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Abstract

Under a very general setting, we consider the problem of estimating
a linear functional of an unknown vector in a Hilbert space from in-
direct data contaminated by noise. We give formulas for the minimax
affine risk of the estimation showing that for parameter spaces satisfy-
ing certain conditions, the minimax affine risk is the supremum of the
minimax affine risks for one-dimensional subproblems. We then apply
these results to two situations: estimating f®*) (tg) for a given tg in
the fractional Brownian motion model and the regression model with
correlated errors. The fractional Brownian motion model has the form
y(t) = fot f(s)ds + o0Z; where f belongs a convex set of functions F,
and Z; is a fractional Brownian motion with index H € (1/2,1). The
regression model with correlated errors is defined as y (t;) = f (¢;) + 2,
1 =1,...,n where f is as above and z; are mean zero random errors
satisfying Cov (2;,2;) ~ C1|j —i|"“, |j —i] — oo. For both estima-
tion problems, we obtain the asymptotic rate for the minimax affine
risks over certain types of parameter spaces. In each case, we also show

that the minimax affine risk is bounded by 1.25 times the minimax risk.



1 Introduction

Suppose that we observe data of the form
y=Kx+Z (1)

where x belongs to a convex subset F of a separable real Hilbert space X and
K is a linear operator from F to U, another separable real Hilbert space. Z
is a bounded linear operator from U to %5 (Q2, %, P), the space of all random
variables define on the probability space (€2,.%, P) that have finite variance.
It is assumed that Z is invertible (the inverse might be unbounded) and Zw
has mean zero for w € U. By defining y = Kx + Z, we are treating Kx
as an operator from U to % (2,.%, P). This is justified since Kx defines
a functional on U, and real numbers can be treated as constant random
variables in %, (2, .%#, P). Suppose that L is a real affine functional on X,
that is L = L1 + [ where L; is a linear functional on X and [ is a constant.
We consider the problem of estimating the value of L at some x € F by

affine estimators of the form

L(w,d) = yw + d = (w,Kx) + Zw + d, (2)
where w is in U. We will evaluate the performance of an affine estimator
by the mean squared error. We want to obtain the minimax affine risk for
estimating L

inf Ry (ﬁ; L K> :
L affine

where

R4 (ﬁ;L,K) = )S{IEIEEX (i}— L(X))2

Two special cases of model (1) are the white noise model

Y (1) = _tm (s)ds +oW (1),  —1/2<t<1/2, (3)

where W (t) is a standard Brownian motion, and the regression model
yi:f(ti)—{—azi, ’izl,...,n;tiE[—l/Q,l/Q] (4)

where z;’s are i.i.d. noises and f € F, where F is a convex class of functions

in each model. In Ibragimov and Khasminskii (1984) the minimax linear risk



for the white noise model (3) was given together with the minimax linear
estimator for a hypothesis set that is symmetric. A relationship between the
minimax linear risk and the minimax risk was also established. Donoho and
Liu (1991) removed the symmetry constraint on the set F and established
the minimax affine risk and rate of convergence for the asymptotic minimax
risk in the white noise model. In their work, the minimax affine risk was
expressed in term of modulus of continuity. An interesting result of Donoho
and Liu (1991) is that the minimax affine risk for the full problem is just
the minimax affine risk of the hardest one-dimensional subproblem. Using
this result, it was readily shown that the ratio of the minimax affine risk to
the minimax risk is bounded by 1.25. Donoho and Liu (1991) then applied
their result on the white noise model to regression data with independent
errors. Donoho (1994) showed the same results for a generalization of model

(3) in which the data y have the form
y=Kx+1z

where x is from a convex subset X of [y, the space of all square summable
sequences, K is a linear operator and z is a noise vector. That generalization
was in two senses: first, the data are not observed directly, but through the
operator K. Second, the Gaussian process z can be non-white noise. How-
ever, it was still required that the covariance has a bounded inverse. Note
that this is not the case for fractional Brownian motion, which is a special
cases of the model (1) above. Fan (1993) discussed the estimation of a regres-
sion function in a slightly different framework, and it was shown that under
some restrictive conditions the local linear smoother, with a proper choice of
kernel and bandwidth, is near minimax. By applying Ibragimov and Khas-
minskii (1984)’s and Donoho and Liu (1991)’s results, Zhao (1997) gave the
exact linear minimax estimator of f (0) under the white noise model with f
known to be in the closure of the class {f : | f” (t)| < B}, and by comparing
the kernel of this linear minimax estimator with the Epanechinikov kernel,
it was shown that the Epanechinikov kernel is 99% efficient. This confirmed
Ylvisaker’s conjecture (see Sacks and Ylvisaker (1981)), which states that
the Epanechinikov kernel is nearly minimax.

Several authors have considered the estimation of the function f itself, a



different problem than estimating a linear functional of f, in the regression
model. Among them are Donoho and Johnstone (1998), Wang (1996,1997),
and Johnstone (1999). In these papers, the performance of an estimator
was evaluated by the expectation of the Ly distance between the estimator
and f. In Donoho and Johnstone (1998), it was shown that in the case of
estimating f, the linear estimator no longer has near minimax risk. The au-
thors proposed the use of a wavelet transformation to convert the function
space F into a sequence space, and an estimator for f was then obtained in
the wavelet domain by simple nonlinear shrinkage of the empirical wavelet
coefficients. Besides showing the near minimaxity of the wavelet shrinkage
estimator over a wide range of Triebel and Besov-type (Donoho and John-
stone, 1998) smoothness constraints and asymptotic minimaxity over certain
Besov bodies, the authors also showed that more practical simple threshold
nonlinear estimators are nearly minimax. This work of estimating f was
extended by Wang (1996) and Wang (1997) for the case when long-range
dependency appears in the data. In these works, Wang worked with the
long-memory counterparts of models (3) and (4) — the fractional Gaussian
noise model and the regression model with dependent errors. In the frac-
tional Gaussian noise model, the white noise in model (3) was replaced by
fractional Gaussian noise. In Wang (1996), it was shown that with proper
scaling, the fractional Gaussian noise model is an approximation to the non-
parametric regression model with correlated errors. Wavelet estimates with
proper choices of thresholds were shown to achieve minimax rates over a
wide range of function spaces. Wang (1997) extended the results of Wang
(1996) to the case in which the data are indirect. Johnstone (1999) discussed
the choice of the threshold in the wavelet estimators in Wang (1996) that
adapts to a broad range of Besov classes. He also proposed an extension to
the case of indirect data similar to (and independently from) Wang (1997).

Deo (1997) discussed the estimation of a linear functional for data with
long-memory errors. A kernel estimator was studied and, under some rather
restrictive conditions, the asymptotic normality of the estimator was shown.
We will show that their result coincides with our lower bound on the asymp-
totic rate for the minimax risk.

Other generalizations of the white noise model include Cai and Low



(2003) and Cai and Low (2004). Based on the results of Donoho (1994),
Cai and Low (2003) gave precise asymptotic descriptions of the minimax
affine risks and bias variance trade-offs for estimating linear functionals for
what the authors called regular modulus. Cai and Low (2004) extended
the minimax theory for estimating linear functionals to the case of a finite
union of convex parameter spaces. In this extension, an interesting contrast
to the case of convex parameter spaces is that linear estimators no longer
have optimal rates of convergence.

In this article, we extend the technique of Donoho and Liu (1991) and
prove that, in our generalized setting (1),

_inf Rr (ﬁ;L,K) = sup inf Ry x (ﬁ;L,K) (5)
L affine x1,x2€F L affine

where [x1,x2] = {x:x=ax; +0x2,0<a<1,8=1-—a} is the convex
hull of {x1,x2}. This is the same as saying that the minimax affine risk is
the supremum of the minimax affine risks for one-dimenssional subproblems.
To our knowledge, this is the most generalized version of the model for
convex parameter spaces that has been considered and our results reduce to
all existing results including those of Donoho and Liu (1991) and Donoho
(1994).

By applying this result to the fractional Gaussian noise model and the
nonparametric regression model with correlated data, we give the rate of con-
vergence for the asymptotic minimax affine risk of estimating the value of a
function f*) at a fixed point ty. Under both these settings, we also show that
the ratio of the minimax affine risk to the minimax risk is bounded above
by 1.25. Notice that although Wang (1996), Wang (1997) and Johnstone
(1999) discussed estimation with long-range dependent data, their discus-
sion was focused on estimating f itself, and the performance was evaluated
in Lg distance, which does not tell us a lot about the error of estimation at
a fixed point. Also, the relationship between the minimax affine risk and
the minimax risk was not obtained for such settings.

We prove (5) in few steps. First, we notice that for an affine estimator
L (w,d), we can find ¢ € R and wg € S (U), the unit sphere of U, such that
w = c¢wg. Thus the affine estimator becomes f/(cwo,d). For calculating

the minimax affine risk, we can take the infimum over wy € S (U) and



¢,d € R. Next, for technical reasons to be explained in the sequel, every

vector w € S (U) is approximated by some cw’ with w’ € W, where
Wo={weU:(w,v)=0a,0<a<]1,|w| <1} (6)

for a fixed unit vector v € S (U), thus solving the reduced problem of finding
the minimax risk with respect to the subset {fL (ew,d) : ¢,d € R,w € Wa}
of all affine estimators. Finally, we extend the result to the full problem —
finding the minimax affine risk (with the infimum taken over all w € S (U)).

The article is organized as follows. Section 2 gives some general re-
sults on the model described by (1). Section 3 applies the results to the
fractional Brownian model and the nonparametric regression model with
correlated errors respectively. Finally most of the technical proofs for the

results presented in these two sections are given in Section 4.

2 Minimax Risk for the Hardest one dimensional

sub-problem and the Full Problem

In this section we first consider the minimax risk for the hardest one dimen-
sional problem. These results are then extended to the general F. We start
with a few definitions. Suppose that T is an operator from F to another

Banach space H. The modulus of continuity of 7" is defined as
w(eT,F)=sup{||T(x2) — T(x1)] : ||x2 — x1]| < € and x1,%x3 € F}

where the || || ’s are the norms of the respective normed spaces. As in
Donoho (1994), we define the modulus of continuity of L with respect to the

seminorm ||v||g = [|[Kv|| as
w(e; L, K, F) =sup{|L(x2) — L (x1)] : ||x2 —x1]|g < € and x1,x3 € F}.

We assume that w (¢; L, K, F) is finite for all ¢ > 0. We also make the

following assumptions

Assumption 1. (a) lim_gw(e; L, F) — 0 and (b) lim._qw(e; K, F) — 0.



2.1 The hardest one dimensional sub-problem

To address the hardest one dimensional subproblem, we first look at a one
dimensional sub-problem. Suppose that x1,x2 € F. Let [x1,X2] denote the
convex span of {x1,x2}. Since F is convex, this is a subfamily of F. Now
we consider the problem of estimating L(x) with affine estimators when we
know that x is in [x;,xs]. Let L be an affine estimator defined as in (2).
The risk of L is

~ 2 9
JoR (L ) (x)> — E(L(x) — (w,Kx) — Zw — d)
= (L (x) — (w,Kx) — d)* + || Zw]||?

LN\ 2 )
— bias (L,x> + | Zw])?.
Then the maximum risk for L over [x;,xs] is

~ N 2
Riy o) (L LK) = sup bz‘as(Lx) + || Zw]2. (7)

XE[X1,%2]

Later in the text, we may omit part or all of the secondary arguments
of Rix, x,) in (7) and simply write Ry, (ﬁ) when they are clear from
the context. We will also do the same in other notations with secondary
arguments.

For fixed w € U, R[lexﬂ(ﬁ) is minimized for estimators with
bias ( (x1 + x2) /2)
and this gives
d= L((x1 +x2) /2) — (w,K (x1 + x2) /2).

