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ABSTRACT

Traditionally, the radiative transfer equation and its PN or spherical harmonics approxima-
tion are derived for a medium with a spatially constant refractive index (Ishimaru 1978 Wave
Propagation and Scattering in Random Medial vol 1 (New York: Academic)). In this re-
port, we derive the radiative transport equation and its PN approximation relevant to optical
tomography for a medium with a spatially varying refractive index. We find the analytical
solution of the coupled system of partial differential equations corresponding to the PN ap-
proximation in a spherically symmetric geometry. We compute the eigenvalues of the system
and compare them with the eigenvalues for the spatially constant refractive index case. We
show that the PN model with spatially varying refractive index for photon transport is sub-
stantially different than the spatially constant model.

Keywords: Radiative transport, optical tomography, PN approximation, spherical harmon-
ics expansion, refractive index, inverse problems, and biomedical imaging.

1 INTRODUCTION

Recent interest in the radiative transfer equation (RTE) for a medium with spatially varying
refractive index is getting more attention [14, 10, 19, 18]. Media with spatially varying
refractive index are among us in the form of biological tissues and the atmosphere, just to
mention two examples [26, 23]. For a detailed discussion on the potential applications in
optical imaging of biological tissue, see Jiang [10]. For a general introduction to optical
tomography, we refer to the following [3, 11, 30, 16, 4] and the references therein.

Recently several authors including Ferwerda [7], Khan et al. [13], Tualle et al. [27],
Marti-Lopez et al. [19] attempted to derive the RTE for a medium with a spatially varying
refractive index. However, a closer look in the literature reveals that Ryzhik et al. [24]
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had derived the general form of the transport equation for the energy density of waves in
a random media. Bekefi [5], Kravtsov and Orlov [17], and Apresyan and Kravtsov [2] had
also derived various versions of a ray refractive index equation for a non-absorption and
non-scattering media with spatially varying refractive indices. In fact, there have been other
attempts to derive the RTE for a few special cases for a medium with a spatially varying
refractive index as early as the time when Chandrasekhar derived his equation for a constant
refractive index [9, 20]. In fact, the RTE relevant to optical tomography for a medium with
a spatially varying refractive index is only a special case of the general result. However the
appropriate photon transport model for a medium with spatially varying refractive index is
still not widely known to applied and interdisciplinary practitioners for optics applications
[10]. The aim of this report is twofold. The first goal is to present a simple derivation of the
RTE and derive its PN approximation relevant to optical tomography accessible to a wider
audience. The second is to compare the spatially varying refractive index model with the
spatially constant model to conclude if there are substantial differences between these two
models for photon transport phenomena in biological tissue.

The outline of the report is as follows. In section 2, we derive the RTE for a medium
with spatially varying refractive index. In section 3, we derive the corresponding PN ap-
proximation. In section 4, we find the analytical solution of the coupled system of partial
differential equations corresponding to the PN approximation in a spherically symmetric ge-
ometry. In section 5, we compare the eigenvalues for the spatially varying and spatially
constant refractive index cases. In section 6, we discuss conclusions and future work.

2 DERIVATION OF THE RTE FOR SPATIALLY VARY-

ING REFRACTIVE INDEX

The fundamental quantity of interest in radiative transfer is the spectral density of the
radiance or spectral radiance or simply radiance Lω(r,Ω, t) (which is sometimes called the
specific intensity) which is defined as the amount of energy which at position r flows per
second through a unit area perpendicular to the unit vector Ω in the frequency interval
(ω, ω + dω). Lω is measured in W sr−1m−2Hz−1 or in erg s−1sr−1cm−2Hz−1. The above
definition is the most general definition of radiance which considers both statistical and wave
aspects [24, 2]. The radiant flux Fω, the total quantities F and L, and the energy density
Φ(r) are defined as

Fω(r, t) =

∫

S2

Lω(r,Ω, t)ΩdΩ, (1)

F(r, t) =

∫ ∞

−∞
Fω(r, t)dω, (2)

L(r,Ω, t) =

∫ ∞

−∞
Lω(r,Ω, t)dω, (3)

Φ(r, t) =
1

c

∫

S2

L(r,Ω, t)dΩ. (4)

For the most general case, in an anisotropic, inhomogenous, and dispersive media, we also
need to consider that beam propagates with a group velocity vg, the magnitude of the velocity
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vg may depend on frequency and direction of the wave k. In the general case of an anisotropic
medium, the direction of the group velocity no longer coincides with the wave vector k and
the frequency ω is related to k via the dispersion relations ω = ω(k, r). Therefore in general
the energy density Φ and flux F are defined as

F(r, t) =

∫

B

Lω(r,Ω, t)ΩdωdΩ, (5)

Φ(r, t) =

∫

B

1

vg

Lω(r,Ω, t)dωdΩ. (6)

It should be emphasized that for anisotropic media, Ω = vg/vg rather than Ω = k/k is the
unit vector of ray direction. Furthermore, the integration is carried out over the domain B
in direction and frequency, (ω,Ω) space, corresponding to the propagation of waves. Using
quantum approach, one can obtain a relationship between the group velocity and the spatially
varying index of refraction n(ω, r) as in [5]:

n2(ω, r) =
vgc

2

ω2
0

∣∣∣∣
dk

dωdΩ

∣∣∣∣ =
vgc

2

ω2
J (7)

where J = |dk/dωdΩ| is the Jacobian of the transformation from k = (kx, ky, kz) space to
(ω,Ω) space where Ω is the solid angle around the direction vg/vg. The main idea behind
the following derivation is: (i) start from energy balance using physical principles, and (ii)
find derivatives along the ray using eikonal equations.

2.1 Energy Balance

Now from energy balance over a domain B = ∆ω∆Ω we get:

∂

∂t

∫

B

1

vg

Lω(r,Ω, t)dωdΩ

︸ ︷︷ ︸
Φ(r,t)

+ ∇ ·
∫

B

Lω(r,Ω, t)ΩdωdΩ

︸ ︷︷ ︸
F(r,t)

=

−
∫

B

(µa + µs)Lω(r,Ω, t)dωdΩ

︸ ︷︷ ︸
absorption

+

∫

B

µs

∫

4π

f(Ω,Ω′)Lω(r,Ω′, t)dΩ′dωdΩ

︸ ︷︷ ︸
scattering

+

∫

B

εω(r,Ω, t)dωdΩ

︸ ︷︷ ︸
source

(8)
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where ∂/∂t and ∇ are taken along the ray, µa is the absorption coefficient, µs is the scattering
coefficient, f(Ω,Ω′) is the scattering function (also called the phase function) which gives
the probability that an energy packet travelling in direction Ω′ is scattered into direction Ω,
εω(r,Ω, t) is a source distribution per unit volume per unit frequency, and f is normalized
according to

∫

S2

f(Ω,Ω′)dΩ′ = 1. (9)

The right hand side of equation (8) can be dealt easily if we assume that the optical param-
eters µa and µs are independent of ω, Ω, and t. The left hand side of equation (8) requires
further analysis because this is the term which requires the calculation of the derivative along
the geometric ray satisfying the eikonal equation of geometric optics.

2.2 Eikonal Equation

First we will consider the simple time independent isotropic case. In this case, the funda-
mental equation of geometric optics is a nonlinear partial differential equation

(∇Ψ)2 = n2 (10)

where Ψ has come to be known as the eikonal and the respective equation as the eikonal
equation. The eikonal equation is a nonlinear, partial differential equation belonging to the
Hamilton-Jacobi variety. In the general case the Hamilton-Jacobi equation has the form

H

(
∂Ψ

∂q1

,
∂Ψ

∂q2

, . . . ,
∂Ψ

∂qn

; q1, q2, . . . , qn

)
= 0 (11)

where Ψ = Ψ(q1, q2, . . . , qn) is the function to be determined, qj are arbitrary coordinates
(j = 1, 2, . . . , n), and pj = ∂Ψ/∂qi are the associated “momenta”. A nonlinear first order
partial differential equations such as Hamilton-Jacobi can be solved using the method of
characteristics in a straight forward manner [12, 17]. If we let qj, j = 1, 2, 3, as cartesian
coordinates and H = H(p, r), then the PDEs characteristics satisfy

dr

dτ
=

∂H

∂p
, (12)

dp

dτ
= −∂H

∂r
, (13)

dΨ

dτ
=

∂H

∂p
, (14)

p = −∇Ψ (15)

where the solution r(τ),p(τ), and Ψ(τ) are called the characteristics of the system in the
phase space {pj, qj}. The parameter τ varying along the ray can readily be related to the
arc length s mainly,

dτ =
ds

|∂H/∂p| . (16)
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From this, the fundamental equation of geometric optics can be derived using either of the
two Hamiltonians:

H1 =
1

2

[
p2 − n2(r)

]
= 0 (17)

H2 = p− n(r) = 0 (18)

where p =
√

p2 in which case |∂H/∂p| = 1 and therefore the parameter τ is equal to the arc
length s. The first Hamiltonian leads to

dr

dτ
= p, (19)

dp

dτ
=

1

2
∇n2(r) (20)

and the second Hamiltonian leads to

dr

ds
=

p

n
, (21)

dp

ds
=

1

2
∇n(r). (22)

If we let Ω = p/p = p/n, being tangent to the ray, we get from equations (21) and (21),

dr

ds
= Ω, (23)

dΩ

ds
=

1

n
∇n− 1

n
(∇n ·Ω)Ω (24)

where dn/ds = Ω · ∇n. This is exactly the starting point of Ferwerda’s [7] derivation which
implies that he did not consider the most general space-time eikonal equations as shown
below.

2.3 Space Time Eikonal

The Hamiltonian for the space time case is (see [17]):

H(ω,k, r) = k2 − ω2

c2
n2(ω, r) = 0 (25)

where n2(ω, r) is usually defined as ε(ω, r) which is the fourier transform of the permittivity
ε̃(t−t′, r) in the medium, k = ∇Ψ and ω = −∂Ψ/∂t. This equation still belongs to Hamilton-
Jacobi variety. This is the eikonal equation in 8-D space (r,k, t, ω). Using the method of
characteristics, we get a set of characteristics parametrized by ζ as (r(ζ),k(ζ), t(ζ), ω(ζ)) and
changing from the ray parameter t(ζ) to s,

s =

∫ ∣∣∣∣
dω(k, r)

dk

∣∣∣∣ dt(ζ) =

∫
vgdt(ζ) (26)
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that has the sense of the arc length of the spatial ray projection, one gets the following
relations (see [17, 2]):

dr

ds
= Ω, (27)

dk

ds
= − 1

vg

∂ω(k, r)

∂r
, (28)

dt

ds
=

1

vg

, (29)

dω

ds
=

1

vg

∂ω(k, r)

∂t
(30)

where vg = ∂ω(k, r)/∂k is the group velocity, and Ω = vg/vg is the unit vector which may
not necessarity coincide with the vector k/k in the non-isotropic case. The derivations for the
eikonal equations can also be easily worked out using the methods of differential geometry
and Frenet frames in tensor notation [21, 22]. However, we did not follow the differential
geometry approach in order to keep our derivation accessible for a broader audience.

2.4 RTE For Spatially Varying Refractive Index

In geometric optics, it is more convenient to the use the wave vector k = (kx, ky, kz) and the
elementary volume dωdΩ = J−1dk (see [2] for details). Using this notation we get,

∫

∆k0

[
∂

∂t

(
1

vg

Lω(r,Ω, t)J−1

)

+ ∇ · (Lω(r,Ω, t)ΩJ−1
)]

dk =

−
∫

∆k0

(µa + µs)Lω(r,Ω, t)dk

+

∫

∆k0

µs

∫

4π

f(Ω,Ω′)Lω(r,Ω, t)dΩ′dk

+

∫

∆k0

εω(r,Ω, t)dk (31)

where the derivatives ∂/∂t and ∇ are taken along the ray. Now if we further note that

∂

∂t

(
1

vg

)
=

1

vg

∂

∂t

[
ln

(
1

vg

)]
, (32)

∇ ·Ω =
1

vg

∇ · vg + Ω · ∇ ln

(
1

vg

)
, (33)

1

vg

∇ · vg =
d

ds
[ln j(r, r0)] (34)

where j(r, r0) is the Jacobian of the transformation from ray coordinates to space coordinates
(equation (34) is a consequence of Liouville’s formula in phase space from classical mechanics
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[8]) and the total derivative along the ray is:

Ds =
d

ds
=

dt

ds

∂

∂t
+

dr

ds

∂

∂r
+

dΩ

ds

∂

∂Ω
+

dω

ds

∂

∂ω

=
1

vg

∂

∂t
+ Ω · ∇+

dΩ

ds
· ∇Ω +

dω

ds

∂

∂ω
(35)

where we have simplified the expressions for dt/ds and dr/ds using the characteristic equa-
tions for the space-time eikonal and in place of wave vector k, we have used Ω = vg/vg and
ω. Then the balance equation (31) transforms into,

∫

∆k0

Ds

(
LωJ−1

0

)
dk

+

∫

∆k0

[
Ds ln

(
1

vg

)] (
LωJ−1

0

)
dk

+

∫

∆k0

[Ds ln (j)]
(
LωJ−1

0

)
dk

+

∫

∆k0

[
Ds ln

(
c2

ω2

)] (
LωJ−1

0

)
dk =

−
∫

∆k0

(µa + µs)
(
LωJ−1

0

)
dk

+

∫

∆k0

µs

∫

4π

f(Ω,Ω′)
(
LωJ−1

0

)
dΩ′dk

+

∫

∆k0

εω(r,Ω, t)
(
J−1

0

)
dk. (36)

where J−1
0 = |dωdΩ/dk0|, Ds is the total derivative along a ray and dΩ/ds and dω/dt follows

from the characteristic equations for space-time eikonal,

dΩ

ds
=

1

vg

(1−Ω⊗Ω)
dvg

ds
, (37)

dω

ds
=

1

vg

dω

dt
, (38)

where 1 is a unit tensor and ⊗ is a tensor product, and 1−Ω⊗Ω is the projection operator.
We added the derivative of ln(c2/ω2) in equation (36) which is equal to zero because frequency
along the ray remains invariant. Now if we combine a few of the terms in equation (36), we
arrive at,

∫

∆k0

J−1
0 DsLωdk

+

∫

∆k0

J−1
0

[
Ds ln

(
c2

ω2vg

J−1
0 j

)]
Lωdk =

−
∫

∆k0

J−1
0 (µa + µs)Lωdk
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+

∫

∆k0

J−1
0 µs

∫

4π

f(Ω,Ω′)Lω(r,Ω, t)dΩ′dk

+

∫

∆k0

J−1
0 εω(r,Ω, t)dk. (39)

Now because of Liouville’s theorem [8] which leads to the invariance of the phase volume
implies that J−1

0 j = J−1 and since

n2(ω, r) =
vgc

2

ω2

∣∣∣∣
dk

dωdΩ

∣∣∣∣ =
vgc

2

ω2
J (40)

we get,

ln

(
1

n2(ω, r)

