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Abstract

Comparison of two nonparametric regression models has been extensively discussed
in the literature for one-dimensional covariate. Comparison problem largely remains
open for completely nonparametric models for multi-dimensional covariates. We ad-
dress this issue under the assumption that both models are single-index models (SIMs).
We propose a test for assessing the equality of the mean functions and a test for the
equality of error variances. The asymptotic normality of the test statistics are estab-
lished and a simulation study is conducted to evaluate the finite-sample performance
of each proposed procedure.

1 Introduction
Suppose we have two samples, following the models
Y1 :ml(Xli)+€1i, i=1---,n, (11)

and
Yoj = mo(Xoj) + €5, j=1,--,no, (1.2)

where X'’s are iid p-dimensional random vectors, m1(+) and ma(-) are smooth functions,
and €’s are independent random errors with E(eg;|Xx;) =0, ¢ =1,..,n%, k = 1,2. The
comparison of two regression functions of this type has been extensively investigated
in the literature for p = 1 (Hall and Hart 1990, King et. al. 1991, Kulasekera 1995,
Kulasekera and Wang 1997, Dette and Neumeyer 2001, Neumeyer and Dette 2003
and references therein). The comparison issue remains an open problem for general p
and for completely nonparametric models except for a very restrictive transformation
method where one assumes the functions m; are of the form m;(X) = g¢;(r(X)) for
known r (Hart, 1997).

We shall address the comparison issue under the assumption that both models are
Single-Index Models (SIMs) (Stoker 1986, Ichimura 1993, Hristache et al. 2001, Yin



and Cook 2005). Testing whether a given model is a SIM has been addressed by Xia,
et al. (2004) and Stute and Zhu (2005). Here we assume that my(z) = gi(0).x),
k = 1,2, for some index vectors 05 and for some smooth univariate functions g. For
identifiability purposes, 61 and 6, are assumed to be unit vectors with first nonzero
elements positive. In this paper, we focus on testing

Hy: gi(-) =g2(-) and 6, =02 vs. H,: Not Hy. (1.3)

In addition, we propose a test for the equality of the error variances, o7 and o3 for the
two models.

There are two major methods of testing the equality of univariate mean functions
in the literature. One is an ANOVA-type method, which compares the variability
“between samples” and the variability “within samples” and rejects the null hypothesis
if their difference is too large (King et.al. 1991, Dette and Neumeyer 2001, etc.) or if
their ratio is too large (Yong and Bowman 1995), or simply rejects the null hypothesis
for large values of the ”between-sample” variability using resampling techniques (Hall
and Hart 1990). The other major method is to construct a test statistic based on
an appropriate norm, such as the sup norm or the Lo norm, of the empirical process
of residuals (Kulasekera 1995, Neumeyer and Dette 2003, etc.). Apart from these,
Bowman and Young (1996) use a graphical method and Cabus (2000) uses a U-process
method to test the equality of the two regression functions. Although the covariate is
in a multivariate setting, the effective predictor dimension of a SIM is actually one.
However, testing the equality of two SIMs is more complicated than testing the equality
of two single-covariate models due to the fact that one has to estimate the index vectors.
In this paper we shall apply an ANOVA-type method similar to that proposed by Dette
and Neumeyer (2001).

Kulasekera and Lin (2005) show that, for example for (1.1) above with a Single
Index mean function, a properly weighted sum of squared errors,

ni
dl (01) = 1gfzwh[yh — ga(O/Xli)]z, (14)
=1

is a CAN estimator for the error variance o, where g, (a’X1;) is a kernel estimator
of the mean function E[Y1;|a’X7;] for a given index vector o and wy;’s are suitable
weights (see Section 2). Our motivation for the construction of the test statistic for
equality of the two mean functions stems from the fact that, in the two-sample case,
under Hy above, we have the option of constructing the estimator g, (o’ X )of the mean
function E[Y|a/X] using combined samples as well as using each individual sample
and, the three estimators should not be very different for large samples. Therefore,
under Hy, the values of the minimized sums of squared errors in (1.4) should be close
to the corresponding error variance o7 when using an estimator of the mean function
based only on sample 1 or based on the combined samples. However, due to the bias
introduced by the difference in the two mean functions, under H,, resulting minimized
sums of squared error will be systematically higher than the corresponding error vari-
ance when the combined sample estimator of the mean function is used instead of the
first sample estimator. We can show that, if the mean functions are smooth enough



(r-time differentiable, » > 2), the difference in the two versions of the minimized sums
of squares, after being properly standardized, is asymptotically normal under Hy and,
will diverge to infinity under H,. Hence an asymptotic decision rule can be suitably
devised.

