, Q, t)dwdQ
B

absorption

+ / s | F(,Q)Ly(r, Y, t)dY dwd
B A

J/

scattering

+ /B e (r, . £)dwd®? (8)
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where 0/0t and V are taken along the ray, y, is the absorption coefficient, u, is the scattering
coefficient, f(€2,€?') is the scattering function (also called the phase function) which gives
the probability that an energy packet travelling in direction €2’ is scattered into direction €2,
€,(r, 2, t) is a source distribution per unit volume per unit frequency, and f is normalized
according to

f(2,9)dQ =1. (9)
S2
The right hand side of equation (8) can be dealt easily if we assume that the optical param-
eters pi, and pg are independent of w, €2, and ¢. The left hand side of equation (8) requires
further analysis because this is the term which requires the calculation of the derivative along
the geometric ray satisfying the eikonal equation of geometric optics.

2.2 Eikonal Equation

First we will consider the simple time independent isotropic case. In this case, the funda-
mental equation of geometric optics is a nonlinear partial differential equation

(VU)? = n? (10)

where U has come to be known as the eikonal and the respective equation as the eikonal
equation. The eikonal equation is a nonlinear, partial differential equation belonging to the
Hamilton-Jacobi variety. In the general case the Hamilton-Jacobi equation has the form

ov oV ov
g an) =0 11
(8q1 9g g, 1P q) ()
where ¥ = (g, g, .., ¢,) is the function to be determined, g; are arbitrary coordinates
(7 =1,2,...,n), and p; = 0V/0q; are the associated “momenta”. A nonlinear first order

partial differential equations such as Hamilton-Jacobi can be solved using the method of
characteristics in a straight forward manner [12, 17]. If we let ¢;, j = 1,2,3, as cartesian
coordinates and H = H(p,r), then the PDEs characteristics satisfy

dr OH
- = = 12
dr op’ (12)
dp 0H
i = o (12)
dv 0H
& " p (14
p = —VV¥ (15)

where the solution r(7),p(7), and ¥(7) are called the characteristics of the system in the
phase space {p;,q;}. The parameter 7 varying along the ray can readily be related to the
arc length s mainly,

ds

dr = ————.
|0H /Op|

(16)
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From this, the fundamental equation of geometric optics can be derived using either of the
two Hamiltonians:

H, = % [p* —n’(r)] =0 (17)
Hy = p—n(r)=0 (18)

where p = y/p? in which case |0H/0p| = 1 and therefore the parameter 7 is equal to the arc
length s. The first Hamiltonian leads to

dr

- 19
dp B 1 9
o = 2Vn (r) (20)
and the second Hamiltonian leads to
dr P
= _ 21
dp 1

If we let = p/p = p/n, being tangent to the ray, we get from equations (21) and (21),

dr

= = Q 23
dS ) ( )
d§d 1 1

where dn/ds = €2 - Vn. This is exactly the starting point of Ferwerda’s [7] derivation which
implies that he did not consider the most general space-time eikonal equations as shown
below.

2.3 Space Time Eikonal
The Hamiltonian for the space time case is (see [17]):

2
H(w, k1) =k — Zn?(w,r) = 0 (25)
c
where n?(w, r) is usually defined as e(w, r) which is the fourier transform of the permittivity
é(t—t',r) in the medium, k = V¥ and w = —0W¥/0t. This equation still belongs to Hamilton-
Jacobi variety. This is the eikonal equation in 8-D space (r,k,¢,w). Using the method of
characteristics, we get a set of characteristics parametrized by ¢ as (r(¢), k(¢),t(¢),w(¢)) and
changing from the ray parameter ¢({) to s,
dw(k
. / w(k,r)

a0 = [ w0 (26)




that has the sense of the arc length of the spatial ray projection, one gets the following
relations (see [17, 2]):

% Y (27)
% - % (29)

where v, = dw(k,r)/0k is the group velocity, and € = v, /v, is the unit vector which may
not necessarity coincide with the vector k/k in the non-isotropic case. The derivations for the
eikonal equations can also be easily worked out using the methods of differential geometry
and Frenet frames in tensor notation [21, 22]. However, we did not follow the differential
geometry approach in order to keep our derivation accessible for a broader audience.

2.4 RTE For Spatially Varying Refractive Index

In geometric optics, it is more convenient to the use the wave vector k = (k,, k,, k.) and the
elementary volume dwd€2 = J~'dk (see [2] for details). Using this notation we get,

/ P (le(r,Q,t)J—l)

Akg 8t ’Ug

Ve (Lo, 20907 dk =

— / (ttq + pos) Lo (r, 2, t)dk
Akg

+ / s | F(,Q)L,(r,Q,1)dY dk
Akg 47

+ / e.(r, . 1)dk (31)
Akg

where the derivatives 0/0t and V are taken along the ray. Now if we further note that

#) = wal ()] &

1 1
V-Q = —V-V9+Q-V1n<—), (33)
Vg Vg
1 d .
U—QV “V, = T [In j(r,ro)] (34)

where j(r, ro) is the Jacobian of the transformation from ray coordinates to space coordinates
(equation (34) is a consequence of Liouville’s formula in phase space from classical mechanics
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[8]) and the total derivative along the ray is:
d dto drd dQ 0 dw 0

Do = o T sor T ason T dsow
10 ds) dw 0O
= — 2 1Q. =
vg0t+ v+0l Vat ds dw (35)

where we have simplified the expressions for dt/ds and dr/ds using the characteristic equa-
tions for the space-time eikonal and in place of wave vector k, we have used Q = v, /v, and
w. Then the balance equation (31) transforms into,

/ D, (LoJy") dk
Akg

+ {D In (i)} (LoJyt) dk
Ako g

+ /Ak [DsIn ()] (L Jy ") dk

+ /Ako [DS In (%)] (Ludy!) dk =

- / (o + p12) (Lol ) i
Akg

/ -1 /
+ /Akous/ f(Q,Q) (LuJy ) ddk

47

+ /Ako €u(r, Q,1) (J5') dk. (36)

where J; ! = |dwdQ2/dky|, D, is the total derivative along a ray and d€2/ds and dw/dt follows
from the characteristic equations for space-time eikonal,

dQ2 1 dv

. - oea)™ 37
ds vg< @) ds’ (37)
dw 1 dw

= - = 38
ds vy dt’ (38)

where 1 is a unit tensor and ® is a tensor product, and 1 — Q2 ® (2 is the projection operator.
We added the derivative of In(c?/w?) in equation (36) which is equal to zero because frequency
along the ray remains invariant. Now if we combine a few of the terms in equation (36), we
arrive at,

Ji D, L, dk

Ako

02
+ / ot [DS In ( 5
Akg w Ug

- / J()_l(:ua + Ms)Lwdk
Akg

. )} i
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+/ Jotus | F(Q,9Q)L,(r,Q,t)dY dk

Akg 47

+ / Jy teu(r, 2, t)dk. (39)
Akg

Now because of Liouville’s theorem [8] which leads to the invariance of the phase volume
implies that J;'j = J~* and since

2
VyC

2

2
n2(w, 1) = dk ' _,C

= 4
dwd2 >/ (40)

w

In (m) _In (Ug; I j> (41)

With this simplification and noting that J; 'dk = dwd§2 we arrive at the following transport
equation

w

we get,

/D L, dwdS2

/Dln( )L dwd) =

- /(ua + 1) Ly (1, 2, 1) dwd
B
/“s/ f(Q,Q/)Lw(I',Q,t)dQ,dwdQ
B 47
+ /Ew(r,ﬂ,t)du)dﬂ. (42)
B

If we further assume that n(r) is only a function of r and does not depend on (2,¢,w),
vy, = ¢/n, and the equation (42) is satisfied in the strong sense [12, 28] i.e. left hand side of
the integrand is equal to the right hand side of the integrand, we get for L(r, 2, ¢) independent
of w, the following RTE for a medium with spatially varying refractive index:

n oL

2
prn +Q-VL+ Vn VQL——(Q Vn)L

—(pta + ps)L + s f(Q, Q) L(x, ', t)asY
4m

+ €(r,Q,1). (43)

From straight forward manipulation of the simple eikonal equation (24) which does not
include the general space-time case, Ferwerda [7] derived the following RTE:

L 1
nOL 9 .vL+ ivn Vel +(V.Q)L -
c Ot n



—(pa + 1)L+ ps | f(2,Q)L(r, Y 1)dQY

4r

+ €(r,Q,t) (44)

where the expression for V - € is given by:

V-Q:%[Ql-Vn]—%(Vn-Q) (45)

where Q71 = (1,21, Q;"). The derived RTE for a medium with a spatially varying
refractive index (43) differs from equation (44) in that the V-2 term is equivalent to —2(€2 -
Vn)L/n instead of equation (45). The reason for this difference is that Ferwerda did not
consider the most general case of space time eikonal. However, even though Ferwerda’s
reasoning is erroneous, it does involve an interesting expression for V - equation (45) which
leads to some interesting mathematical surface integrals [15].