)
= ln

(
c2

vgω2
J−1

0 j

)
. (41)

With this simplification and noting that J−1
0 dk = dωdΩ we arrive at the following transport

equation
∫

B

DsLωdωdΩ

+

∫

B

Ds ln

(
1

n2

)
LωdωdΩ =

−
∫

B

(µa + µs)Lω(r,Ω, t)dωdΩ

+

∫

B

µs

∫

4π

f(Ω,Ω′)Lω(r,Ω, t)dΩ′dωdΩ

+

∫

B

εω(r,Ω, t)dωdΩ. (42)

If we further assume that n(r) is only a function of r and does not depend on (Ω, t, ω),
vg = c/n, and the equation (42) is satisfied in the strong sense [12, 28] i.e. left hand side of
the integrand is equal to the right hand side of the integrand, we get for L(r,Ω, t) independent
of ω, the following RTE for a medium with spatially varying refractive index:

n

c

∂L

∂t
+ Ω · ∇L +

1

n
∇n · ∇ΩL− 2

n
(Ω · ∇n)L =

−(µa + µs)L + µs

∫

4π

f(Ω,Ω′)L(r,Ω′, t)dΩ′

+ ε(r,Ω, t). (43)

From straight forward manipulation of the simple eikonal equation (24) which does not
include the general space-time case, Ferwerda [7] derived the following RTE:

n

c

∂L

∂t
+ Ω · ∇L +

1

n
∇n · ∇ΩL + (∇ ·Ω)L =
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−(µa + µs)L + µs

∫

4π

f(Ω,Ω′)L(r,Ω′, t)dΩ′

+ ε(r,Ω, t) (44)

where the expression for ∇ ·Ω is given by:

∇ ·Ω =
1

n

[
Ω−1 · ∇n

]− 3

n
(∇n ·Ω) (45)

where Ω−1 =
(
Ω−1

x ,Ω−1
y ,Ω−1

z

)
. The derived RTE for a medium with a spatially varying

refractive index (43) differs from equation (44) in that the ∇·Ω term is equivalent to −2(Ω ·
∇n)L/n instead of equation (45). The reason for this difference is that Ferwerda did not
consider the most general case of space time eikonal. However, even though Ferwerda’s
reasoning is erroneous, it does involve an interesting expression for ∇·Ω equation (45) which
leads to some interesting mathematical surface integrals [15].

3 PN OR SPHERICAL HARMONICS APPROXIMA-

TION

We recall from the previous section, the radiative transfer equation with spatially refractive
index,

n

c

∂L

∂t
+ Ω · ∇L +

1

n
∇n · ∇ΩL− 2

n
(Ω · ∇n)L = −(µa + µs)L

+ µs

∫

S2

f(Ω ·Ω′)L(r,Ω′, t)dΩ′ + ε(r,Ω, t). (46)

We use the spherical harmonic expansion of L and ε,

L(r,Ω, t) =
∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m(r, t)Y`,m(Ω) (47)

and

ε(r,Ω, t) =
∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ε`,m(r, t)Y`,m(Ω) (48)

where ((2`+1)/4π)1/2 is the normalization factor. The phase function f can also be expressed
using the addition theorem (87) as,

f(Ω′ ·Ω) =
∞∑

`=0

2` + 1

4π
f`P`(Ω

′ ·Ω)

=
∞∑

`=0

∑̀

m=−`

f`Y
∗
`,m(Ω′)Y`,m(Ω). (49)
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Substituting these expansions into (46) we get

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2 [[
n

c

∂

∂t
+ Ω · ∇

+
1

n
∇n · ∇Ω − 2

n
(Ω · ∇n) + µt

]
ψ`,mY`,m − ε`,mY`,m

− µs

∫

S2

dΩ′ψ`,mY`,m(Ω′)
∞∑

`′=0

`′∑

m′=−`′
f`′Y

∗
`′,m′(Ω′)Y`′,m′(Ω)

]
= 0

(50)

where µt = µs + µa is the transport coefficient. The integral over Ω′ can be calculated using
the orthogonality relation for the spherical harmonics (86). Then equation (46) becomes

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2 [[
n

c

∂

∂t
+ Ω · ∇

+
1

n
∇n · ∇Ω − 2

n
(Ω · ∇n) + µn

t

]
ψ`,m − ε`,m

]
Y`,m = 0

(51)

where µ`
t = µs(1− f`) + µa is the reduced transport coefficient. If we multiply equation (51)

by Y ∗
p,q and integrate over Ω we can use the orthogonality relation (86) in all terms except

the terms with Ω · ∇, (∇n · ∇Ω)/n, and −(2Ω · ∇n)/n. Therefore we arrive at

(
2p + 1

4π

)1/2
n

c

∂

∂t
ψp,q +

(
2p + 1

4π

)1/2

µp
t ψp,q

+
∞∑

`=0

∑̀

m=−`

∫

S2

(
2` + 1

4π

)1/2 [
Ω · ∇+

1

n
∇n · ∇Ω − 2

n
(Ω · ∇n)

]
ψ`,mY`,mY ∗

p,qdΩ

=

(
2p + 1

4π

)1/2

εp,q. (52)

3.1 Calculating Ω · ∇ term

We begin by writing Ω as (Ωx,Ωy,Ωz) which may be represented in spherical coordinates as
Ω = (sin ϑ cos ϕ, sin ϑ sin ϕ, cos ϑ). Then

Ω · ∇ = Ωx
∂

∂x
+ Ωy

∂

∂y
+ Ωz

∂

∂z
.

Now we multiply each term by Y ∗
p,q(Ω) and use the recurrence relations for spherical harmonic

functions given in (92)-(94) to explicitly find each coordinate of ΩY ∗
p,q(Ω):

ΩxY
∗
p,q(Ω) = sin ϑ cos ϕ Y ∗

p,q(Ω)
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= sin ϑ
1

2
(eiϕ + e−iϕ) Y ∗

p,q(Ω)

= sin ϑ
1

2

[
(e−iϕ + eiϕ) Yp,q(Ω)

]∗

=

[
1

2
sin ϑ eiϕYp,q(Ω) +

1

2
sin ϑ e−iϕYp,q(Ω))

]∗

= −1

2

(
(p + q + 1)(p + q + 2)

(2p + 1)(2p + 3)

)1/2

Y ∗
p+1,q+1(Ω)

+
1

2

(
(p− q)(p− q − 1)

(2p− 1)(2p + 1)

)1/2

Y ∗
p−1,q+1(Ω)

+
1

2

(
(p− q + 1)(p− q + 2)

(2p + 1)(2p + 3)

)1/2

Y ∗
p+1,q−1(Ω)

−1

2

(
(p + q)(p + q − 1)

(2p− 1)(2p + 1)

)1/2

Y ∗
p−1,q−1(Ω),

ΩyY
∗
p,q(Ω) = sin ϑ sin ϕ Y ∗

p,q(Ω)

= sin ϑ
1

2i
(eiϕ − e−iϕ) Y ∗

p,q(Ω)

= sin ϑ
1

2i

[
(e−iϕ − eiϕ) Yp,q(Ω)

]∗

= − 1

2i

[
sin ϑ eiϕYp,q(Ω)

]∗
+

1

2i

[
sin ϑ e−iϕYp,q(Ω))

]∗

=
1

2i

(
(p + q + 1)(p + q + 2)

(2p + 1)(2p + 3)

)1/2

Y ∗
p+1,q+1(Ω)

− 1

2i

(
(p− q)(p− q − 1)

(2p− 1)(2p + 1)

)1/2

Y ∗
p−1,q+1(Ω)

+
1

2i

(
(p− q + 1)(p− q + 2)

(2p + 1)(2p + 3)

)1/2

Y ∗
p+1,q−1(Ω)

− 1

2i

(
(p + q)(p + q − 1)

(2p− 1)(2p + 1)

)1/2

Y ∗
p−1,q−1(Ω),

ΩzY
∗
p,q(Ω) = cos ϑ Y ∗

p,q(Ω)

= [cos ϑ Yp,q(Ω)]∗

=

(
(p− q + 1)(p + q + 1)

(2p + 1)(2p + 3)

)1/2

Y ∗
p+1,q(Ω)

+

(
(p− q)(p + q)

(2p− 1)(2p + 1)

)1/2

Y ∗
p−1,q(Ω).

Thus by the orthogonality of the spherical harmonic functions

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2 ∫

S2

Y`,mY ∗
p,qΩ · ∇ψ`,mdΩ =

11



−1

2

(
2p + 3

4π

)1/2 (
(p + q + 1)(p + q + 2)

(2p + 1)(2p + 3)

)1/2 (
∂

∂x
+ i

∂

∂y

)
ψp+1,q+1

+
1

2

(
2p− 1

4π

)1/2 (
(p− q)(p− q − 1)

(2p− 1)(2p + 1)

)1/2 (
∂

∂x
+ i

∂

∂y

)
ψp−1,q+1

+
1

2

(
2p + 3

4π

)1/2 (
(p− q + 1)(p− q + 2)

(2p + 1)(2p + 3)

)1/2 (
∂

∂x
− i

∂

∂y

)
ψp+1,q−1

−1

2

(
2p− 1

4π

)1/2 (
(p + q)(p + q − 1)

(2p− 1)(2p + 1)

)1/2 (
∂

∂x
− i

∂

∂y

)
ψp−1,q−1

+

(
2p + 3

4π

)1/2 (
(p− q + 1)(p + q + 1)

(2p + 1)(2p + 3)

)1/2
∂

∂z
ψp+1,q

+

(
2p− 1

4π

)1/2 (
(p− q)(p + q)

(2p− 1)(2p + 1)

)1/2
∂

∂z
ψp−1,q. (53)

3.2 Calculating (∇n · ∇Ω)/n term

First note that

∇ΩL =

(
cos ϑ cos ϕ

∂L

∂ϑ
− sin ϕ

sin ϑ

∂L

∂ϕ

)
x̂ +

(
cos ϑ sin ϕ

∂L

∂ϑ
+

cos ϕ

sin ϑ

∂L

∂ϕ

)
ŷ − sin ϑ

∂L

∂ϑ
ẑ

according to [14]. Therefore we get

∇ΩL =

(
cos ϑ cos ϕ

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m
∂

∂ϑ
Y`,m

− sin ϕ

sin ϑ

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m
∂

∂ϕ
Y`,m

)
x̂

+

(
cos ϑ sin ϕ

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m
∂

∂ϑ
Y`,m

+
cos ϕ

sin ϑ

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m
∂

∂ϕ
Y`,m

)
ŷ

− sin ϑ

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m
∂

∂ϑ
Y`,mẑ.

Making the substitutions (89) and (91) for the derivatives of Y`,m in terms of ϑ and ϕ
respectively yields

1

n
∇n · ∇ΩL

=
1

n

(
cos ϑ cos ϕ

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m [|m|(cot ϑ)Y`,m

12



+ e−iσmϕρ(`,m)Y`,m+σm

]− sin ϕ

sin ϑ

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m(im)Y`,m

)
∂n

∂x

+
1

n

(
cos ϑ sin ϕ

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m [|m|(cot ϑ)Y`,m

+ e−iσmϕρ(`,m)Y`,m+σm

]
+

cos ϕ

sin ϑ

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m(im)Y`,m

)
∂n

∂y

− 1

n

(
sin ϑ

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m

[|m|(cot ϑ)Y`,m + e−iσmϕρ(`,m)Y`,m+σm

]
)

∂n

∂z
.

We proceed further by multiplying ∇ΩL with Y ∗
p,q and integrating over S2 and changing

the integration variable to ϑ and ϕ for convenience,∫

S2

1

n
∇n · ∇ΩL(Ω)Y ∗

p,q(Ω)dΩ

=

∫ 2π

0

∫ π

0

1

n
∇n · ∇ΩL(ϑ, ϕ)Y ∗

p,q(ϑ, ϕ) sin ϑdϑdϕ

=

∫ 2π

0

∫ π

0

1

n

(
cos ϑ cos ϕ

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m|m|(cot ϑ)Y`,mY ∗
p,q sin ϑ

+ cos ϑ cos ϕ

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,me−iσmϕρ(`,m)Y`,m+σmY ∗
p,q sin ϑ

− sin ϕ

sin ϑ

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m(im)Y`,mY ∗
p,q sin ϑ

)
dϑdϕ

∂n

∂x

+

∫ 2π

0

∫ π

0

1

n

(
cos ϑ sin ϕ

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m|m|(cot ϑ)Y`,mY ∗
p,q sin ϑ

+ cos ϑ sin ϕ

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,me−iσmϕρ(`,m)Y`,m+σmY ∗
p,q sin ϑ

+ cos ϕ

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m(im)Y`,mY ∗
p,q

)
dϑdϕ

∂n

∂y

−
∫ 2π

0

∫ π

0

1

n

(
sin ϑ

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m|m|(cot ϑ)Y`,mY ∗
p,q sin ϑ

+ sin ϑ

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,me−iσmϕρ(`,m)Y`,m+σmY ∗
p,q sin ϑ

)
dϑdϕ

∂n

∂z

=
1

n

( ∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m|m|
∫ 2π

0

∫ π

0

(cos2 ϑ cos ϕ)Y`,mY ∗
p,qdϑdϕ

13



+
∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,mρ(`,m)

∫ 2π

0

∫ π

0

(cos ϑ cos ϕ sin ϑ)e−iσmϕY`,m+σmY ∗
p,qdϑdϕ

−
∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m(im)

∫ 2π

0

∫ π

0

sin ϕY`,mY ∗
p,qdϑdϕ

)
∂n

∂x

+
1

n

( ∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m|m|
∫ 2π

0

∫ π

0

(cos2 ϑ sin ϕ)Y`,mY ∗
p,qdϑdϕ

+
∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,mρ(`, m)

∫ 2π

0

∫ π

0

(cos ϑ sin ϕ sin ϑ)e−iσmϕY`,m+σmY ∗
p,qdϑdϕ

+
∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m(im)

∫ 2π

0

∫ π

0

cos ϕY`,mY ∗
p,qdϑdϕ

)
∂n

∂y

− 1

n

( ∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m|m|
∫ 2π

0

∫ π

0

(cot ϑ sin2 ϑ)Y`,mY ∗
p,qdϑdϕ

+
∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,mρ(`,m)

∫ 2π

0

∫ π

0

(sin2 ϑ)e−iσmϕY`,m+σmY ∗
p,qdϑdϕ

)
∂n

∂z

=
1

n

( ∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m|m|I1(`,m; p, q)

+
∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,mρ(`,m)I2(`,m; p, q)

−
∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m(im)I3(`,m; p, q)

)
∂n

∂x

+
1

n

( ∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m|m|I4(`,m; p, q)

+
∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,mρ(`,m)I5(`,m; p, q)

+
∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m(im)I6(`,m; p, q)

)
∂n

∂y

− 1

n

( ∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m|m|I7(`,m; p, q)

+
∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,mρ(`,m)I8(`,m; p, q)

)
∂n

∂z
(54)

14



where,

I1(`,m) :=

∫ 2π

0

∫ π

0

(cos2 ϑ cos ϕ)Y`,mY ∗
p,qdϑdϕ

I2(`,m) :=

∫ 2π

0

∫ π

0

(cos ϑ cos ϕ sin ϑ)e−iσmϕY`,m+σmY ∗
p,qdϑdϕ

I3(`,m) :=

∫ 2π

0

∫ π

0

sin ϕY`,mY ∗
p,qdϑdϕ

I4(n,m) :=

∫ 2π

0

∫ π

0

(cos2 ϑ sin ϕ)Y`,mY ∗
p,qdϑdϕ

I5(`,m) :=

∫ 2π

0

∫ π

0

(cos ϑ sin ϕ sin ϑ)e−iσmϕY`,m+σmY ∗
p,qdϑdϕ

I6(`,m) :=

∫ 2π

0

∫ π

0

cos ϕY`,mY ∗
p,qdϑdϕ

I7(`,m) :=

∫ 2π

0

∫ π

0

(cot ϑ sin2 ϑ)Y`,mY ∗
p,qdϑdϕ

I8(`,m) :=

∫ 2π

0

∫ π

0

(sin2 ϑ)e−iσmϕY`,m+σmY ∗
p,qdϑdϕ.