For the estimator L (w,d), the maximum risk is attained at either x = x;

or Xo. Thus

it Ry, s (0w, ) = (L (x2 = x1) /2 = (w, K (2 = 1) /2))° + | 2w

Notice that in the above equation, we extend the definition of L and K

to the algebra generated by F, and we will do the same later on whenever



necessary. Now, let w = cwg, where wg € S(U) = {w € U : ||w| = 1}.
Then

inf i, (ﬁ(cwo, d)) = inf {c2 | Zwo)>
L1 (%2 = %1) /2) = {ewo, K (x2 = x1) /2)]°}

A straightforward calculation shows that

. T L e : :
101,15 Rix; x] (L(Cwo’d)) - 1[+l ([(ngo (x2 1—) /Xl))]]z

with gw (x) = (w,Kx/2)/||Zw||, where the above minimum is achieved at

_ Li((x2 —x1) /2){wo, K (x2 — x1) /2)
(wo, K (xa —x1) /2)2 + || Zwo|*

C = (Cp

Hence, the minimax affine risk for the one-dimensional subfamily is

well?,EGR R o (L(W’d)) - WOES(I{IJ§§C,CI€R B (L(cwo,d)>

— ot [Ll((x2_xl)/2)]22. (8)

woeS(U) 1 4+ [gwo (X2 - Xl)]

Thus finding the minimax risk for the one-dimensional subfamily is the same
as finding the maximum of |gw (x2 — x1) | over all w € S(U). Also notice
that in (8), gw, is determined by the “direction” of wgy. This means that
instead of taking the infimum in (8) over S (U), we can take it over a set W
of vectors that “covers all the directions” in the sense that for any w ¢W,
we can find w' € W such that w = c¢w’ for some ¢ € R. Donoho (1994),
under his setting, showed that the minimax affine risk is achieved by the
estimator of the form L (cowo, do) with wo = (xg — x1) /[|x2 — x1|| using a
sufficiency argument. This approach is not generally possible in our setting.
However, we can still find a sequence w,, € S (U) such that

lim Iw, (X2 - Xl) = Sup gw (X2 - Xl) .
n weS(U)

Now, by the weak sequential compactness of the unit ball of a separable
Hilbert space, we can find a subsequence w,, that converge weakly to a
w’ € U. A problem that can arise here is that this weak limit may be

0. As a way of getting around the zero limit issue, instead of taking the



supremum over S(U), we take the supremum over an indexed collection
of bounded closed convex subsets of U that do not contain 0. Of course
such sets will not “cover all the directions” in the above sense. However,
by taking a suitable limit on the indexing parameter, such condition can be
“almost” satisfied. Our choice of these subsets are of the form W, = {w €
U:(w,v) =a,|w| <1}, where 0 < a < 1 and v is a fixed unit vector in U.
This collection of subsets has the property that every element in S(U) can
be approximated (in norm of U) by some cw with w € W, and ¢ € [-1, 1],
and the error of this approximation goes to zero uniformly over S(U) as

a — 0. Now we have the following result.

Lemma 1. For every pair x1,x2 € F, and 0 < a < 1 there exists a wq(Xo —

Xl) S Wa such that |gwa(xg—x1) (X2 - Xl)‘ = SUPwew, ‘gw (X2 - Xl)’ .

Next, for 0 < a < 1 and x1,x5 € F, define

Ga (Xg - Xl) = Ga (Xg - Xl;Z,K)

= sup |gw (X2 — X1)| = |Gwa(xo—x1) (X2 — X1)|
weW,

and

Pa (X2 —X1) = pa(x2 — x1;Z, L, K)
(L1((x2 — Xl)/Q))é

weWw, 14 g%v (X2 — Xl)

Extending this notation we also define
Go (x) = sup [gw (x)|
weWy

and )

- (L (x/2)
weWwo 1+ g2, (x)
where Wy = S (U). Note that p, (x) is non-increasing when a | 0. By
Lemma 1, po(x) = (L1(x/2))* /(14 62,00 () = (L1 (x/2))* /(14 G2 ().
0 <a < 1. Thus

po (x) =

9

P (Bw0) =
[L1((x2 — x1) /2)]°

1+ [gwa(xz—x1) (X2 - Xl)]2




for a € (0,1), where Ry, x,] (i}) is defined in (7).

Having examined the minimax risk for a one dimensional sub-problem,
we next find the minimax risk for the hardest 1-dimensional sub-problem.
The lemma given below will be used in the sequel. It is a slightly modified
version of Lemma 5 in Donoho (1994), and can be proven along the same

lines.

Lemma 2. Let'V be a closed bounded convex set in a separable Hilbert space
H, and J(v) a continuous convex functional on V. Suppose that (v,) is a

sequence in 'V converging weakly to v. Then
J(v) <liminf J(vy).
We define

pa(f):pa(f;Z,L,K)

= sup pa(x2—x1;Z,L,K)
X1,X26F

for0 <a<1and

po (F) = po (F;Z,L,K)

= sup po(x2 —x1;%Z,L,K).
X1,X26F

It is easy to see that p, (F) is non-increasing as a | 0. Now, we can prove the
following lemma that finds the minimax risk for the hardest one dimensional

sub-problem for the restricted case w € W,,.

Lemma 3. If F is convex, closed, and bounded, then for each 0 < a < 1
there exists a pair x1(a; Z, LK, F),x3(a; Z, L, K, F) (which we simply write
as x1 (a) ,x2 (a) when there is no confusion) such that p,(x2(a) — x1(a)) =
pa (F).

2.2 The Full Problem

We obtain the minimax risk for the full problem in this section. This is

examined in several steps. First, we obtain the minimax risk for estimating

10



L with affine estimators of the form L (ew,d), with w € W, over a bounded
closed convex parameter space F. Once the minimax risk over such sets are
derived, our goal is to remove the boundedness and closedness for F and
then extend the results to estimators with w € S (U). In particular, we
now give the following result, which states that for a bounded closed convex
parameter space, when we restrict our attention to affine estimators of the
form L(ew + d) with w € W, the minimax risk is the supremum of the

minimax risks of one-dimensional subproblems.

Theorem 1. If F is a bounded closed convex subset of X, then

el s P (£) = 0o ) = a2 (@) =1 a)

where 0 < a < 1 and L = L(cw,d). The above infimum is achieved at
wo = W, (x2 (a) — x1 (a)) with ¢ = ¢y where

Li((x2 (a) — x1 (@) /2)(wo, K (x2 (a) — %1 (a)) /2)
(wo, K (x2 (a) — x1 (a)) /2)? + || Zwol®

Co =

and
d=dy = L((x1 (a) + %2 (a)) /2) — (wo, K (x1 (a) +x2 (a)) /2),
and x1 (a) and X3 (a) are defined in Lemma 3.

Now we argue that the boundedness and closedness constraints for F
in Theorem 1 can be removed. To this end, we have the following theorem
which is proven in a fashion similar to the proof of Theorem 2 in Donoho
(1994).

Theorem 2. Let F be a convex subset of X, and 0 < a < 1. Then

weV(i/?;E,deRRf (i}) = pa (F)

and there exists w € W, and c,d € R such that the affine estimator Lo =

L (ew,d) achieves the above minimaz risk.

Theorem 2 shows that when we restrict the affine estimator to be de-
termined by some w € W,, the minimax affine risk of estimating L (x) is

just the supremum over the minimax affine risks (the infimum is taken over

11



estimators of the form L (cw,d) with w € W,, and ¢,d € R) of all one-
dimensional subproblems. We also notice that every vector in S (U) can be
approximated (in norm) by cw with a ¢ € R and w € W,, and the error of
this approximation goes to zero as a goes to zero. Thus it is natural to think
that the minimax affine risk infy, e gy der BF (ﬁ (cw, d)) can be obtained
by taking the limit in a of infwcw,.cder RF (ﬁ (ew, d)) . The following the-
orem, which is the main result of this article, will show that this is indeed

the case.

Theorem 3. Suppose that F is convex. Then the v in (6) can be chosen

so that

i fr () =iy jnt R (L ew.d)) = i (),

In Theorem 3, the minimax affine risk is expressed as the limit, lim,_, p, (F) .
It will be desirable if we can express the minimax affine risk in term of pq (F).

This can be done for bounded F as given in the following lemma.

Lemma 4. If F is convex, closed and bounded, then

lim po (F) = po (F). (9)

a—0

The result proven in the next lemma shows that we can actually relax
the boundedness restriction on F. To proceed with this avenue, we make

the following assumption.

Assumption 2. For any positive M, we have

Y (M) = sup [[x2 — x1]| < o0
x1,%2€F, || K(x2—x1)||<M

Lemma 5. If F is closed and symmetric and Assumption 2 is satisfied,
then (9) holds.

With the above Theorem and the previous lemma, and also the fact that
Pa (F) = pa (cl (F)), and po (F) = po (cl (F)), which are not hard to prove,

the following corollary is immediate.

Corollary 4. If Assumption 2 is satisfied and F is convex and symmetric,
then inf; o  RrF (jl) =po(F).

12



3 Applications

Now we apply the above results to two examples. The first is the fractional
Brownian motion model, and the second is the nonparametric regression

model with correlated errors.

3.1 Fractional Brownian Motion Model

Let Q = %, ([0, T],R) be the space of real-valued continuous functions on
the interval [0, T] with the topology of local uniform convergence and initial
value zero. Let .# be the Borel o-algebra. There is a probability measure P
on (£,.%#) under which the coordinate process (Z;,t € [0,T]) is a Gaussian

process that has stationary increments and satisfies the following.
i. Zp=0.
ii. EZ; =0 for allt > 0.
ili. R(s,t)=FEZZs = <t2H + s2H |5 — t]2H> /2 for every s,t > 0.

The process (Z;,t € [0,T]) is called the fractional Brownian motion on
the interval [0, 7] with an index H, 1/2 < H < 1. Now consider the following

model
y (1) :/0 F(w)dut oZit € [0,T] (10)

where o > 0 and f belongs to Wg 7] (m,p, C') (Donoho and Liu, 1991) with
m >1and 1 <p <oco. That is, f is defined on [0,7] and satisfies

a. f,..., ™1 are absolutely continuous, and
b. f€%[0,T] and [[f(M] <C.

We are interested in the problem of estimating f®*) (t9) for 0 < k < m
and ty € (0,T) from observing y (t),t € [0,7]. It is assumed that either
k< m—1or p > 1. First we verify that this is a special case of the

model and the estimation problem discussed in section 2. For a function

13



g € £ [0,T], the integral fOT g (u)dZ, is well defined, and it can be shown

that
T 2 T T
E(/o g (u)dZz, )z/o /0 g(u)g(v) ¢ (u,v)dudv < o

where ¢ (u,v) = H (2H — 1) [u — v|** 72, Following Duncan et al. (2000),
1/2
we define |g|, := <f0T fOTg (s)g (t) p(s,t) dsdt) and let

23 = 22(0,7) = {1 : [0.T] = R, |fI} < o0}
An inner product (-,-), can also be defined on Zg:

T T
<f,9>¢=/0 /0 f(u)g ) (u,v)dudv.

Memin et al. (2001) showed that for g € %,y [0,T],

E(/{)Tgw)clzu

This enables us to treat the integration with respect to Z as a bounded
operator from Zy,[0,T] to £ (0, F,P). For f € £][0,T], |f|1/H €
L5 [0,T]. Thus it can be shown that

£y = ([ 11" dt)H
< ((/OT (Ifll/H)2H> e </0T 1dt> H/QH)

=T £,

2
> < c(H,2) llgll3 )z -

Thus the identity map I from %5 [0, T] to £,y [0, 7] is bounded. Combin-
ing these two operators we get a bounded linear operator from .%» [0, 7] to
2 (Q,.%,P). We write this operator as Z; and let Z, = 0Z;. To show
that with 7 = Wy 1 (m,p,C), Z =Z,, and K = I, the model described
by (10) is a special case of the model described by (1), now we only need to
show that Assumption 1 is satisfied, which is immediate from the following

lemma.

14



Lemma 6. Sup rew, r(mp ), <e ||/l = O () where
ak:(m—k—p_l)/(m—p_l+r_1) and0 < k < m.