3 Py OR SPHERICAL HARMONICS APPROXIMA-
TION

We recall from the previous section, the radiative transfer equation with spatially refractive
index,

naL

1 2
e Q-VL—I—EVTL-VQL—E(Q-Vn)LZ—(MmLMS)L

4 ops | F(Q-Q)L(r, Q2 4)dY + e(r, Q1) (46)
SQ

We use the spherical harmonic expansion of L and e,

) y4

L(r,Q,1) :Z Z (264——;1) Ve (1, 1)Yem(€2) (47)

=0 m=—¢

and

¢ 1/2
(r. 1) ZZ(%“) €t (12 1) Y () (48)

{=0 m=—/

where ((20+1)/47)'/? is the normalization factor. The phase function f can also be expressed
using the addition theorem (87) as,

fee) = S 2 e
=0
00 l
= Z Fo¥ g () Yo (€2). (49)
/=0 m=—



Substituting these expansions into (46) we get

> 20+ 1 0
>y (M) e

=/

1 2
+ ﬁvn : VQ - E(Q ' vn) + ,U/t:| wé,mn,m - €£,m)/2,m

— e [ AV D3 3 V@)Y ()| =0

=0 m/=—#/

(50)

where p; = s + i, is the transport coefficient. The integral over €’ can be calculated using
the orthogonality relation for the spherical harmonics (86). Then equation (46) becomes

2y () [hen

=0 m=—{

1 2
-+ ﬁVn . VQ - E(Q . vn) + ,Uz?:| ¢€,m - 6(,m:| }/Z,m =0
(51)

where pf = ps(1 — fo) + f1q is the reduced transport coefficient. If we multiply equation (51)
by Y, and integrate over 2 we can use the orthogonality relation (86) in all terms except
the terms with Q -V, (Vn - Vgq)/n, and —(2Q - Vn)/n. Therefore we arrive at

w+1\"*n o op+ 1\ 2
s ﬁ_7vZ}1Lq + pr Mpryq
47 c ot 47
20+ 1\/? 1 2 .
QY+ =Vn- Vo — —(Q-Vn)| dymYimV,d0
52 47 n n ’

p+1 1/2
= ( g ) €pq- (52)

3.1 Calculating €2 -V term

We begin by writing €2 as (€2,, €2,, €2,) which may be represented in spherical coordinates as
Q = (sind cos ¢, sindsinp, cos?)). Then

0 0 0
Q-V:Qxa +Q,— Yy +Q,— 25,

Now we multiply each term by Y7, (€2) and use the recurrence relations for spherical harmonic
functions given in (92)-(94) to explicitly find each coordinate of QY (£2):

Q,Y,,(Q2) = sindcospY, ()
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R P
= 51n19§(e"9+@ )Yy, (Q)
1 . , .
= sindg (7 4 e ¥ ()]

1 | . | .
= |:§ SiIl /19 614103/;)7(1(9) + 5 Sin 19 e—thYPﬂ(Q))]

1 ((ptag+1)p+qg+2) vz
_5( (2p+ 1)(2p + 3) > Yi1g0(Q)

1L(p—ap—g-1)\",.

+§ ( 2p—1)(2p+1) ) Y 141(92)

1/((p—qg+1D(p—q+2) 1/2 .

+§< (2p+ 1)(2p + 3) ) Vg1 (82)
L(p+ap+a-D\" .

2 ( 2p—1)(2p+1) ) Y;Fl,qfl(ﬂ)a

nypfq(ﬂ) = Sinﬁsin(pY;q(Q)

o1
— 51n192—2,(690_6 so)vaq(Q)

1 . , .
= sin 19? [(e—w —¢i¥) Y;,,q(ﬂ)}

]

Sln/ﬁ eZSOYI'Dq(Q)}* T 21 [Slnﬁ 6—7,'50}/;77(](9))}*

ptq+l p+q+2))/ _—

229 +1)(2p+ 3) pt1,g+1

*
Y;)-‘rlq 1

+

(™
( (2p — 1 2p n 1?)1/2 Y g41(€2)
(* o

p—qtl —q+2)>1/
(2p+1)(2p +3)
1t ta-D\ .
< (2p—1)(2p + 1) ) Y, 14-1(82),
Q.Y (Q) = cosd Y, ()
= [cos? Y, ,(Q)]
((P—Q+1)(p+q+1))1/2Y* a

(2p+1)(2p + 3) ptla
p-a)p+a ..
" ((2p— 1)(2p + 1)) Y1),

Thus by the orthogonality of the spherical harmonic functions

1
% |
1
2i
1
2i
1
2i
1
2

¢

1/2
S % (X)) [0 Vi -

(=0 m=—¢
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1 /2p+3 (p+g+D)p+q+2)\" £+22 "

2\ dn (2p +1)(2p + 3) dx | oy) rrhett
1/2p—1 g—1\"?/0o 0

+2(47r) (%—1%+D) %+%y%H“1

RYEE (p—q+D(p—q+2)\"* 20N,

2 A7 (2p+1)(2p + 3) ox oy ) bt

1 /2p-1 (p+a)p+q—1)\" o .0 "

2\ 4r (2p—1(2p+1) dx oy ) rht
2+ (p

3\"*(p—a+ D +a+1\"* 0
> < (2p+1)(2p +3) ) Upt1g

() () 2o

+
7 N

3.2 Calculating (Vn-Vgq)/n term
First note that

oL smgp@L) ( oL cos<pc9L) oL
T+ YN

L = — ol
Va (cosz(}cosgaﬁﬁ S 9 cosz?slngpaﬁ—i—smﬂ&p U smﬁaﬁz

according to [14]. Therefore we get

00 L 1/2
20+ 1 0
Vol = (cosz?cosgp E E ( = ) wﬂ,m_aﬁ}/&m

£=0 m=—¢
o ¢ 1/2
Sy () i)
—i—(cosz?smgogmée <2€4—;1>1/2wm£9yem
ey 3 () o)
L3 Y (%4;1)1/%%%3@”2
=0 m=—¢

Making the substitutions (89) and (91) for the derivatives of Y;,, in terms of ¥ and ¢
respectively yields

1
—-Vn- VQL
n

00 4 1/2
1 20+1
= (COS@COSQP > D (?) bem [[m](cot 9)Yem

{=0 m=—/
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¢ 1/2
L sin 20+ 1 , on
+ e lom¥ Y, — E E Y, —
€ p(f, m) Lmt-om ( ) W,m(lm) Z,m) or

sin ¢
=0 m=—/
00 14 1/2
1 20 +1
it I si E E m t ) Yom
—|—n (cos smgpgio P> < e > Ve [|m|(cot 9)Y,,
00 L 1/2
- Ccos 20+ 1 . on
iome (¢ Yimio : m Yim | =—
+e p(L,m) £’+m]+sm19;mz_( i ) Ve (im) &)ay

oo 14 1/2
1( . Sy 20+ 1 . on
— <Sln 79 <?> 1/}4,771 |:|m| (COt ﬁ)YV&m + [ m@p(é) m)}/g’m_i_o-m]) %

n {=0 m=—¢
We proceed further by multiplying VoL with Y* and integrating over 5?2 and changing

the integration variable to ¥ and ¢ for convenience,

LVn VaL@)Y:, (@i

g2 N

/ / —Vn - VL0, )Y, (0, ¢) sinddddep

21 ™1 0o Y 2€+ 1 1/2
= / / E((30319(308802 Z( Ar ) W,mlm|(cotz9)Y4’m§/;qsimg

00 V4 2€+ 1 1/2 .
+ cos v cos p Z Z ( ) Yeme " p(L, M) Yt Y g SN Y

. 0o L 1/2
Sl 20+ 1 on
s SOZ ) ( ) Wm(@m)yzm%qsmﬁ) ddde =

=0 m=—¢
/

27 g 1 2€ + 1 1/2
—I—/ / — Cosf}smgoz Z ( ) Ve m|m|(cot 9)Yy Y, sind
o Jo M ’

{=0 m=
/

20+ 1 X
+ cos¥sin ¢ Z Z (%) Veme™ (L, M) Yemt o, Yy SINY

=0 m=—¢

[e%s) J4 1/2
20+ 1 on
+ COSSOZ Z (?) Vo (im)Yym Y, )dﬁdsf? Jy

{=0 m=—/¢

2m ™ £ 1/2
_/ / %(smﬁz Z (2£+1) VYem|m|(cot 0)YymY,, sind
o Jo

£=0 m=

l

—l—sinﬁz Z <2€4—j;1> Vome 7 p(0,m) Ym0, pqsm19> dddy gn

=0 m=—¢

[ L o
1 20 +1 -
= - (Z Z ( ) Wm\m!/ / cos® ¥ cos @)Yy Y, diddy

(=0 m=
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(%

1/2 27
) Vemp (L, m) /0 /0 (cosV cos psind)e™ Yy g, Yy dide

1/2 2 T an
) W,m(im)/o /0 singoY}g,mY;qdﬁdgo) o

1/2 2w s
i ) ¢g7m|m|/0 /O(Coszﬁsingo)Yg,mY;qu?dgo

2 T
dempltom) [ [ (costsinpsind)e oY, 0, i

1

1/2
2041 Vem Zm/ /Cosnggm ,A0dg 0_71
4 dy
_l’_

20+1

47r > ¢gm|m|/ / (cot ¥ sin® )Yy, Y, diddey

) @bgmpﬂm/ / sin?9)e w””neramY*qdﬁdgp) 3_n
P 0z

o £ 1/2
2041
> 2 ) bem|m| L (¢, m;p, q)

0o L 1/2
2041
22 ( i ) bemp(€;m) (6, m; p, q)
£=0 m=—¢
o ¢ 1/2
20+1 . on
_Z Z ( 47T > ¢57m(2m)13<‘€7m7p7Q)> 8_.ZU
£=0 —L
+

1 (SN < 2041\
= DD DN Em ) bemlm|Ls(C, m; p, q)
=0 m=—¢
00 L 1/2
2041
DD E= ) Gomp(€;m) (6, m; p, q)

X 2041\ 9

9) L 1/2
2 1
Z ( g—i_ ) w@,m|m|[7(€7m;pv q)
£=0 m=—¢ Am
20+ 1\ on
+ Z Z An ¢£,mp<£a m)18(€7 m;p, Q) % (54>
{=0 m=—/¢
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where,

Li(t,m) = (cos? 1) cos ©)YemY, didp

L(6,m) = (cos ¥ cos psin®)e Yy yo,, Vo d0d

I3(6,m) = sin oYy, Y, dddy

Is(6,m) = (cos Usingsind)e Y,y Yo didde

Ig({,m) = cos Yy Y, didp

o )
I, )
I, )
Ii(n,m) = /0 K /0 W(coswsingom,mygjqdﬁdgp
o)
o)
Iy

I;({,m) = cot ¥ sin” 9 YemY, ,ddd
¥

2
I(6,m) = / / sin? 9)e """ Y mion Y, g d0dp.

The above integrals I; through I3 are computed in the Appendix E.