The above integrals I1 through I8 are computed in the Appendix E.

3.3 Calculating −(2Ω · ∇n)/n term

Let n be a function of x, y, z mainly n(x, y, z), then ∇n = (∂n
∂x

, ∂n
∂y

, ∂n
∂z

) and

Ω · ∇n = Ωx
∂n

∂x
+ Ωy

∂n

∂y
+ Ωz

∂n

∂z
.

Then

∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2 ∫

S2

− 2

n
Ω · ∇nY`,mY ∗

p,qψ`,mdΩ =

1

n

(
2p + 3

4π

)1/2 (
(p + q + 1)(p + q + 2)

(2p + 1)(2p + 3)

)1/2 (
∂n

∂x
+ i

∂n

∂y

)
ψp+1,q+1

− 1

n

(
2p− 1

4π

)1/2 (
(p− q)(p− q − 1)

(2p− 1)(2p + 1)

)1/2 (
∂n

∂x
+ i

∂n

∂y

)
ψp−1,q+1

− 1

n

(
2p + 3

4π

)1/2 (
(p− q + 1)(p− q + 2)

(2p + 1)(2p + 3)

)1/2 (
∂n

∂x
− i

∂n

∂y

)
ψp+1,q−1

+
1

n

(
2p− 1

4π

)1/2 (
(p + q)(p + q − 1)

(2p− 1)(2p + 1)

)1/2 (
∂n

∂x
− i

∂n

∂y

)
ψp−1,q−1

− 2

n

(
2p + 3

4π

)1/2 (
(p− q + 1)(p + q + 1)

(2p + 1)(2p + 3)

)1/2
∂n

∂z
ψp+1,q

15



− 2

n

(
2p− 1

4π

)1/2 (
(p− q)(p + q)

(2p− 1)(2p + 1)

)1/2
∂n

∂z
ψp−1,q. (55)

3.4 The Coupled System of Partial Differential Equations

Now if we plug in equations (53), (54), and (55) into equation (52) we obtain the following
infinite system of coupled partial differential equations as an alternate representation for (46):

(
2p + 1

4π

)1/2
n

c

∂

∂t
ψp,q +

(
2p + 1

4π

)1/2

µp
t ψp,q

−1

2

(
2p + 3

4π

)1/2 (
(p + q + 1)(p + q + 2)

(2p + 1)(2p + 3)

)1/2 (
∂

∂x
+ i

∂

∂y

)
ψp+1,q+1

+
1

2

(
2p− 1

4π

)1/2 (
(p− q)(p− q − 1)

(2p− 1)(2p + 1)

)1/2 (
∂

∂x
+ i

∂

∂y

)
ψp−1,q+1

+
1

2

(
2p + 3

4π

)1/2 (
(p− q + 1)(p− q + 2)

(2p + 1)(2p + 3)

)1/2 (
∂

∂x
− i

∂

∂y

)
ψp+1,q−1

−1

2

(
2p− 1

4π

)1/2 (
(p + q)(p + q − 1)

(2p− 1)(2p + 1)

)1/2 (
∂

∂x
− i

∂

∂y

)
ψp−1,q−1

+

(
2p + 3

4π

)1/2 (
(p− q + 1)(p + q + 1)

(2p + 1)(2p + 3)

)1/2
∂

∂z
ψp+1,q

+

(
2p− 1

4π

)1/2 (
(p− q)(p + q)

(2p− 1)(2p + 1)

)1/2
∂

∂z
ψp−1,q

+
1

n

( ∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m|m|I1(`,m; p, q)

+
∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,mρ(`,m)I2(`,m; p, q)

−
∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m(im)I3(`,m; p, q)

)
∂n

∂x

+
1

n

( ∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m|m|I4(`,m; p, q)

+
∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,mρ(`,m)I5(`,m; p, q)

+
∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m(im)I6(`,m; p, q)

)
∂n

∂y

− 1

n

( ∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,m|m|I7(`,m; p, q)
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+
∞∑

`=0

∑̀

m=−`

(
2` + 1

4π

)1/2

ψ`,mρ(`,m)I8(`,m; p, q)

)
∂n

∂z

+
1

n

(
2p + 3

4π

)1/2 (
(p + q + 1)(p + q + 2)

(2p + 1)(2p + 3)

)1/2 (
∂n

∂x
+ i

∂n

∂y

)
ψp+1,q+1

− 1

n

(
2p− 1

4π

)1/2 (
(p− q)(p− q − 1)

(2p− 1)(2p + 1)

)1/2 (
∂n

∂x
+ i

∂n

∂y

)
ψp−1,q+1

− 1

n

(
2p + 3

4π

)1/2 (
(p− q + 1)(p− q + 2)

(2p + 1)(2p + 3)

)1/2 (
∂n

∂x
− i

∂n

∂y

)
ψp+1,q−1

+
1

n

(
2p− 1

4π

)1/2 (
(p + q)(p + q − 1)

(2p− 1)(2p + 1)

)1/2 (
∂n

∂x
− i

∂n

∂y

)
ψp−1,q−1

− 2

n

(
2p + 3

4π

)1/2 (
(p− q + 1)(p + q + 1)

(2p + 1)(2p + 3)

)1/2
∂n

∂z
ψp+1,q

− 2

n

(
2p− 1

4π

)1/2 (
(p− q)(p + q)

(2p− 1)(2p + 1)

)1/2
∂n

∂z
ψp−1,q

=

(
2p + 1

4π

)1/2

εp,q. (56)

Now we will introduce some notations to simplify equation (56). Let

αq
p :=

(
(p + q)(p + q + 1)

2p + 1

)1/2

βq
p :=

(
(p + q)(p + q − 1)

2p + 1

)1/2

ξq
p :=

(
(p− q + 1)(p + q + 1)

2p + 1

)1/2

ηq
p :=

(
(p− q)(p + q)

2p + 1

)1/2

.

Using these notations defined above and factoring out coefficients and simplifying we get
within the PN approximation,

(2p + 1)1/2

(
n

c

∂

∂t
+ µp

t

)
ψp,q + ηq

p

[
∂

∂z
− 2

n

∂n

∂z

]
ψp−1,q

+βq
p

[
1

n

(
∂n

∂x
− i

∂n

∂y

)
− 1

2

(
∂

∂x
− i

∂

∂y

)]
ψp−1,q−1

−β−q
p

[
1

n

(
∂n

∂x
+ i

∂n

∂y

)
− 1

2

(
∂

∂x
+ i

∂

∂y

)]
ψp−1,q+1 + ξq

p

[
∂

∂z
− 2

n

∂n

∂z

]
ψp+1,q

−α−q+1
p

[
1

n

(
∂n

∂x
− i

∂n

∂y

)
− 1

2

(
∂

∂x
− i

∂

∂y

)]
ψp+1,q−1

+αq+1
p

[
1

n

(
∂n

∂x
+ i

∂n

∂y

)
− 1

2

(
∂

∂x
+ i

∂

∂y

)]
ψp+1,q+1
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+
N∑

`=0

∑̀

m=−`

(
2` + 1

n2

)1/2 [
∂n

∂x
[|m|I1(`,m; p, q) + ρ(`,m)I2(`,m; p, q)

− (im)I3(`,m; p, q)] +
∂n

∂y
[|m|I4(`,m; p, q) + ρ(`,m)I5(`,m; p, q)

+ (im)I6(`,m; p, q)]− ∂n

∂z
[|m|I7(`,m; p, q) + ρ(`, m)I8(`,m; p, q)]

]
ψ`,m

= (2p + 1)1/2 εp,q. (57)

3.5 P1 Approximation

The P1 approximation is obtained by assuming that ψ`,m = 0 for ` > 1. In this case we get
four equations which we will find the general form of using (57) by letting N = 1:

(2p + 1)1/2

(
n

c

∂

∂t
+ µp

t

)
ψp,q + ηq

p

[
∂

∂z
− 2

n

∂n

∂z

]
ψp−1,q

+βq
p

[
1

n

(
∂n

∂x
− i

∂n

∂y

)
− 1

2

(
∂

∂x
− i

∂

∂y

)]
ψp−1,q−1

−β−q
p

[
1

n

(
∂n

∂x
+ i

∂n

∂y

)
− 1

2

(
∂

∂x
+ i

∂

∂y

)]
ψp−1,q+1 + ξq

p

[
∂

∂z
− 2

n

∂n

∂z

]
ψp+1,q

−α−q+1
p

[
1

n

(
∂n

∂x
− i

∂n

∂y

)
− 1

2

(
∂

∂x
− i

∂

∂y

)]
ψp+1,q−1

+αq+1
p

[
1

n

(
∂n

∂x
+ i

∂n

∂y

)
− 1

2

(
∂

∂x
+ i

∂

∂y

)]
ψp+1,q+1

+
1∑

`=0

∑̀

m=−`

(
2` + 1

n2

)1/2 [
∂n

∂x
[|m|I1(`,m; p, q) + ρ(`,m)I2(`,m; p, q)

− (im)I3(`,m; p, q)] +
∂n

∂y
[|m|I4(`,m; p, q) + ρ(`,m)I5(`,m; p, q)

+ (im)I6(`,m; p, q)]− ∂n

∂z
[|m|I7(`,m; p, q) + ρ(`, m)I8(`,m; p, q)]

]
ψ`,m

= (2p + 1)1/2 εp,q

expanding the sums, taking note that ρ(j, j) = 0 for all j ∈ N0, we arrive at:

(2p + 1)1/2

(
n

c

∂

∂t
+ µp

t

)
ψp,q + ηq

p

[
∂

∂z
− 2

n

∂n

∂z

]
ψp−1,q

+βq
p

[
1

n

(
∂n

∂x
− i

∂n

∂y

)
− 1

2

(
∂

∂x
− i

∂

∂y

)]
ψp−1,q−1

−β−q
p

[
1

n

(
∂n

∂x
+ i

∂n

∂y

)
− 1

2

(
∂

∂x
+ i

∂

∂y

)]
ψp−1,q+1 + ξq

p

[
∂

∂z
− 2

n

∂n

∂z

]
ψp+1,q

−α−q+1
p

[
1

n

(
∂n

∂x
− i

∂n

∂y

)
− 1

2

(
∂

∂x
− i

∂

∂y

)]
ψp+1,q−1
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+αq+1
p

[
1

n

(
∂n

∂x
+ i

∂n

∂y

)
− 1

2

(
∂

∂x
+ i

∂

∂y

)]
ψp+1,q+1

+

√
3

n

[
∂n

∂x
[ρ(1, 0)I2(1, 0; p, q)] +

∂n

∂y
[ρ(1, 0)I5(1, 0; p, q)]

− ∂n

∂z
[ρ(1, 0)I8(1, 0; p, q)]

]
ψ1,0

+

√
3

n

[
∂n

∂x
[I1(1, 1; p, q)− iI3(1, 1; p, q)] +

∂n

∂y
[I4(1, 1; p, q) + iI6(1, 1; p, q)]

− ∂n

∂z
I7(1, 1; p, q)

]
ψ1,1

+

√
3

n

[
∂n

∂x
[I1(1,−1; p, q) + ρ(1,−1)I2(1,−1; p, q) + iI3(1,−1; p, q)]

+
∂n

∂y
[I4(1,−1; p, q) + ρ(1,−1)I5(1,−1; p, q)− iI6(1,−1; p, q)]

− ∂n

∂z
[I7(1,−1; p, q) + ρ(1,−1)I8(1,−1; p, q)]

]
ψ1,−1

= (2p + 1)1/2 εp,q. (58)

We will use (58) to find the four equations.

3.5.1 The First Equation

The first equation is obtained by taking p = q = 0:
(

n

c

∂

∂t
+ µ0

t

)
ψ0,0 + ξ0

0

[
∂

∂z
− 2

n

∂n

∂z

]
ψ1,0

−α1
0

[
1

n

(
∂n

∂x
− i

∂n

∂y

)
− 1

2

(
∂

∂x
− i

∂

∂y

)]
ψ1,−1

+α1
0

[
1

n

(
∂n

∂x
+ i

∂n

∂y

)
− 1

2

(
∂

∂x
+ i

∂

∂y

)]
ψ1,1

+

√
3

n

[
∂n

∂x
[ρ(1, 0)I2(1, 0; 0, 0)] +

∂n

∂y
[ρ(1, 0)I5(1, 0; 0, 0)]

− ∂n

∂z
[ρ(1, 0)I8(1, 0; 0, 0)]

]
ψ1,0

+

√
3

n

[
∂n

∂x
[I1(1, 1; 0, 0)− iI3(1, 1; 0, 0)] +

∂n

∂y
[I4(1, 1; 0, 0) + iI6(1, 1; 0, 0)]

− ∂n

∂z
I7(1, 1; 0, 0)

]
ψ1,1

+

√
3

n

[
∂n

∂x
[I1(1,−1; 0, 0) + ρ(1,−1)I2(1,−1; 0, 0) + iI3(1,−1; 0, 0)

]

+
∂n

∂y
[I4(1,−1; 0, 0) + ρ(1,−1)I5(1,−1; 0, 0)− iI6(1,−1; 0, 0)]
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− ∂n

∂z
[I7(1,−1; 0, 0) + ρ(1,−1)I8(1,−1; 0, 0)]

]
ψ1,−1

= ε0,0.