Now, we examine the rate of convergence of the minimax affine risk for
estimating f(*) (¢9) for model (10). For g € £ [0,T] and d € R, we can

define an affine estimator

T T T

Lad) = [ g@y@dird= [ g f@duro [ gwiz+d
0 0 0

The main result in this section is to obtain the rate of convergence of the

minimax affine risk when o — 0, and to show that the minimax affine risk

and the minimax risk have the same rate of convergence. Define
v(6;Z,LK,F) =inf{|Go (x2 —x1)| : x1,%2 € F,|L1 ((x2 —x1) /2)| = €}.

If {xo —x1 :x1,X2 € F, L1 ((x2 — x1) /2) = €} = 0, then we let v (¢) = co.

It is easy to check that v (€) is convex. Clearly,

[L1 ((x2 — x1) /2)]?
x1xaeF 14 [Go (x2 — x1)]?

{ L1 (x2 — x1) /2]
1+ [Go (Xg — Xl)]
2

€
=Sup ———5——-
b T+ 02 (o)

po (F) =

= sup sup
e>0

5 L1 ((x2 —x1) /2)| = 6}

If F is symmetric and K satisfies Assumption 2, then by Corollary 4, we

have
. . €2

o, R () =y =

In the fractional Brownian model described above, F = W g 7} (m,p,C)

and K =1. Tt is easy to check that W 7 (m,p,C) is symmetric. For a

function h (€) of €, we use the notation h (¢) < € to denote A1e®* < h(e) <

Aqe® for e sufficiently small, and A, A two constants free of e. Now we

have the following lemma that characterizes v for this specific model.
Lemma 7. v (e; Zo, f%) (to) L Wi (m,p, C)> = ek [o, with

_m—p_1+1—H
 om—k—pt

Vi

15



With Lemma 7, we can now obtain the rate of the minimax affine risk

given in (11) above. In particular, we have the following result.

Theorem 5. The minimaz affine risk for the model described in (10) sat-
isfies

inf R <L> = g2/, 12
[: aﬁne W[O,T] (m7p’c) ( )

Next, we will get an upper bound for the ratio of the minimax affine risk
and the minimax risk, and show that the rate of convergence for minimax

risk for estimating f*) (tq) is also given by (12).

Theorem 6. The minimaz affine risk for the model described in (10) sat-
isfies

lnfi affine RW[O,T] (m,p,C) (L)

/o <1.25.
lnfT measurable RWT (m,p,C) <T>

With Theorem 5 and Theorem 6, we have the following corollary.

Corollary 7. The minimaz risk for the model described in (10) satisfies

inf RW[o,T](mJ’C) (T) = g2/,

T measurable

A close look at the results of Theorem 5 and Corollary 7 reveals that
if the index of the fractional Brownian motion H is taken to be 1/2, in
which case it reduces to Brownian motion, then our results agree with those

presented in Donoho and Liu (1991).

3.2 Regression Model

Nonparametric regression with long-range dependent errors was studied in
Wang (1996), who also established asymptotics for minimax risk with respect
to the Ly norm. In this article, we consider the pointwise minimax risk. The

regression model is described as

yz:f(tz)“"zza 1=1,...,n, (13)

16



where the ¢;’s are equispaced on [0, 7] and z1, ..., z, are observational errors
with mean 0 and finite variance. We assume that (z;),,;.,, have long-range
dependence (Wang, 1996),

R(j—i) = Cov(zi,2) ~Ci|j—i|™", j—i—00

with 0 < a < 1. The regression function f is known to belong to Wig 7] (m, p, C) .
The problem of interest is the estimation of f*) (ty) for some to € (0,7), 0 <
k < m, by affine estimators of the form (2) with x = f, y = (y1,...,yn) €
R", and K,, : Wy 7) (m,p,C) — R" and Z,: R" - % (Q, %, P) being
operators defined by K,f = (f(t1),...,f (tn)) and Z, ((c1y..-yen)) =
#2?21 c;z; respectively. For two vectors u = (ul,...,un)/ and v =

(v1,...,v,) in R”, we define the inner product

1
(u,v) = " Zuivi
and the norm
[ully = v/ {u,u).

By the smoothness of the functions in W (m,p,C), it is easy to see that
K,, is well defined. We will also show that K, also satisfies Assumption 1

and 2. Throughout this section we assume,

L(f)=f® (t)
and
F =W (m,p,C).

By Lemma 6, the K,, and F defined above satisfies part (b) of Assump-
tion 1. The fact that Assumption 2 is satisfied follows readily from the

following lemma.

Lemma 8. If n > m, then there exists a positive K independent of f such
that

1

|#9) < B IKasll, + T (14)

fork=0,...,m—1.
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Theorem 8. Let H=1— a/2.Then the minimaz affine risk for the model
described in (13) satisfies

R inf RW[O,T] (m,p,C) (E, Kn, Zn> = nz(H_l)/%

wherefyk:(m—p‘l—l—l—ﬁ)/(m—k—p_l).

By a sufficiency discussion similar to that in the proof of Theorem 6, the

following theorem can be proven.
Theorem 9. For the model described in (13), we have

infﬁ affine RW[o,T] (m,p,C) <L§ K, Zn)

n = < 1.25.
lnfT measurable RW[O,T] (m,p,C) (Tu K, Zn>

By Theorem 8 and Theorem 9, we have

Corollary 10. The minimazx risk for the model described in (13) satisfies

inf  Rwy, . (mp.0) (T’ K,, Zn) < p2(H-1) /%

T measurable

Deo (1997) discussed two kernel estimators for estimating the value of a
function f : [0,1] — R at = € (0,1) from data with long-memory errors. Ac-
cording to Theorem 3 of Deo (1997), if f is assumed to be twice differentiable
on [0, 1] with both derivatives bounded, then the two kernel estimators stud-
ied have asymptotic risk of order (nh,)”“ where h,, satisfies nhi+4/ ()
nhi™ — oo for some n > 0. It can be seen that in this case the parameter
space is a subset of Wg ] (2,00,C) for some C' > 0, and according to our
result, the rate of convergence for the minimax risk is of order n—%e/(4+)
which is a lower bound for the rate for the kernel estimators given by Deo

(1997).

4 Proofs

In this section we provide proofs of the results stated in the previous sections.
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4.1 Proofs for results in Section 2.1

Proof of Lemma 1
Suppose that w, € W,, n=1,2,..., and

|9wn (X2 - X1)| — Sup |gw (X2 - X1)| .
weW,

By the weak sequential compactness of the unit ball B(U), we can find a

subsequence w,,, which converge weakly to wo € W,. Then
(Wi, K (x2 = x1) /2) — (wo, K (x2 — x1) /2)
and Zw,,, = Zwy, which gives
liminf ||Zw,, | > || Zwo].
Thus

up. g (2 = x1)| = i | (W K (52— x1) /2) /1 Zw, |

weW,
= [{(wo, K (x2 — x1) /2)| /liminf | Zw, ||
< [{wo, K (x2 — x1) /2)| /[ Zwo|
= |gw, (x2 — x1))|

< sup |gw (x2 — x1)].
weW,
Letting w, (x2 — x1) = Wy finishes the proof.
Proof of Lemma 3
Suppose that x7',x5,n =1,2,... satisfy
Pa (x5 —x7) — pa (F).

Then we find subsequences x}*,x5* such that x;* % x;(a),i = 1,2. With

Assumption 1, and by Lemma 2, we have Lq (x5* —x|*) — L1 (x2(a)—x1(a))
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and (w, K (x5% — x7*)) — (w,K(x2(a) — x1(a))) for any w € U. Hence,

pa (F) > pa(x2(a) — x1(a))
[L1 ((x2(a) — x1(a))/2)]?

1+ (G (e (a) 1 (a)) (%2(@) — x1(a))]?
[L1<< b x)/2))7

1+ [Gwa (x2(a)—x1 (a)) (X5* — x1*)]?

= lim
> limsup pa(xp" — x7*) = pg (F)

proving the lemma.

4.2 Proofs for Results in Section 2.2

To prove Theorem 1, we need the following lemmas, Lemma 9 — Lemma 14.

We state each lemma, give a proof and then prove Theorem 1.

Lemma 9. Suppose that F is a bounded closed convexr subset of X. For
x,X1,X2 € F and h € (0,1), Let x5, = hx+(1 — h) xo—x1 and X9 = X2 —X].
Then nga(xh) (Xh)‘ - ‘gwa(xo) (XO)H =0 (h) :

Proof of Lemma 9
Since ‘gwa(xo) (XO)‘ > |gwa(xh) (XO)‘ , we have

| 9w () (%) = | Gwa(x0) (%0)| < |Gwa(xn) (%n)| = |Gwa (xn) (X0)]

< Gwa(xn) Kh) = Gwa(xn) (%0)]
| {wa (xn) , BKZ/2)

|Zw o (x1)|
< hIKx]| /2

where M = infwew, [|Zw]|| > 0, and X = x — xo. Similarly, we can show that

| Gwa (x0) (%0)| = |Gwa ) (x0)| = O ().

This proves the lemma.
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Now we introduce a few new terms. For u € U, define

I = {w €Wy (w,u)=t sup (w,u)+ (1—t) inf <w’,u>}
w/eW, w'eWa

where t € [0,1]. Now let u = uy + u, where v is as in (6), uy = av and

u; €ker(v)={weU:(w,v) =0}. For w € W,, we have

(w,u) = (w,uy) +(w,ur) = aa +(w,u)

€ laa — Jlur]|8,ac + [JuL|[ 6]

where 6 = v/1 — a?. Hence, supycyy, (W, u) = ao+||uy || 6 and infy/ ey, (W', u) =

ace — |jup|| 6. For w € I},
(w,u) =aa+ (w,ur) =aa+ (2t — 1) ||ur] 6.
Thus (w,u ) = (2t — 1) [Ju_|| 6. For U,V C X, define
D (U,V) = max q sup inf ||x —y||, sup inf ||x — .
(W.V) = max {sup inf |~ vl sup inf x - v}
Now we have the following lemma.

Lemma 10. Fort € [0,1] and u € U, ifu; # 0, then D (II}J,II}") — 0 as

u’ — u, and the convergence is uniform in t.
Proof of Lemma 10

Let J® = I — av, J® = I — av. It is not hard to see that D (I;l,[;l’) -
D (J;l, Jt‘") . Tt can be shown that

J ={w € By (ker (v)) : (w,uy) = (2t — 1) |Ju_r]|| 0}

where By (ker (v)) = {w € ker (v) : |w]|| < #} and remember that § = v/1 — a?.
Now we will show that diam (J}*) — 0 uniformly in uif ¢t — 1 or t — 0.
Suppose that w € J*. Let w = (2t — 1) fu, /||u || Then we have w' € J*.

Therefore,
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giving ||w||? = |w — w' +w/||* = [|[w — w/|*+||w’||* . We know that ||w’|| =
(2t — 1)| 6 and ||w]|| < 6. Thus ||w — w'||> < 62— (2t — 1)2 6% = 4t (1 — t) 62
so that
diam (J') = sup |[[wy — wo|
wi,waEJH

< sup([Jwr = W[+ [Jwa — w']])
wi,waEJH

< 4/t(1 = 1)0.
Since 44/t (1 —t)0 — 0 if t — 0 or t — 1, and it does not depend on u, we
have proven the claim that diam (J}*) — 0 uniformly in u.
Now for any 1 > € > 0, we can find § such that whent>1—46 or t <9,
diam (J}*) < €¢/3. When |[u’ —u| < €]ju_]| /6, we have

(2t —1)buy (2t —1)6u) 2t —1) 0 ([ || — flar])us + [[ur] (uy —ul)))

l

] o, | EAICA|
< % (Ut = s ] + [l — )
2Muy —u || 2lu—u|
la|l T fuy
< % =€/3.

Since (2t — 1) Ouy/ |uy| € J#, and likewise, (2t — 1) 6u’, /|0’ || € ¥, we
have that for t > 1 —§d ort < §, D (Jt“,Jt“/> < €. Now suppose that
te€ (0,1 —0).Forw e J*, we have (w,u ) = (2t — 1) [Ju_|| 0. First, we con-
sider the case in which (w,u’ ) < (2t — 1) ||u/, || §. Suppose that ||[u—u'|] <
61 = 60 |lu | e/4. Then |juy —u' || < 61, [(w,u) —(w,u)| < 01, and
|(2t — 1) [Jup] @ — (2t — 1) ||u’, || 8] < d1. Therefore,

(w,u') > (wyup) = = (2t —1) lur] 6 — &

> (2t — 1) || || 6 — 26:.