3.3 Calculating —(2Q2 - Vn)/n term

Let n be a function of z,y, z mainly n(z,y, z), then Vn = (g—’;, ‘3—2’, ‘3—:) and

on on on
Q- =, —+Q,—+Q,—.
v xé?:c—{— y8y+ “0z

Then

1/2 2
) / — Q- VnY,, Y bmdQ =
S2 n ’

NE
M-

S e
[N}

515

—_

=0 m=—¢

12043\’ (p+q+ D +g+2)\" on on\

n\ 4rm (2p+1)(2p+3) dx oy ) bt
L (2p=1\"? (p=@)p—q—1)\"* (n _ 0n
- - ti ¢p 1,g+1
n \ 4r 2p—1)(2p+1) or 0Oy
1 /2p+3 p—qg+1)(p—q+2) 2 7 on 8n y

n 4 (2p+1) 2p—|—3) or 8y prLa-l
+l 2p — 1 (p+q) p+q—1) on  .0n y

n 4 2p—1)(2p+1) or oy poha—t
2 (2p+3 (p—q+1(p+qg+1) 1/28nw

n\ 4r (2p+ 1)(2p +3) prha
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2 (2}9—1)1/2(((p—Q)(PJFCI)))Wa”% . (55)

n\ 4r 2p—-1)(2p+1

3.4 The Coupled System of Partial Differential Equations

Now if we plug in equations (53), (54), and (55) into equation (52) we obtain the following
infinite system of coupled partial differential equations as an alternate representation for (46):

2p+1\"*n o 2p+1\"?
< 47 ) E§¢p’q+( 47 H¥ra
L2\ (pta+ D +g+2)\ UAM
2\ 4dr (2p+1)(2p + 3) or gy ) Vrrtent
1 /(2p—-I\"?*p—qp—q-D\"?[/0 .0
L P—a)lp—qg—1) 9 i
2\ dr 2p—1)(2p+1) or 0Oy
Ll +3 P rp—g+)p—qg+2)\" 9 .0 y
2\ 4r (2p+1)(2p + 3) or ay) Pt
(= (erara=D)P (0 0
A (2p—1)(2p+1) r oy) P!

2p+3\"? ((p—q+V)(p+q+1) I/QQw

Arr 2p+1 (2p + 3) 9z Prba

92 1 o 1/2
L (= 7)(p+9) ﬁwpfl,q

A 2p—1 2p+1)) 02

oY
™

¢ 1/2

20 +1
E < ) ¢£m|m|fl(€ m;p,q)
m=—/

..;;

) Gompll, M) L(E,m: p,q)

iy
o
3
I
|
~

| +
e L[]
]~ MN
S/ N N

[\ [\
o i @fﬁ

— —
N———

1/2

8_71
ox

l/Jf,m(im)Ii%(g’ m;p, Q>>

|
~

M :
M(\
3
3|+

1

1/2
4 ) w@,m|m|l4(€am;pa Q)
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3
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g o~
+
—_

204+ 1\ 2 , on
) wf7m(2m)16(€>m;p7 q) 8_y
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1/2 an
) Vempl I mip,a) )

~
I
o
3
Il
|
~

_I_
NE
M-~
VR
[\
S
-

L1 +3 (P+g+Dp+q+2)\" on _on\
n\ 4r (2p+1)(2p+3) x| oy ) bt
(=P (0= D) (onon
n\ 4r 2p—1)2p+1) Ox Z@y bt
1 /2p+3 12 (P—g+p—q+2) V2 1 o, 8n "
n \ 4w (2p—|—1)(2p+3) or 8y pha-t
Lzt P+ op+a—1\ @_i_n "
n\ 4w 2p—1)(2p+1) or oy) rht
2 (2p 3\ (p—q+Dp+q+]) 1/28%
n\ 4r 2p+1)(2p+3) 9z P
2 (2p-1\"?( b-qp+09 1”@w
n \ 4w 2p—1)(2p+1) 9z P M
29+ 1\ /2
:< . ) €p.q (56)
Now we will introduce some notations to simplify equation (56). Let
v o (@ ta+ N
P 2p+1
g = (Pto@t+a-1) v
P 2p + 1
g — (gt Dptatl) v
P 2p+1
o — (—alp+a) 12
2 N i

Using these notations defined above and factoring out coefficients and simplifying we get
within the Py approximation,

n o 0 20n
(2p+1)1/2( at"‘ﬂt)wp,q"‘nz [a__ }% 1,q

n 0z

1 /0n 0On 1/ 0 0
q |2 (202 -
o {n (53@ 8?;) <3w 3y>] Yp-res
_ on .0On 1/0 0 0 2 0n
_@;q{ ( o 8y>_5(@+ ay)]%l‘”ﬁg [__552]%+1q
on  .0n 1/0 0
{ (a’r y) 2 (596 ' y)} Upea
1
n

0

on on 1/ 0 0

q+1 i i . e -
T { (3 Hé’y) 2(033“81/)}%“”“



l

20+ 1\ [on
S () 2 e i)+ et

£=0 m=—¢

. on

. on
+ (Zm)[6(€7 m;p, q)] - & Hm|l7<€7 m;p, q) + p(f, m)I8(€a m;p, Q)] wf,m

=(2p+ 1) e, (57)

3.5 P, Approximation

The P, approximation is obtained by assuming that v ,, = 0 for £ > 1. In this case we get
four equations which we will find the general form of using (57) by letting N = 1:

12 (N0 0 2 0n
(2p+1)" ( 8t+m)¢pq+np{az naz]@/}plq

ql on on 1 0 s,
Al (5 5) 2 (G| o

—ﬁq 8n+8_n _1 0 0 2 0n
P dy 2

iy 8
0
%+ 83/ ¢p1q+1+5 0z noz Ypiig
0
_&ﬁl{
p
1
n

on_ony_1(0 _0)],
Jxr Oy ox Z@y prha—t

on  .On 1/0 .0
*“3“{ (%“a—y) "<a—x“a—y)]%“

4

+Z 3 (2‘”1) [8 [lm|11(¢,m; p, q) + p(€, m)I2(L,m; p, q)

£=0 m=—¢

— (im)I5(€,msp, )] + = [Im|L(€, m; p. q) + p(€,m) L5 (€, m; p, q)

"oy

on

0z
= (2p+1)"¢,

expanding the sums, taking note that p(j, 7) = 0 for all j € Ny, we arrive at:

n o 0 20n
(2p+1)1/2( at"’":ut)wpq"’np {a__ }wp Lq

n 0z

on  .On 1/ 0 0
q | (Y0 9y Y
5 { (8:1: ay) 2 (8:(: 8y>} Yp-tg-1
on on 1/0 0 0 2 0n
_pq |t (o oy e Y | Y _ =
ﬁp [n (8x +Z8y> 2 (ax +Zay>} wp*l’qﬂ—i_fp L?z n@z] Ypiig

1 /0n on 1/0 0
P U I - S I (S S
% [n (8x Z@y) 2 <8x Zay)} Ypiig-1



Y 1, 0)a01,0:)] + 5 (1. 0)(0.0: )
O o(1,0)4(1,0:p.g )]1 Yro
+% Bn [11(1,1;p,q) — il5(1, 1;p, q)] +§—Z (L, Lipq) +ids(1, 13 p, q)]
_ 2_17(1,1;19, q)} Pra
+% [gn 1L =Lp,q) + p(L, =) 15(1, —Lip,q) +ils(1, =1 p, q)]
+g_z La(L, =Lip,q) + p(1, —D)I5(1, =15 p, q) — ids(1, —1;p, q)]
on

~ 5 (1, —-1;p,q) + p(1, =1)Is(1, —=1;p, @)} | Y1,
=2p+ 1)1/2 €p.g-

We will use (58) to find the four equations.

3.5.1 The First Equation

The first equation is obtained by taking p = g = 0:

(naat‘i‘ﬂt) ¢00+fo {a—za—n} (I

(o oy 1o 0N,
0 ox ay 2\0x 0Oy bt

—1—11%—1—'@ 1 (‘9 8 y
Y0\ oz Z@y 8x b

+f BZ [p(1,0)15(1,0:0,0)] + gy [0(1,0)15(1,0;0,0)]

_ g_" [p(1,0)I5(1,0; 0,0)]] Y10

+f {671 [I,(1,1;0,0) — iI3(1,1;0,0)] + on [14(1,1;0,0) +1il6(1,1;0,0)]
n |0 dy

— g_"17(1, 1;0, 0)] Y11

+{; [g;l [11(1,—1;0,0) + p(1, —1)Io(1, —1;0,0) + il5(1, —1;0,0)

0
+a—Z [1,(1,-1;0,0) + p(1, —1)I5(1, —1;0,0) — il5(1, —1;0,0)]
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0
— S5 [B(1,=1:0,0) 4 p(1, ~ D) Is(1,~1:0,0)}| 1.