Notice that α1
0 =

√
2, ξ0

0 = 1, ρ(1, 0) = −√2, I1(1,−1; 0, 0) = 1
2
√

6
and I1(1, 1; 0, 0) = − 1

2
√

6

by equation (101), I2(1,−1; 0, 0) = 0 because J0(2, 0, 0) = 0, I2(1, 0; 0, 0) = 0 because

δq−1,m = δq+1,m = 0, I3(1,−1; 0, 0) = −i
√

3
2
√

2
by equation (102), I3(1, 1; 0, 0) = −i

√
3

2
√

2
by

equation (102), I4(1,−1; 0, 0) = −i 1
2
√

6
by equation (105), I4(1, 1; 0, 0) = −i 1

2
√

6
by equa-

tion (105), I5(1, 0; 0, 0) = 0 because δq−1,m = δq+1,m = 0, I5(1,−1; 0, 0) = 0 because

J0(2, 0, 0) = 0, I6(1,−1; 0, 0) =
√

3
2
√

2
by equation (106), I6(1, 1; 0, 0) = −

√
3

2
√

2
by equation (106),

I7(1,−1; 0, 0) = 0 because δq,m = 0, I7(1, 1; 0, 0) = 0 because δq,m = 0, I8(1, 0; 0, 0) =
√

2
3

by

equation (107), I8(1,−1; 0, 0) = 0 because δq,m = 0, giving us the following representation of
the equation: (

n

c

∂

∂t
+ µ0

t

)
ψ0,0 +

(
∂

∂z
− 2

n

∂n

∂z

)
ψ1,0

−
√

2

[
1

n

(
∂n

∂x
− i

∂n

∂y

)
− 1

2

(
∂

∂x
− i

∂

∂y

)]
ψ1,−1

+
√

2

[
1

n

(
∂n

∂x
+ i

∂n

∂y

)
− 1

2

(
∂

∂x
+ i

∂

∂y

)]
ψ1,1

−
√

3

n

[
∂n

∂z

(
− 2√

3

)]
ψ1,0

+

√
3

n

[
∂n

∂x

(
− 1

2
√

6
+ i2

√
3

2
√

2

)
+

∂n

∂y

(
−i

1

2
√

6
− i

√
3

2
√

2

)]
ψ1,1

+

√
3

n

[
∂n

∂x

(
1

2
√

6
− i2

√
3

2
√

2

)
+

∂n

∂y

(
−i

1

2
√

6
− i

√
3

2
√

2

)]
ψ1,−1

= ε0,0

with some simplification we get(
n

c

∂

∂t
+ µ0

t

)
ψ0,0 +

(
∂

∂z
− 2

n

∂n

∂z

)
ψ1,0

−
√

2

[
1

n

(
∂n

∂x
− i

∂n

∂y

)
− 1

2

(
∂

∂x
− i

∂

∂y

)]
ψ1,−1

+
√

2

[
1

n

(
∂n

∂x
+ i

∂n

∂y

)
− 1

2

(
∂

∂x
+ i

∂

∂y

)]
ψ1,1

+
1√
2

2

n

[
∂n

∂x
− i

∂n

∂y

]
ψ1,−1 − 1√

2

2

n

[
∂n

∂x
+ i

∂n

∂y

]
ψ1,1

+
2

n

∂n

∂z
ψ1,0 = ε0,0.

which further simplifies to(
n

c

∂

∂t
+ µ0

t

)
ψ0,0 +

∂

∂z
ψ1,0 +

1√
2

(
∂

∂x
− i

∂

∂y

)
ψ1,−1 − 1√

2

(
∂

∂x
+ i

∂

∂y

)
ψ1,1 = ε0,0. (59)
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3.5.2 The Second Equation

We will find the second equation for the P1 by taking p = 1, and q = −1. In this case, (58)
becomes

√
3

(
n

c

∂

∂t
+ µ1

t

)
ψ1,−1 − β1

1

[
1

n

(
∂n

∂x
+ i

∂n

∂y

)
− 1

2

(
∂

∂x
+ i

∂

∂y

)]
ψ0,0

+

√
3

n

[
∂n

∂x
[ρ(1, 0)I2(1, 0; 1,−1)] +

∂n

∂y
[ρ(1, 0)I5(1, 0; 1,−1)]

− ∂n

∂z
[ρ(1, 0)I8(1, 0; 1,−1)]

]
ψ1,0

+

√
3

n

[
∂n

∂x
[I1(1, 1; 1,−1)− iI3(1, 1; 1,−1)] +

∂n

∂y
[I4(1, 1; 1,−1) + iI6(1, 1; 1,−1)]

− ∂n

∂z
I7(1, 1; 1,−1)

]
ψ1,1

+

√
3

n

[
∂n

∂x
[I1(1,−1; 1,−1) + ρ(1,−1)I2(1,−1; 1,−1) + iI3(1,−1; 1,−1)]

+
∂n

∂y
[I4(1,−1; 1,−1) + ρ(1,−1)I5(1,−1; 1,−1)− iI6(1,−1; 1,−1)]

− ∂n

∂z
[I7(1,−1; 1,−1) + ρ(1,−1)I8(1,−1; 1,−1)]

]
ψ1,−1

=
√

3 ε1,−1.

Notice that β1
1 =

√
2
3
, I1(1,−1; 1,−1) = 0 because δq−1,m = δq+1,m = 0, I1(1, 1; 1,−1) = 0

because δq−1,m = δq+1,m = 0, I2(1,−1; 1,−1) = 0 because (` + m + σm + 1) = J0(2, 1, 1) =
0, I3(1,−1; 1,−1) = 0 because δq+1,m = δq−1,m = 0, I3(1, 1; 1,−1) = 0 because δq+1,m =
δq−1,m = 0, I4(1,−1; 1,−1) = 0 because δq−1,m = δq+1,m = 0, I4(1, 1; 1,−1) = 0 because
δq−1,m = δq+1,m = 0, I5(1,−1; 1,−1) = 0 because (` + m + σm + 1) = J0(2, 1, 1) = 0,
I6(1,−1; 1,−1) = 0 because δq+1,m = δq−1,m = 0, I6(1, 1; 1,−1) = 0 because δq+1,m = δq−1,m =
0, I7(1,−1; 1,−1) = 0 because δq,m = 0, I7(1, 1; 1,−1) = 0 because δ`+1,p = δ`−1,p = 0,
I8(1,−1; 1,−1) = 0 because J2(3, 1, 1) = J1(3, 1, 1) = 0 giving us our final representation of
the equation:

(
n

c

∂

∂t
+ µ1

t

)
ψ1,−1 −

√
2

3

[
1

n

(
∂n

∂x
+ i

∂n

∂y

)
− 1

2

(
∂

∂x
+ i

∂

∂y

)]
ψ0,0 = ε1,−1.

(60)

3.5.3 The Third Equation

We will find the third equation for the P1 by taking p = 1, and q = 0. In this case, (58)
becomes

√
3

(
n

c

∂

∂t
+ µ1

t

)
ψ1,0 + η0

1

(
∂

∂z
− 2

n

∂n

∂z

)
ψ0,0
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+

√
3

n

[
∂n

∂x
[ρ(1, 0)I2(1, 0; 1, 0)] +

∂n

∂y
[ρ(1, 0)I5(1, 0; 1, 0)]

− ∂n

∂z
[ρ(1, 0)I8(1, 0; 1, 0)]

]
ψ1,0

+

√
3

n

[
∂n

∂x
[I1(1, 1; 1, 0)− iI3(1, 1; 1, 0)] +

∂n

∂y
[I4(1, 1; 1, 0) + iI6(1, 1; 1, 0)]

− ∂n

∂z
I7(1, 1; 1, 0)

]
ψ1,1

+

√
3

n

[
∂n

∂x
[I1(1,−1; 1, 0) + ρ(1,−1)I2(1,−1; 1, 0) + iI3(1,−1; 1, 0)]

+
∂n

∂y
[I4(1,−1; 1, 0) + ρ(1,−1)I5(1,−1; 1, 0)− iI6(1,−1; 1, 0)]

− ∂n

∂z
[I7(1,−1; 1, 0) + ρ(1,−1)I8(1,−1; 1, 0)]

]
ψ1,−1

=
√

3 ε1,0.

Observe that η0
1 = 1√

3
, I1(1,−1; 1, 0) = 0 by Proposition 1, I1(1, 1; 1, 0) = 0 by Proposition

1, I2(1,−1; 1, 0) = 0 because δq+1,m = J0(2, 1, 0) = (` + m + σm + 1) = 0, I3(1,−1; 1, 0) = 0
by Proposition 1, I3(1, 1; 1, 0) = 0 by Proposition 1, I4(1,−1; 1, 0) = 0 by Proposition 1,
I4(1, 1; 1, 0) = 0 by Proposition 1,, I5(1,−1; 1, 0) = 0 because δq+1,m = J0(2, 1, 0) = (` +
m + σm + 1) = 0, I6(1,−1; 1, 0) = 0 by Proposition 1, I6(1, 1; 1, 0) = 0 by Proposition 1,
I7(1,−1; 1, 0) = 0 because δm,q = 0, I7(1, 1; 1, 0) = 0 because δm,q = 0, I8(1,−1; 1, 0) = 0
because δq,m = 0 giving us our final representation of the equation:

(
n

c

∂

∂t
+ µ1

t

)
ψ1,0 +

1

3

(
∂

∂z
− 2

n

∂n

∂z

)
ψ0,0 = ε1,0. (61)

3.5.4 The Fourth Equation

We will find the fourth equation for the P1 by taking p = 1, and q = 1. In this case, (58)
becomes

√
3

(
n

c

∂

∂t
+ µ1

t

)
ψ1,1 + β1

1

[
1

n

(
∂n

∂x
− i

∂n

∂y

)
− 1

2

(
∂

∂x
− i

∂

∂y

)]
ψ0,0

+

√
3

n

[
∂n

∂x
[ρ(1, 0)I2(1, 0; 1, 1)] +

∂n

∂y
[ρ(1, 0)I5(1, 0; 1, 1)]

− ∂n

∂z
[ρ(1, 0)I8(1, 0; 1, 1)]

]
ψ1,0

+

√
3

n

[
∂n

∂x
[I1(1, 1; 1, 1)− iI3(1, 1; 1, 1)] +

∂n

∂y
[I4(1, 1; 1, 1) + iI6(1, 1; 1, 1)]

− ∂n

∂z
I7(1, 1; 1, 1)

]
ψ1,1

+

√
3

n

[
∂n

∂x
[I1(1,−1; 1, 1) + ρ(1,−1)I2(1,−1; 1, 1) + iI3(1,−1; 1, 1)]
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+
∂n

∂y
[I4(1,−1; 1, 1) + ρ(1,−1)I5(1,−1; 1, 1)− iI6(1,−1; 1, 1)]

− ∂n

∂z
[I7(1,−1; 1, 1) + ρ(1,−1)I8(1,−1; 1, 1)]

]
ψ1,−1

=
√

3 ε1,1.

Now observe that β1
1 =

√
2
3
, I1(1,−1; 1, 1) = 0 because δq+1,m = δq−1,m = 0, I1(1, 1; 1, 1) = 0

because δq+1,m = δq−1,m = 0, I2(1,−1; 1, 1) = 0 because δq+1,m = δq−1,m = 0, I3(1,−1; 1, 1) =
0 because δq+1,m = δq−1,m = 0, I3(1, 1; 1, 1) = 0 because δq+1,m = δq−1,m = 0, I4(1,−1; 1, 1) =
0 because δq+1,m = δq−1,m = 0, I4(1, 1; 1, 1) = 0 because δq+1,m = δq−1,m = 0, I5(1,−1; 1, 1) =
0 because δq+1,m = δq−1,m = 0, I6(1,−1; 1, 1) = 0 because δq+1,m = δq−1,m = 0, I6(1, 1; 1, 1) =
0 because δq+1,m = δq−1,m = 0, I7(1,−1; 1, 1) = 0 because δm,q = 0, I7(1, 1; 1, 1) = 0 because
δ`+1,p = δ`−1,p = 0, I8(1,−1; 1, 1) = 0 because δq,m = 0 giving us our final representation of
the equation:

(
n

c

∂

∂t
+ µ1

t

)
ψ1,1 +

√
2

3

[
1

n

(
∂n

∂x
− i

∂n

∂y

)
− 1

2

(
∂

∂x
− i

∂

∂y

)]
ψ0,0 = ε1,1.

(62)

When the refractive index n is taken to be the constant 1, then (59)-(62) reduce to

(
1

c

∂

∂t
+ µ0

t

)
ψ0,0 +

(
∂

∂z

)
ψ1,0 +

1√
2

(
∂

∂x
− i

∂

∂y

)
ψ1,−1 − 1√

2

(
∂

∂x
+ i

∂

∂y

)
ψ1,1 = ε0,0

(
1

c

∂

∂t
+ µ1

t

)
ψ1,−1 +

√
2

6

(
∂

∂x
+ i

∂

∂y

)
ψ0,0 = ε1,−1

(
1

c

∂

∂t
+ µ1

t

)
ψ1,0 +

1

3

(
∂

∂z

)
ψ0,0 = ε1,0

(
1

c

∂

∂t
+ µ1

t

)
ψ1,1 −

√
2

6

(
∂

∂x
− i

∂

∂y

)
ψ0,0 = ε1,1

which is consistent with Arridge [3].

3.6 P0 or Diffusion Approximation

From (5)-(6) we get after applying previously stated assumptions that

F(r, t) =

∫

S2

L(r,Ω, t)ΩdΩ =




1√
2
[ψ1,−1(r, t)− ψ1,1(r, t)]

1
i
√

2
[ψ1,−1(r, t) + ψ1,1(r, t)]

ψ1,0(r, t)


 (63)

Φ(r, t) =
n

c

∫

S2

L(r,Ω, t)dΩ =
n

c
ψ0,0(r, t). (64)

We define ε0 and ε1 by

ε0(r, t) = ε0,0(r, t) (65)
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ε1(r, t) =

∫

S2

ε(r,Ω, t)ΩdΩ =




1√
2
[ε1,−1(r, t)− ε1,1(r, t)]

1
i
√

2
[ε1,−1(r, t) + ε1,1(r, t)]

ε1,0(r, t)


 . (66)

The P1 approximation is given by the following four equations:
(

n

c

∂

∂t
+ µ0

t

)
ψ0,0 +

∂

∂z
ψ1,0 +

1√
2

(
∂

∂x
− i

∂

∂y

)
ψ1,−1 − 1√

2

(
∂

∂x
+ i

∂

∂y

)
ψ1,1 = ε0,0

(
n

c

∂

∂t
+ µ1

t

)
ψ1,−1 −

√
2

3

[
1

n

(
∂n

∂x
+ i

∂n

∂y

)
− 1

2

(
∂

∂x
+ i

∂

∂y

)]
ψ0,0 = ε1,−1

(
n

c

∂

∂t
+ µ1

t

)
ψ1,0 +

1

3

(
∂

∂z
− 2

n

∂n

∂z

)
ψ0,0 = ε1,0

(
n

c

∂

∂t
+ µ1

t

)
ψ1,1 +

√
2

3

[
1

n

(
∂n

∂x
− i

∂n

∂y

)
− 1

2

(
∂

∂x
− i

∂

∂y

)]
ψ0,0 = ε1,1.