Next, let w' = pw+qbu’, / [[u', ||, wherep = ((2 = 2¢) 0 [[u', [|) /(0 [0, || — (w, ') <
1 and ¢ =1 — p. We then have
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o', = @—MQWN>WND+<1 @—%wmn%)ﬂhw

A RIS O =

— (2t —2)0 ||| + 0w, ]| = 2t —1)0|u
and

[w = w'[| = %= (pw + gt/ s )] < llawl] + 0
<2q

:2<1_ @—2wmmU|>
0w, || - (w,u')
(2t = 1) 6w || — (w,u')
Hhﬂﬁ;Wﬂﬂ>
201
O A RN
P S 201 <e
= 200 [[u/, || = 00 [[uLll— &

=2

For the case of (w,u’|) > (2t — 1) ||u’, || 0, we just need to replace the p above
by 2t |0’ || 6 /({(w,u’) +6|u' ||) and W’ by pw — ¢gfu’, /|0, || and repeat

the discussion. This shows that supy,¢ ju inf |lw — w'|| — 0. Exchang-

w/eJy |
ing the role of u and u’, we can show that SUD /¢ o infwen |[w —w'[| — 0.

This finishes the proof.

Lemma 11. Define the function @y (t) = dist (0,Z (I}*)) . Then py, is strictly

CONVeEL.
Proof of Lemma 11

For any ¢1,te € [0,1], suppose that z; € Z (It‘:) , ||zi|| = dist (O, Z (It‘:)) 1=
1,2. Then for p € (0,1),qg = 1 — p, we have pz; + qzo € Z ([zlJltl—i-qtg)' Thus
Qu (pty + qta) = dist (0,Z (I%, 1 1,)) < lIp2z1 + qza|| < pllz1]|+q|22|| . Since
0,z; and zo cannot be on the same line, the last inequality is strict. Hence,

(py is strictly convex.

Lemma 12. Let U,V be two closed, bounded and convex subsets of a Hilbert
space H, h € H and dist (h,U) = . Suppose that D (U,V') < € for some 0 <
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€ <1/2. Let hy € U hy € V satisfy |hy — h|| = dist (h,U) and ||hy — h|| =
dist (0, V). Then ||h; —hy| < 4V/1 /e

Proof of Lemma 12

Clearly, dist (h,V) > dist (h,U) — €. Since D (U,V) < ¢, we find h’' € V
such that ||hy —h’|| < e. Thus |[h—h'|| < [|h—hy[| + € < ||h = hy| + 2e.
Suppose that h' — hy = g1 + g2, where gy = p(h — hs), and go L g1. Now
assume that p > 0. Let h, = (1 — @) hg + ah’, and

h(a) = [l = |
= (1-ap)®|h —hy|* + o g
We have
W (a) =2|ga|*a—2p(1—ap),

which gives h' (0) = —2p < 0, which contradicts the fact that hs achieves
the distance between h and V. This shows that p < 0. Thus

[~ W|| = /(b — ol + g )? + g2l

> max {\/Ilh — hof|* + [lgall*, b — ho| + IIglll} ,

which gives ||h — ha|| + ||g1]| < [[h — ha|| + 2¢. Thus ||g1]| < 2¢ and

VI = BalP ol < 1 ] + 2.

or
lg2||? < 4€% + 4e||h — hy|| .

Thus
0 —ho|| = \/lle1]* + [lgall?
= 21/2€2 + €||h — hy||
< 3VIy/e.
Now,

Iy = hof| < [[hy = h'[[ + ||’ — hy|
< e+ 3Vie
< 4Vl
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Lemma 13. For every pair x1, xo € F, there are at most two choices for
W, (X2 — X1); and if there are two choices, say, w1 and wWa, then wi and wa

have different signs.
Proof of Lemma 13

Let ¢y (t) = aa+ (2t — 1) 0 ||uy|| = (w,u) for some w € I}*. First, sup-
pose that ¢ (x,—x,) (to) = 0 for some tq € (0,1). We have G, (x2 — x1) =
SUPyeo,1) SUP, ¢ Koxz 1) |gw (x2 — x1)| . It is easy to see that BUD _ /Koxp—x) lgw (x2 — x1)]
= |¢K(x2—x1) (t)| /cpK(XQ_xl) (t) . Since g (xy—x;) (t) < 0 for ¢t € [0,#0) and
Pr(xo—x,) (t) > 0 for t € (to,1], we have

X2 —X t
Gq (x2 —x1) = sup 1%y ) €
te[0,1] PK(xa—x1) (t)

zmax{ _M w}

sup , sup
tefote]  PK(xo—x1) (B) tefto1] PK(xa—x1) (t)

Let k1 be the smallest positive number k such that the line segment y =
k(t—to),t € [to,1] intersects y = Yg(xy,—x,) (t). Since, by Lemma 11,
PK(x2—xy) (t) is strictly convex, we know that the line segment intersects
YK (xs—x,) () at only one point, say, (tl,ng(XQ_xl) (t1)) . Thus elementary

calculations give us

¢K(xg—x1) (t) . ¢K(xg—x1) (tl)
sup = )
t€lto,1] PK(x2—x1) (t) PK(x2—x1) (tl)

Similarly, we can find ¢4 € [0, o] such that

¢K(X2—x1) (t) o ¢K(x2—x1) (t2)
sup — =—

te[0,to] PK(x2—x1) (t) PK(x2—x1) (t2) '

By convexity, we know that for each t, ¢k (x,—x,) (t) = [|Zw]| for only one

w € ItK(XQ_xl)

, and that there can be at most two choices for w, (x2 — x1),
they are the wy and wo that satisfy pr(x,—x,) (ti) = [|[Zw] ,i = 1,2. Now
suppose that ¢ (x,—x;) (f) = 0 0or P (x,—x,) (t) < 0 for all £ € [0,1]. Since
these two cases can be discussed the same way, we will only do the former,
PK(x2—x1) (t) = 0.

If |[(K(x2—x1)),[| = 0, then ¢ (x,—x,) (t) is constant. There is a

unique ¢’ € [0,1] that minimizes Qg (x,—x,) (t), and we find w’ € If,((xz_xl)
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such that Qg (x,—x,) (t') = [|Zw'|| . Then w' is the unique choice for wg (x2 — x1) .
If [[(K (x2 —x1)) | || # 0, then suppose that ¢” ¢ (0, 1) satisfies

aa+ (26" = 1) 0 ||(K (x2 —x1) )| = 0.

Now, let k2 be the smallest positive number k£ such that the line segment
k(t—t") =y, t €[0,1] intersects y = YK (x,—x,) (t). Again, by the con-
vexity of Yk (x,—x;) (t), these two intersect at exactly one point, which is
denoted by t3. Suppose that wg is the unique element in Itl_f (x2=%1) g1¢h that
PK(xa—x1) (t3) = [[Zws3]|. Then wj is the unique choice for w, ((x2 —x1)).

This proves the lemma.

Lemma 14. Let x1, X3; xgn), xg"), i=1,2;,n=12,... be elements of

F and XZ(-") — X, KXZ(-n) — Kx; fori = 1,2. Suppose that wi,ws € W,
are the two choices of wg (X2 —X1) defined in Lemma 13 (they could be
the same). Then for at least one of them, which, without loss of general-

ity, we assume to be wi, we can find subsequences xlnk), Xé"’“) such that

Zw, <x§nk) — xgnk)) — Zwi.
Proof of Lemma 14

We only give the proof for the case that a ty € (0,1) can be found sat-
isfying ¢x (x,—x,) (to) = 0, where ¢ (x,—x,) is defined in the proof of the
previous lemma. The proofs for other cases are similar, in fact simpler.

Let t(()") be such that ¢K<x§")—x§")) (t(()")) = (. It can be easily shown that

¢K(x;")—x§")) (t) = dK(xo—x) (1) If K <X§n) - Xgm) — K(x2 —x;), and
this convergence is uniform in ¢ for ¢ € [0, 1]. This gives t(()n) — tg. Let tq, 19

be such that 0 <t <ty <ty <1 and

_¢K(xg—x1) (tl) o _¢K(X2—x1) (t)
= sup —— =2~
YK (x2—x1) (tl) te[0,to] PK(x2—x1) (t)

)

¢K(x2—x1) (t2) — sup ¢K(x2—x1) (t)

PK(x2—x1) (t2) telto,1] PK(x2—x1) (t)’
and W1, Wo are the elements in
Itlf(xrxl), Iff(xrxl) respectively satisfying [|Zwi]| = ¢g(x,—x;) (f1) and
1Zwa|| = @r(xo—x;) (t2) - By discarding the initial terms, we can assume
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that t(()n) € (0,1) for all n. Similar to tq,ty and wq, wg, we define 0 < tgn) <

K (5 — (™ (n) _ (m)
t(()n) < tén) <1 and w%n) el <x2 ' ) (n) € I( ( - ) satisfying

¢{™ ")
Ot ) (tgn)> = sup _(Z)K(XZ—_"l)(t)
@K(xg—xl) <t§n)) te [07t(()")] (’DK(X2—X1) (t) ’
£
K —x) <2 ) - ow PK(xa—x) (1)
K (x2—x1) (g > (n) ] PK(x2—x1) (t)’

and HZWZ(-H)H = SOK(xg”)—xg”)) <t§n)), t = 1,2. By Lemma 10 it can be

shown that 901{( ) (n)) (t) = YK (xo—x,) (t) uniformly in ¢ € [0,1]. With
X2 TXp

the uniform (over t) convergence of wK(x;”)—xg”)) (t) and ¢K(x;")_x§")) (t)

and the strict convexity of ¢ (xé’“—xﬁ’”) (t) and @K (x,—x,) (), We can show

that £\ — #; and £ — t,. If

—PK(xa—x1) (1), PK(xa—x1) (t2
PK(x2—x1) (tl) PK(x2—x1) (t2

)

_¢K(x2—x1) (tl) > (bK(xz —X1) (t2
PK(xo—x1) (1)~ PK(xa—x1) (B2

)
)
then there will be only one choice for w, (K (x2 —x1)). I
)
) )

(n)

then w1 is chosen, and eventually, we will also choose w; " for w,, <K <x2

By Lemma 10 we have
K (5™ ™
D (It‘f(”‘"l),ftl (7= )> 0.

Since tgn) — 11, it is easy to show that

b <It11< (xgn) —Xgn)) 7 IK (X;n) _Xgn)) > o

(™
Thus

¢

K (5™ _ (™
D (It‘f(”‘"l),f (<= )> 0.

(n)

By Lemma 12, we know that Zw; "’ — Zw;. For the case of

_¢K(xg—x1) (tl) < ¢K(xg—x1) (t2)
PK(x2—x1) (tl) PK(x2—x1) (t2)7
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the proof is similar. Now suppose that
_¢K(x2—x1) (tl) _ ¢K(x2—x1) (t2)
PK(xa—x1) (1) PK(xz—x1) (2)

Since we have to pick either Wgn) or Wgn) for w, (K <x§") — Xgn)> ), we must

pick infinitely many from either of the two sequences (wgn)> or (wé")> .
Without loss of generality, we assume that we pick an infinite number ele-

ments from (Wgn)) and form a subsequence (w&"’“)> . Then we pick wy for

w, (K (x2 — x1)) . Again, we can show that Zwlnk) — Zw.

With these results, we can now prove Theorem 1 .
Proof of Theorem 1

For simplicity, let x; = x; (a),i = 1,2. Suppose that x € F. We want to

A A 2 A A
show that Ry, x,)(Lo) > [Ex (Lo —L (x))] , where Lo = L (cowq, dy). We
have

R 2 . . 2 )

Ex <L0 - L (x)) = bias <L0,X) + [[coZwy|
and
. . 2
R[Xl,xz](LO) = Exi (LO - L (XZ))

. 2
= bias (Lo,xi) + |lcoZwo|* i = 1,2.

