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Abstract

We examine the penalty term in linear model selection using pe-
nalized least squares. The rate of divergence of the penalty term for
consistent model selection is discussed under a general error structure.
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1 Introduction
Consider the regression model

Yo =M, + €, (1)

where y, = (y1,%2,...,¥n)" is a vector of n independent responses, with

unknown mean vector w, = (p1,...,1,), and e, = (eq,...,e,) is a vector
of n independent, identically distributed errors with common mean 0 and
variance o2. Suppose that associated with y; there is a p,, vector of covariates
xX; = (i1, ..., Tip,), and let X,, = (xq,...,%,)" be the n X p,, design matrix,
which for simplicity, is assumed to have full rank. Generally, p, is assumed
to be less than n. To estimate p, we propose the linear model p,, = X,,3,,
where 3, = (B1,...,0p,) is a p, vector of real valued parameters. It is
possible that some of the components of 3, are 0. Thus, we may consider
submodels of the form

1, = Xa(@)B(a), (2)
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where « is a subset of {1,...,p,} and B(a) (X, («)) is the subvector (sub-
matrix) containing the components of 3, (columns of X,,) that are indexed
by the integers in «.

Instead of taking all of the 2P — 1 models into account, we assume that
there is a class A,, of subsets of {1,...,p,} and only models that correspond
to members of A,, are considered to be candidate models. Let ag be the
true model, that is, §; # 0 for i € ag and 5; = 0 for i ¢ ap. A model
a € A, is said to be correct if p,, = X,,(a)3,,(a) holds. This is equivalent
to ag C «. Denote the set of all correct models in A, by AC,,, and define
AZ, = A, \ AC,. For each model in A,, we use least squares method
to estimate p,,. Let M,(a) = X,(a) (X,(a)X,(a)) " X,(a) be the hat
matrix. Then f, (o) = M, (a)y, is the least square estimator (LSE) of w,
under model a.

The dimension of a model « is defined to be |a/, the number of elements
in a. We are interested in procedures for finding correct model(s) that have
the smallest dimension (we assume that such “smallest” correct model(s)
exist). Many of the widely used procedures including AIC (Akaike, 1970),
BIC (Schwarz, 1978), C, (Mallows, 1973) and GIC (Rao and Wu, 1989)
choose the minimizer &,, of a criterion that has the form

An |M,, 52
| MM, ()]

1
Toa, () = ERSSTL(&) "

, (3)
with respect to all v in A, where RSS,(a) = (yn — ft,(a)) (yn — f1,(a))
is the residual sum of squares, |M,(«)| is the rank of the matrix M, («),
62 is a consistent estimator of the error variance using the full model and
A, controls the degree of penalization. The term A, has a major role in the
consistency of the selection where we say that a model selection procedure is
to be consistent if

P(ay =) — 1, (4)

where @, is the index set of the model chosen by the procedure and of € A,
is a smallest correct model.

In this paper we discuss the role of )\, in consistent model selection. The
literature on model selection is very extensive. Shao (1997), Eubank (1998),
Fan and Li (2001), Shi and Tsai (2002) and the citations therein give a good
account on the available methods and properties of these methods. Some
of these authors discuss the conditions on A, for consistent model selection.
In particular, Shao (1997) shows that the selection is consistent if A, — oo



when the error distribution has at least eight finite moments. Zheng and
Loh (1997) discuss model selection for errors with finite variance under the
assumptions that p,/n — 0 and the penalty term diverges faster than p,
where p,, is the size of the full model. Shi and Tsai (2002) establish that
for consistent model selection, A, should grow at a rate of log(n) under the
condition that the error distribution has at least four finite moments and
other restrictions on the model (see discussion after Theorem 4 below).