Using (63)-(66) we may write the P1 approximation in the form
(

∂

∂t
+

c

n
µ0

t

)
Φ(r, t) +∇ · F(r, t) = ε0(r, t) (67)

(
n

c

∂

∂t
+ µ1

t

)
F(r, t) +

1

3

c

n

(
∇− 2

n
∇n

)
Φ(r, t) = ε1(r, t). (68)

The diffusion or P0 approximation is obtained by assuming that

∂F

∂t
(r, t) = 0 and ε1(r, t) = 0.

We refer to Arridge [3], Khan et al. [14, 13], Marti-Lopez et al. [19, 18] for a detailed
discussion about the assumptions and the validity of the diffusion approximation. Under
these assumptions, (68) becomes

µ1
tF(r, t) +

1

3

c

n

(
∇− 2

n
∇n

)
Φ(r, t) = 0.

Solving for F(r, t) we arrive at

F(r, t) =
−1

3µ1
t

c

n

(
∇− 2

n
∇n

)
Φ(r, t).

Substituting this into (67) yields
(

∂

∂t
+

c

n
µ0

t

)
Φ(r, t) +∇ ·

[−1

3µ1
t

c

n

(
∇− 2

n
∇n

)
Φ(r, t)

]
= ε0(r, t).

Now this is the same as the diffusion approximation derived by Khan [13], Tualle et al. [27]
by assuming a linear approximation of Φ with respect to Ω. This result is consistent with
conservation of energy as pointed out by Tualle et al. [27]. However the conservation of
energy may be lost if we do not assume the P1 approximation to derive equation (67). For
example, if we integrate equation (43) with respect to Ω directly, see equation (54) in [13].
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3.7 A General Algorithm

Define the operator

Λ =

[
1

n

(
∂n

∂x
+ i

∂n

∂y

)
− 1

2

(
∂

∂x
+ i

∂

∂y

)]

and denote by Λ∗ its complex conjugate (not its adjoint):

Λ∗ =

[
1

n

(
∂n

∂x
− i

∂n

∂y

)
− 1

2

(
∂

∂x
− i

∂

∂y

)]
.

Then we have after absorbing all the terms inside the sum, combining and rearranging yields,

N∑

`=0

∑̀

m=−`

[
(2p + 1)1/2 δ`,pδm,q

(
n

c

∂

∂t
+ µp

t

)

+
(
ηq

pδ`,p−1 + ξq
pδ`,p+1

)
δm,q

[
∂

∂z
− 2

n

∂n

∂z

]

− (
α−q+1

p δ`,p+1 − βq
pδ`,p−1

)
δm,q−1Λ

∗

+
(
αq+1

p δ`,p+1 − β−q
p δ`,p−1

)
δm,q+1Λ

+(2` + 1)1/2 [|m|I1(`,m; p, q) + ρ(`,m)I2(`,m; p, q)− (im)I3(`,m; p, q)]
1

n

∂n

∂x

+(2` + 1)1/2 [|m|I4(`,m; p, q) + ρ(`,m)I5(`,m; p, q) + (im)I6(`,m; p, q)]
1

n

∂n

∂y

− (2` + 1)1/2 [|m|I7(`,m; p, q) + ρ(`,m)I8(`,m; p, q)]
1

n

∂n

∂z

]
ψ`,m

= (2p + 1)1/2 εp,q.

Let

Ap,q
`,m = (2p + 1)1/2 δ`,pδm,q

Bp,q
`,m =

(
ηq

pδ`,p−1 + ξq
pδ`,p+1

)
δm,q

Cp,q
`,m = − (

α−q+1
p δ`,p+1 − βq

pδ`,p−1

)
δm,q−1

Dp,q
`,m =

(
αq+1

p δ`,p+1 − β−q
p δ`,p−1

)
δm,q+1

Ep,q
`,m = (2` + 1)1/2 [|m|I1(`,m; p, q) + ρ(`, m)I2(`,m; p, q)− (im)I3(`,m; p, q)]

F p,q
`,m = (2` + 1)1/2 [|m|I4(`,m; p, q) + ρ(`, m)I5(`,m; p, q) + (im)I6(`, m; p, q)]

Gp,q
`,m = −(2` + 1)1/2 [|m|I7(`,m; p, q) + ρ(`,m)I8(`, m; p, q)]

Hp,q
`,m = (2p + 1)1/2 .

Then we have

N∑

`=0

∑̀

m=−`

[
Ap,q

`,m

(
n

c

∂

∂t
+ µp

t

)
+ Bp,q

`,m

[
∂

∂z
− 2

n

∂n

∂z

]
+ Cp,q

`,mΛ∗ + Dp,q
`,mΛ + Ep,q

`,m

1

n

∂n

∂x

+F p,q
`,m

1

n

∂n

∂y
+ Gp,q

`,m

1

n

∂n

∂z

]
ψ`,m = Hp,q

`,mεp,q.
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Furthermore, we can calculate all of the above coefficients using Matlab. We can back
substitute for Λ and Λ∗ to get:

N∑

`=0

∑̀

m=−`

[
Ap,q

`,m

(
n

c

∂

∂t
+ µp

t

)
+ Bp,q

`,m

[
∂

∂z
− 2

n

∂n

∂z

]

+Cp,q
`,m

[
1

n

(
∂n

∂x
− i

∂n

∂y

)
− 1

2

(
∂

∂x
− i

∂

∂y

)]
+ Dp,q

`,m

[
1

n

(
∂n

∂x
+ i

∂n

∂y

)
− 1

2

(
∂

∂x
+ i

∂

∂y

)]

+Ep,q
`,m

1

n

∂n

∂x
+ F p,q

`,m

1

n

∂n

∂y
+ Gp,q

`,m

1

n

∂n

∂z

]
ψ`,m = Hp,q

`,mεp,q.

We have also written a Matlab program for computing the general coefficients for the PN

approximation.

4 SPHERICALLY SYMMETRIC SOLUTIONS

In this section we will derive the transport equation for a medium with spatially varying
refractive index in spherical polar coordinates. Let L(r, τr, t) be the spherically symmetric
photon density where

τr =
Ω · r

r
= Ωx

x

r
+ Ωy

y

r
+ Ωz

z

r
(69)

and r =
√

x2 + y2 + z2.

4.1 Calculating spherically symmetric Ω · ∇ term

Ω · ∇L = Ωx
∂L

∂x
+ Ωy

∂L

∂y
+ Ωz

∂L

∂z

= Ωx
∂L

∂r

∂r

∂x
+ Ωy

∂L

∂r

∂r

∂y
+ Ωz

∂L

∂r

∂r

∂z

+ Ωx
∂L

∂τr

∂r

∂τr

+ Ωy
∂L

∂τr

∂τr

∂y
+ Ωz

∂L

∂τr

∂τr

∂z
. (70)

If we compute and plug in the expressions for ∂r/∂x, ∂r/∂y, ∂r/∂z, ∂τr/∂x, ∂τr/∂y, and
∂τr/∂z into (70) and simplify we get

Ω · ∇L = τr
∂L

∂r
+

1− τ 2
r

r

∂L

∂τr

. (71)

4.2 Calculating (∇n · ∇Ω)/n term

If we recall

∇ΩL =

(
cos ϑ cos ϕ

∂L

∂ϑ
− sin ϕ

sin ϑ

∂L

∂ϕ

)
x̂ +

(
cos ϑ sin ϕ

∂L

∂ϑ
+

cos ϕ

sin ϑ

∂L

∂ϕ

)
ŷ − sin ϑ

∂L

∂ϑ
ẑ.

(72)

26



Therefore to compute ∇ΩL we need to find expressions for ∂L/∂ϑ and ∂L/∂ϕ in terms of
τr. Using chain rule we get,

∂L

∂ϑ
=

∂L

∂τr

∂τr

∂ϑ

and similarly for ∂L/∂ϕ. Now if we use the following definitions of τr, ϑ̂, and ϕ̂:

τr = Ωx sin ϑ cos ϕ + Ωy sin ϑ cos ϕ + Ωz cos ϑ

r̂ = sin ϑ cos ϕx̂ + sin ϑ cos ϕŷ + cos ϑẑ

ϑ̂ = cos ϑ cos ϕx̂ + cos ϑ sin ϕŷ − sin ϑẑ

ϕ̂ = − sin ϕx̂ + cos ϕŷ

we get

∂τr

∂ϑ
= Ω · ϑ̂

∂τr

∂ϕ
= sin ϑΩ · ϕ̂.

Now if we use plug these into (72) we get

∇ΩL =
∂L

∂τr

[(
Ω · ϑ̂

)
ϑ̂ + (Ω · ϕ) ϕ̂

]
.

If we use the definition of ∇n and use the spherical symmetric gradient operator as in section
(4.1) and use definitions of r̂, τr, and Ω we get

∇n =
∂n

∂r
r̂ +

∂n

∂τr

[
Ω

r
− 1

r
τr · r̂

]

and after multiplying ∇n with ∇ΩL and simplifying by noting that r̂, ϑ̂, ϕ̂ form a local
orthogonal system we arrive at

1

n
∇n · ∇ΩL =

1

rn

∂n

∂τr

∂L

∂τr

[
(Ω · ϑ̂)2 + (Ω · ϕ̂)2

]

and if we further simplify the terms Ω · ϑ̂ and Ω · ϕ̂, then

(Ω · ϑ)2 + (Ω · ϕ)2 = 1− τ 2
r

and we get the following simplified equation

1

n
∇n · ∇ΩL =

1

rn

∂n

∂τr

∂L

∂τr

(1− τ 2
r ).
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4.3 Calculating spherically symmetric −(2Ω · ∇n)/n term

Using the same arguments as in the calculation of Ω · ∇ term in section (4.1) we arrive at

Ω · ∇n = τr
∂n

∂r
+

1− τ 2
r

r

∂n

∂τr

. (73)

Therefore we get,

− 2

n
(Ω · ∇n) L = −2τr

n

∂n

∂r
L +−2 (1− τ 2

r )

rn

∂n

∂τr

L. (74)

4.4 Spherically symmetric transport equation

If we combine the results of sections 4.1 to 4.3, we arrive at the following spherically symmetric
transport equation in terms of L(r, τr, t) for a spatially varying refractive index:

(
n

c

∂

∂t
+ µtr

)
L + τr

∂L

∂r
+

1− τ 2
r

r

∂L

∂τr

+
1

n

1− τ 2
r

r

∂n

∂τr

∂L

∂τr

− 2τr

n

∂n

∂r
L

− 2(1− τ 2
r )

r

1

n

∂n

∂τr

L = µs

∫

S2

f(Ω ·Ω′)L(r, τ ′r, t)dΩ
′ + ε(r, τr, t). (75)

4.5 Spherically symmetric PN approximation

We will now consider the simplified case where the refractive index n(r) is independent of τr

and t. This simplification leads to the following spherically symmetric transport equation of
which we will find the spherical harmonics or PN approximation:

(
n

c

∂

∂t
+ µtr

)
L + τr

∂L

∂r
+

1− τ 2
r

r

∂L

∂τr

− 2τr

n

∂n

∂r
L

= µs

∫

S2

f(Ω ·Ω′)L(r, τ ′r, t)dΩ
′ + ε(r, τr, t). (76)

Let

L(r, τr, t) =
∞∑

`=0

2` + 1

4π
ψ`(r, t)P`(τr)

ε(r, τr, t) =
∞∑

`=0

2` + 1

4π
ε`(r, t)P`(τr)

and substitute L and ε into equation (76) as in the previous section. Then if we multiply by
Pm(τr) and integrating over S2 using the orthogonality and integral identities (see Appendix)
we arrive at the following infinite system of partial differential equations

(2` + 1)

(
n

c

∂

∂t
+ µa + (1− f`)µs

)
ψ` + (` + 1)

(
∂

∂r
+

` + 2

r
− 2

n

∂n

∂r

)
ψ`+1

+ `

(
∂

∂r
+

`− 1

r
− 2

n

∂n

∂r

)
ψ`−1 = (2` + 1)ε`(77)

28



and if we make use the transformation ψ` = n2φ`, then the equation (77) becomes,

(2` + 1)

(
n

c

∂

∂t
+ µa + (1− f`)µs

)
φ` + (` + 1)

(
∂

∂r
+

` + 2

r

)
φ`+1

+ `

(
∂

∂r
+

`− 1

r

)
φ`−1 = (2` + 1)ε` (78)

which is the same as the infinite set of partial differential equations corresponding to the
spherically symmetric RTE with constant refractive index [3, 6]. If we convert equation (78)
to the frequency domain, then the following choice of eigenfunction is desirable [6, 3]

φ`(r, ω) = H`(λ)k`(−λr)

where

k`(y) =

√
π

2y
K`+ 1

2
(y)

is the modified spherical Bessel function of the second kind. The eigenvalues λ(ω) are the
roots of the secular equation∣∣∣∣∣∣∣∣∣∣∣∣∣

β0(ω) λ 0 0 0 . . . . . . 0
λ 3β1(ω) 2λ 0 0 . . . . . . 0
0 2λ 5β2(ω) 3λ 0 . . . . . . 0
...

...
...

...
... . . . . . .

...
0 . . . . . . . . . . . . (N − 1)λ (2N − 1)βN−1(ω) Nλ
0 . . . . . . . . . . . . 0 Nλ (2N + 1)βN(ω)

∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0

(79)

where

β`(ω) = µa + (1−Θ`)µs +
inω

c

and the eigenfunctions H`(λ) satisfies the recurrence relations [6, 3]:

(2` + 1)β`(ω)H`(λ) + λ(` + 1)H`+1(λ) + λ`H`−1(λ) = 0. (80)

The general solution to the system of PDEs (77) can be expressed as

ψ`(r, ω) =
∑

j

ajn
2(r)λjH`(λj)k`(−λjr) (81)

where our solution ψ` for the spatially varying case differs from spatially constant case φ`

[6, 3] in that the eigenfunctions are changed by a multiple of the spatially varying refractive
index n2(r) and the eigenvalues depend on the refractive index n since β` is a function of n.

In particular if we assume H0(λ) = 1, H1(λ) = −β1(ω)/λ etc, and if we take k0(y) =
exp(−y)/y, then we get the following approximate solutions for the flux:

Φ(r, ω) = ψ`(r, ω) =
∑

j

ajn
2(r)

e−λj(ω)r

r
. (82)

In the next section we will compute the eigenvalues for a few simple cases for comparison of
the spatially varying versus spatially constant refractive index model.
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5 COMPARISON OF CONSTANT VERSUS SPATIALLY

VARYING REFRACTIVE INDEX MODEL

We computed the eigenvalues for the spatially varying case with the following parameters:
the absorption coefficient µa = 0.025mm−1, the scattering coefficient µs = 20mm−1, and the
frequency of the wave ω = 1GHz. In Figures 1 and 2, we plot the real and imaginary parts
of the eigenvalues respectively for a medium with refractive index n = 1.4. We compared the
n = 1.4 case with the n = 1.0, the constant refractive index case, calculated by Arridge [3] by
keeping all the other parameters the same. We find that the imaginary part of the eigenvalues
change significantly which makes sense as changing refractive index will effectively change
the imaginary part of the β` term in equation (80). The most notable change in the real part
of the eigenvalues occurs in the lowest eigenvalue which has the most significant effect on the
solution as it is the dominant term in the eigenfunction expansion (82).