Therefore, we only need to show that ‘bz’as (ﬁo,x>‘ < ‘bias (i)o,xi>

1=
1, 2. Since bias (f/o, xl) and bias (ﬁo,x2> have opposite signs, without loss
of generality, we may assume that bias (ﬁo,x2> and bias (ﬁo,x> have the
same sign. We will only deal with the case in which bias (ﬁo,XQ) > 0.
The other case can be proven similarly. Let x; = hx + (1 —h)xg. If
bias (ﬁo,x) > bias (ﬁo,x2> , then let bias (ﬁo,x) — bias (ﬁo,x2> = A.
We have
bias (ﬁo,xh> — bias (ﬁo,x2> =h (bz’as (ﬁo,x> — bias (.Z/Q,Xg))
= hA. (15)

Our technique will be to show that this cannot be true. Let v (s,t) =

32/(1+t2),sh = Xj — X1, S) = X2 — X1, S = X — X2, and W, = W, (sp),
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wWo = Wg(Sp). Since x;, — X2, by the continuity of K on F, we have
Kx;, — Kx», and thus Ks;, — Ksg. Hence, by Lemma 14 we can find wy,,
such that Zw, — Zwg. Now we can find a subsequence of wy, , which we
write as wy, also for simplicity, such that wy, — w’ for some w’ in W,. It

is easy to see that w' = wg. Thus

(th,KShk> <W0,KSQ>

gwhk (Shk) = = Gwog (SO) )

—
1Zwh, | 1Zwol|
which means that they eventually will have the same sign. With this and
Lemma 9, we have gw, (Sh,) — 9w, (S0) = O (hy) . Also,
(9wie = 9wo ) (50) = G, (Sh) = 9o (50) = Gws, (She) + G (50)
=0 (hg) .
Let 1/]0 = ¢ (Ll (50/2) » Gwo (SO))7 1/]1 (Svt) = %_f (37t) 7w2 (37t) = %_f (87t)7
? = 1,[)1 (L1 (50/2) y Gwo (So)), and 1[)3 = 1,[)2 (L1 (50/2) y Gwo (So)). We then
have
(0 (Ll (Shk/2) y 9w, (Shk)>
=0+ Y0L1 (hi/2) + 08 (Gwn, () = Gwo (50)) + 0 ()
=60+ 68 (g, — 9wo ) (0) + U L1 (ys/2)
it (Gwn, — Gwo ) () + U3wo (his) +0 ().

= (L1(50/2) 9wy, (50)) + 01 L1 (hi5/2) + ¥3guq (his) + 0 ().
By the definition of x5 (a),x1 (a), and wo, we know that
¥ (L (50 /2) 9w, (51)) < 0" <9 (L1 (50/2) g, (50)) -
Thus L1 (hi5/2) + 99w, (his) + o (hg) < 0. However,

ULy (his/2) + V3 gw, (his)

_ 2Li(s0/2) ;o or 2[L1 (50/2)] gwg (50) S
T T T g
2L (s0/2).

(Ll (hks/2) — Cp <W0, thS/2>) .

1+ g2, (s0)

29



We have bias (ﬁo,XQ) > 0. Also

B (£0) = L (x4 x2) /2)| < L (x2) = L ((x1 +%2) /2)]
and they have the same sign. Therefore, we must have
L(Xg) — L((Xl + Xg) /2) =1, (50/2) < 0.

Hence,
2L1 (50/2)
1+ g2, (s0)

which gives

(L1 (hes/2) — co (wo, hiKs/2)) + 0 (hy) <0,

1+ g0 (s0)

Ly (hgs/2) — hiKs/2 hi) >0
1(ks/) CO<W07 k S/>+ 2L1(S()/2) O( k)— )
or
Ll (hks) — Cp <W0, thS> +o0 (hk) > 0.
But by (15), we know that L; (hgs) — co (wo, hiKs) = —hiA, giving a

contradiction to the last inequality above, hence proving the desired result.
Proof of Theorem 2

Showing that the closedness condition can be removed is done exactly the
same way as the corresponding part in the proof of Theorem 2 in Donoho
(1994). We will now show that the boundedness constraint can also be
dropped. Let F, = {x € F:|x[| <k}. It is easy to see that p, (Fj) 1
pa (F) . Clearly, infwew, c.der RF (f)) > pg (F) . We can assume that p, (F)
< 00, for, if not, the result is trivial. Also, for a non-trivial setting, p, (Fx) >
0 for sufficiently large k, so that by ignoring the first few terms, we can
assume that p, (Fi) > 0 for all k. Since Fy, # ¢ for sufficiently large k, we
will assume this to be true for all k. By Theorem 1, we can find w; € W, and
¢k, d. € R such that the estimator Ly = L (ckwy, di;) satisfies Rz, <ﬁk) =
infwew, cder RE, (f) (cw, d)) = pa (Fr) - Now, we will show that supy, |cx| <

oo. In fact,

Pa (Fie) = wemi/?ﬁ,deR 2 (ﬁ) = Br, (ik)

~ 2
= sup bias (Lk,x) + lleeZwi]|* > [lexZws |,
xEFy
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so that
sup ci | Zwe||” < SUp o (Fk) < oo.

Since infy, [|Zwy|| > infwew, | Zw| > 0, we have sup;, ¢ < oco. Next, we will
show that supy, |di| < co. From the above discussion, we observe that

. 2
00 > sup pg (Fk) > sup sup bias (Lk,x)
k k xeFy

. 2
> sup bias (Lk, xo) = sup ({cxwy, Kxo) + dp — L (xo))2 ,
k k

where x¢ is any vector in Fj. Since supy, [(cxwg, Kxo) — L (X¢)| < o0, we
must have supy, |dg| < oo. Thus we can find a subsequence which for sim-
plicity, we continue to write as ¢y, dy, and wy, such that ¢ — ¢y, dr — do,
and wp — wg € W, weakly. We claim that i)o = i}(ckwk,dk) is the
affine estimator that we are looking for. If fact, we have |coZwy| <

liminfy, ||cpZwyg|| < limsupy, ||cxZwy||, and

bias (i}o, x) = |(cowo, Kx) + dy — L (x)| = liin |(crwi, Kx) + dj, — L (x)|

= lim bias (i}k,x) < liminf sup bias (ﬁk,xl> ,Vx € F.
k x'€Fp,

Here we used the fact that x € Fj, for k large enough. Hence,

. 2 . 2
sup bias <L0,x> < liminf sup bias (Lk, x) .
xeF xeFy

Thus we have

~ N 2
inf R (L) < sup E <L _ I )
WEV[}?,C,dE]R 7 - ,Sglel_g x 0 (X)

. 2
= sup bias (Lo,x> + || Zwo )
xeF

. 2
< liminf sup <bz'as <Lk,x> + ||Zwk\|2>
xXEF

— . < . z
hlgn Pa (Fi) < wew}?,g,deﬂ{ Rr (L)

proving the desired result.
Proof of Theorem 3
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Clearly M =inf; . —Rr (i}) <limg g po (F), since inf; o Rr (i))
< pa (F) for all a € (0,1). Suppose that Ly = L (wo,dp) is an affine es-
timator such that Rz (ﬁo) < oo. We will use wyg /[|wo|l as the v in (6).
For any ¢ € (0,1), we find an affine estimator L. = L (w.,d,) such that
Rr <ﬁ6> < M +e. If we ¢ ker (v), then there exists a. > 0 and ¢, such that

we € cW,,. Then p,, (F) < Rg <ﬁ€> < M + e If w, € ker (v), then let
ﬁ’:pﬁ0+qﬁe WhereO<p<e/<M+e+Rf<ﬁ0)) and g =1 — p. For

any x € F, we have
-, 2 ~ ~ 2
Ex (L - L (x)) = Ex (pLO —pL(x) +qLc—qL (x)>
. 2 . 2
< 2By (Lo ) (x)> + 2By (LE .y (x))
. 2 . 2
+pg <Ex (Lo— L) +Bx (L~ L(x)) )
. 2
<e+¢*Ey (Le —L(x)> +e
. 2
< 2¢ + By (LE—L(X)> < M + 3e.
Since Rr (I:’) > po (F) for some a > 0, we have
lin%pa (F) < M + 3e.
This finishes the proof.
Proof of Lemma 4
Since po(x2 — X1) < pa(x2 — x1) for any 0 < a < 1, it is clear that
lim pq (F) > po (7).

Suppose that there is a positive € such that lim,_.g pg (F) > po (F)+e€. Then
there exist sequences x7, x4 € F, and a, | 0 such that p,, (x5 —x7) >
po(F)+en=1,2,.... By passing to a subsequence, we can assume that
x? % %y and x} % Xy, where X;,%y € F. Clearly, po (X2 — %1) < po (F).
We can find wg € S (U) such that

Ly (%2 — %1) /2))°
1+ g%vO (}22 — }21)

< po (5{2 — )~(1) + 6/3.
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With Assumption 1 and Lemma 2, we have [L1 (x} — x7)]* — [L1 (X2 — %1)]*.
Also, (wo, K (x§ —x7))? — (wo, K (%2 — %1))? so that we can find N such
that for all n > N,

[L1 (5 —x1) /2)]° _[L1 (R2 — %) /2)]°

< - ——+€/3.
T+, 05 —x) ~ 1+, Ga—%0)

Now, suppose that wq is not in ker (v). We can find N’ such that when
n > N’ cwg € W, for some ¢ € [—1,1]. Thus for n > max{N, N'} we have
that
(L1 (x5 — x7) /2
14 g5, (x3 —x7)
_ L (Re —%0) /2
1+ g%, (X2 — X1)
< po (X2 —X1) + 2¢/3,

Pan (X5 —X7) <

+€/3

which is impossible. This shows that wg € ker (v). It is not hard to prove
that we can find w,, € W,, such that the sequence {w,} converges to
wo. Since K (F — F) is bounded and Z is a bounded operator, we have
Gw, (X2 —X1) — gw, (X2 — x1) for any x;,x2 € F and this convergence is
uniform. Also, {L; (x5 —x7):n=1,2,...} is bounded. Thus there exists
N" such that when n > N”  we can find w,, € W,_ close enough to wq such

that ) )
(L (x5 —x3) /21" _ [La (x5 —x7) /2)]
L+gg, (x5 —x7) 7 1495, (x5 —x7)
Hence, for n > max {N, N', N"} | we have

L1 (x5 — 1) /2))?
1+g3, (x5 —x7)
L1 (x5 — x7) /2))°
1+ g3, (x5 —x7)
Ly [(%2 — %1) /2)°

< = — +2¢/3
1+ga,0 (X2—X1) /

+e/3.

Pan (X3 —X7) <

+e/3

< pa(Xo—X1)+e€
< po (F) +e,

which contradicts the assumption. Thus

Lim pq (F) < po (F)

33



completing the proof.
Proof of Lemma 5

Let Fs = F N Bs(X) where Bs (X) = {x:||x]| <s}. Suppose that
x1,X2 € F. Then since F is symmetric, —x1, —Xg are also in F. Let x| =
(x1 — X2) /2, and x5, = (x2 — x1) /2. We see that x},x}, € F, and x, — x| =
X9 — X].