In this article, we establish conditions on the penalty term A, in (3) in
order to satisfy (4) for general model settings that cover as special cases
the cases that have been discussed in the literature. We will establish the
conditions on the penalty term for a wide class of models that can include
past responses as predictors for current responses and models that are more
general than the classical hierarchical models. In particular, for models with
finite error variance, we determine the rate of divergence of the penalty term
for consistent model selection with mild restrictions (compared with those in
Zheng and loh (1997) ) on the model size p,, and the class of candidate models.
We also show that A\, can diverge to co at any rate if the error distribution
has a finite fourth moment, a more flexible choice on the sequence A, than
that of Shao (1997) and Shi and Tsai (2002). and verifying choices like
An = In(n) that has been used in the literature with normal error structures.
We also give examples applying the technical results that are developed.

Fan and Li (2001) deal with the model selection using a penalized likeli-
hood where the distribution of the responses is assumed to have regularity
properties (Lehmann and Casella, 1998). The penalty term in their approach
is in the form of a sum of suitable functions. We show that their results agree
with those in this article for normal log-likelihood and an appropriate class of
penalty functions. In the process we show that for the results in their paper
to hold, they actually need a slightly stronger differentiability condition than
what was assumed.

In the remainder of this paper, we shall use &, to denote the model
selected by minimizing (3). We will discuss the consistency of &, in the next
section.

2 Main Results

We first list several assumptions that are used in the sequel. Most of these
have been used in Shao (1997) among others. The error distribution is as-



sumed to be unknown with zero mean and finite variance.

Assumption 1. The smallest correct model denoted by «f exists and for
every model « in AC,,, we have of C a. Let r, = |af]

Assumption 2. sup, r, < o0 .

For a set of models A, let A® = {ala € A, |a|] < k}, and Al —
AWK \A(k_l) and ay = Ugeq Q.
Assumption 3. There exists a sequence of positive numbers {d;,ds, ...}

such that ‘aAuc) < d,k for all k£ and n.

Note that this allows for a larger class of models than the hierarchical
model assumption in Zheng and Loh (1997). With this requirement .4,, can
be created without any preordering of covariates. This is a very desirable
feature on the class of candidate models. Now we give a series of Lemmas
and Theorems establishing the consistency of model selection under various
conditions on A, and the error distribution. The proofs of these statements
are deferred to an Appendix.

Lemma 1. Suppose assumptions 1 and 2 hold and

Ik

P ‘O‘A%“ \ @y
lim

n— 00 )\n

~ 0. (5)

Let D, = A, \ AU, Then P(&, € D,) — 0.

The term ’aA;k) \CYAslk—l)‘ /k in condition (5) determines how fast
the number of variables included in the models grows with £ and how much
the models overlap. ***give an intutive reasonning where this is useful ***If
assumption 3 is satisfied and the penalty goes to infinity faster than d,, log(p,,),
then, it can be shown that (5) is satisfied. Then, we have the following lemma.

Lemma 2. Under Assumptions 1, 2, and 3, and under the condition that
d, logp, /A, — 0 we have P (&, € D,) — 0.

For a collection of models A, let A denote the set of all maximum elements
in A (an element « in A is said to be maximum if for any 3 € A such that
a C B, we have f = «a). Let A,(a) = p), (I —M,(a)) p,,/n. Then we can
prove



Lemma 3. Suppose that Assumption 1 holds. Let B, C AZ,,n=1,.... If

lim min nA(a)/A, = o0, (6)

n aEBn

and

Y lal/nAu(a) —0, (7)
a€By,

then, P (&, € B,) — 0.

If Assumptions 2 and 3 hold, and the B,, in Lemma 3 is taken to be AZ ff"),

then, ‘aﬂgzﬂm < d,ry,. Thus, max o la| <, and ‘AI,(:”) = O (dm).
Since 7, is bounded we see that (7) with B, = AZ"") is satisfied if
min  nA,(a)/d" — oo. (8)

ozE.AI%T")

Note that if d,, is of order logn or n® for some «a < inf, 1/r,, then (8)
is a weaker constraint than (2.5) in Shao (1997). With this observation and
Lemma 2 we have

Theorem 4. Suppose Assumptions 1, 2, and 3 hold, and (8) is satistied.
Also suppose that

min  nA,(a)/\, — oo, 9)
ozGAI;T")
and
dnlog pu /Ay — 0 (10)

Then, P(&, = af) — 1.