We also propose a test for assessing the equality of the error variances of the two
models. For this purpose, it is clearly reasonable to compare the two consistent es-
timators of the variances, constructed from each sample. It is an immediate conse-
quence of Kulasekera and Lin (2005) that their difference, after being multiplied by
VN, N = nj + ns, is asymptotically normal when 0? = 02 and will diverge to infinity
with rate v/ N otherwise.

The remainder of the paper is organized as follows. In Section 2, we propose a test
for hypotheses (1.3) and give the asymptotic results. In Section 3, we give a test for
the equality of error variances. A small simulation study is provided in Section 4 and
technical proofs are differed to Section 5.

2 Testing Equality of Regression Functions

2.1 Construction of Test Statistic

In this section we propose a test for hypotheses (1.3). We introduce some notation
first. Let Sx be the domain of X. For every «, let ¢, and 2w, denote the center and
width of the set {/z | z € Sx}. Fix a constant ¢ close to (but less than) 1 as a width
control parameter and let g, = ¢q - wo. For any function L(-) supported on (—1,1),
define

/ —
yulo) = 122,
qo
which serves as a weight function to exclude the points on the boundary of S'x along the
direction of vector . Define index sets H'y = {1,2,--- ,n1} and H's = {1,2,--- ,na}.

Define gio(t) = E(Yip|o/ X =t) for the kth group, k = 1,2, which can be consistently

estimated by

ZjEH/k ijKh(Oz/ij — t)
ZjEH/k Kh(O/Xk] — t)

A corresponding pooled-sample version, which is consistent only under Hy, is given by

du(t) = Skt 2 YiiFa (0! X — 1) (2.2)
(0% - . .
Zi:l >k Kn(o/ X — t)

Now, define weighted average squared-errors for estimator i, by

2
ey = S (Yis = Gra(@'Xki) ) Lo.a( Xic)
o) =
* ZieH’k, Lq,a (sz)

Jra(t) = (2.1)

, k=12

and for g, by

2
ci Zie?—[’k (Ykz - ga (O/in)> Lq,a (sz)
) = Sy Lo (Xi)

3

. k=12



Let dy = inf, czk(a) and cipk = inf,, czpk(a), k = 1,2, where the inf is taken over the
set D. Kulasekera and Lin (2005) has shown that dj is a CAN estimator for the
error variance oy, k = 1,2. When the mean functions mq(-) and mo(-) are identical,
the pooled estimator g,(t) and the estimators §i.(t)’s estimate the same function
E(Yy|o/X =t) = E(Ya|a’ X = t) and therefore d,, is also consistent for o2, k = 1,2.
When m;(-) and ma(-) are different, each cfpk, k = 1,2, includes both the variability
component due to the random error and the bias component caused by the difference
between the two mean functions. Therefore, under H,, dpk tends to be larger than cik
for each k, k = 1,2. Hence we propose to use the test statistic

T:CZpl—i-CZpg—(Zl—CZQ,

and reject Hg for large values of T. We show that a properly normalized version of
T converges to the standard normal distribution under Hy and it diverges to infinity
under H, (Theorem 2.3). This enables us to get critical points for large samples. The
manner in which we create T, its asymptotic properties are comparable to those of
Dette and Neumeyer (2001).

Alternatively, with §; = arginf, czk(a), k = 1,2, we can define a statistic 7" as

~ ~ ~ A~

T' = dy1(61) + dya(fa) — dy — da,

and reject Hy for large values of T'. The motivation for this is as follows. Under Hy, 9k,
k = 1,2, are v/ N-consistent for 0j; thus dpk(ék) and ka are asymptotically equivalent
and it can be shown that both T" and T’ have the same asymptotic properties. However,
since 7" > T and we reject Hy for large values of T' (T”), under H,, T’ may have a
higher power compared with T in finite samples when using asymptotic critical points
(see Remark 2.5 for more details).

2.2 Main Results

We first give some assumptions that are used in the sequel.

(A1) The mean functions mq(-) and ma(-) are r-time continuously differentiable. Un-
der Hy, the true index vectors are in D where, for the remainder of the paper,

D={0=(01,---,0,) €R” [ 0] =1, 6, > 0}.