= €0,0-
Notice that ag = V2, & =1, p(1,0) = —v/2, [i(1, =1;0,0) = 5z and [,(1,1;0,0) = —5z
by equation (101), I5(1,—1;0,0) = 0 because Jy(2,0,0) = 0, [5(1,0;0,0) = 0 because
Syt = Ogsrm = 0, I3(1,—1;0,0) = —z% by equation (102), 75(1,1;0,0) = —iz%% by
equation (102), I,(1,—1;0,0) = izf by equation (105), I,(1,1;0,0) = _izf by equa-
tion (105), I5(1,0;0,0) = 0 because 04—1m = Ogr1.m = 0, I5(1,—1;0,0) = 0 because
Jo(2,0,0) =0, I5(1,—1;0,0) = & 2% by equation (106), Ig(1,1;0,0) = — 2 2% by equation (106),

I7(1,-1;0,0) = 0 because d,,, =0, I7(1,1;0,0) = 0 because J,,, = 0, ]8 1,0;0,0) \/> by
equation (107), Is(1,—1;0,0) = 0 because d,,, = 0, giving us the following representation of

the equation:
n o 0 20n
(22 ) (2-222)

1

1 /0n On 1/ 0 0
2| (5 i) 2 () e

1 /0n On 1/ 0 0
2|2 (5 +i5) -5 (5 i )| o

2[aoh-r) Bk

V3 [on 1 2 V3 on o1 V3
—|—7 3_1’<_2_\/6+Z 2—\/§>+a—y(—lm 2\/_>]¢11
206 | 22 G ava) |

= €0,0

with some simplification we get

1 /0on .On 1
2, (3 -i%)
on on 1 /0 0
25 (3 i) 3 (i) oo
+128n @ _128_n+,8n
V2on |0z Z@y bt

2 0n
+58—¢10 = €0,0-

which further simplifies to

(n;‘{‘#t)wOO‘{’ ¢10+%(%— )7/)1 1—%<% i(%)l/fl,lzemo' (59)
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3.5.2 The Second Equation

We will find the second equation for the P, by taking p = 1, and ¢ = —1. In this case, (58)
becomes

\/§<ﬁ§+ut)¢1 - ﬂl{ (gZ‘i‘lgn)—l(%‘Ha)}%o
V3
iy

| SO L1051, 1))+ G DL 0) (1,051, 1)

on
- SO OB(,0:1, -] g

\/_[a" [1(1,1;1, 1) —il5(1,1; 1, — 1)]+g—n[14(1,1,1, —1) +ilg(1,1;1, —1)]
Y

n €T

0
- a_nj7(17 17 17 ):| 1/}1,1
+£ {g” [(1,—1;1, 1) 4 p(1, 1) I,(1, —1; 1, —1) + il3(1, —1; 1, —1)]
n xr
+?M@ﬂLﬁ+mrM%ﬂl4%%ﬂlm4ﬂ
Yy
0
= S (L =11, =) (L, =D Is(L, ~ 151~ 1)]| 461
= 3617—1

Notice that 3] = \/g, I;(1,-1;1,—1) = 0 because dg_1,m = dg+1,m = 0, [;(1,1;1,-1) =0
because dg—1m = 6g+1.m = 0, I2(1,—1;1,—1) = 0 because ({ + m + o, + 1) = Jp(2,1,1) =
0, I3(1,—1;1,—1) = 0 because 0y11m = 0g—1.m = 0, I3(1,1;1,—1) = 0 because Oyt1,, =
dg—1.m = 0, I4(1,—1;1,—1) = 0 because dy—1m = g+1.m = 0, I4(1,1;1,—1) = 0 because
8g—1m = Ogr1m = 0, I5(1,—=1;1,—1) = 0 because ({ + m + o, + 1) = Jp(2,1,1) = 0,
Is(1,—1;1,—1) = 0 because dg+1,m = 0g—1.m = 0, Is(1,1; 1, —1) = 0 because dg41,m = dg—1,m =
0, Iz(1,—-1;1,—-1) = 0 because 04, = 0, I7(1,1;1,—1) = 0 because dp11, = dp—1, = 0,
Ig(1,—1;1,—1) = 0 because J5(3,1,1) = J;1(3,1,1) = 0 giving us our final representation of
the equation:

n o . V2 T[1 /dn 0On 1/0 .0 B
() o =5 3 (5 + %) -2 (3 i) oa =

3.5.3 The Third Equation

(60)

We will find the third equation for the P, by taking p = 1, and ¢ = 0. In this case, (58)
becomes

n 0 0 20n
\/5( atJth) 1o+ 1) (5_55) Yo,0



+\nf BZ[ (1,0)I5(1,0; 1,0)] + 1,0)15(1,0;1,0)]

+ g loll,

on
5 [p(1,0)15(1, 0,1,0)]] P10
V3 [on on )
+— n |:ax []1(17 17 17 O) - Z13(17 17 1a O)] + 8_y [14(17 1a ]-7 0) + ZIG(lv 1a ]-7 0)]
on
- 8_17(17 17 1a O):| 77b1,1
+\ZL_ {gz []1(1 —1;1,0) + p(1, —=1)15(1,—1;1,0) + il3(1, —1; 1, 0)]
8n
— 3_[]7(1 1;1,0)+p(1,—1)fg(1,—1;1,0)] (o
36170.

Observe that 7{ = \/ig, I,(1,-1;1,0) = 0 by Proposition 1, I;(1,1;1,0) = 0 by Proposition
1, I5(1,—-1;1,0) = 0 because dg41.m = Jo(2,1,0) = (L +m + o0, +1) =0, I3(1,-1;1,0) =0
by Proposition 1, I3(1,1;1,0) = 0 by Proposition 1, I4(1,—1;1,0) = 0 by Proposition 1,
14(1,1;1,0) = 0 by Proposition 1,, I5(1,—1;1,0) = 0 because Jy41.m = Jo(2,1,0) = (£ +
m+ o, +1) =0, I4(1,—1;1,0) = 0 by Proposition 1, I5(1,1;1,0) = 0 by Proposition 1,
Iz(1,-1;1,0) = 0 because 0,,, = 0, I7(1,1;1,0) = 0 because d,,, = 0, I3(1,—1;1,0) = 0
because d,,,, = 0 giving us our final representation of the equation:

n o 1/0 20n
( at—i-,ut)%o <@—ﬁaz)¢oo—€10 (61)

3.5.4 The Fourth Equation

We will find the fourth equation for the P, by taking p = 1, and ¢ = 1. In this case, (58)
becomes

n o 1 /on on 1 0 .0
\/§( 8t+ﬂt)¢11+ﬁl [ﬁ(a_m_ 8_3/) (%—Za—yﬂd}o,o

310 on
#2200, 020,01, 1)+ 51 1,001,011
- S (01051, 1]
V3 [on L1 — ifs(L 51 1)) + 22 1111, 1) 4 iT6(1, 151, 1)]
n 83: (4 4 4 3\L 4y 4y ay 4\4L 4 4 6\Ly Ly L,
- ?17(1,1,1,9] b
8
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+? [[4(1 1; 17 1) + p(L _1)I5<17 _1; 17 1) - 216(17 _1; 17 1)]
Yy

on
— 8_[17(1 1,1,1)—Fp(l,—l)]g(l,—l,l,l)] 1/]17_1
3 €1,1-
Now observe that 8i = \/g, I,(1,-1;1,1) = 0 because dg+1,m = 0g—1.m =0, [;(1,1;1,1) =0
because §g1.m = dg—1,m = 0, Ir(1,—1;1,1) = 0 because 6yt1m = 6g—1.m =0, I3(1,—1;1,1) =
0 because dg+1m = dg—1.m = 0, I3(1,1;1,1) = 0 because g1.m = 0g—1,m = 0, I4(1,—1;1,1) =
0 because dg41m = 0g—1,m = 0, I4(1,1;1,1) = 0 because 6y11,m = dg—1,m = 0, I5(1, —1;1,1) =
0 because dg41m = 0g—1,m = 0, Is(1,—1;1,1) = 0 because dg41.m = dg—1.,m =0, Is(1,1;1,1) =
0 because 0g41,m = dg—1,m = 0, I7(1,—1;1,1) = 0 because d,,, = 0, I7(1,1;1,1) = 0 because

1;
dot1p = 0p—1p = 0, Ig(1,—1;1,1) = 0 because 6,,, = 0 giving us our final representation of
the equation:

n o \/5 on  .On 170 .0
(o) 2 (B2 (22w
When the refractive index n is taken to be the constant 1, then (59)-(62) reduce to
10 0 0 o .0
(Eg‘i‘ﬂt) woo—i‘(a )¢10+ ( 8y> Y11 — (%‘i‘la—y Y11 = €

)
Yo =
)
)

(62)

¢0,0 = €10

which is consistent with Arridge [3].

3.6 [, or Diffusion Approximation

From (5)-(6) we get after applying previously stated assumptions that

[1/)1 (1, t) = Y1a(r,t)]

F(r,t) — / (e, 2,000 = [ () + i () (63)
5 1o(r, 1)
O(r,t) = % /S L(r,2,0)d0 = %wo,o(r,t). (64)

We define ¢; and ¢; by
6O(rvt) = 6070(1'725) (65>
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\}5[61 71(1‘ t) —€ 1(1‘, t)]

e(r,t) = / e(r, 0, 1)Qd = \1/5[61 _a(rt) +eq(r,t)] | . (66)
5 6170(1', t)
The P, approximation is given by the following four equations:
n o 0 0
<28t+ut) ¢00+ 77010-1- ( )1/11 -1 (8x+ 8_) P11 = €op

n o V21 (on 1/0 ,8

(ot et) o= [ (G 5y) 3 (5 iy ) pon =
0 0 0
<%a+/~bt>¢1o 1(82 iaz>¢oo—€10

n o V2 on on 1/0 s,
(aeet) o 3 [0 (5 15) 2 (5 )| o=

Using (63)-(66) we may write the P, approximation in the form

(gt + ut) O(r,t) + V- F(r,1) = eo(r, 1) (67)

0 1
PO R+ - (v —Vn ®(r, 1) = e1(r, 1). (68)
cot 3n
The diffusion or F, approximation is obtained by assuming that
OF
E@’ t)=0 and e1(r,t) = 0.
We refer to Arridge [3], Khan et al. [14, 13|, Marti-Lopez et al. [19, 18] for a detailed

discussion about the assumptions and the validity of the diffusion approximation. Under
these assumptions, (68) becomes

lc

piF(r,t) + 3 (V — —vn) ®(r,t) = 0.