Remark 1. Zheng and Loh (1997) use a penalty term in the form h,(k),
where k is the size of the model in a hierarchical model selection with random
covariates. Their h, (k) plays the same role as A\, k in this note. If we allow a
general form \,(k), where A\, (k) is increasing for every n, by using the same
techniques in the proofs of Lemmas 1, 2, 3 and Theorem 4, we can show the
following.

Corrolary 5. Suppose assumptions 1, 2 are met and assumption 3 is satisfied
with d,, bounded. Furthermore, suppose

liminf min nA,(a)/A(r,) = oo, (11)
n ac AT



and

> 1/ (alk) = Aa(ra)) — 0. (12)

Tn+1<k<pn
Then P (&, = af) — 1.

Note that (12) is a weaker condition on the penalty terms than the com-
bination of conditions B2 and B3 in Zheng and Loh (1997). Also, p,,/n — 0
is not required.

Remark 2. Comparing Theorem 4 with Theorem 1 of Shi and Tsai(2002)
(ST hereafter), we find that the assumptions here are weaker. The assump-
tion 1 of ST requires the errors to have at least four finite moments, while
we only require finite variance. We do not need a constraint like the assump-
tion 2 of ST . Also, we only need minaeﬂgﬂ) nA,(a)/\, — oo. Since A, is
allowed to go to infinity faster than logn for a reasonably chosen A, this is a
weaker condition on A, («) than that of assumption 3 in ST, which required
ming ) nA,(a)/n — oco. If the size of the models, p,, is bounded, then
it is easy to check that (5) is satisfied, and then, by Lemma 1 above, consis-
tency is achieved as long as A\, — 00, a more general result than Theorem 1
of ST. Even with stronger assumptions they only showed that the selection
avoids over estimation in the weak sense. However, these stronger assump-
tions were used to show that the procedure will not under-estimate in the
strong sense.

Example 1. Suppose that for each n, the p, explanatory variables are
arranged in decreasing order of importance, and the true model is oy =
{1,...,p} for some positive integer p. We are interested in models that have
the form a; = {1,...,i} for i < p,. Let A, = {a1,...,q,,},n =1,2,....
Then AC,, = {o,...,ap,} for p, > p, 1, = p, and AZ,, = {aq,..., 1}
It is easy to see that assumptions 1, 2 are satisfied and 3 is satisfied with
d, =1,n=1,2,.... So, if conditions (9) and (10) are satisfied, then &, is
consistent in the sense of (4). It should be noted that Shao’s technique gives
a similar result if we assume that e; has finite eighth moment.

Example 2. Suppose that the explanatory variables are indexed by two
integers, which means that the set of variables can be represented as

{1, xp, = {210,y Zlsns ooy Bt ds e vy Btsn ) -

This is the case when we need not only to select the right number of variables,
but also the right “order” for each variable. In this setting, again we assume
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that the variables are arranged in decreasing order of importance, and if we
include a certain order of a variable in a model, we also include all the lower
orders of that variable. Thus, a model in this case has the form

Ojiig iy = {21,17 sy Rl ey RGlye 7Zj,i]-}7

and
Ap =A{aji,,.q; : j <tpand iy < s, for k=1,...,,}

It can be shown that

k(k+1), for k <t,;

‘OJASC) <

bty + 1) + (k — t,)t, for k > t,.

and
k, for k <t,;
<

‘OéA%k) \Oé‘Aglkz—l)
t,, fort, <k <t,+s,.