(A2) The covariates of both samples follow the same distribution as X. The domain
Sx of X is a closed and bounded convex set. The support of L, (X ) contains at
least one interior ball with radius wy > 0. The density of X, o/ X and o/ (X; — X3)
will be denoted by f(+), fa(:) and ¢4(+), respectively. The function f € C"(Sx)
and there exists constants 0 < ¢; < ¢a < oo such that ¢; < f(z) < ¢, Vze Sx.

(A3) The error € in each sample has at least v, v > 5, moments. For k = 1,2,
Var(egj| Xgj) = 02, 1 < j < ny.

(A4) The kernel function K(-) is a r-th order kernel and K € C1([-1,1]). The
constant cg = f_ll K(s)pg(s)ds # 0, where ¢y is given in (A2).
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(A5) The function L(-) is a bounded, symmetric non-negative function supported on
(—1,1). It is Lipschitz continuous of order 1 and non-increasing in |t| and L(¢) > 0
for all t € (—1,1).

(A6) The bandwidth h is such that h = O(N~P) for some 8 € (0, %) where N =
ni + ng, and imy_,oo n1 /N = A.

Remark 2.1. The density of X is assumed to be bounded away from zero to avoid the
sparseness problem. Most of our results hold under heteroscedastic error variances by
taking the weight function L, (-) to be free of a. We only present our results under
homogeneous error variances assumption (A3). The assumption that ¢y # 0 in (A4)
guarantees that the denominators of the kernel estimators §(t) and gx(t), k = 1,2, will
be zero with diminishing probability as N — oo when ¢ is away from the boundary. To
avoid the zero denominator problem for these kernel estimators in finite samples, we
may, say, exclude the summand (Y; — }71)2 in constructing d’s when the denominator
of Y; is zero or close to zero (see Section 5.2 for construction and Remark 5.5 for
a discussion). Our assumption for bandwidth is quite flexible, which includes the

“optimal” rate h = O(N_%) and our final choice of h = O(N_%) (note that r > 2).

To simplify the presentation, we introduce the following unified notation. Let ¢; =
elivi = ]-a-')nl; €ni+j = €2j7j = 1)"'7”2; le = }/11’7’ = 1)“7”1; Yn1+j = Y2j7j =
1, ey N2Y Xz = Xli,i = 1, N and an+j = ng,j = 1, ey . Now we define

Hl:{1,27‘-.7n1}; ng{n1+1,27...7N}; and H:{17277N}

so that the elements 1,..,m9 in H'y correspond to the indicies ny +1,--- , N in Hs in
that order.Then H will represent the indicies of the combined sample where the first
n1 elements represent the first sample and the rest the second sample. Now, let S and
G be subsets of {1,2,---, N}. Define

Zjeg Yth(O/Xj - t).
Zjeg Kp(o/X;—t)

Ja (t; g) =

and )

ZieS (Yz - Qa(O/XU g)) Lq,a(Xi)
2 ies La.o(Xi) '

Here, using our notation above, for any i € S with ¢ < ni, the observation is from the

first sample and if ¢ > ny, the observation is from the second sample etc. Then we

have, for k = 1,2, di(o) = d(a; Hy, Hy) and dpi(a) = d(a; Hy, H). Letting d(S,G) =

infaep cZ(a; S,G), the test statistic T' can be written as

T = d(H1, H) + d(Ha, H) — d(H1, H1) — d(Ha, Ha). (2.4)

d(e;S,G) = (2.3)

and 7" can be written as
T' = d(6; Hy, H) + d(09; Ha, H) — d(H1, Hi) — d(Ha, Ha). (2.5)

The asymptotic distribution of 7' (and T") under the null hypothesis is obtained
using the following theorem. This gives a decomposition of d(S,G) above when (S, G)
is equal to each (H1,H), (Ha, H), (H1,H1), (Hz2, H2).



Theorem 2.2. Suppose assumptions (A1-A6) hold. Let(S,G) be any one of the four
pairs (Hi1, H), (Ha, H), (H1,H1), (H2, Ha). Let n =S|, ¢t = |G| and

t1:IQOH1|, t2:|gﬂH2|, U1:|Sﬂgﬂ7‘f1|, U2:|Sﬂgﬂ7‘f2|.

Then the following holds either under H, for the terms with (S,G) = (Hg, Hg), k = 1,2,
or under Hy for all four pairs of (S,G).