Solving for F(r,t) we arrive at
—1lc 2
Substituting this into (67) yields
0 ¢, lc
—+ - o - — O(r,t)| = t).
(oo 325250 one]

Now this is the same as the diffusion approximation derived by Khan [13], Tualle et al. [27]
by assuming a linear approximation of ® with respect to 2. This result is consistent with
conservation of energy as pointed out by Tualle et al. [27]. However the conservation of
energy may be lost if we do not assume the P; approximation to derive equation (67). For
example, if we integrate equation (43) with respect to  directly, see equation (54) in [13].
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3.7 A General Algorithm

Define the operator
() (2 0y
n \Or Oy 2\0x 0y/]
and denote by A* its complex conjugate (not its adjoint):

A*__ on _on\ _1/(09 0\]
N o (9y 2\0x oy/|’

Then we have after absorbing all the terms inside the sum, combining and rearranging yields,

>3

{=0 m=—¢
+ (ng5£,p—1 + 5354,p+1) 6m,q |:a

- (a;q+15&p+1 - ﬁgéf,p—l) 5m,q—1A*

+ (ag+15€7p+1 - ﬁp_q(sﬂ,p—l) 5m,q+1A

+(20+ )Y [|m|L (6, m; p, q) + p(6,m) (6, m;p, q) —

[ 2p+1) 1/25€p5m‘1 (

o 2 8n}

+(20+ D)2 [|m| L6, m; p, q) + p(6,m)I5(€,m;p, q) + (im) I

10n
— (204 )2 [|m|I; (£, m; p, q) + p(€, m)Is(€,m; p, q)] — -
=2p+ 1) e,

Let

(im)1I3(¢,m;p, q)]

(6, m;p,q)]

Lon
n 0x
Lon
n Ay

a_ w@,m

Az,
B
cre
Dy,
o)
P
e,
HPS

= 2o+ 1?6004

= (7755&27*1 + fzaf,erl) Om,q

= - (Oé_q+15e pr1 — B10ep— 1) Om,g—1

= (aq+ Orp+1 — B, 100 1) Om,q+1

= (204 )1/2 [|m[L1 (€, m; p, q) + p(€,m)I5(€, m; p, q) — (im)I3(€, m;p, q)]
= 20+ 1)V2 [|m|Ls(£,m;p, q) + p(¢,m)I5(¢,m; p, q) + (im)Is(¢, m; p, q)]
= —(20+ 1) [|m| (6, m; p, q) + p(€,m) Is(¢, m; p, q)]

= (2p+ 1)1/2.

Then we have

N /
£=0 m=—¢

_I_Fp q

20n
_aon P9 A*
n@z] e

10n

DEg A+ B ~22

n o 0
D,q pq | Y
|:A£m( 8t+:ut)+BZ,m |:(92’

10n 10n
Zm a +G __:| me:Hpqepq
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Furthermore, we can calculate all of the above coefficients using Matlab. We can back
substitute for A and A* to get:

Z Z {qu (——ﬂb) + B {%_23_”}

n 0z
=0 m=—¢
1 /0n .0On 1/0 0 1 /on on 1/0 0
T e L rfro .o pg | L (CO10 0N v v
+Cé’m[ <3=’L’ 3y> 2(336 Zay)}JrD(’m {n (&Tﬂay) (3x+ 5’?;)}
10n 10n lan
p.q = O
Eﬁm ax+Fémnay+ Emna :|77b€m EP:‘I'

We have also written a Matlab program for computing the general coefficients for the Py
approximation.

4 SPHERICALLY SYMMETRIC SOLUTIONS

In this section we will derive the transport equation for a medium with spatially varying
refractive index in spherical polar coordinates. Let L(r,7.,t) be the spherically symmetric
photon density where

T, = — sz + ny + sz (69)
r r T
and r = \/m
4.1 Calculating spherically symmetric 2 -V term

OL oL OL
Q-VL = Q—+Q,— +Q,—
v oz oy T ez
oL Or OL Or 0L Or
Q———+Q,——+Q,——
x@r@x—'— y8r8y+ “or 0z
oL Or oL O, oL O,
Q——t+Q—— 4+ Q,——"
+ or, 07, * Yor, Oy + or, 0z
If we compute and plug in the expressions for dr/dx, Or/dy, Or/0z, 01./0x, 07,./Jy, and
01, /0z into (70) and simplify we get

(70)

oL 1—7120L
QVL = TTE—F , aTr. (71)

4.2 Calculating (Vn-Vgq)/n term

If we recall

0L singpdL 0L  cospdL oL
L = — - —_ -
Va (cosﬁcosap(%1 sinﬂ&p)x (cosﬁsmgoaﬁ—i- sinﬂagp)y Slnﬁaﬁz

(72)

26



Therefore to compute VL we need to find expressions for dL/09 and 0L/0¢ in terms of
7. Using chain rule we get,

dL  OL o,
90~ o7, v

~
~

and similarly for 0L/0y. Now if we use the following definitions of 7., ¥, and ¢:

T, = $Qsindcosp + Oy sind cos p + €2, cosV
7 = sindcos e + sinv cos py + cos V2
J = cosdcos YT + cos¥sin py — sin ¥z
%, —sin @ 4 cos ¢y
we get
o, o
= Q-9
oY
ot
T Sin Q) %
dp

Now if we use plug these into (72) we get

Vol = gL [(Q-@)1§+(Q-gp)¢].

Tr

If we use the definition of Vn and use the spherical symmetric gradient operator as in section
(4.1) and use definitions of 7, 7., and Q we get

Vn =

on_  On {Q 1 A]

—r+ — = =TT
or o, |r r

and after multiplying Vn with VoL and simplifying by noting that #, o, ¢ form a local
orthogonal system we arrive at

1 On OL

rn 07, 0T,

Lon Var = (@07 + (@47

and if we further simplify the terms €2 - U and Q- ©, then

Q-9+ (Q-9)? = 1-72

and we get the following simplified equation

1 on OL (1— 7'7«2)

1
n

rn 0T, OT,
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4.3 Calculating spherically symmetric —(2Q - Vn)/n term

Using the same arguments as in the calculation of 2 - V term in section (4.1) we arrive at

on 1—7%20n
Q-Vn = T + o (73)
Therefore we get,
2 27, On 2(1—1712%) on
—— (22 L = ——L4+—-—-"—1L. 4
n( vn) n or + rn o7, (74)

4.4 Spherically symmetric transport equation

If we combine the results of sections 4.1 to 4.3, we arrive at the following spherically symmetric
transport equation in terms of L(r,7,,t) for a spatially varying refractive index:

n o

(Ea—FMW) L+TTE+ r 01, +E r 01, 07, n Or

2(1—72)1 0n
r ﬁ(’?n

OL 1—720L 11—720n 0L 271.0n

»iro

L=us | f(Q-Q)L(r,7,t)dQ + e(r,7,,t). (75)
S2

4.5 Spherically symmetric Py approximation

We will now consider the simplified case where the refractive index n(r) is independent of 7,
and t. This simplification leads to the following spherically symmetric transport equation of
which we will find the spherical harmonics or Py approximation:

n3+ L+ 3L+1—T7,26L_27'T8n
c Ot Hr Tr or r 07, n Or
= i f(-Q)L(r, 7., t)dY + €(r, 7, ). (76)
S2
Let

2 +1
L r,t — 7t P r
) = 2 F R

=20+ 1
1) = ) Py(7,
e(r, 7, 1) ; 1) Pu(r)

and substitute L and € into equation (76) as in the previous section. Then if we multiply by
P,.(7,) and integrating over S? using the orthogonality and integral identities (see Appendix)
we arrive at the following infinite system of partial differential equations

o) (2ot =g+ ) (B 220,

r n or

+ ¢ (Q Tt o 28—”) Yoot = (20 + 1)e(T7)

or r n or
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and if we make use the transformation v, = n¢,, then the equation (77) becomes,
n o o (+2
) (2t =)o + (40 (5 + 2 o

or
14 4 20+ 1
+ (E )¢£1—( +1)e

0 —
which is the same as the infinite set of partial differential equations corresponding to the
spherically symmetric RTE with constant refractive index [3, 6]. If we convert equation (78)
to the frequency domain, then the following choice of eigenfunction is desirable [6, 3]

gbg(’f‘, w) = Hg()\)kﬁg(—)\T)

[T
= 2—ng+%(y)

is the modified spherical Bessel function of the second kind. The eigenvalues A(w) are the
roots of the secular equation

(78)

where

Bo(w) A 0 0 0 0
A 3Bw) 22 0 0 0
0 2\ 50(w) 3X 0 0 .
0 (N—-1X (2N —1)By-1(w) NA
0 0 NA (2N 4 1)y (w)
(79)
where
inw
Pe(w) = pra+ (1 = Op)ps + —
and the eigenfunctions Hy(\) satisfies the recurrence relatlons 6, 3]:
(20 + 1)Be(w)He(A) + AL+ 1) Hea (A) + MHea(A) = 0. (80)
The general solution to the system of PDEs (77) can be expressed as
Yo(r, w) Za] YN Hy (M) ko(= 1) (81)

where our solution ), for the spatlally varying case differs from spatially constant case ¢,
[6, 3] in that the eigenfunctions are changed by a multiple of the spatially varying refractive
index n?(r) and the eigenvalues depend on the refractive index n since 3, is a function of n.

In particular if we assume Ho(\) = 1, H1(A\) = —(1(w) /A ete, and if we take ko(y) =
exp(—y)/y, then we get the following approximate solutions for the flux:

Z ajn T) i

In the next section we will compute the elgenvalues for a few simple cases for comparison of
the spatially varying versus spatially constant refractive index model.

O(r,w) = Y(r,w) =

(82)
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5 COMPARISON OF CONSTANT VERSUS SPATIALLY
VARYING REFRACTIVE INDEX MODEL

We computed the eigenvalues for the spatially varying case with the following parameters:
the absorption coefficient 1, = 0.025mm ™1, the scattering coefficient p, = 20mm™", and the
frequency of the wave w = 1GHz. In Figures 1 and 2, we plot the real and imaginary parts
of the eigenvalues respectively for a medium with refractive index n = 1.4. We compared the
n = 1.4 case with the n = 1.0, the constant refractive index case, calculated by Arridge [3] by
keeping all the other parameters the same. We find that the imaginary part of the eigenvalues
change significantly which makes sense as changing refractive index will effectively change
the imaginary part of the 3, term in equation (80). The most notable change in the real part
of the eigenvalues occurs in the lowest eigenvalue which has the most significant effect on the
solution as it is the dominant term in the eigenfunction expansion (82).

In Figure 3, we plot the real part of the the lowest eigenvalues for the refractive indices
n=14($), n =1.2(x), and n = 1.0(o) for comparison. It is evident from Figure 3 that the
first eigenvalues corresponding to the refractive indices n = 1.4, n = 1.2, and n = 1.0 are
substantially different. In Figure 4, we also plot the imaginary part of the eigenvalues for
comparison. We observe from Figure 4 that the eigenvalues for higher refractive index tend
to spread more than the constant refractive index case.