Hence,

Pn tntsn

‘OZAglk)\OéAslk—l) Jk < t,+t, Z 1/k

k=1 k=tn+1
< tp + talog(t, + sn).

In particular, if we take s, to be of order logn and ¢, to be of order
logn/loglogn, then (5) is satisfied if we have A, /logn — oco. If the true
model ag is finite, that is |ay| < oo, it is clear that assumptions 1 and 2
are satisfied. If in addition (6) is true, then it can be shown that (7) with
B, = .AIEI") is also true. And thus, by Lemma 1, Lemma 3 and the subse-
quent discussion, consistency in the sense of (4) is achieved.

Note that for the above results it is only necessary for the errors to have
finite variance. Now suppose that we know that the errors also have finite
fourth moment. We will show that this information will enable us to choose
a A, diverging to infinity at any rate for consistent model selection.

Assumption 4. The iid errors ey, ..., e, in (1) satisfy E(e]) = 7 < .



Lemma 6. Suppose Assumptions 1, 2, 4 are satisfied. Also suppose that
there exist constants a,b,c and a strictly increasing sequence of nonnegative
numbers u,1 = 0, Uy, ... for every n such that

‘O‘Aﬁf)\a $-
Z , <a, fork=1,...,.n=1,..., (13)
i

U <E<Up,kt1

’04 () | [Ung < b, for k=2,..., (14)
and
Zl/un,kgcfornzl,...,. (15)
1<k

Then, P(&, € D,) — 0 if A\, — o0.

Now suppose that we are given assumptions 2 and 3. Also suppose that
the sequence {d,} in assumption 3 is bounded by d. Let u, = 2¥"1 — 1 for
k=1,2,.... give an intutive reasonning for the choice of u’s in terms of the
number of model terms It is not hard to check that conditions (13), (14), and
(15) of Lemma 6 are all satisfied if we set a = 2d,b = d, and ¢ = 2. Notice
also that the discussion after Lemma 3 is valid here. Then, by Lemma 6 we
have the following theorem.

Theorem 7. Suppose that assumptions 1, 2, 3, 4, and (9) hold. More-
over, let the sequence {d,} in assumption 3 be bounded and X\, — oo. Then,
P&, =af) — 1.

Now reconsider the model selection problem described in Example 1. If
E(e}) < oo, then, by Theorem 7, it is only necessary for the penalty to go to
infinity to get consistency.

Remark 3. In Fan and Li (2001) model selection using the penalized likeli-
hood function L(B) —n Z;l:l Pn. (185]), where p,,, are suitable penalty func-
tions, is discussed. We can relate their penalty term ) p, (|5;|) and the
penalty term in this paper if we assume that the errors are normal. Then
the log likelihood function will be proportional to the —RSS,,, and it will be
maximized by the least squares estimator. If in addition, the value of the
function p,,, is constant outside an interval (—6,, d,,), where 9,, — 0, then the
nYy_ py.(|3;]) term is comparable to the A, in this paper.



We note that for the argument in the proof of Lemma 1 in Fan and Li
(2001) to hold, one needs a slightly stronger condition on p,,(#) than was
assumed. The following example shows that the argument about the sign of
the derivative of ) in the proof of Lemma 1 in Fan and Li (2001) fails under
the assumption liminf,_ . liminfy_ o+ nglpﬁh(ﬁ) > 0. Let n, = u,n "2,
where u,, — 0o and

1, otherwise .

sin(n?/39), for |0| < w/2n%/3;
p77n< ) =

We see that liminf, . liminfe_o+ 1, 'p}, (6) > 0, n7'/2/n, — 0, and max

{Ipy (1850l) = Bjo # 0} — 0. However, for 3; = en™'/2, we have n,'p, (16;]) —
0 as n — oo. Thus a condition like

liminf inf 5, "p) () >0

minf '8, (0
for some ¢ > 0 has to be used. This requires p) (¢) to be at least of the
same order as 7, in the interval (0,cn~Y %), and this will force the value of
P, (cn™2) to be of order n,n "2 = u, /n. This means that np,, (cn=/?) —
oo, which coincides with the result in this paper, that \,, — oo.