L X; 2 KL(0'X;, —0'X;
Zzzes EZL (‘(XV )) " botnh Z h(f ((;’X) )Lq,G(Xi)Eiﬁj
ies g0\ OMMY ies.jeG itj 0 i

[ K (s)ds 2K (0)
bot2h (101 + taaz) - nthbo

d(8,6) =

(u1a1 + uQag) + op(N_lh_%),

where by = E[Lyp(X)] and ap = oiqp fil L(s)ds, k = 1,2. Under H,, we have
d(Hp, H) = 02 + cor, + op(1) where

B([mi(X) = Agia(@/X) = (1 = A)gaa(0'X)]*Lya(X))
ELqga(X)

cor = inf (2.6)

Proof. It is an immediate consequence of Lemma 5.13 and Lemma 5.14. O

By examining each component of ci(S ,G), we can obtain the asymptotic properties
of the test statistics 7" and T” respectively. Note that by the construction of T' and
T’ the first component (i.e. the weighted average of €2’s) in the decomposition of
terms like cZ(Hl, H) will be canceled. The asymptotic distribution of 7" is then derived
by analyzing the remaining leading components of cZ(Hl,H) etc. Noting that these
remaining leading terms are quadratic forms in €;,7 = 1, ..., N, we invoke Lemma 5.1 in
Section 5.1, which deals with quadratic forms in random errors with random coeflicients
and diminishing diagonal elements. We can prove

Theorem 2.3. Under Assumptions (A1-A6) with h = O(Nfi), we have that under

HO;
1

_1 _1
T:NDN+N\/_Z+OP( h™z),
where Z s a standard normal random variable,
f K2( on, N ong N 2K (0) /no ny
D G - o (52— )] (e + ppaa). @7
N= bo N niy “ + N no @2 * bo ni “ + no @2 ( )

(mdU]QV:bQ[ 2a1 +("1+n2+2)a12+ Qagg] Hereak:cf,%qgfl L(s)ds, k=1,2,

and, fori,j = 1 2, ajj = o qgf K2(t dtf L3(t)dt. Under H,, T = co1 + co2 +
op(1) for the positive const(mts o1, Co2 given by (2 6) The asymptotic properties of T’
are identical to T (except that under Hq T > co1 + coz + 0p(1)).

Proof. See Section 5.4. O



Hence, we propose to reject Hy when N\/E(T— ﬁf)N)/(}N is larger than the upper-
a quantile of the standard normal distribution, where Dy and 6y are any consistent
estimators of Dy and oy respectively.

Remark 2.4. Note that all parameters given in the theorem can be v/ N-consistently
estimated. In practice, the variances dy, are consistent estimators of O']%, k = 1,2 respec-
tively and a;,7 = 1,..,3 are known up to the parameter 6 given the kernel functions
K and L. The existing results in the literature give us the values minimizing dj, are
v/N-consistent for the corresponding index vectors 6y, k = 1,2 and, hence we can find
consistent estimators of the a;’s.

Remark 2.5. Actually we can plug any root-n consistent estimator 0 of 0} in the
literature, k = 1,2, into 7”. The asymptotic properties of 7" are identical to T' and
therefore the decision rule is identical. Since T > T, under H, the power for 7" is
always higher. The divergence rate is Nv/h for both test statistics and therefore they

are capable of detecting local alternatives of order (N \/E)_% It should be noted that
this divergence rate is slightly slower than what is proposed by Neumeyer and Dette
(2003). However, for moderate sample sizes, our simulations show very competitive
power of the proposed tests for the same alternative (see Example 4.2 in Section 4 for
more detail). Our simulations also show that, not only being computationally easier
(because only two minimizations are required for 7’ rather than four) when the sample
sizes are large (say, 50 or above), the overall performance of T" is better than 7 (the
empirical level is comparable or closer to target under Hy and the power is 5%20%
higher than 7" under H,).

3 Testing Equality of Error Variances

In this section we propose a test for the equality of the two sample variances. Namely,
assume that 0']%(37) = J,%, k =1,2, and we would like to test

Hyy: 0l =035 and Hy : 0% # 03 (3.1)

From Kulasekera and Lin (2005), dy, is consistent for 0'13, k=1,2, with

EN(X)L2 o(X )]>7 (3.2)

(E[Lgp(X)))

where A (z) = Var(e?|X) for the kth sample, k = 1,2. This immediately leads to the
test statistic

w/nk(dk — (7]%) L N(O,

T* = VN (di — dy). (3.3)

Since d; and dy are consistent for the same quantity under Hy and are consistent for
different quantities under H,, |di — da| is close to zero under Hy and it diverges to
infinity under H,. The complete result is summarized into the next theorem.