Furthermore, we recall that the eigenfunctions for spatially varying refractive index are
different than those for the constant refractive index by a factor of n?(r), see equation (82).
Therefore the eigenfunction expansion solution of the non-constant refractive index case is
different from the constant refractive index case.

6 CONCLUSIONS

In this report, we derived the radiative transport equation and its Py approximation for a
medium with a spatially varying refractive index. We found the analytical solution of the
coupled system of partial differential equations corresponding to the Py approximation in
a spherically symmetric geometry. We computed the eigenfunctions and eigenvalues of the
system. We showed that the Py model with spatially varying refractive index for photon
transport is substantially different than the spatially constant model. Therefore the new
model with spatially varying refractive index may be used for potential biomedical imaging
applications giving us more insight into the existing optical imaging research.

APPENDIX: SPHERICAL HARMONICS

A The Associated Legendre Functions

Recall that the associated Legendre functions are defined in terms of the Legendre polyno-
mials by

Pr(e) = (1)1 — )R

(83)
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Figure 1: Real parts of eigenvalues when refractive index is n = 1.4 with absorption coefficient
ta = 0.025mm™!, scattering coefficient p, = 20mm™!, and the frequency of the wave w =

1GHz.
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Figure 2: Imaginary parts of eigenvalues when refractive index is n = 1.4 with absorption
coefficient p, = 0.025mm™!, the scattering coefficient j; = 20mm=", and the frequency of
the wave w = 1GH z.
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Figure 4: Imaginary parts of eigenvalues when refractive index is n = 1.4({) and n = 1.0(x)
with absorption coefficient p, = 0.025mm ™!, the scattering coefficient p, = 20mm™=!, the
frequency of the wave w = 1GHz.
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where P, is the Legendre polynomial of degree n,m € Ny, m < n. So we get that

a m o a m - 2

8_19P" (cosd) = 819(_1) (1 — cos“ )
0 e m.a 0" Py(cos )
= 8_19(_1) sin™0 oy

= (=1)™ |msin™ 9 cosd

my2 0™ Pa(cos v)
dz™

0™ P, (cos 1)
Oxm
O™ HLP, (cos V)

+sin™ 9 Py

(—sin?)

cos v
— -1 m 1 — 2
msinﬂ( )™(1 — cos” )

my2 0™ Pa(cos v)
dz™
ML (cos )
Oxm+1

+(—1)"*(1 — cos® 19)””1/28

Again employing (83) we arrive at

%Pff(cos ¥) = m(cot ¥) P (cos ) + P (cos¥). (84)

B Spherical Harmonic Functions

Now consider the spherical harmonic functions which may be represented in terms of the
associated Legendre functions by

(2n+1) (n — |m|)!
4t (n+|m|)!

1/2 ) '
Va0, ) = ( ) (—1)bOm=lm) Pl (s )i (85)

where n € Ny, and m € Z with —n < m < n.
The spherical harmonic functions satisfy the orthogonality relation [3]

27 ™
/ Yn,m(ﬂ)}/ffk(g)dg = / / Yn,m<197 @)nfk(ﬁa 90) sin 19d’l9dg0 = 5n,€ 5m,k
S2 0 0
(86)

and the addition theorem is given by [3]

B - Q) = D Vi (@)Y (). (87)

m=—

B.1 Differentiating Y, (9, )

We use (85) to calculate %Y, (¥, ¢):

0 2n £ 1) (n = Jml) v L(m+|m m im
%C - )En+:mB!> (—1)B0mtimb plml (g 9 gims
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I\ 1/2 ) 5 ‘
') (—1)2(mtImD) (%PJJ"'(COS 19)) e’

. | 1/2 i
n — |m| ) (_1)§(m+|m|) [Im](cot )P (cos ) + PImI+ (cos 0] e

where the last line is obtained from employing (84).

1/2
= |ml(cot ¥ ((2n +1) (n— ‘m’):) (—1)%(m+|m|)P7Lm‘(COS 9)eime

R i (n+|m))
2n+1) (n —[m|)1\"* ) A m) plmton] (gog 9)eme
+< A (n+|m|)!) =) By (eos ) (88)

where

Notice that

3 (m+lml) (_ —  (—1)a(mHm)(_1)5(om+1)
(=1 (=om) (=1) (=1)
(_1)%(m+07n+|m|+1)
_ (_1)%(m+om+|m+0m|).

This enables us to write (88) as

0

< Yom 197 =

5y L nim (U, #)

So (85) gives us

0
_Yn,m(ﬁv@) = |m|(COt19)Yn,m(19a ©)

oV
+ (=) [(n = [m]) (n + [m] + 1]/ e Yo i, (9, 0)

which we will write simply as

a —10
%Yn,max Q) = |m| (cot 19>Yn,m(197 @)+ p(n,m)e ™Y nmtom (0, ) (89)

where
p(n,m) == (=o) [(n — |m|) (n + |m| + 1])]"*. (90)
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Now observe that

0 8 ((2n+1)(n—|m)N\"? 1 (malml) 1lm im
%Yn,m(ﬁ,w) = %<( i )En—i—}m;;') (—1)2(mHmD plml(cog 9)eme
(2n +1) (n — [m|)1\ "/ 1\ (me+lm]) plml 0 i

= ( w ) Y Fi(cos )z 2e

_ N /2 . .
_ ((2n4+ 1) En—l—:mB') ( 1)§(m+|m|)Pqu|(COS19)Z'mezmap'

T (n+|m|)!
So we arrive at 5
%Yn’m(ﬁ, @) =imY, (0, ¢). (91)

We have from [3] the following recurrence relations for the spherical harmonic functions:

(n+m)(n—m) 1/2 (n+m+1)n—m+1) 1/2
(2n+1)(2n — 1)) Yotm ( 2n+1)(2n + 3) ) Yot1m

cos VY, ., = (
(92)

sin 9e?Y,, , = (n—m)(n—m—1) 1/2}/ _ (n+m+1)(n+m+2) 1/QY
n,m (Qn —+ 1)(271 - 1) n—1,m+1 <2n + 1)(27’L + 3) n+1,m+1

(93)

sinde %Y, , = — (n+m)(n+m—1) 1/2Y + (n—m+1)(n—m+2) 1/2Y
o (2n +1)(2n - 1) nhm (2n + 1)(2n + 3) mtLm-1:

(94)

C Type I integrals

The following proposition is a special case of other much more general results and may make
a nice example. It will be useful to us later to be able to compute the integral

L Pr@PE)
-1 vV 1-— 132

for n,m, ¢,k € N, such that m <n and k& < /.

(95)

Proposition 1 Let n,m, 0,k € N, m <n, k <l be such that (n+/{—m — k) is odd. Then

' P ()P (x)

vt

Proof: We use a simple symmetry argument. Suppose (n + ¢ —m — k) is odd. Then
(n —m) 4+ (¢ — k) is odd, and hence exactly one of (n —m) and (¢ — k) is odd. Without
loss of generality we will assume that (n —m) is odd and (¢ — k) is even. Then P (z) is an
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odd function and Pf(x) is an even function. Observing that \/1;_7 is an even function, we
conclude that the function

_ Pr(a)Pia)
Vi-o

is odd. Thus by symmetry integrating f(z) over the interval (—1,1) yields zero as a result.
0

f(x)

In particular, we would like to be able to compute (95) when k£ and m differ by 1. When
this occurs, Proposition 1 requires that (n + ¢) be odd for (95) to be nonzero. We may then
write ¢ as { =n + 2j + 1 for some j € Z. So we now consider the integrals

/1 Pf(w)Pﬁ’EH(fE)

dx
1 \/1—$2

and

! Prlfﬂ(x)quijH(x)

dz
-1 vV 1-— $2
The following proposition is taken from [25]:
Proposition 2 Let n,m,k € Ny and j € Z. Then
1 pm(pypmtl (o 0 if 7 <0
/ P @) g 2(n+m)!
O V1—2a? “T—m)y 120
and
k k 2(n+k+2j+1)! .
/1 Pn+1(I)Pn+2j+1(‘r) dr — 4 (Sz—k+2j]—i—1))! if 7 <0
-1 V1—a? 0 if j>0.

D Type II integrals

It will also be useful to us later to be able to compute a second type of integral of the form

[ B,

1 T
for n,m, 1, k € Ny, such that m <n and k <.

Proposition 3 Let n,m,{,k € Ny be not all zero, m < n, k < { be such that (n+{—m—k)
15 even. Then

[ B,

1 i

in the Cauchy principle value sense.
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Proof: Again we use a simple symmetry argument similar to that of Proposition 1. Sup-
pose (n+ ¢ —m — k) is even. Then (n —m) + (¢ — k) is even, and hence (n —m) and (¢ — k)
are either both even or both odd. Then P™(x) and Pf(x) are either both even or both odd
functions. Observing that \/LE is an odd function, we conclude that the function

is odd. Thus by symmetry integrating f(z) over the interval (—1,1) yields zero as a result.
U]

The following proposition gives a closed expression for most cases of this integral in terms
of the parameters n,m, ¥, and k.

Proposition 4 Let n,m € N, {,k € Ny be such that k < ¢, and 0 <n —m is odd. Also let
Ny = [%5™], Ny = | 5], Then we have the following representation:

/_11 w dr = NZIO % (il_l [n + (_1)s+1m _ s} (—1)s+1) anql(m,l,k)]
| (96)
where
Jo(m, k) =
Z;\T:o ;\22:0 Cgvlmcﬁr("“mkzzpljzilgggmﬂﬂpgwpzw) if n+l-m-k is even
0 if n+l-m-k is odd
and
oo (=1)P(n+m)!

—2mt2(m 4 p)l p! (n —m — 2p)!

Proof: Throughout this proof we will make use of the identity

Jp = /_ 1 P™(z)P}(x) dx

1

taken from [29].