Therefore, p, (x2 —X1) = pa (X5 — %)) < pa (~7:||(x2—x1)/2||) . Again, we
only need to prove that lim,—o pa (F) < po (F). If not, we find § > 0 and a
sequence a,, such that a, | 0 and

lim pq, (F) =7 (F) = po (F) + 0. (16)

n—oo -

LetM > \/64[|Z| po (F) /6 + 32| Z|%, and M’ > x (M). By Lemma 4,
lim pq,, (Farr) = po (Fur) -

n—oo

Hence, for € € (0,0/4)we find m’ such that

Pa,. (Fumr) < po(Fmr) + €
<po(F)+e (17)

and a,y < 1/4. Equation (16) gives us pq_, (F) > po (F) + 6. Thus there

exists a pair x1,x9 € F such that

Pa,y (X2 —X1) > pa,, (F) — €
> po(F)+0—e (18)

Let x| = (x1 — x2) /2, and x}, = (x2 — x1) /2. If ||(x2 — x1) /2|| < M’, then

x},x5 € Fpp, and this gives

po (F) +0—€<pq,, (X2 —x1)

m

which is a contradiction. Hence, ||(x2 —x1) /2| > M.
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Now, let %, = M'x} /||(x2 —x1) /2| ,4 = 1,2. We have X;1,%9 € Fip.
Let wo = K (%2 —%1) /||K (%2 — %1)|| . Then either cwq € W, _, for some
c € [-1,1] or there exists w' € W, , such that ||w' — ewgl| < 2a,, for c =1
or —1. In either case, we can find a w’ such that |w’ — cwgl| /||ewol| < 2a../,
with 0 # ¢ € [-1,1]. Thus

gur (& ‘ w K (%2 — %X1) /2)
! 1Zw|
W —ewp + ewo, K (%2 — %1) /2)
B ‘ 1Z (W' — cwo + cwo) || ‘
[{ewo, K (X9 — X1) /2)| — (W' — ewp, K (X2 — X1) /2)]
- 1Z (W' — ewo)|| + [[cZwol|
o 1K (%2 — %1)|[ /2 — [c] am [ K (X2 — %)
- 1Z (W' — ewo)|| + [[cZwo|
c||K (%2 —%1)|| /4
2¢||Z|
s
—4|z|)
and
Jow (x5 — ;)| = X220 50)) > g (0 — 0.

It can be shown that w, , (X2 —%1) and w,_, (xj —x]) can be chosen to

be the same, which is denoted w. Therefore,

M
lgw (X2 — X1)| > |gw (X2 — X1)| 2 1Z]
and u
o () 2 o (0 )] = 170
giving

[L1((xh =x1) /2] [La((xh = x7)/2)]*
1+ g5 (x5 — %)) 9 (X5 —x7)

= pam’ ()(/2 - Xll)

16 Z
- ]’\’4-2H pam’ (X2 - Xl) :




Similarly,

Li((%2 — %1)/2)]?| _ 16||Z] o
L1 (e = %0)/2)7] _ ]\\\42” P, (%2 — %1).

Pa,, (X2 —X1) —

However, noticing that
(L —x0)/2))* _ [La((xg — x1)/2)]
g% (=) (W - x1/2)° /||Zw]?
_ L (R —%0) /2))

9% (X2 — %1)

)

we have

‘pam’ (Xl2 - X&) - pam/ (XQ - Xl)‘

Li((xh = x)/2)) | [L1 (k2 — %1) /2))? .
:a/X,_X,_[ 2 L + — = — P, (X9 — X
Pam ( 2 1) gfv (x5 —x)) gv%v( 2 —X1) Pan (X2 2
—x)/21| | |[L1 (%2 — %1) /2)]
< 1 _[ (( Xl)/ 1 2 1 . s
— pam’ (X2 Xl) gv%v (Xl2 _Xa) + g‘QXI 5\{2 _5\(1) Pa. ;s (X2 Xl)
_ 16]|Z o
= ]Upn (Pa, (x5 = x1) + pa,, (X2 — %1))
16 ||Z
< L2 (= x0) 4 (Far)
Thus

Pa,,, (fM’) > Pa,,, ()22 - il)

2 pam, ()(/2 B X/l) - ‘pa’m’ (X/2 - X/l) - pam’ ()22 _il)‘

16 ||Z]?
> s (54— x0) ~ V2L (0 x0) + g (Far)

or
16 HZH 16|z

p[lm/ (fM,) M2 At (fM/) > pa‘m’ (X/2 - X&) B M2 pa‘m’ (Xl2 - X&) )

giving

16 |Z* 16 |2
(1 + M2 pam’ (fM/) 2 1 - M2 pam’ (X/2 - X/l) .

By (17) and (18), we have
2 2
<1+ oz )(Po (F) > (1— 617 )(Po (F)+o-0).
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And this gives
2

proving the lemma

4.3 Proofs for Section 3

For convenience, in the proofs of this and the next section, we shall use
K, Kq,...and M, My, ... as generic constants which may wary from line to
line. They may depend on the fixed numbers such as m, p, or C, but not on
the function f or the number of sampling points n.

For the proof of Lemma 6, we need the following results.

Lemma 15. Let f € Wigq (m,p,C), and 0 < k < m. If !f(k) (t)‘ > A,
for t € [t1,ta] with to —t1 = B, then we can find 71,70 € [t1,t2], with
Ty — T1 > MB, such that |f (t)] > purAB*. Here, Ay and py are constants
depend only on k.

Proof

The result for k = 0 is clear. Now let k = 1. By the continuity of f’(¢),
|f'(t)] > A for t € [t1,to] implies that either f'(t) > A or f'(t) < —A.
We will only provide the proof for the former case, since the proof for the
latter case is similar. Suppose that ¢’ = (to +¢1) /2. If f (') > 0, then let
tgl) = 3ty /4 + t1/4 and tgl) = t9. We have

so that,

Thus for t € [t&l),tg”} ,f(t) > AB/4. If £(#') <0, then let t\") = #; ¢, =
3t1/4 + t2/4. Then we have f (t) < —AB/4 for t € [tgl),tél)]. The proof of

the lemma can be completed by an induction on k.
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Proof of Lemma 6

First, we prove the lemma for 1 < p < oo and k = m — 1. Suppose that
[| Fm=D)| o= | fm=D (#')] = 2A. Since the discussion for f™1 (') = 24
and that for f(™=1) (') = —2A are almost the same, we only give a proof
for the case f(m=D (') = 2A4. Let § = (A/C)?/*P~Y and § = min {5,T/2} .
Then we have either [t',¢' +¢'] C [0,7] or [t' —d',t'] C [0,7]. Without
loss of generality, we may assume that [t',¢' + ¢'] C [0,7]. We claim that
fm=1(t) > A for t € [t/,t' + &']. If not, we can find a t” € [t/,t' + §'] such
that f(m=1 (#/) < A. Then we have

t' 45
[ o o]
t/ t/

— ‘f(m—l) (t”) _ f(m—l) (t/)

t”

FOm () dt

> A,

giving
o= [ e of o

> & <51 /t e [ (1) dt)p

> §TPAP > 5P AP = <%>_p AP = CP,

which is impossible. Hence, by Lemma 15 we find 71, 75 € [t/,t' + ] with 79—
71 = 8" > A\p—10’ such that for ¢ € [r1, 2], we have |f (t)| > Lm—1 A8 ™1,
Now,

11> (omea (i A1)
= KAy/rtm=1),

If || fomD| _ /2 > C(T/2)P D/ then § = T/2 and

T>(1/r+m—1)

191, = K4 (5

or
11, > & || D)
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which means that || f(m=1 |./2<C (T/2)P~V/P for || fIl, small enough. If

this is the case, we have §' = § and
I£1l, > K As/r+m=
_ K(2A)1+p—fl(1/r+m—1) .

Therefore
1

e (F)

m— 1+
Pl = i
= K| flgm

Now, suppose that we have proven the lemma for k, 1 < k < m — 1. Let
Hf(k_l)Hoo = |f#=D (#')| = 2A. As before, we assume that f*=1 (¢) = 24.
Let § = A/Hf(k)Hoo and ¢’ = min {4, 7/2} . Then either [t',t' + ¢'] C [0,T]
or [t/ —d',t'] C [0,T]. Without loss of generality, we may assume the former.
For every t € [t',t + &'], we have f*~1 (t) > A. Now, by applying Lemma
15, we can find [r1, 73] C [t/,t' + '] with 9 — 71 = §” > A1’ such that for
t € fm,ml, |f ()] > pe-1A6 1. Next,

T . 1/7‘
T ( [l dt)
T1
r\ 1/r
Z <5// <Nk—1A5/k_1> >
= KAy" Hh

If Hf(k_l)Hoo >T Hf(k)Hoo, we have ¢’ = T'/2. Then

rl4k—1
171, = 54 ()

o —(r~'+k-1)
=) =2a < ki, (3) -

If || f]],, < 1 then (19) gives

(19)

|60 < w s

since a1 < 1. If (19) is violated, then Hf(k_l)H

means that & = §. Therefore

< t||f®].. which

[e.e]

If]l, > KA§™ +h-1
— KAtk Hf(k)Hl_rl_k_ "

[e.9]

39



By the assumption, we can find € and K; such that when || f||, < €, we have
Hf(k)HOO < K1 ||f||* . Then by (20), when || f||, < € we have

rlik—1
U ik
o

|70 =24 <k

-1

+hk—1
< K| fllr e (B || £10%) 7=+
= K| flI7*".

This proves the lemma.

The following lemmas are needed for proving Lemma 7. Assume that
fe€% [0,T] and F (z) = [ f(t)dt for z € [0,T].

Lemma 16.

/Oy /Ou /OT_tf(ﬂc+t)f($) dxdtdu = %/1:, (F(T) - F (2))? dot

Proof

Let F (x fo t) dt. We have

/0“ /OT_tf (z+1t) f (x)dxdt

T—u T
:/0 F(w—f—u)f(x)da:—i—F(T)(F(T)—F(T—u))—/o F(z) f(z)dx
Thus

/oy /0“ /OT_t f(x+1) f () dedtdu

y T—u T
:/ </ F(w—i—u)f(x)dx—i—F(T)(F(T)—F(T—u))—/ F(x)f(m)dx)du
0 0 0
1 /T ) 1 [Ty 5 1Y,
:—/ (F(T)— F(x)) d:c+—/ (F(x+y)—F(x)°dx+= [ F*(x)dz.
2 Jr_, 2 Jo 2 Jo
Lemma 17. There exists a constant A. such that for any 0 < 6 < T, and
s € 10,T] such that [s,s+ 6] C [0,T], we have

/ / flu C P2 Gudy > A2 |F (s 4 6) — F (s)]2.
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Proof

Let I = fOT fOTf(u)f () Ju — v[* 72 dudv. Tt is enough to prove the
lemma for bounded f, since such functions are dense in %, [0, T], and hence
in Zg [0,T]. Let g(t) = OT_tf(aH—t)f(:B) dz, G(t) = fgg(s)ds, and
Q)= fg G (s)ds for t € [0,T]. First, notice that

I= /OT/va(u)f(v) (v—u)zH_Qdudv—l—/OT/va(u)f(v) (u—v)*7 2 dudv
—9 /0 22 (0

ZQIQH_%?Uﬂ——2@EI—2)T”L3Q(T)+2(2H——%(2H¥—3X/T19H_QQ@de
0

It can be shown that G (T") > 0, and by Lemma 16, Q (T') is also positive.
So we only need to show that there exists K such that fOT 2?H=4Q (x) dox >
K&*1=2|F (s 4+ §) — F (s)|*. By Lemma 16 we have

T 1 T T—a
2H—4 _ 2H—4 _ 2
/0 x Q(x)dx > 511 = /0 x /0 (F(y+2z)—F(y) dydz.

Without loss of generality, we assume that F'(s+6) > F(s). Let hg =
F(s+0)—F(s), o =0, sop = s and tg = s + 0. Beginning at k = 0,
we repeat the process below recursively until certain condition (inequality
(22)) is met. Define n; = sup {F (t) — F (sg) : s <t < 2Ly, + +t5} and
ne = inf {F (t) — F (s) : 355 + %tk <t <t} where A = 31/(=H) 1f

1
m—ngm (22)

is not satisfied, we have either 7 > %hk or 1o < %hk. Without loss of gener-
ality, we assume that the former is true. Then we find 7 € (sk, %sk + %tk]
such that F (1) — F (s) > %hk. Now let spi1 = Sk, tge1 = T, Opy1 =
thr1 — Ske1, and hyppy = F (tpg1) — F (sk41).