In Figure 3, we plot the real part of the the lowest eigenvalues for the refractive indices
n = 1.4(♦), n = 1.2(∗), and n = 1.0(◦) for comparison. It is evident from Figure 3 that the
first eigenvalues corresponding to the refractive indices n = 1.4, n = 1.2, and n = 1.0 are
substantially different. In Figure 4, we also plot the imaginary part of the eigenvalues for
comparison. We observe from Figure 4 that the eigenvalues for higher refractive index tend
to spread more than the constant refractive index case.

Furthermore, we recall that the eigenfunctions for spatially varying refractive index are
different than those for the constant refractive index by a factor of n2(r), see equation (82).
Therefore the eigenfunction expansion solution of the non-constant refractive index case is
different from the constant refractive index case.

6 CONCLUSIONS

In this report, we derived the radiative transport equation and its PN approximation for a
medium with a spatially varying refractive index. We found the analytical solution of the
coupled system of partial differential equations corresponding to the PN approximation in
a spherically symmetric geometry. We computed the eigenfunctions and eigenvalues of the
system. We showed that the PN model with spatially varying refractive index for photon
transport is substantially different than the spatially constant model. Therefore the new
model with spatially varying refractive index may be used for potential biomedical imaging
applications giving us more insight into the existing optical imaging research.

APPENDIX: SPHERICAL HARMONICS

A The Associated Legendre Functions

Recall that the associated Legendre functions are defined in terms of the Legendre polyno-
mials by

Pm
n (x) = (−1)m(1− x2)m/2∂mPn(x)

∂xm
(83)
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Figure 1: Real parts of eigenvalues when refractive index is n = 1.4 with absorption coefficient
µa = 0.025mm−1, scattering coefficient µs = 20mm−1, and the frequency of the wave ω =
1GHz.
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Figure 2: Imaginary parts of eigenvalues when refractive index is n = 1.4 with absorption
coefficient µa = 0.025mm−1, the scattering coefficient µs = 20mm−1, and the frequency of
the wave ω = 1GHz.
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Figure 3: Real parts of the lowest eigenvalues when refractive index is n = 1.4(♦), n =
1.2(◦), and n = 1.0(∗) with absorption coefficient µa = 0.025mm−1, the scattering coefficient
µs = 20mm−1, and the frequency of the wave ω = 1GHz.
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Figure 4: Imaginary parts of eigenvalues when refractive index is n = 1.4(♦) and n = 1.0(∗)
with absorption coefficient µa = 0.025mm−1, the scattering coefficient µs = 20mm−1, the
frequency of the wave ω = 1GHz.
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where Pn is the Legendre polynomial of degree n,m ∈ N0, m ≤ n. So we get that

∂

∂ϑ
Pm

n (cos ϑ) =
∂

∂ϑ
(−1)m(1− cos2 ϑ)m/2∂mPn(cos ϑ)

∂xm

=
∂

∂ϑ
(−1)msinmϑ

∂mPn(cos ϑ)

∂xm

= (−1)m

[
m sinm−1 ϑ cos ϑ

∂mPn(cos ϑ)

∂xm

+ sinm ϑ
∂m+1Pn(cos ϑ)

∂xm+1
(− sin ϑ)

]

= m
cos ϑ

sin ϑ
(−1)m(1− cos2 ϑ)m/2∂mPn(cos ϑ)

∂xm

+(−1)m+1(1− cos2 ϑ)m+1/2∂m+1Pn(cos ϑ)

∂xm+1

Again employing (83) we arrive at

∂

∂ϑ
Pm

n (cos ϑ) = m(cot ϑ)Pm
n (cos ϑ) + Pm+1

n (cos ϑ). (84)

B Spherical Harmonic Functions

Now consider the spherical harmonic functions which may be represented in terms of the
associated Legendre functions by

Yn,m(ϑ, ϕ) =

(
(2n + 1)

4π

(n− |m|)!
(n + |m|)!

)1/2

(−1)
1
2
(m−|m|)P |m|

n (cos ϑ)eimϕ (85)

where n ∈ N0, and m ∈ Z with −n ≤ m ≤ n.
The spherical harmonic functions satisfy the orthogonality relation [3]

∫

S2

Yn,m(Ω)Y ∗
`,k(Ω)dΩ =

∫ 2π

0

∫ π

0

Yn,m(ϑ, ϕ)Y ∗
`,k(ϑ, ϕ) sin ϑdϑdϕ = δn,` δm,k

(86)

and the addition theorem is given by [3]

P`(Ω
′ ·Ω) =

4π

2` + 1

∑̀

m=−`

Y ∗
`,m(Ω′)Yl,m(Ω). (87)

B.1 Differentiating Yn,m(ϑ, ϕ)

We use (85) to calculate ∂
∂ϑ

Yn,m(ϑ, ϕ):

∂

∂ϑ

(
(2n + 1)

4π

(n− |m|)!
(n + |m|)!

)1/2

(−1)
1
2
(m+|m|)P |m|

n (cos ϑ)eimϕ
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=

(
(2n + 1)

4π

(n− |m|)!
(n + |m|)!

)1/2

(−1)
1
2
(m+|m|)

(
∂

∂ϑ
P |m|

n (cos ϑ)

)
eimϕ

=

(
(2n + 1)

4π

(n− |m|)!
(n + |m|)!

)1/2

(−1)
1
2
(m+|m|) [|m|(cot ϑ)P |m|

n (cos ϑ) + P |m|+1
n (cos ϑ)

]
eimϕ

where the last line is obtained from employing (84).

= |m|(cot ϑ)

(
(2n + 1)

4π

(n− |m|)!
(n + |m|)!

)1/2

(−1)
1
2
(m+|m|)P |m|

n (cos ϑ)eimϕ

+

(
(2n + 1)

4π

(n− |m|)!
(n + |m|)!

)1/2

(−1)
1
2
(m+|m|)P |m+σm|

n (cos ϑ)eimϕ (88)

where

σm =

{
1 m ≥ 0
−1 m < 0.

Notice that

(−1)
1
2
(m+|m|) (−σm) = (−1)

1
2
(m+|m|)(−1)

1
2
(σm+1)

= (−1)
1
2
(m+σm+|m|+1)

= (−1)
1
2
(m+σm+|m+σm|).

This enables us to write (88) as

∂

∂ϑ
Yn,m(ϑ, ϕ) =

|m|(cot ϑ)

(
(2n + 1)

4π

(n− |m|)!
(n + |m|)!

)1/2

(−1)
1
2
(m+|m|)P |m|

n (cos ϑ)eimϕ

+ (−σm)

(
(2n + 1)

4π

(n− |m|)!
(n + |m|)!

)1/2

(−1)
1
2
(m+σm+|m+σm|)P |m+σm|

n (cos ϑ)eimϕ.

So (85) gives us

∂

∂ϑ
Yn,m(ϑ, ϕ) = |m|(cot ϑ)Yn,m(ϑ, ϕ)

+ (−σm) [(n− |m|) (n + |m|+ 1|)]1/2 e−iσmϕYn,m+σm(ϑ, ϕ)

which we will write simply as

∂

∂ϑ
Yn,m(ϑ, ϕ) = |m|(cot ϑ)Yn,m(ϑ, ϕ) + ρ(n,m)e−iσmϕYn,m+σm(ϑ, ϕ) (89)

where
ρ(n,m) := (−σm) [(n− |m|) (n + |m|+ 1|)]1/2 . (90)
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Now observe that

∂

∂ϕ
Yn,m(ϑ, ϕ) =

∂

∂ϕ

(
(2n + 1)

4π

(n− |m|)!
(n + |m|)!

)1/2

(−1)
1
2
(m+|m|)P |m|

n (cos ϑ)eimϕ

=

(
(2n + 1)

4π

(n− |m|)!
(n + |m|)!

)1/2

(−1)
1
2
(m+|m|)P |m|

n (cos ϑ)
∂

∂ϕ
eimϕ

=

(
(2n + 1)

4π

(n− |m|)!
(n + |m|)!

)1/2

(−1)
1
2
(m+|m|)P |m|

n (cos ϑ)imeimϕ.

So we arrive at
∂

∂ϕ
Yn,m(ϑ, ϕ) = imYn,m(ϑ, ϕ). (91)

We have from [3] the following recurrence relations for the spherical harmonic functions:

cos ϑYn,m =

(
(n + m)(n−m)

(2n + 1)(2n− 1)

)1/2

Yn−1,m +

(
(n + m + 1)(n−m + 1)

(2n + 1)(2n + 3)

)1/2

Yn+1,m

(92)

sin ϑeiϕYn,m =

(
(n−m)(n−m− 1)

(2n + 1)(2n− 1)

)1/2

Yn−1,m+1 −
(

(n + m + 1)(n + m + 2)

(2n + 1)(2n + 3)

)1/2

Yn+1,m+1

(93)

sin ϑe−iϕYn,m = −
(

(n + m)(n + m− 1)

(2n + 1)(2n− 1)

)1/2

Yn−1,m−1 +

(
(n−m + 1)(n−m + 2)

(2n + 1)(2n + 3)

)1/2

Yn+1,m−1.

(94)

C Type I integrals

The following proposition is a special case of other much more general results and may make
a nice example. It will be useful to us later to be able to compute the integral

∫ 1

−1

Pm
n (x)P k

l (x)√
1− x2

dx (95)

for n,m, `, k ∈ N, such that m < n and k < `.

Proposition 1 Let n,m, `, k ∈ N, m < n, k < l be such that (n + `−m− k) is odd. Then

∫ 1

−1

Pm
n (x)P k

l (x)√
1− x2

dx = 0

Proof: We use a simple symmetry argument. Suppose (n + ` − m − k) is odd. Then
(n − m) + (` − k) is odd, and hence exactly one of (n − m) and (` − k) is odd. Without
loss of generality we will assume that (n−m) is odd and (`− k) is even. Then Pm

n (x) is an
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odd function and P k
` (x) is an even function. Observing that 1√

1−x2 is an even function, we
conclude that the function

f(x) =
Pm

n (x)P k
l (x)√

1− x2

is odd. Thus by symmetry integrating f(x) over the interval (−1, 1) yields zero as a result.
¤

In particular, we would like to be able to compute (95) when k and m differ by 1. When
this occurs, Proposition 1 requires that (n + `) be odd for (95) to be nonzero. We may then
write ` as ` = n + 2j + 1 for some j ∈ Z. So we now consider the integrals

∫ 1

−1

Pm
n (x)Pm+1

n+2j+1(x)√
1− x2

dx

and
∫ 1

−1

P k+1
n (x)P k

n+2j+1(x)√
1− x2

dx

The following proposition is taken from [25]:

Proposition 2 Let n, m, k ∈ N0 and j ∈ Z. Then

∫ 1

−1

Pm
n (x)Pm+1

n+2j+1(x)√
1− x2

dx =





0 if j < 0

−2(n+m)!
(n−m)! if j ≥ 0

and

∫ 1

−1

P k+1
n (x)P k

n+2j+1(x)√
1− x2

dx =




−2(n+k+2j+1)!

(n−k+2j+1)! if j < 0

0 if j ≥ 0.

D Type II integrals

It will also be useful to us later to be able to compute a second type of integral of the form
∫ 1

−1

Pm
n (x)P k

` (x)

x
dx

for n,m, l, k ∈ N0, such that m ≤ n and k ≤ l.

Proposition 3 Let n, m, `, k ∈ N0 be not all zero, m ≤ n, k ≤ ` be such that (n+`−m−k)
is even. Then

∫ 1

−1

Pm
n (x)P k

` (x)

x
dx = 0

in the Cauchy principle value sense.
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Proof: Again we use a simple symmetry argument similar to that of Proposition 1. Sup-
pose (n + `−m− k) is even. Then (n−m) + (`− k) is even, and hence (n−m) and (`− k)
are either both even or both odd. Then Pm

n (x) and P k
` (x) are either both even or both odd

functions. Observing that 1√
x

is an odd function, we conclude that the function

f(x) =
Pm

n (x)P k
` (x)

x

is odd. Thus by symmetry integrating f(x) over the interval (−1, 1) yields zero as a result.
¤

The following proposition gives a closed expression for most cases of this integral in terms
of the parameters n, m, `, and k.

Proposition 4 Let n,m ∈ N, `, k ∈ N0 be such that k ≤ `, and 0 < n−m is odd. Also let
N1 = bn−m

2
c, N2 = b `−k

2
c. Then we have the following representation:

∫ 1

−1

Pm
n (x)P k

` (x)

x
dx =

N1∑
q=0

[
(2n− 4q − 1)

(−1)q

(
2q∏

s=0

[
n + (−1)s+1m− s

](−1)s+1

)
Jn−2q−1(m, l, k)

]

(96)

where

Jn(m, l, k) :=



∑N1

p1=0

∑N2

p2=0 Cp1
n,mCp2

`,k

Γ(n+`−m−k−2p1−2p2+1
2 )Γ(m+k+2p1+2p2+2

2 )
Γ(n+`+3

2 )
if n+l-m-k is even

0 if n+l-m-k is odd

and

Cp
n,m :=

(−1)p(n + m)!

2m+2p(m + p)! p! (n−m− 2p)!
.