3 Appendix

In these proofs, for two matrices A and B, A > B, means that A — B is
positive semi-definite.
Proof of Lemma 1

Note that &, € D, implies that min,ep, Tz, (@) — T, (@) < 0. Let

n



(K]

A, (o) =1—M,(a). For a € Dy",r, < k < p,,, we have

<

Tn»)\n (Oé) - Tn,)\n (OZZ)
1 C C jas
= - (v7, (M, (a5,) = My, (@) v = Ao (5| = |a]) 62)
1
> (4 (Mo (05) = Moy (a0 ) ) v+ A (6 = 1) 6%)
2
= A, <O{A£lk)) + E/_L;An (O@Qk)) e
1
+ —€ <Mn (af) — Mn(OéA(k)>) e+ A\, (k—r,)6%/n
n n
1 R
- e <Mn (af) — Mn(%m)) et M\ (k—12)62/n
1
> ——e'M, (OéA(k)> e+ A\, (k—1,)6%/n
Thus
;renpri T, (@) < Ty, () =
M,, (&fgm)
max ———"72 > )\ 52

rn<k<pn k — Tn
Define a0 to be the empty set. Set M (OéA(o)> =0 and
,//n = Z (Mn <OCA£II@)) — Mn <OZA$LI@71)>> //f
1<k<pn
For any integer r, < j < p, we have

(ra+ 1)ty = (1) Y (Mo (a0) =My (a60)) 7k

rn<k<j

> (r,+1) Z (Mn (OJASLIC)> -M, (OCASL'“’”)) /3

rn<k<j
= (o + )M (a,00) /i
> M, (a,0) /(=)
Thus,
(rn+1)e' Me > max €M, (aA;k)> e/(k—ry).

rn<k<pn
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Since

Ele Me] = o Z " <Mn <aA51k)) ;Mn (aAszkfl)>>

1<k<pn

‘OKASLI@) \OéAglk—l)

-2 Y . |

1<k<pn
we have
k k-1
, L2t ) T, o \an | /&
P ((rp+ 1)e Mpe > \,0°/2) < 3 — 0,
and
P (6% <0?/2) — 0.
Thus,

P ((rn + 1)€ Mye > \,67) P ((r, + 1)e Mpe > \,0%/2)

<
+ P(6*<0%/2)
— 0.

This, combined with (18) gives

a€Dy,

P <an € AC, \ Acgg”n>> < P (min T (a) < Tn,,\n(a;)>

< P ((rn+ 1)etpe > N\,6%) — 0,

giving the required result. O
Proof of Lemma 2
For simplicity we write Q) \ O‘AS*”) as a; forv=1,2,.... It is easy to

see that a; = 0 for ¢ > p,. First we will prove that

Pn

pznai/i <d, Y 1/i
=1 =1

In fact, by assumption 3 we have
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pznai/i = a (1—%) + (a1 + ay) (%_%) I

=1

+ (al—l—...+apn_1)( ! 1)

pn_l Pn

+ (a1 +...+ )(1>
aq an —
P27\ pn
pn—1 1
= > Jauy
j=1

(1 1 )Jr’
e e— A (pn) | —
jioj+1 AT p

prn—1
1 1 1
E dyj (—. — —) + dppn—
Jj J+1 j2

j=1 "

=1

Since Y ¥, 1/i = O(logp,). Thus (5) in Lemma 1 is satisfied.
Proof of Lemma 3
We know that &,, € B,, implies that

IA

min T}, 5, (@) < Tz, (o))
a€eBy,

For a € B,,, we can find a 8 € B, such that o C 3. We have

= Ly (ML (08) = M (0)) v — A (02| — la]) 62)