We proceed by induction on n. Notice that n,m € N and 0 < n — m together imply
that n > 2. So we will first verify the case n = 2 in which case we must have m = 1. A
manipulation of the recurrence relation in [1] gives us

(2n —1)
(n—m)

(n+m—1)

n—2
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Py (z)

/1 Pén(:E)Pek(fL’) dr = (271— 1) /1 P:Lnfl(‘%)Pek(l’) dr — (n+m_ 1) /1 P1?12<x)P€k<x> dx

1 x (n—m) J, (n—m)

Multiplying by and integrating gives the relation

Making the substitutions n = 2 and m = 1 we get:

/_ Py (z) Py () dr — 3 /_Pll(x)Pek(x)dx—(1+1)/_ Py (=) P () dr

1 x 2-1) /. 2-1) /4 x
:SJI_Q/IMCM

Taking note that Py (z) = 0, we find that the left-hand side of (96) is
1 Pl Pk
[ HORE, g,
-1

Now we check the right-hand side, noticing that N; = 0:

Z [(4 —<_4;])q_ 1) (H[Q + (_1)s+1 _ S](1)5+1) J22q1]
— 3 (f[m + (-1 = 5](1)S+1> Jy =3y

s=0

So our hypothesis holds in the case n = 2.

Now we verify the case when n = 3. We will have to consider only the possibility that
m = 2 as when m = 1,3 we have that n — m is even. Making the substitutions n = 3 and
m = 2 into (97) yields:

/1 P32(:L‘)P€k($) dr = (6_1) /1 ngl(l‘)ng(I) dr — (3+2_1) /1 PL?—Q(x)PZk(x) dr

1 x (3-2) /. (3—2) 1 €
' ' P (x) P (x)
= 5/ Pi(z)Pf(x) dox — 4/ e
-1 -1 i
= 5Jo+0 = 5/,

Again we check the right-hand side, noticing that N; = 0:

Z [(6 —(_4?)(1— 1) (H [3 + (_2)5+1 . S] (1)S+1> Jg_gq_1]

q=0 s=0

—5 (H 3+ (—2)*" — 5] (I)S“) Iy = 5J

s=0
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So our hypothesis holds in the case n = 3.
Suppose that our hypothesis holds for the n!” case and consider the n 4+ 2 case. Then
again using (97) we get

1 pm Pk
/ n+2($) 7 () dr —
-1 x

(2n + 3) - i (n+m+1) ! P"(x)Pf(x)
—(n—m+2)/_IP”“(x)PK(x)dx_(n—m+2)/_1 " dx.

Recognizing the first integral as J,,; and the second as the n'” case, we get

/1 P,’L’il(x)Pf(x) de —

1 x
1 2q
(2n +3) (n+m+1) <~ | (2n—4g - 1) w1 qCn B
(n—m+2) In (n—m+2) qZO (—1)4 511) [n + (=m) 5} In—2q-1| =
L(n—m)/2] 2(q+1)
(2n + 3) (2n —4q —1) ) (_1ys+1
(n—m—+2) It Z (—1)at1 H [n + (—m)*t +2 - S} Jn—2g-1| =
q=0 s=2
|(n+2—m)/2] %
(2(n + 2) — 4(] — ].) s (_1)s+1
Z (_1>q H [n + <_m) i +2 - 5} Jn,qul .
q=0 s=0

Thus our hypothesis holds in the n 4+ 2 case. Then by the first principle of mathematical
induction, our hypothesis is proven for all n > 2. [

E Integrals to evaluate

Here we will compute the integrals associated with the derivation of the Py or spherical
harmonics expansion. The following eight integrals are used to derive our main result in this
report but note that most of these are just straightforward computation and the two most
complicated integrals were proved in the previous sections as proposition.

E.1 Calculating [,

Consider the integral

27 T
I, = / / (cos? ¥ cos ) Ym (9, )Y, (0, p)dddp. (98)
o Jo

By employing (92) we obtain
2r  pw 1/2
(L+m)(l —m) )
L, = 0, Yiim
= [ oo | (Gra) e

(C+m+1)(—m+1)\"
( (20 + 1)(20 + 3) ) Yerrm

¥ d0de,
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(U Am)(L / /
L, = ((2€+ é—l (costcos )Yy 1Y, didy

w+m+nw m+1
* ( (20 +1)(20 + 3) COSﬁ cos ©)Yp1,m Y, dddep.

Again we use (92):
- (G [ o
() e

(s ) e

(
(l+m+2)(l—m+2)
*( 20+ 5)(20 +3) ) Yeram

b <<(2£f++773§§f_—n?))1/2((€+<$—;§Egé—ni_l) [ cosericsn o

C+m)(l—m) (L+m+1)(l—m+1) / /
+<(2£+1)(2£—1)+ 20+ 1)(20 + 3) c08 PYym Y, ddp

l+m+1)(l—m+1) 1/2 (C4+m+2)(0 —m+2) 1/2
_%< (20 +1)(2¢+3) ) ( (20 +5)(2¢ + 3) ) /11/ Co8 pYpy0,m Y, dVdep.

Let Ii(¢,m) denote the 7" integral in this expression of I; and take note that
Bm) = I(+2,m).

We will find I? and use it to compute the remaining integrals:

2m T
I} = / / cos Yy m Y, didp. (99)
o Jo

We expand cosine in terms of exponential functions

2T pm i —ip
2 - / / (%) YomY; dddp
0 0
1 2w T 1 2m s ]
_ ! / / Yy i + / / Y, Y A0,
0 0

We now employ (85) to obtain

(C+m—1)—m—1)\"
( (20— 3)(20— 1) ) Ye-om

¥ i

(C+m+1)—m—+1)\"
( (20 +1)(2¢ + 3) ) Yem

Y, dide,

/ lel (cos¥)e™?| [i/qP|q‘(cos 9)e %] didy
27r

—/ / e[y PI™ (cos ©) ] (2Pl (cos 9)e "] ddyp
o Jo
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where

m o (2041 (L= |m])! V2 dmeiml
a ( in <e+rm\>!> (==, (100)

vyl 2o ,
I = —Zzp/o /0Pgm(cosﬁ)P;ql(cos19)el(m_q+l)“"d19dgo

m
Vy

+

v 21 ™ )
Qp/o /OPgm(cosﬁ)P]Lq(cosﬁ)ez(m_q_l)‘pdﬁdgp.

We employ Fubini’s Theorem to seperate the integrals and arrive at

2 _ WY ([T piml a 7 im—ar 1)
I = - \ P, (cos 0) Py (cos ¥)dd) i e dy
v

v s i 2r .
Tp (/0 P (cos 9) P)7(cos ﬁ)dﬁ) </o ellm=a- dep) :

Recalling the orthogonality of the exponential functions, we write

m,,q
I2 _ Ve Vp
1 = —

5 / P™ (cos 9) P (cos 19)d19) 278 g—1,m}

0

m
Vy

vl T m
Tp (/0 P (cos ) P (cos ﬁ)dﬁ) 278 g1,m}

= v (61g-1,m) + Ofgi1m}) </0 PlJm|(cos ﬂ)P]qu(cos ﬁ)dﬁ) :

Making the change of variable x = cos1 we obtain

1 P|m| T qu‘ T
I = mj'y (5{q—1,m}+5{q+1,m})< X K\/(%< i)

This remaining integral may be computed using Propositions 1 and 2. Therefore we get,
B 1/2 B o 1/2
I - (l+m)(l —m) (l+m—1)—m—1) (0 - 2.m)
(20+1)(2¢0-1) (2¢—-3)(2¢—1)
(l+m)l—m) ({+m+1)l—m+1) 12(0,m)
(20 +1)(2¢ — 1) (20 +1)(2( + 3) b
C+m+1D)(C—m+D\"((L+m+2)—m+2)
(20+1)(20+ 3) (20 +5)(20+ 3)

1/2
) L0+ 2,m).
(101)

E.2 Calculating I

Now consider the integral
2 ™
L(t,m) = / / (cos ¥ cos psind)e Yy, Yo didd.
o Jo
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We will again make use of (92) arriving at:

o 1/2
/ / (cos  sin 9)e—7 ((€+m+am)(€ m) am)) Vi

(204+1)(20 -1
(l+m+o,+1)({ —m—o0,+1)
*( 201 1)2013)

1/2
) n—l—l,m-i-am Y;qdﬁd@7

l4+m+o,) 0 —m—o, V2 pom pm . — »
= <( (2e+1gg2e—1> )) /0 /O(cowsmﬁ)e Y1t Y g0

l+m+o,+1)l—m—0,+1)
+< (20+1)(2¢+ 3)

1/2 2
) / / (cos psin®)e ™Y1 mion Y, ddde.
o Jo

Expanding cosine as before we find that

/ - 0 — o, 1/2 2 T ip —ip )
I, = (( +m—+o )( m—a0 )) /0 /0 (&) Sin?96710’"“03@71,m+amy;qd79d90

(20+1)(2¢0-1) 2

l+m+o,+1D)({—m—0,+1) 1/2/2ﬂ/7r e p et
- 10m Y Y*
( (20 + 1)(20 + 3) A 7 sin e L Lmton Yy gd0dp,

(CEmto)—m— o)\ [T . *
= < 420+ 1)(20 - 1) sin g Yietimson Yy d9dy

(A m+om)(l —m—om) 1/2 . i(14-0m)p *
- < 4(2041)(20 — 1) sin e’ Yo 1miom Yy d0de

{+m-+o,+1 E—m—am—i—l 1/2 o . o *
" <( 4020+ 1) ((ze +3) ) / / sin Ve Y g, Vg dOdyp

)
(¢4 mt o+ D= m— g+ DY [ ey
* < 4(20 4 1)(2¢0 + 3) sin e’ Yt mtom Y, didp.

Now we use the Fubini’s theorem to separate the # and the ¢ integral and using equation 97
for the 0 variable, we get

4o ((€+m+o—m)(£ m— o,

) 1/2
L, = _ _

l+m+on)l—m-—op,

1/2
gy (LT 2O ) i+ 0l la)
S l+m+o,+1)l—m—0,+1) 1/2
riioe s ) (i + 3l la)
e l+m+o,+1)l—m—0,+1) /
+ iz ( 2€+1;(2€+3) ) 6q+1,m<]l+1(|m+o-m|7p7|Q|)’
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E.3 Calculating I3

Now consider the integral

2w g
I3(6,m) = / /singngmY* dddy

z<p —e —ip
_ / / ( >ngY* v
27
— / Yy m Yy dIdp — — / / e YY) ddde

P'm' pli
— i (5q+1,m—5q_17m)< e @h (@),
-1

V1 — 22

This remaining integral may be computed using Propositions 1 and 2.