Proof: Throughout this proof we will make use of the identity

Jn =

∫ 1

−1

Pm
n (x)P k

` (x) dx

taken from [29].
We proceed by induction on n. Notice that n,m ∈ N and 0 < n − m together imply

that n ≥ 2. So we will first verify the case n = 2 in which case we must have m = 1. A
manipulation of the recurrence relation in [1] gives us

Pm
n (x) =

(2n− 1)

(n−m)
xPm

n−1(x)− (n + m− 1)

(n−m)
Pm

n−2
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Multiplying by
P k

` (x)

x
and integrating gives the relation

∫ 1

−1

Pm
n (x)P k

` (x)

x
dx =

(2n− 1)

(n−m)

∫ 1

−1

Pm
n−1(x)P k

` (x) dx− (n + m− 1)

(n−m)

∫ 1

−1

Pm
n−2(x)P k

` (x)

x
dx

(97)

Making the substitutions n = 2 and m = 1 we get:

∫ 1

−1

P 1
2 (x)P k

` (x)

x
dx =

3

(2− 1)

∫ 1

−1

P 1
1 (x)P k

` (x) dx− (1 + 1)

(2− 1)

∫ 1

−1

P 1
0 (x)P k

` (x)

x
dx

= 3J1 − 2

∫ 1

−1

P 1
0 (x)P k

` (x)

x
dx

Taking note that P 1
0 (x) = 0, we find that the left-hand side of (96) is

∫ 1

−1

P 1
2 (x)P k

` (x)

x
dx = 3J1

Now we check the right-hand side, noticing that N1 = 0:

0∑
q=0

[
(4− 4q − 1)

(−1)q

(
2q∏

s=0

[2 + (−1)s+1 − s](−1)s+1

)
J2−2q−1

]

= 3

(
0∏

s=0

[2 + (−1)s+1 − s](−1)s+1

)
J1 = 3J1

So our hypothesis holds in the case n = 2.
Now we verify the case when n = 3. We will have to consider only the possibility that

m = 2 as when m = 1, 3 we have that n −m is even. Making the substitutions n = 3 and
m = 2 into (97) yields:

∫ 1

−1

P 2
3 (x)P k

` (x)

x
dx =

(6− 1)

(3− 2)

∫ 1

−1

P 2
3−1(x)P k

` (x) dx− (3 + 2− 1)

(3− 2)

∫ 1

−1

P 2
3−2(x)P k

` (x)

x
dx

= 5

∫ 1

−1

P 2
2 (x)P k

` (x) dx− 4

∫ 1

−1

P 2
1 (x)P k

` (x)

x
dx

= 5J2 + 0 = 5J2

Again we check the right-hand side, noticing that N1 = 0:

0∑
q=0

[
(6− 4q − 1)

(−1)q

(
2q∏

s=0

[
3 + (−2)s+1 − s

](−1)s+1

)
J3−2q−1

]

= 5

(
0∏

s=0

[
3 + (−2)s+1 − s

](−1)s+1

)
J2 = 5J2
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So our hypothesis holds in the case n = 3.
Suppose that our hypothesis holds for the nth case and consider the n + 2 case. Then

again using (97) we get
∫ 1

−1

Pm
n+2(x)P k

` (x)

x
dx =

(2n + 3)

(n−m + 2)

∫ 1

−1

Pm
n+1(x)P k

` (x) dx− (n + m + 1)

(n−m + 2)

∫ 1

−1

Pm
n (x)P k

` (x)

x
dx.

Recognizing the first integral as Jn+1 and the second as the nth case, we get
∫ 1

−1

Pm
n+1(x)P k

` (x)

x
dx =

(2n + 3)

(n−m + 2)
Jn − (n + m + 1)

(n−m + 2)

N1∑
q=0

[
(2n− 4q − 1)

(−1)q

(
2q∏

s=0

[
n + (−m)s+1 − s

](−1)s+1

)
Jn−2q−1

]
=

(2n + 3)

(n−m + 2)
Jn +

b(n−m)/2c∑
q=0


(2n− 4q − 1)

(−1)q+1




2(q+1)∏
s=2

[
n + (−m)s+1 + 2− s

](−1)s+1


 Jn−2q−1


 =

b(n+2−m)/2c∑
q=0

[
(2(n + 2)− 4q − 1)

(−1)q

(
2q∏

s=0

[
n + (−m)s+1 + 2− s

](−1)s+1

)
Jn−2q−1

]
.

Thus our hypothesis holds in the n + 2 case. Then by the first principle of mathematical
induction, our hypothesis is proven for all n ≥ 2. ¤

E Integrals to evaluate

Here we will compute the integrals associated with the derivation of the PN or spherical
harmonics expansion. The following eight integrals are used to derive our main result in this
report but note that most of these are just straightforward computation and the two most
complicated integrals were proved in the previous sections as proposition.

E.1 Calculating I1

Consider the integral

I1 =

∫ 2π

0

∫ π

0

(cos2 ϑ cos ϕ)Y`,m(ϑ, ϕ)Y ∗
p,q(ϑ, ϕ)dϑdϕ. (98)

By employing (92) we obtain

I1 =

∫ 2π

0

∫ π

0

(cos ϑ cos ϕ)

[(
(` + m)(`−m)

(2` + 1)(2`− 1)

)1/2

Y`−1,m

+

(
(` + m + 1)(`−m + 1)

(2` + 1)(2` + 3)

)1/2

Y`+1,m

]
Y ∗

p,qdϑdϕ,
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I1 =

(
(` + m)(`−m)

(2` + 1)(2`− 1)

)1/2 ∫ 2π

0

∫ π

0

(cos ϑ cos ϕ)Y`−1,mY ∗
p,qdϑdϕ

+

(
(` + m + 1)(`−m + 1)

(2` + 1)(2` + 3)

)1/2 ∫ 2π

0

∫ π

0

(cos ϑ cos ϕ)Y`+1,mY ∗
p,qdϑdϕ.

Again we use (92):

I1 =

(
(` + m)(`−m)

(2` + 1)(2`− 1)

)1/2 ∫ 2π

0

∫ π

0

cos ϕ

[(
(` + m− 1)(`−m− 1)

(2`− 3)(2`− 1)

)1/2

Y`−2,m

+

(
(` + m)(`−m)

(2` + 1)(2`− 1)

)1/2

Y`,m

]
Y ∗

p,qdϑdϕ

+

(
(` + m + 1)(`−m + 1)

(2` + 1)(2` + 3)

)1/2 ∫ 2π

0

∫ π

0

cos ϕ

[(
(` + m + 1)(`−m + 1)

(2` + 1)(2` + 3)

)1/2

Y`,m

+

(
(` + m + 2)(`−m + 2)

(2` + 5)(2` + 3)

)1/2

Y`+2,m

]
Y ∗

p,qdϑdϕ,

I1 =

(
(` + m)(`−m)

(2` + 1)(2`− 1)

)1/2 (
(` + m− 1)(`−m− 1)

(2`− 3)(2`− 1)

)1/2 ∫ 2π

0

∫ π

0

cos ϕY`−2,mY ∗
p,qdϑdϕ

+

(
(` + m)(`−m)

(2` + 1)(2`− 1)
+

(` + m + 1)(`−m + 1)

(2` + 1)(2` + 3)

) ∫ 2π

0

∫ π

0

cos ϕY`,mY ∗
p,qdϑdϕ

+

(
(` + m + 1)(`−m + 1)

(2` + 1)(2` + 3)

)1/2 (
(` + m + 2)(`−m + 2)

(2` + 5)(2` + 3)

)1/2 ∫ 2π

0

∫ π

0

cos ϕY`+2,mY ∗
p,qdϑdϕ.

Let I i
1(`,m) denote the ith integral in this expression of I1 and take note that

I1
1 (`,m) = I2

1 (`− 2,m)

I3
1 (`,m) = I2

1 (` + 2,m).

We will find I2
1 and use it to compute the remaining integrals:

I2
1 =

∫ 2π

0

∫ π

0

cos ϕY`,mY ∗
p,qdϑdϕ. (99)

We expand cosine in terms of exponential functions

I2
1 =

∫ 2π

0

∫ π

0

(
eiϕ + e−iϕ

2

)
Y`,mY ∗

p,qdϑdϕ

=
1

2

∫ 2π

0

∫ π

0

eiϕY`,mY ∗
p,qdϑdϕ +

1

2

∫ 2π

0

∫ π

0

e−iϕY`,mY ∗
p,qdϑdϕ.

We now employ (85) to obtain

I2
1 =

1

2

∫ 2π

0

∫ π

0

eiϕ[νm
` P

|m|
` (cos ϑ)eimϕ][νq

pP
|q|
p (cos ϑ)e−iqϕ]dϑdϕ

+
1

2

∫ 2π

0

∫ π

0

e−iϕ[νm
` P

|m|
` (cos ϑ)eimϕ][νq

pP
|q|
p (cos ϑ)e−iqϕ]dϑdϕ
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where

νm
` :=

(
(2` + 1)

4π

(`− |m|)!
(` + |m|)!

)1/2

(−1)
1
2
(m−|m|), (100)

I2
1 =

νm
` νq

p

2

∫ 2π

0

∫ π

0

P
|m|
` (cos ϑ)P |q|

p (cos ϑ)ei(m−q+1)ϕdϑdϕ

+
νm

` νq
p

2

∫ 2π

0

∫ π

0

P
|m|
` (cos ϑ)P |q|

p (cos ϑ)ei(m−q−1)ϕdϑdϕ.

We employ Fubini’s Theorem to seperate the integrals and arrive at

I2
1 =

νm
` νq

p

2

(∫ π

0

P
|m|
` (cos ϑ)P |q|

p (cos ϑ)dϑ

)(∫ 2π

0

ei(m−q+1)ϕdϕ

)

+
νm

` νq
p

2

(∫ π

0

P
|m|
` (cos ϑ)P |q|

p (cos ϑ)dϑ

) (∫ 2π

0

ei(m−q−1)ϕdϕ

)
.

Recalling the orthogonality of the exponential functions, we write

I2
1 =

νm
` νq

p

2

(∫ π

0

P
|m|
` (cos ϑ)P |q|

p (cos ϑ)dϑ

)
2πδ{q−1,m}

+
νm

` νq
p

2

(∫ π

0

P
|m|
` (cos ϑ)P |q|

p (cos ϑ)dϑ

)
2πδ{q+1,m}

= πνm
` νq

p

(
δ{q−1,m} + δ{q+1,m}

) (∫ π

0

P
|m|
` (cos ϑ)P |q|

p (cos ϑ)dϑ

)
.

Making the change of variable x = cos ϑ we obtain

I2
1 = πνm

` νq
p

(
δ{q−1,m} + δ{q+1,m}

)
(∫ 1

−1

P
|m|
` (x)P

|q|
p (x)√

1− x2
dx

)
.

This remaining integral may be computed using Propositions 1 and 2. Therefore we get,

I1 =

(
(` + m)(`−m)

(2` + 1)(2`− 1)

)1/2 (
(` + m− 1)(`−m− 1)

(2`− 3)(2`− 1)

)1/2

I2
1 (`− 2,m)

+

(
(` + m)(`−m)

(2` + 1)(2`− 1)
+

(` + m + 1)(`−m + 1)

(2` + 1)(2` + 3)

)
I2
1 (`,m)

+

(
(` + m + 1)(`−m + 1)

(2` + 1)(2` + 3)

)1/2 (
(` + m + 2)(`−m + 2)

(2` + 5)(2` + 3)

)1/2

I2
1 (` + 2,m).

(101)

E.2 Calculating I2

Now consider the integral

I2(`,m) =

∫ 2π

0

∫ π

0

(cos ϑ cos ϕ sin ϑ)e−iσmϕY`,m+σmY ∗
p,qdϑdϕ.
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We will again make use of (92) arriving at:

I2 =

∫ 2π

0

∫ π

0

(cos ϕ sin ϑ)e−iσmϕ

[(
(` + m + σm)(`−m− σm)

(2` + 1)(2`− 1)

)1/2

Y`−1,m+σm

+

(
(` + m + σm + 1)(`−m− σm + 1)

(2` + 1)(2` + 3)

)1/2

Y`+1,m+σm

]
Y ∗

p,qdϑdϕ,

I2 =

(
(` + m + σm)(`−m− σm)

(2` + 1)(2`− 1)

)1/2 ∫ 2π

0

∫ π

0

(cos ϕ sin ϑ)e−iσmϕY`−1,m+σmY ∗
p,qdϑdϕ

+

(
(` + m + σm + 1)(`−m− σm + 1)

(2` + 1)(2` + 3)

)1/2 ∫ 2π

0

∫ π

0

(cos ϕ sin ϑ)e−iσmϕY`+1,m+σmY ∗
p,qdϑdϕ.

Expanding cosine as before we find that

I2 =

(
(` + m + σm)(`−m− σm)

(2` + 1)(2`− 1)

)1/2 ∫ 2π

0

∫ π

0

(
eiϕ + e−iϕ

2

)
sin ϑe−iσmϕY`−1,m+σmY ∗

p,qdϑdϕ

+

(
(` + m + σm + 1)(`−m− σm + 1)

(2` + 1)(2` + 3)

)1/2 ∫ 2π

0

∫ π

0

(
eiϕ + e−iϕ

2

)
sin ϑe−iσmϕY`+1,m+σmY ∗

p,qdϑdϕ,

I2 =

(
(` + m + σm)(`−m− σm)

4(2` + 1)(2`− 1)

)1/2 ∫ 2π

0

∫ π

0

sin ϑei(1−σm)ϕY`−1,m+σmY ∗
p,qdϑdϕ

+

(
(` + m + σm)(`−m− σm)

4(2` + 1)(2`− 1)

)1/2 ∫ 2π

0

∫ π

0

sin ϑe−i(1+σm)ϕY`−1,m+σmY ∗
p,qdϑdϕ

+

(
(` + m + σm + 1)(`−m− σm + 1)

4(2` + 1)(2` + 3)

)1/2 ∫ 2π

0

∫ π

0

sin ϑei(1−σm)ϕY`+1,m+σmY ∗
p,qdϑdϕ

+

(
(` + m + σm + 1)(`−m− σm + 1)

4(2` + 1)(2` + 3)

)1/2 ∫ 2π

0

∫ π

0

sin ϑe−i(1+σm)ϕY`+1,m+σmY ∗
p,qdϑdϕ.

Now we use the Fubini’s theorem to separate the θ and the ϕ integral and using equation 97
for the θ variable, we get

I2 = πνm+σm
l−1 νq

p

(
(` + m + σm)(`−m− σm)

(2` + 1)(2`− 1)

)1/2

δq−1,mJl−1(|m + σm|, p, |q|)

+πνm+σm
l−1 νq

p

(
(` + m + σm)(`−m− σm)

(2` + 1)(2`− 1)

)1/2

δq+1,mJl−1(|m + σm|, p, |q|)

+πνm+σm
l+1 νq

p

(
(` + m + σm + 1)(`−m− σm + 1)

(2` + 1)(2` + 3)

)1/2

δq−1,mJl+1(|m + σm|, p, |q|)

+πνm+σm
l+1 νq

p

(
(` + m + σm + 1)(`−m− σm + 1)

(2` + 1)(2` + 3)

)1/2

δq+1,mJl+1(|m + σm|, p, |q|).
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E.3 Calculating I3

Now consider the integral

I3(`,m) =

∫ 2π

0

∫ π

0

sin ϕY`,mY ∗
p,qdϑdϕ

=

∫ 2π

0

∫ π

0

(
eiϕ − e−iϕ

2i

)
Y`,mY ∗

p,qdϑdϕ

=
1

2i

∫ 2π

0

∫ π

0

eiϕY`,mY ∗
p,qdϑdϕ− 1

2i

∫ 2π

0

∫ π

0

e−iϕY`,mY ∗
p,qdϑdϕ

= iπνm
` νq

p (δq+1,m − δq−1,m)

(∫ 1

−1

P
|m|
` (x)P

|q|
p (x)√

1− x2
dx

)
(102)

This remaining integral may be computed using Propositions 1 and 2.