We claim that the condition (22) will be met after a finite number
of repetitions, because if not, then for any positive integer m, we have
B > (1/3)™ ho and 6y, < 556. Thus w = 3= /5 which goes to

m—ts

infinity, contradicting the assumption that f is bounded. Thus there is a k
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such that condition (22) is met. We have

15, st 5L,
L> / 22H / (F(y+ ) — F () dyda
0

Sk

A e S+ i
> oohy 2H- / (Fly+a)— Fy)dy| do
- 0 Sk
légk xr _ 2
:Légl/A p2H—4 </ (F <u+sk+/\ 15k> —F(u+sk)> du> dx
1
A 0k 1 2
PR, p2H—4 </ —hkdu> dx
A—1F ) 0 3
> 1 A l 2 152H—2h2
T2H —1XA—1\\ 9 0

This finishes the proof.

Proof of Lemma 7

Suppose that f*) (tg) = 2e with € < 1, and Hf(k)Hoo =|f® @) =24>
2¢. Again, we assume that f*) () = 24, since the discussion for the case of
f®) (') = —2A is almost the same. Like in the proof of Lemma 6, we can
find [11,72] C [0,T] with 79 — 71 =1 > A\p—10’, 6’ = min {6, 7/2} where

_p
_ (é)p*1 if l<p<ooandk=m-—1,
LA/ i k<m—,

and |f (t)| > prAS™ for t € [r1, ] . If we take

{ 1_1/2 ift e [7’1,7’2],

9(t)= 0 o/w.

We have ||g|l, =1 and

g )1 =1 (712) e As
= Y21, A5

We also have

T T
HZJQH2 = o?H (2H — 1)/0 /0 g(u)g(v)|u— v\zH_Q dudv

— g22H-1
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Then

g )1 /2 _ /2, A0
[Zog|™ = 217172
1

5 (ie18) 'y As™

= KA 1+ /g, (23)

v

If & =T/2, then (23) gives

(g, /)] /2
1Zog]|

If k=m—1and & = (A/C)?/®~V then (23) gives

> KAj/o > Kel/o > Ke'* /o.

(g, )] /2 L (1-H+(m-1))
L > KA(A/C)r—1
1Zog = KA /o

= KA1 /g > Ke™m1/o.

Ifk<m-—1andd = A/Hf(kH)HOO , because f¥) e Wi (m —k,p,C),
we apply Lemma 6 and get positive ¢g and K’ such that

m*k—flfpz m—k—1—p_ 1
m—k—p— < K/Am

o

] s

f(m‘

when € < ¢g. Thus

o J12 o pea (a fls] )" 1o

m7k717p71 _(l H+k)
2 KA2_H+k (K/ f(k:)H m—k—p—1 ) /O’

[e.e]

=KA% /o > K™ /o.

Up to now, we have proven that there is a constant K such that when e
is small enough, v (e;W[O,T] (m,p, %C)) > Kek /0. Next we will complete
the other part of the proof. Let f € Wiq 7 (m,p,C) satisfying f9(0) =
fO(T) =0for 0 <i<mand f*) (ty) /2 # 0. Let

f(;(t) _ { 5m—1/pf (%—I—to), iftels= (to—to&,to—l—(T—to)é),

0, otherwise
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where 1 > § > 0. We have Hfﬁ” = || £0m)]| . so that f5 € Wig.z (m,p, C).
P
For any bounded function g in %5 [0, T, we have
oS = | [ fs 01t
é
< |I4l, I15,Gl  ,

where G (t) = f;_toég (s)ds for t € [tg — tod,to + (T' — to) d]. Suppose that
ty and to € Is, t1 < to satisfy that |17,G|| = |G (t2) — G (t1)| . By Lemma

17, we have
T T
/ / 0 (w) g (0) [u— o2 dudv > A, (ts — 11272 |G (t) — G (1) 2
0 0
> A5G (1) — G (1) 2.

Thus

g, £5) /2 _ _IIf5lly |G (t2) = G (81))]
1Zogll — AY25H-11G () — G (1))
< AC—1/2 |’f/|’15m—p71+1—H'

Notice that the right hand side of the above inequality is free of g, so we

have
Go (f5) < AZV2||f|l, 0m P +17H /g,
Let
d* m—k—p (k)
EZﬁfé(to)ﬂ:(S JY (to) /2.

Since fs € Wy 1 (m,p,C) — Wi g1 (m,p,C), we have

v (€ Zo, Wi g (m,p,C)) < Go (fs)
< ANy 8T o

m7p71+17H
= Ke m-k—» 1 /g

proving the lemma.

Proof of Theorem 5
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By Lemma 7 we know that there exists ¢y > 0 and constants A and
B such that A" /o < v(e;Z,) < Be' /o when 0 < € < ¢. By (11) and
Corollary 4, we have

2

~ €
i () =sw &
L affine W[O 7l (m.p.C) e>g I+wv ( Za)

2
€
max{ e € ZOZ) 6>€() 1 + U2( Z )}

co>e>0 1+

IN

2
(
2 E2
max sup , Sup
{EO>E>0 14w (Ea Za) €2€o v? (E; Za) }
2
(

ma su (o)

= max .
cooino 1+ 02 (6 Za) 02 ((c0) 1 21)

The last step follows due to the convexity of v (¢). We now have

62 2 2

€ €
sup sup sup

T D9 9 — < R —
€0>€>0 1+ B62’Yk/0'2 - eo>e>0 I+w ( Zoc) - eo>e>0 1+ A62’Yk/0'2

A straight forward calculation gives that for o sufficiently small, we have
k=1 ( Y1 g2/ ¢
BY Tk (g — 1) TR gt < osup ————

F 1/25e50 1+ v (36; Za)

Al/'Yk (’Yk 1)1—1/% a2/

This yields,

€ - 52/
sup ————— < g7/ 7k,
1/2>e>0 1 + v? (6;Za)

Since
2 2

€0
02 ( ((600) YA (”wc) !
we have (12).
Some preparation is needed for the proof of Theorem 6. Like in Duncan
et al. (2000), we define ¢ : .25 — 21 (Q,.7,P) as

c=ew{ [ 10 az- 12},

and

E= {Zaka(fk),neN,akeR,fkefj forke{l,...,n}}.

k=1
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As in Duncan et al. (2000), for f € £2, we have ¢ (f) € %, (2, .F, P)
for each p > 1. Following the same lines as in the proof of Theorem 3.1 in

Duncan et al. (2000), we can prove the following lemma.

Lemma 18. & is a dense set of £, (Q, #, P) for each p > 1.

Proof of Theorem 6
For simplicity, we assume that ¢ = 1. By Corollary 4 we have
inf R (L) = po (F).
L affine

Suppose that [x1,X3] is a one-dimensional subproblem such that

(P (£) > 1l o (£) e

We will show that

inf; ne B xa] (L) < 1.95.
f 7 easurable Ffx xe] (T) )

Let T € . (Q,.7, P). Without loss of generality, we can assume that
T is bounded. By Lemma 18, & is dense in .% (€,.%, P) . Thus we can find
X =Y"1_, a;e (fi) such that B [AY] < ® and E [A?] < e where A =T - X.
By Theorem 30.7 in Samko et al. (1993), we can find functions g; (t) , g2 (¢)
on [0,7] such that x; ( fo o (t,u)gi( )du i = 1,2. For f € [x1,x2],
suppose that f = 0x; + (1 — 0)x3. We have f (¢ fo (u) du where
g =0g1+ (1 —6)gs. By Theorem 3.3 in Duncan et al. (2000)

R
< (o (09" (5 (o0 /OTg |g|¢>>)”2

1,2
S €€§|g\¢

1
< cexp <§max{|gl|§,|gg|§)}>. (24)
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Let X; = fOT fi@®)dY (t),i = 1,...,r. Now, consider the minimax risk of
estimating L (f) by functions of Xi,...,X,, knowing that f € [x1,xXs].
Without loss of generality, we can assume that the f;’s are linearly indepen-
dent. Under such assumptions, it is easy to show that X = (X1,... ,Xr)/ is

a Gaussian vector with positive definite covariance matrix

1115 (fufe o (i f)g

v (f2s f1) g \fz!i o fafr)g

(fr7f1>¢ (fraf2>¢ ‘fr‘i
and mean vector py = Ey (X) = <f0 fr@) fe)de,..., [y fr(t) f(2) dt) ==
(Ouy + (1 — 0) p2) , where p; = Fx, (X),i = 1,2. It is easy to see that L (f)
is a linear function of #, and the estimation of L (f) is equivalent to the esti-

mation of §. Since a sufficient statistic for 6 is S = (u! — pd') 71X, which
is distributed N ((MIT — ug) Sy, (MIT — ug) Y (g — ,ug)), we have

inf Ry (0(X) = infsup By {(n(8) ~ L())*}.

7 measurable K measurable 0<[0,1]

But, we know that

infy affine SuPge0,1] Ey {(’{ (S) —L (f))z}
inf, measurable SUPge(o,1] Ey {(’% (S) —L (f))z}

< 1.25,

and since k (5) is an affine estimator if  is affine, we have

inf; g B xo] (E)

: < 1.5, (25)
lnfn measurable R[xl,xz} (77 (X))

Clearly, for f € [x1,x2],

Ey ((X (Z. + /0 f(s) dS) - L(f)>2) > nmoiarslfrablcR[lexﬂ (n(X)).
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By (24) we have

(- fr0w)-10))) "+ off (o f o))
T(Z.+ O'f(s)ds>—L(f)>2>> +<€eXP<%max{\gl\§,,\92@}>)”2
(#= [rew) )

This gives us

B Rl X)) <E <<T <Z. + /O f(s) ds> —L( f)>2> +0 (61/2> :
(26)

By (25) and (26) we have

Inf7 mine Bixr xa] (IAJ)

< 1.25.
A 2 -
B <<T (Z.+ J £ (5)ds) = L(D) > L0
Taking infimum over f € [x1,X2] we have
inf; Ry, « L
L affine *Y[x1,x2] ( ) <1.95.

lnfT measurable R[xl,xz] (T) + 0 (61/2)

Since the € in the above inequality is arbitrary, the proof is completed.

Proof of Lemma 8

For simplicity, we work with the cases in which n = 2lm for some [ > 1.
The result can be easily generalized to other cases. Let [|[K, f||, = M. We

have

. 2 1y 2 nM? 2
min {f* (taj_1y44) } < 72i=1f (tagj—1y4) < T 2mM=,  (27)

1<i<l
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where j = 1,...,m. Let ;, j = 1,...,m be such that

min { /2 (tag_1y14) } = 12 (&)

1<i<1

We have |§; —&;| > T/2m for any 1 < 4,5 < m, i # j. Let Py (f) be
the Lagrangian interpolation polynomial for (&;, f (&)),- .-, (&, f (&), k =
2,...,m. By (27) it can be shown that there exists a K independent of f
such that

(P (F)* D (1) < Kmax {|f (&)|:i=1,....k}
< KM. (28)

Notice that we can find ¢, € (0,7),k = 1,...m — 1 such that f* (¢,) =
(Posr ()™ (¢) . With this observation and also by combining (28) and the
fact that Hf(m)Hp < C, we have

=0 = 1 ()| < /OT 5 a

. i </T ‘f(m)‘p dt> 1/p
0

1

=T P,
Thus

Hf(m_l)Hoo < (P ()" (Guy) + COTHP

1

=KM+COT' P,

Now, (14) can be readily shown by induction.

For the proof of Theorem 8, we need the following lemmas.

Lemma 19. Let h = T/n. Then VT |Kufly — I fllo| = IKnflly O1 (h) +
Oy (h).

Proof
Fort e [t;—h/2,t; +h/2],i=1,...,n,
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Thus

£~ P <] 107 ©)
< I (kM + o)

where K is as in Lemma 8. Now,

i+h/2 ) 9
/tt+ |f () = f (t)* dt < <g (KM K, flly + CTm 10 )) h,

i—h/2
1 — 12 1
IKnflly = <EZ]P2 (tz)) = \/;anuz,
i=1

where function f, is defined on [0,7T") as f,, = f (¢;) fort € [t; — h/2,t; + h/2),
i=1,...,n. Thus

VT K flly = 1flls] = W fally = 1£12] < 10 = £,

tith)/2 1/2
- (z;-;l / £ (®) —f(tm?dt)

Since

i—h/2
1/2

h 2
< <n <§ (K| Knflly+CT™ 2 + Tm—1)> h)
= | Knflly O1 (h) + Oz (h).
Now we have the following result.