E.4 Calculating I,

Now consider the integral

2m
Iy —/ / cos® ¥ sin )Yy, (Y, )Y, (0, p)ddde.

By employing (92) we obtain
2r  pmw 1/2
. (L +m)(l—m)
v Yoo1im
/0 /0 (cosdsing) ((2£+ N2e—1)) '¢n

(C+m+1)—m—+1)\"?
( (20 + 1)(20 + 3) ) Yerrm

27
I, = <((2€€++m 2@_1> / / (cosVsin)Y,_ 1Y, dﬁdgp

v diodp,

1 2T
+((€+m+ Nom 1 ) / / (cos 0 sin @)Yy m Yy didip.

(204 1)(2¢+ 3)
Again we use (92

):

- () [
(¢
20

().

(0+m—1)f —m—1)\"?
( (20— 3)(20— 1) ) Ye-om

¥, d0d

. (£+m+ 1)(0 —m+1) 1/2/ /Sm (L+m+1)(f —m+1) 1/2Y
20+ 1)(20 + 3) 4 20+ 1)(20 + 3) &m
£+m+2)(€ m+2)\"
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(103)



= (gﬁfggge_—n?))lﬂ<(H<2n2_%é—n;_l> / [ simticamtidias

C+m)(—m) (E+m+1)(l—-m+1 / / -
Y,
+<(2€+1)(%_1)+ 20+ 1)(20 + 3) sin Yy, Y divdy

C+m+ D) —m+D\" ((L+m+2)( —m+2)
+< (20+1)(20+3) ) ( (20 + 5)(2¢ + 3) ) //SmsoYmm (AVdep.

Let I:(¢,m) denote the i*" integral in this expression of I, and take note that

Ii(6,m) = Il —2,m)
Lj(t,m) = Il +2,m).

We will find I7 and use it to compute the remaining integrals:

27 s
I = / / sin Yy Y, didep. (104)
o Jo

We expand sine in terms of exponential functions

21 s W o i
ey
2 2
- / Yy Y, dﬁdgp— — / e Yy Yy dide.

We now employ (85) to obtain
2
/ P| | (cos¥)e"™?] [qum(cos V)e ") didp

—2—/ / e_w[ugnPtJm‘(cos ﬂ)eim“"][VgPI@(cos ¥)e” %) dddy
tJo Jo

Ve ez

I = / / lm' cosﬁ)P‘ql(COSﬁ) im=a+1)¢ 9y dp

vitvd o [ :
— % / / P™(cos 9) P (cos 9)e "D didp.
tJo Jo

We employ Fubini’s Theorem to seperate the integrals and arrive at

vt “ or
]f — % </0 P{Jml(coslg)])zl)ql(cosﬂ)mg) (/0 e’(m_qﬂ)‘odgp)

v vl Tl o »
—2—,p / P (cos 19)PI|,q|(cos 9)d / eilm=a=Deq, |
? 0 o
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Recalling the orthogonality of the exponential functions, we write

m,,q T
I = % (/ leml(cosﬁ)PILﬂ(cosﬁ)dﬁ) 2704 q—1,m}
0

v vl

2ip (/ Pg‘m‘(cosﬁ)PIlql(cos 19)d19) 278 g1,m}
0

= imv)" Ve (Ogr1m) — Ofg—1,m}) (/0 Pelm|(cos 19)P1|ﬂ|(cos ﬁ)dﬁ) :

Making the change of variable x = cos1 we obtain

o 'R @) B (@)
I} = imv vl (81g41my — Ogg—1.m}) ( . ‘ \/1_71;;2 d

This remaining integral may be computed using Propositions 1 and 2. Therefore we get,

_(Em)=m) N m =) (E=m =D\
"o <(%+1)(%—1)) ( (20—3)(20—1) ) Li(¢—=2,m)

(l+m)(l—m) (L+m+1)l—m+1)\ ,

<(2£+1)(2e_1) 20+ 1)(20 + 3) )]4(“”)
C+m+1D)l—m+D\"?((L+m+2)(—m+2
( (20+1)(2¢ + 3) ) ( (20 +5)(20 + 3)

>>1/2Jj(é+2,m).

(105)

E.5 Calculating I;

Now consider the integral Now consider the integral Now consider the integral

2 m
Is(¢,m) = / / (cos U'sin psin®)e Yy i0,, Vo d0dp.
o Jo

We will again make use of (92) arriving at:

2m T
I; = / /(singpsinﬁ)e‘wmd)
o Jo

L (Ckm o £ (= m = o +1) 1/21/
(204 1)(20 + 3) crmtem

A Y
( (20+1)(20—-1) ) Yo 1 mionm

Y, ,dVdy,

(+m+o0,) 0 —m—o,, Y2opemoem ) i .
= (( (%+1§E2£—1) )) /0 /o(smwsmme Tt Y07
N (l+m+o,+1)({—m—0,+1)
(20+1)(20+3)

1/2 2w T
) / / (sin psin®)e "Y1 mion, Y, didep.
o Jo
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Expanding cosine as before we find that

€+m+0'm ﬁ—m—am 1/2 up_ei .
b <( (2@+1§E2g—1 ) / /( )Smﬂe "V Lo Yy d0dp

(f—i—m—f-dm—}-l)(g— _O-m_’_]- 1/2/27T/7T lﬁp_e i
Ve 7Y i1 mton Yo gd0d
- ( (20 +1)(2¢ + 3) A sin e L metom L p gV AP;

g‘i‘m‘i_o_m (f m—0om 1
Yetl=om)ey, Y dvd
420+ 1)(20— 1) ) /0 , o ¢! t-tmron Lp gty
)(
)

f m g —Om
( +m+o m—o ) /0 /03111196 HTPY ] o Vg @O

420+ 1)(20 — 1)

(Ltm+omt DE—m=0om+]) v l—om)e *
4(20 + 1)(2€ + 3) ) / /Smﬁ@ Yot mton Yy d0de

)
l+m+o,+1)l—m—0,+1) 12 o i
m m Ye tom)ey, | V* ddde.
H( 420+ 1)(20 1 3) ) / /Sm ‘ R

Now we use the Fubini’s theorem to separate the # and the ¢ integral and using equation 97
for the 0 variable, we get

S l+m+on)l—m—op,) 1/2
I5 = —’lﬂ'Vl + Ug( <2€+ 1)(2€ 1) 5q71,mJl71(|m+0—m|7p7 |QD
o l+m+on,)l —m—op) 12
+imy, mremy ( Gt )(20=1) Sg+1,mJi—1(Im + om|, p, |q])
- l+m+o,+1)l—m—0,+1) /
imytony ( CESiCES 50 vm i (Jm + ol 2, 1)
e l+m+on+1)l—m—0,+1) /
—H’/TI/H_T " ( 20+ 1)(20+3) Og+1,m i1 (|m + oml, p, |a]).
E.6 Calculating I
Consider
2m
Ig(l,m) = / cos Yy mY, didp
0

I
c\o\é

qu —i¢
g
0

/ Yy Y, dde + = / / €YY dide
0

2m
/ e’ ug”P‘ ‘cosz?) Z’"‘P][qu|q|(cosﬂ) ~2) dddp
0

N | —

| —
o\o\
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/ /h TP (cos 9)e P VAP (cos 0)e T ) dddi

_VZ (' |m| 2 N
— P / P, (cos 19)PI|)Q|(COS 19)d19 / pilm—q+ )“Dd(p
2 0 i
_m p " 2
+V42Vp (/ Pg‘m‘(COS ﬂ)PILq\(cos 19)d19) (/ ei(m_q_l)wdgp)
0 0

= 7"V} (Omg-1 + Omgr1) (/ Pélml(cos ﬁ)le;ﬂ(COS ﬁ)dﬁ)
0

1 p|m| P|Q‘
= "V (Omg+1 + Omg—1) ( X ‘ %(x)dx- (106)

This remaining integral may be computed using Propositions 1 and 2.

E.7 Calculating I

Consider
27 T
I;(6,m) = / / (cot Isin® 9)Yy,, Y, dddy
0 0

27 T
= / / (cos¥sin )Yy, Y, didyp.
o Jo

Now we use the recurrence relation (92) to get

2w 1/2
Lo / / (€+m€ m)) Yiim

20+ 1)(20— 1)

1 . 1/2
((£+m+ )(¢ m+1)) Yisrm| Y7, sin ddodi

(20 + 1)(26 +3)

(C+m)(¢
— ((25—1—1 %_1 }/g 1,mY,, sinddidep

(l+m+1)— m-|-1
+< QI+ 1)(20+3) / / Yii1,m Yy, sinddidep.

The by the orthogonality relation (86) we arrive at

_(eeme—m)\Y
il = <<2€+1)(2€—1>) o

(C+m+1)(—m+1)\"?
( (20 + 1)(20 + 3) ) Ot+1p Oma
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E.8 Calculating Iy

Finally consider

21 ™
Is(t,m) = / / (sin® 9)e Yy o, Yy gd0dip.
0 0

Now using the Fubini’s theorem and the definition of Y7, (see 85 Appendix) we can separate
the 6 and 9 integral and we get

™ 2
IS(& m) — ngznﬂfm (/ P{Jm—&-am\(cosﬁ)PZl)ql(Cos 19) Sin2 19d19) (/ ei(m—Q)Wd(p>
0 0
1
= 2y, , < / P£m+am(x)PI|)Q|(x)md:p>
-1

where we made a change of variable with = cos1 for integration. Now if we use the
recurrence relations for the associated Legendre functions (see equation 8.5.5. in [1]):

P (@) = PO @)

\ /1 o 2P|m+0'm‘ — /+1
vhT@) 20+ 1)

we get the following for Ig:

[8 (E, m) =
2mv] AR

20+ 1 (Jffl(’m—i_am‘+17P7’Q|)_J5+1(‘m+0m’+1apa‘qn) (107)
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