E.4 Calculating I4

Now consider the integral

I4 =

∫ 2π

0

∫ π

0

(cos2 ϑ sin ϕ)Y`,m(ϑ, ϕ)Y ∗
p,q(ϑ, ϕ)dϑdϕ. (103)

By employing (92) we obtain

I4 =

∫ 2π

0

∫ π

0

(cos ϑ sin ϕ)

[(
(` + m)(`−m)

(2` + 1)(2`− 1)

)1/2

Y`−1,m

+

(
(` + m + 1)(`−m + 1)

(2` + 1)(2` + 3)

)1/2

Y`+1,m

]
Y ∗

p,qdϑdϕ,

I4 =

(
(` + m)(`−m)

(2` + 1)(2`− 1)

)1/2 ∫ 2π

0

∫ π

0

(cos ϑ sin ϕ)Y`−1,mY ∗
p,qdϑdϕ

+

(
(` + m + 1)(`−m + 1)

(2` + 1)(2` + 3)

)1/2 ∫ 2π

0

∫ π

0

(cos ϑ sin ϕ)Y`+1,mY ∗
p,qdϑdϕ.

Again we use (92):

I4 =

(
(` + m)(`−m)

(2` + 1)(2`− 1)

)1/2 ∫ 2π

0

∫ π

0

sin ϕ

[(
(` + m− 1)(`−m− 1)

(2`− 3)(2`− 1)

)1/2

Y`−2,m

+

(
(` + m)(`−m)

(2` + 1)(2`− 1)

)1/2

Y`,m

]
Y ∗

p,qdϑdϕ

+

(
(` + m + 1)(`−m + 1)

(2` + 1)(2` + 3)

)1/2 ∫ 2π

0

∫ π

0

sin ϕ

[(
(` + m + 1)(`−m + 1)

(2` + 1)(2` + 3)

)1/2

Y`,m

+

(
(` + m + 2)(`−m + 2)

(2` + 5)(2` + 3)

)1/2

Y`+2,m

]
Y ∗

p,qdϑdϕ,
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I4 =

(
(` + m)(`−m)

(2` + 1)(2`− 1)

)1/2 (
(` + m− 1)(`−m− 1)

(2`− 3)(2`− 1)

)1/2 ∫ 2π

0

∫ π

0

sin ϕY`−2,mY ∗
p,qdϑdϕ

+

(
(` + m)(`−m)

(2` + 1)(2`− 1)
+

(` + m + 1)(`−m + 1)

(2` + 1)(2` + 3)

) ∫ 2π

0

∫ π

0

sin ϕY`,mY ∗
p,qdϑdϕ

+

(
(` + m + 1)(`−m + 1)

(2` + 1)(2` + 3)

)1/2 (
(` + m + 2)(`−m + 2)

(2` + 5)(2` + 3)

)1/2 ∫ 2π

0

∫ π

0

sin ϕY`+2,mY ∗
p,qdϑdϕ.

Let I i
4(`,m) denote the ith integral in this expression of I4 and take note that

I1
4 (`,m) = I2

4 (`− 2,m)

I3
4 (`,m) = I2

4 (` + 2,m).

We will find I2
4 and use it to compute the remaining integrals:

I2
4 =

∫ 2π

0

∫ π

0

sin ϕY`,mY ∗
p,qdϑdϕ. (104)

We expand sine in terms of exponential functions

I2
4 =

∫ 2π

0

∫ π

0

(
eiϕ − e−iϕ

2i

)
Y`,mY ∗

p,qdϑdϕ

=
1

2i

∫ 2π

0

∫ π

0

eiϕY`,mY ∗
p,qdϑdϕ− 1

2i

∫ 2π

0

∫ π

0

e−iϕY`,mY ∗
p,qdϑdϕ.

We now employ (85) to obtain

I2
4 =

1

2i

∫ 2π

0

∫ π

0

eiϕ[νm
` P

|m|
` (cos ϑ)eimϕ][νq

pP
|q|
p (cos ϑ)e−iqϕ]dϑdϕ

− 1

2i

∫ 2π

0

∫ π

0

e−iϕ[νm
` P

|m|
` (cos ϑ)eimϕ][νq

pP
|q|
p (cos ϑ)e−iqϕ]dϑdϕ

I2
4 =

νm
` νq

p

2i

∫ 2π

0

∫ π

0

P
|m|
` (cos ϑ)P |q|

p (cos ϑ)ei(m−q+1)ϕdϑdϕ

−νm
` νq

p

2i

∫ 2π

0

∫ π

0

P
|m|
` (cos ϑ)P |q|

p (cos ϑ)ei(m−q−1)ϕdϑdϕ.

We employ Fubini’s Theorem to seperate the integrals and arrive at

I2
4 =

νm
` νq

p

2i

(∫ π

0

P
|m|
` (cos ϑ)P |q|

p (cos ϑ)dϑ

)(∫ 2π

0

ei(m−q+1)ϕdϕ

)

−νm
` νq

p

2i

(∫ π

0

P
|m|
` (cos ϑ)P |q|

p (cos ϑ)dϑ

)(∫ 2π

0

ei(m−q−1)ϕdϕ

)
.
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Recalling the orthogonality of the exponential functions, we write

I2
4 =

νm
` νq

p

2i

(∫ π

0

P
|m|
` (cos ϑ)P |q|

p (cos ϑ)dϑ

)
2πδ{q−1,m}

−νm
` νq

p

2i

(∫ π

0

P
|m|
` (cos ϑ)P |q|

p (cos ϑ)dϑ

)
2πδ{q+1,m}

= iπνm
` νq

p

(
δ{q+1,m} − δ{q−1,m}

) (∫ π

0

P
|m|
` (cos ϑ)P |q|

p (cos ϑ)dϑ

)
.

Making the change of variable x = cos ϑ we obtain

I2
4 = iπνm

` νq
p

(
δ{q+1,m} − δ{q−1,m}

)
(∫ 1

−1

P
|m|
` (x)P

|q|
p (x)√

1− x2
dx

)

This remaining integral may be computed using Propositions 1 and 2. Therefore we get,

I4 =

(
(` + m)(`−m)

(2` + 1)(2`− 1)

)1/2 (
(` + m− 1)(`−m− 1)

(2`− 3)(2`− 1)

)1/2

I2
4 (`− 2,m)

+

(
(` + m)(`−m)

(2` + 1)(2`− 1)
+

(` + m + 1)(`−m + 1)

(2` + 1)(2` + 3)

)
I2
4 (`,m)

+

(
(` + m + 1)(`−m + 1)

(2` + 1)(2` + 3)

)1/2 (
(` + m + 2)(`−m + 2)

(2` + 5)(2` + 3)

)1/2

I2
4 (` + 2,m).

(105)

E.5 Calculating I5

Now consider the integral Now consider the integral Now consider the integral

I5(`,m) =

∫ 2π

0

∫ π

0

(cos ϑ sin ϕ sin ϑ)e−iσmφY`,m+σmY ∗
p,qdϑdϕ.

We will again make use of (92) arriving at:

I5 =

∫ 2π

0

∫ π

0

(sin ϕ sin ϑ)e−iσmφ

[(
(` + m + σm)(`−m− σm)

(2` + 1)(2`− 1)

)1/2

Y`−1,m+σm

+

(
(` + m + σm + 1)(`−m− σm + 1)

(2` + 1)(2` + 3)

)1/2

Y`+1,m+σm

]
Y ∗

p,qdϑdϕ,

I5 =

(
(` + m + σm)(`−m− σm)

(2` + 1)(2`− 1)

)1/2 ∫ 2π

0

∫ π

0

(sin ϕ sin ϑ)e−iσmφY`−1,m+σmY ∗
p,qdϑdϕ

+

(
(` + m + σm + 1)(`−m− σm + 1)

(2` + 1)(2` + 3)

)1/2 ∫ 2π

0

∫ π

0

(sin ϕ sin ϑ)e−iσmφY`+1,m+σmY ∗
p,qdϑdϕ.
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Expanding cosine as before we find that

I5 =

(
(` + m + σm)(`−m− σm)

(2` + 1)(2`− 1)

)1/2 ∫ 2π

0

∫ π

0

(
eiϕ − e−iϕ

2i

)
sin ϑe−iσmφY`−1,m+σmY ∗

p,qdϑdϕ

+

(
(` + m + σm + 1)(`−m− σm + 1)

(2` + 1)(2` + 3)

)1/2 ∫ 2π

0

∫ π

0

(
eiϕ − e−iϕ

2i

)
sin ϑe−iσmφY`+1,m+σmY ∗

p,qdϑdϕ,

I5 = −i

(
(` + m + σm)(`−m− σm)

4(2` + 1)(2`− 1)

)1/2 ∫ 2π

0

∫ π

0

sin ϑei(1−σm)ϕY`−1,m+σmY ∗
p,qdϑdϕ

+i

(
(` + m + σm)(`−m− σm)

4(2` + 1)(2`− 1)

)1/2 ∫ 2π

0

∫ π

0

sin ϑe−i(1+σm)ϕY`−1,m+σmY ∗
p,qdϑdϕ

−i

(
(` + m + σm + 1)(`−m− σm + 1)

4(2` + 1)(2` + 3)

)1/2 ∫ 2π

0

∫ π

0

sin ϑei(1−σm)ϕY`+1,m+σmY ∗
p,qdϑdϕ

+i

(
(` + m + σm + 1)(`−m− σm + 1)

4(2` + 1)(2` + 3)

)1/2 ∫ 2π

0

∫ π

0

sin ϑe−i(1+σm)ϕY`+1,m+σmY ∗
p,qdϑdϕ.

Now we use the Fubini’s theorem to separate the θ and the ϕ integral and using equation 97
for the θ variable, we get

I5 = −iπνm+σm
l−1 νq

p

(
(` + m + σm)(`−m− σm)

(2` + 1)(2`− 1)

)1/2

δq−1,mJl−1(|m + σm|, p, |q|)

+iπνm+σm
l−1 νq

p

(
(` + m + σm)(`−m− σm)

(2` + 1)(2`− 1)

)1/2

δq+1,mJl−1(|m + σm|, p, |q|)

−iπνm+σm
l+1 νq

p

(
(` + m + σm + 1)(`−m− σm + 1)

(2` + 1)(2` + 3)

)1/2

δq−1,mJl+1(|m + σm|, p, |q|)

+iπνm+σm
l+1 νq

p

(
(` + m + σm + 1)(`−m− σm + 1)

(2` + 1)(2` + 3)

)1/2

δq+1,mJl+1(|m + σm|, p, |q|).

E.6 Calculating I6

Consider

I6(`,m) =

∫ 2π

0

∫ π

0

cos ϕY`,mY ∗
p,qdϑdϕ

=

∫ 2π

0

∫ π

0

(
eiφ + e−iφ

2

)
Y`,mY ∗

p,qdϑdϕ

=
1

2

∫ 2π

0

∫ π

0

eiφY`,mY ∗
p,qdϑdϕ +

1

2

∫ 2π

0

∫ π

0

e−iφY`,mY ∗
p,qdϑdϕ

=
1

2

∫ 2π

0

∫ π

0

eiφ[νm
` P

|m|
` (cos ϑ)eimϕ][νq

pP
|q|
p (cos ϑ)e−iqϕ]dϑdϕ
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+
1

2

∫ 2π

0

∫ π

0

e−iφ[νm
` P

|m|
` (cos ϑ)eimϕ][νq

pP
|q|
p (cos ϑ)e−iqϕ]dϑdϕ

=
νm

` νq
p

2

(∫ π

0

P
|m|
` (cos ϑ)P |q|

p (cos ϑ)dϑ

) (∫ 2π

0

ei(m−q+1)ϕdϕ

)

+
νm

` νq
p

2

(∫ π

0

P
|m|
` (cos ϑ)P |q|

p (cos ϑ)dϑ

)(∫ 2π

0

ei(m−q−1)ϕdϕ

)

= πνm
` νq

p (δm,q−1 + δm,q+1)

(∫ π

0

P
|m|
` (cos ϑ)P |q|

p (cos ϑ)dϑ

)

= πνm
` νq

p (δm,q+1 + δm,q−1)

( ∫ 1

−1

P
|m|
` (x)P

|q|
p (x)√

1− x2
dx.

)
(106)

This remaining integral may be computed using Propositions 1 and 2.

E.7 Calculating I7

Consider

I7(`,m) =

∫ 2π

0

∫ π

0

(cot ϑ sin2 ϑ)Y`,mY ∗
p,qdϑdϕ

=

∫ 2π

0

∫ π

0

(cos ϑ sin ϑ)Y`,mY ∗
p,qdϑdϕ.

Now we use the recurrence relation (92) to get

I7 =

∫ 2π

0

∫ π

0

[(
(` + m)(`−m)

(2` + 1)(2`− 1)

)1/2

Y`−1,m

+

(
(` + m + 1)(`−m + 1)

(2` + 1)(2` + 3)

)1/2

Y`+1,m

]
Y ∗

p,q sin ϑdϑdϕ

=

(
(` + m)(`−m)

(2` + 1)(2`− 1)

)1/2 ∫ 2π

0

∫ π

0

Y`−1,mY ∗
p,q sin ϑdϑdϕ

+

(
(` + m + 1)(`−m + 1)

(2` + 1)(2` + 3)

)1/2 ∫ 2π

0

∫ π

0

Y`+1,mY ∗
p,q sin ϑdϑdϕ.

The by the orthogonality relation (86) we arrive at

I7(`,m) =

(
(` + m)(`−m)

(2` + 1)(2`− 1)

)1/2

δ`−1,p δm,q

+

(
(` + m + 1)(`−m + 1)

(2` + 1)(2` + 3)

)1/2

δ`+1,p δm,q.
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E.8 Calculating I8

Finally consider

I8(`,m) =

∫ 2π

0

∫ π

0

(sin2 ϑ)e−iσmϕY`,m+σmY ∗
p,qdϑdϕ.

Now using the Fubini’s theorem and the definition of Y`,m (see 85 Appendix) we can separate
the θ and ϑ integral and we get

I8(`,m) = νq
pν

m+σm
`

(∫ π

0

P
|m+σm|
` (cos ϑ)P |q|

p (cos ϑ) sin2 ϑdϑ

)(∫ 2π

0

ei(m−q)ϕdϕ

)

= 2πνq
pν

m+σm
` δm,q

(∫ 1

−1

P
|m+σm|
` (x)P |q|

p (x)
√

1− x2dx

)

where we made a change of variable with x = cos ϑ for integration. Now if we use the
recurrence relations for the associated Legendre functions (see equation 8.5.5. in [1]):

√
1− x2P

|m+σm|
` (x) =

P
|m+σm|+1
`+1 (x)− P

|m+σm|+1
`−1 (x)

−(2` + 1)

we get the following for I8:

I8(`, m) =

2πνq
pν

m+σm
` δm,q

2` + 1
(J`−1(|m + σm|+ 1, p, |q|)− J`+1(|m + σm|+ 1, p, |q|)) . (107)
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