Theorem 3.1. Let assumptions (A1-A6) hold and let T* be given as in (3.3). Under
Hy, T* /v 2, N(0,1), where

N EM(OLE(X0] | N EDe(XOL(X)

" (ELq79)2 2 (ELqﬁ)Q .

2=

Here M1 and Xo are as given above. Under Hy, T* diverges to infinity with rate v/N.
Proof. By (3.2) and the independence of dy and do. O

Hence we propose to reject Hop when |T7|/7x is larger than the upper-§ quantile
of the standard normal distribution, where 7, is any consistent estimator of 7.

4 Empirical Study

4.1 Simulation Study

To investigate the finite sample performance of the proposed procedures, we conducted
an extensive simulation study. We considered dimensions p = 2 and p = 3. The covari-
ates were taken to be independent, following two different design densities: uniform
design, where each covariate is uniform between 0 and 1; and normal design, where
each covariate is normal with mean zero and standard deviation 0.5. We used the

quadratic kernel function K (u) = 2(1 — u?)I(|u| < 1) and the L(-) function

L(u) = I(|u] < 0.9) + 10(1 — w)I(0.9 < |u| < 1).

Our simulations show that a change of ¢ does not make much of a difference and
we present the results for ¢ = 0.95 throughout. As an estimator of gy, we use g5 = quy
where 6 is the index vector estimator obtained using the pooled sample. We first
consider the equal sample size cases (Examples 1-4), where we can use a common
bandwidth hA. We selected h by a simple cross-validation method, where the ith ob-
servation was deleted in estimating F(Y|a’X = -). These estimators were then used
in constructing di(c), k = 1,2. Finally we chose (h,6) that minimizes dy(a) + da(a).
When the sample sizes are different for the two samples, we recommend the use of two
different bandwidths, as discussed in Example 4.5. The error distributions were taken
to be mean zero normals with several different (67, 05) combinations. All the rejection
rates reported are based on 2000 simulations.

Example 4.1 (Uniform Design; p = 2). In this example we consider evaluating the
level properties of the proposed asymptotic tests for the equality of mean functions.
We considered 6, = 6 = (v/2/2,/2/2) and

(1) g1(t) = ga(t) = t*;
(ii) g1(t) = g2(t) = sin(knt), k=1,2.

For each function we took ni = ng = 25,50, 100 and (02, 03) = (0.5,0.25), (0.25,0.25).
The results are presented in Table 1. We can see that for sample size 25 the rejection
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rates are somewhat higher than nominal levels. This is not surprising because unlike
the truly univariate case, here we have to estimate the index vector . When the sample
sizes increase to 50, the rejection rates become satisfactory. We observe that, although
worse than T for sample size 25, the rejection rates for 77 improve as the sample sizes
get larger. In fact, when the sample sizes are 100, the rejection rates for T” is closer
to the nominal levels than 7" in almost all cases. We believe the extra estimation in T
(compared with 7”) has an adverse effect on its convergence.

91 = g2 t? sin(7t) sin(27t)

(02,02) “alevel n 25 50 100 25 50 100 25 50 100

(0.5,0.25) 0.1 T 166 .101  .080 164 108  .083 139 .082  .061
T A85 115 .092 191 122 .093 183 101 .073

0.06 T 111 .058  .040 107 .079  .037 091 .048 .028

T’ 129 .064  .043 135 .070  .044 126 .058 .037

0.025 T 099 .037 .021 083 .042 .021 065 .034 .013

T 099 .042 .024 099 .048 .026 082 .037 .018

(0.25,0.25) 0.1 T 140 .090 .069 133 .096 .061 161 .098  .065
T’ 161 .103  .077 165 114 .070 200 120 .076

005 T 090 .044 .034 079 .056 .031 113 .056  .032

T’ 102 .053  .036 101 .070 .036 138 .071  .035

0.025 T 062 .029 .022 054 .033 .015 082 .033 .018

T’ 075 036 .024 071 .040 .018 101 .041  .022

Table 1: Simulated Levels for Example 4.1 with sample size ny = ny = n.

Example 4.2 (Uniform Design; p = 2). We evaluate the power properties of the
test of equality of regression functions by investigating the following different functions
and index vectors.