Lemma 20. Suppose that f € F with ||f|ly, < M and L(f)/2 =€ >
BnH=1)/ for some positive number B. Then there exists B’ independent

of f and n such that for n sufficiently large and e sufficiently small, we have
Go (fa ZnaKmf) > Blew /nf{_1 .

Proof
For any f € Far, and |L (f/2)| = €, we have

Go (f:Zn K, F) 2 (Kng, Knf/2)
anng’

where g is as in the proof of Lemma 7. Let 1 <41 < i9 < n be the smallest

and largest integer ¢ such that ¢; € 11, 72] respectively. We know that

)\ké’ < T2 — T1 < 5/ = min{(S,T/Z}
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where

et ik =m -1,
A/l fFED ik <m -1,
with A = Hf(k)HOO /2> L(f)/2 = e. Then we have
(Kog. Ko f/2) = o fjl—”?f(t-)
nd» n 2n Z:,ll 1
where | = 75 — 71. Now we will show that [771, 7] becomes dense with ¢;’s as
n goes to infinity. If ' = T'/2, then clearly the number of ¢;’s in the interval

[11,72] will go to infinity. Now assume that ¢’ = . First, assume that
.

k =m — 1. We then have ¢’ = (A/C)P/P=1) > (e/C)P/ P~ > Kn o 5o —
Knmfr(flj% Since (ﬁ - /(m —p 11— ﬁ) is larger than —1, the
t;’s will also become dense in [71, 72| as n goes to infinity. Next, if &k < m—1,
we have §' = A/Hf(k“)Hoo = Hf(k)Hoo /2 Hf(kH)HOO . By Lemma 6, again

A=1)/(m=p"'+1=H) 41 some constant K

we have that §’ is bigger than Knl
and sufficiently large n. Thus, again, the t;’s will become dense in [71, 79| as

n goes to infinity. We have

T<Kngyan/2> - <gaf/2>

o U ) -5 [ ar

i—il

i2—1 tll T2
1/2 1/2
Zz f(t z (/ f(t dt+2/ dt+/% f(t)dt)

221 1=11 ti

1 i9—1

tit1 T 1 iy T2
:Wz/ti (f (&) = F (&) dt + i f (tin) — W( ; f(t)dt+ . f(t)dt),

=11

so that

’T <Kngyan/2> - <gaf/2>’

ig—1 tit1 T tiy "
gﬁz(g/ |f(tz-)—f(t)|dt+ﬁ|f(ti2)|+/ﬁ 'f(t>’dt+/t~ 'f(t)'dt>

=11 2
1 T 3T T
< g (B 1t 20071 ) = 02+ e e 29)

From Lemma 6 we know that lim._.osup {||f| . : || fllo = €} = 0. From this

and the fact that sup {|| ||, : |||, = €} is a concave function of €, we know

o1



that sup {||f|| : || fllo = €} is finite for every e. And since || f||, < M, we have
fle < My = sup |l £y = M} < oc. Similarly, we have [[f7], <
My = sup{||f'|l : I flls = M} < co. It is shown in the proof of Lemma 7
that |(g, f)| > 1Y/2u;, A" . Hence, (29) gives

T
T (Kng, Kuf/2) — (9,£/2)| _ U/?TMe + pm M
(9,f/2) - 1172 4y, A5k
_ TMy 3TN,
C nupAS* T Inpg, ASk
T M, n 3T M,
= nprAdF T Agnup Ayt

(30)
If k=m — 1, we have

5= (A/C)P/(P—l)
and (30) becomes

‘T<Kn97an/2> — <gaf/2>‘
(9,f/2)

TM2 TM2
N1 A (T/2)™ Y i1 A ((A/C)P/(P—l))m_l

< max

. { 3TM, 3T M, }
Am—1npim 1 AT/2)™7 5 A <<A/C)p/(p—1>>m

< max{KgmlmHl Kgnn () 1} + max {Kw%ﬁl Km0 1}

-0 (nwlmﬁl (525+1)- 1>

o)

where f = (ﬁp—l—ﬁm>/(m p i1 ) If k < m — 1, we have

s=a /.

For € sufficiently small, by (30) and Lemma 6 we have
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K.f/2) -

‘T< n9s

(9,f/2)
TM,

(g, f/2>‘

3T M,

<
= nupAdk

Q—l
< max < Kon

1-H _
+ max ¢ Kyn 7

1-A
< max q Kon

1-H_ 4
+ max Tk

K4n N

)\knukA(S/k'i'l

TM;
A (A /][ £

7

3T M, }
e A (A || e )

—1,K§n(%)(m“) }

) )

o (Y 2o (),

Since we assume that either m > 1 or p > 1, § is always negative. Now
notice that
- 2 2 iz
R YR ) LI
Jj=t11=11
1 /2 2H - ia 2 1 2H—2
- S k- ()
Jj=t11=11
where n’ =49 —i; + 1. Let
12 72 2H -2
s=Y Y mhi-i(y)
j=i1 i=11
and we can see that
1 1 N
S — Cl/ / lu — o772 dudv (31)
0o Jo

as n’ goes to infinity. In fact, we define the function

R(i—j) ()"

0

frr (ua U) =

Then we can see that f,/ (u,v) — Cilu—v
and S = fol fol fur (u,v) dudv. Further more, Since R (k)

if (u,v) € (i_,l,ni,] X (j_,l,ni,] fori=1,...,

n n

otherwise.

2H=2 4e. on [0,1] x [0,1],

~ C(1 ‘k’2f{_27 we

93

n';



can find K such that R (k) < K|k:|2f{_2 for k& > 0. Now, letting K’ =
max{22_2gK,R(O)} , we have R (k) < K’ (|k| +1)** 72 for k > 0. Thus

2H—2 . 2H-2 .

n' - n'

for (u,v) € (i —1)/n’ ,i/n'] x((j —1)/n’,j/n'], which means that the

function f, (u,v) is dominated by K'|u — v|2ﬁ_2

. By dominated conver-
o ./ - 1/2
gence theorem (31) follows. Now, letting o, = (C’ll/le_HnH_1> /(H <2H - 1)) ,

we have

72| 2,Kog|* 26,0/
1Zo, 911
‘Tzn_zn’zn’zg_2l_15 —oH (2ﬁ — 1) 1! fé fé lu — v|2f{_2 dudv‘
o220 -1
n2-2H2-2H <(”7;—f)2H S—Cy fol fol |s — t!2ﬁ_2 dsdt)
— p

— oyt (ﬁ (213- 1))_1 ((";?)2195—01 /1 /1 IS—t|2g_2dsdt> .
0 0

Hence, using (31) and n'T /(nl) — 1 we have

2 |7 2 2
72| Zugn|” ~ 16,91
2 —0
1Zo, 91
Since
~ 2 ~ ~
2| Zugal| = 120,90 | (T ||Zugn]| = 1Z0,91) (T ||Znga | + 11Z0.91))
126,91 126,91
T Zuga| - 125,91
> )
”Zo'ng”
we have _
T\ Zoga |~ 1Z,.91
- )
2]

54



which also gives
T ‘ Z,9n
”Zo'ng”

Hence,

T(Kng.Knf/2)|Zo, g —T||ZnKng||(9.f/2)

‘<I<ngl<nf/2>__ (9.£/2)

[ZnKngl]] Zongll] T||ZnKng||1Zon gl
(9.//2) B (9.//2)
[Zon gl
_ | 2o gl T (Kng, Knf/2) — (g, f/2)
ng‘ {9.f/2)
120,91l - |
— 0.
ng

In the proof of Lemma 7 we have shown that

(9,1/2) e
I

for some positive K7 independent of f, and for sufficiently small €. Thus for

n sufficiently large and e sufficiently small we have

= K,.g,K,f/2 -
Co (/20 K, F) > wf’—f“ > K"eM g, = B'ew /ot
Z,K.g)|

The following lemma is the discrete version of Lemma 17. Since its

proof is similar to that of Lemma 17 except that integrations are replaced

by summations, we omit it.

Lemma 21. For x = (z1,... ,:cn)T eR” and 1 < iy <is <n, we can find
a positive Aq independent of n and x such that

2

Zme] (i —7) >Ad(22—21+12H 2

7j=11i=1

>

=1

Proof of Theorem 8

By Corollary 4 we have

“b‘)
~
3
N
3
—
Il
Be)
(=)
~—
M
~
3
N
3
—

LlaI;[fnoRW ) (m ,p,C)( '



By Lemma 8, there exists M such that if || f||, > M, then | K, f]|, > M’ > 0.

Hence,

po (FiKnZn) = swp_po (fiF Zn L Ky)
feF—F

= max {p1, p2, p3}
where p; = sup{po (f): f € Fi}, i =1,2,3 with
Fr=A{feF-F:|flly > M},

Fo={reF—F:IL(f) /2 < KnlT-0e Y,

and

Fz = {f e F—-F: Hf”z < M,|L(f)/2| > Kn(f{—l)/yk}'

By Lemma 20 we have

62

1+G3(f)

€2

p3 < _sup
EZKn(Hfl)/’Yk ,JEF3

sup 2
E>Kn(H 1)/’Yk 1+ (Bl ewk >

< sup ¢ ;=0 <n(2ﬁ—2)/%>

ek
€ 14+ (Blnﬁil>

(L(f

p1 < sup
AT Han/2H2

N /IR fI3

R / IKafI3 +1

By Lemma 8, we can find K such that Hf(k H < K |K, f||5- Hence

LN 9w _ W]
HanH2 uanuz =K fls

< K.

Therefore,

K> o

1< sup ——— =
f€-7:21/‘
n

Znuz =0 (n¥172).

Z
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Also,
s < (Kn(f{—l)/’yk >2 _0 (n(gg—z)/»yk> .

Thus max {p1, p2,p3} = O (n(Zﬁ_z)/V’“) . This proves one side of the in-
equality.
Now, let f5 be defined as in the proof of Lemma 7, and let

i1 =min{l <i<n:t; >ty—ted}

and

o =max{l <i<mn:t; <tg+ (1 —1ty)d}.

For any x € R", we have

(x, Knf5) = % > fs(t)mi

1 i9—1
SH I ) B IR Dol
1=1%1 =11 Jj=u1
1 27l ig—1
< — | D015 (b)) = f5 (t)] ) Sup Zﬂcz :
n 1=1i1 =i Jj=u
Suppose that i1 < j; < jo <i9—1, and ‘ gi:ﬁ ;| = supz2 le ZJ —i, Ti|- By
Lemma 21 we have
- 2
o = 43S i)
7j=114i=1
. 2
1 22 |
zﬁAd(]é_jl""l) sz
=1
, 2
1 F_9i2-1 |
> —Aq (i — i) Sap Z x;
n =11 |;_-
j=i1
Thus
x, K, fs5/2
(f5) = sup M
XER" nx ‘
ig—1 -
1/2 . . —-H
< AN s (i) — f3 ()] (i — i)' (32)
i=i1

o7



Since

i9—1

to+(1—to)d

> 1fs tusn) = S )] - [ L (0)] e
i=i1 to—tod

Al to+(1—t0)s
=—§:ﬁ@n—/ f5 () dt

n i=i1 to—tod

to+(1—to)d |

<L ( mll a

n to—tod oo
_ Z "
= 50741l
F i

n

by (32)
Go(fs) < 45" (HféHl b gt Hf”HOO> (i — i)' "
a7 (o) e )
Now let § = n(H=1)/(m=p"'+1=H) Gince iy — i) ~ nd, we have

Go(fs)=0(1).
Thus

i iaIgnO RW[O,T] (m,p,C/2) (i/; K,, Zn) = pPo (W[O,T] (m7p7 C /2))

(@ )y

T L+ GR()

)

1+ GE(f)
—0 (n(2f{—2)/7k) 7

proving the theorem.
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