> % ( n (M (ar) =M, (8) ya — )‘nrn&Q)
= L (M (05) Mo (), + 2, (M (05) — M ()
b (M (0f) - My () e~ A

2 1
Z An (6) + _/J';LAn(ﬁ)e - )\nrnaj/n - _e, (Mn (ﬁ)) €
n n
(19) implies that at least one of the three inequalities:

H, AL (B)e
nAn(3)

12
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e’ (M, (p)) e
Iﬁré% nAn(ﬁ) = 1/3

max A\, 7,62 /nA, (3) > 1/3
ﬁeBn

holds. Since Var (u!, A, (8)e) = no?A,(3), we have for any positive &

0.2
z(s)ggmﬂu (20)

Also, E[e/(M,,(3))e] = o?|f], so that
p (a0, ) . 5 o

max <
BeB,  NAL(B) =t A, (B)

p, A (B)e
nl,(8)

P <ma_x
BeBn

— 0. (21)

By condition (6), we also have \,7,62/nA,(3) — 0. Thus
P(man,)\n (O{) > Tn7>\n (ac)) - 1

n
OéEBn

Proof of Lemma 6
For k=1,2,..., define

-1
M, (ozA;un,k)> Un ki1 = M, (%45?) - M, <aAg-1>>

Ny =——""—++ Z ;

Un,k

i:un,k+1
Define 0/0=0. We have
‘Oz (tn 1) ‘O&Au) \CMA(FD
E(e,Nke) — 0_2 .An— + Z n : n
Unp, k - 7
’ Up ke <t<Unp, k41
< o*a+b).

For § > 20%(a +b), we have
P(e'Nye >4§) < P(|e'Npe— E(e'Nype)| > §/2)
= P (\e’Nke — E(e/Nye)|” > (52/4>

< E(|e¢Nye—E (e’Nke)|2)
- 62/4 '
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By Theorem 2 of Whittle (1960), we have
E <|e’Nke _E (e’Nke)|2> < O (tr (N,Ny) 7).

It is easy to see that

-1
M (0 om) 2 Ma (o) = Mo (0600

/ —
N} N, = — + ) >
n7k Z:unJg-‘rl
Thus,
~1
unvk i:un,k—i-l ¢
a, for k =1;
= +b
a’ for 2 < k.
Un, k
Hence

aCT 1.
P (e/Nke > 5) < 5—21;0 for k N 1’
=) @HCT o ko> 1,

02U

for some constant C'. Notice that for any wu, ; <@ < u, ;41 we have

Mn <Oz <un’k)> Mn (OCAS)> — Mn <04A$371)>

Ny > & +... 4+ ,
U 7
Mn (a (un’k)> Mn (Oz (i)) — Mn <OzA(¢—1)>

Mo (o) | M)

for any a € Al

?

For ¢ > r,, suppose that u, ; <% < U, x4+1. Then,

(r, +1)e'Nye > max (rn + D)eMa(a)e > max M
" = el i = e i—rn
.From this we get
/
M
max max e,_”& < (rp + 1) maxe'Nye.
Tn<i<pn qeqll 1 — Ty 1<k

14



Noting D = A¥ for r, < k < p, we have

/
eM, (a)e
max max eM,(a)e < (r, + 1) maxe'Nye.
rn<k<pn OCEDLH kf — Ty 1<k

Thus, when )\, is large enough, (17) gives

P(a,eD,) < P ((Tn +1) max e'Ne > )\n[fz)

< P ((Tn +1) r?gge’Nke > )\n02/2) + P (6° < 0°/2)
< > P ((rn+1)eNye > \,0%/2) + P (67 < 0°/2)
1<k
4(r, +1)2Ct a+b Ly )
< T(CL—F unk)—i-P(U <U/2)
o<k
(r, +1)>Cla+ (a + b)c)T R
< N2 +P(a2<a2/2)
— 0. O
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