(i) g1(t) = g2(t) = sin(wt), 61 = (@7 @)7 by = (VI3 2y,
(i) gi(t) =sin(mt), go(t) =sin(rt) + &, 61 =0y = (%2, %2);
(ili) g1(t) =sin(nwt), go(t) =sin(nt) +t, 01 =0 = (¥Z, L),
(iv) gu(t) =sin(rt), ga(t) =2sin(rt), 01 = (2, %2), 0= (Y, );
(V) gi(t) =sin(2nt), ga(t) =sin2mt) +t, O =6y = (%2, L2);
(vi) gi(t) =sin(2nt), galt) = 2sin(2wt), 61 = Oy = (L2, L2).

In all cases we took (0%, 02) = (0.5,0.25). The results for cases (i)-(iv) are presented
in Table 2 and the results for the last two cases are given in Table 3. From both tables,
we observe that the proposed procedure can detect the difference in the two mean
functions well and the power of T” is about 5-10% higher than 7" in most cases. From
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o) 0.1 0.05 0.025

n 25 50 100 25 50 100 25 50 100
(i) T 732 .960 .998 655 936 .998 H83 907 1996

T 768 .966 1.0 692 952 .998 629 923 998

(i) T .302 .367 .554 217 268 427 A75 0 202 344
7" 333 .391 .574 246 291 448 193 222 359

(i) 7 .891 .998 1.0 851 991 1.0 810 982 1.0
T 909 999 1.0 873 993 1.0 845 987 1.0

iv . . . . . . . . .
i T 932 99 1.0 902 992 1.0 870 .985 1.0
T 948 997 1.0 921 994 1.0 899 990 1.0

Table 2: Simulated powers for Example 4.2 with sample size ny = ny = n.

case (ii) and case (iii) we see that, for both tests, the power increases dramatically as
the difference g2(t) — g1(t) increases from t/3 to t.

Note that the powers of T and T” in these cases are not inflated due to the wrong
size because the empirical sizes under Hy (Example 4.1) are very close to or even
lower than the nominal sizes (especially for sample sizes 50 or above) for the same g(-)
functions.

Case (v) and case (vi) are included mainly for comparison purposes. These two
cases were examined by Neumeyer and Dette (2003) (scenarios (vi) and (ix) of (4.11)

in their paper). They proposed test statistics K](\}) and K](\?) which are sup norms
of two empirical processes of residuals. In their simulation study, they took uniform
density between 0 and 1 for covariate X and the same error variances as above and the
empirical powers were obtained using a wild bootstrap method. Although not directly
comparable due to the extra step of estimation of index vectors in SIMs, we can at least
conclude that our proposed procedure, compared to the ones proposed for univariate
case (denoted by K](\}) and K](\?) in Table 3) suffers no loss of power under the more
complicated situation of a SIM.

We also ran a simulation for cases (v) and (vi) with design density U(0,v/2/2) so
that ¢’X matches the range (0,1) of design density in Neumeyer and Dette (2003).
The results are given within parentheses in Table 3. It is noteworthy that the power
of their second test KJ(\?) does not depend on the design density of the covariate and it
generally has shown better power. Hence, although the random number generation is
not the same, we can argue that even with the extra estimation of index vectors, our
method yields reasonable powers. The large difference in powers for case (vi) could be
due to the difference in bootstrap method and direct computation of critical points,
where the latter can be more powerful provided the critical values can be estimated
rather accurately.
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a 0.1 0.05 0.025
n 25 50 25 50 25 50

v) T 843 993 778 934 725 978

(642) (.898)  (.560) (.837)  (.491) (.786)

K 601 883 462 717 346 734

KY 745 966 634 932 523 877

(vi) T 697 930 624 899 548 862

(.765) (.950)  (.698) (.934)  (.628) (.924)

Ky 312 617 184 465 108 314

KY 322 692 160 513 067 317

Table 3: Simulated powers for Example 4.2 with sample size ny = ny = n. The rejection
rates inside the parentheses correspond to density design U (0, V2 /2). The rows for K ](\}) and

K](\?) are taken from Table 1 and Table 2 of Neumeyer and Dette (2003).

a 0.1 0.05 0.02
(62,02) n 25 50 100 25 50 100 25 50 100
(0.25,0.25) (i) .128 .121 .104 066 .070 .050  .033 .029 .019
(i) .133 .123 113  .079 .064 .061  .032 .029 .030
(iii) .134 .135 .116  .075 .071 .060  .034 .028 .026
(0.5025) (i) .380 .693 .935 258 564 887  .134 .383 .784

ii) .408 .701 .936 277 581  .885 150 429 795

i) .345 .645 .924 234 512 863 122 351 .769
iv) .391 .677 .940 265 .556  .892 145 394 798
v) 392 708 .939 260 579 .883 150 422 .803

Table 4: Simulated rejection rates for Example 4.3 with sample size ny = ny = n.
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Example 4.3 (Uniform Design; p = 2). In this example we investigate the finite
sample performance of the test for equal variances. We consider parameter combina-
tions (0,03) = (0.5,0.25), (0.25,0.25) in each of the following function/index vector
settings:

(i) g1(t) = ga(t) = 2, and 0 = Oy = (%2, ¥2);
(i) 1(t) = ga(t) = sin(nt), and 0 = Oy = (L2, ¥2);
() g1(t) =1 @) =sin(rt) and 0= (L P). b= (4.

and consider (0,03%) = (0.5,0.25) for

[\

t
(iv) ¢q1(t) =sin(nt), g2(t) = sin(nt) + 3 and 0y =0, = (—2, @),

2

(v) g1(t) =sin(nt), go(t) =sin(wt) +¢, and 61 =0 = (5, %5).

I

The results are presented in Table 4. We observe that under Hy, although slowly, in
most cases the rejection rates converge to the nominal levels as sample sizes increase;
and under H, the test can detect the difference in error variances satisfactorily and
the power increases rather quickly with sample sizes.

(91,92) (exp(t), exp(t)) (exp(t), exp(t) +t)

(02,03)  alevel n 25 50 100 25 50 100
(0.5,0.25) 0.1 T 206 137 .082 403 .663 943
T 248 148  .096 H07 742 971

0.06 T 154 .090 .043 B15 569 911

T 190 .097 .052 411 .658 945

0025 T 111 .062  .028 258 491 871

T 144 071 .033 332 581 918

(0.25,0.25) 0.1 T A76 117 071 491 811 983
T 224 143 .091 D83 877 995

0.06 T 124072 .038 414 753 978

T 153 .085  .053 492 819 988

0025 T 091 .043 .023 354 .688  .970

T 118 .057 .031 427 758 981

Table 5: Simulated rejection rates for Example 4.4 with sample size ny = ny = n.

Example 4.4 (Normal Design; p = 3). We also conducted an investigation of size
and power properties of the tests for the equality of mean functions and the test for
equal variances for dimension p = 3 using normal covariates design. All three covariates
are generated independently from a normal distribution with mean 0 and standard

12



a 0.1 0.05 0.02
(6%,02) m 25 50 100 25 50 100 25 50 100

(0.25,0.25) (i) .127 .129 .105 072 .061 .058 028 .026 .024
(i) .157 134 .127 087 .073 .075 041 .035 .032

(0.5,0.25) (i) .349 .668 .935 238 533 .884 142 .378 790
(i) .331 .631 .923 225 506  .866 116 .350  .760

Table 6: Simulated rejection rates for Example 4.4 with sample size ny = ny = n.

deviation 0.5. We consider 6; = 6 = (v/3/3,v/3/3,4/3/3) and (¢?,03) = (0.5,0.25)
and (0.25,0.25) in each of the following two settings:

(1) g1(t) = g2(t) = exp(t);
(ii) g1(t) =exp(t) and ga(t) = exp(t) + 1.

The rejection rates for testing the equality of regression functions are presented in
Table 5 and the rejection rates for testing the equality of error variances are given in
Table 6. We observe similar performances as in the previous three examples except
that larger sample sizes are required to achieve the same nominal levels, which is not
surprising since the dimension for the index vector has increased.

(91, 92) (%, %) (%, t° + 1)
(02,02)  alevel (ni,ns)  (25,50) (50,100)  (25,50) (50,100)
(05025) 0.1 T 070 044 839 087
T’ 084 049 868 991
0.05 T 042 024 776 974
T’ 052 025 815 984
0.025 T 030 014 729 1.0
T 034 015 764 1.0
(0.25,0.25) 0.1 T 065 032 963 1.0
T’ 085 038 973 1.0
0.05 T 043 019 939 1.0
T’ 051 022 956 1.0
0.025 T 032 012 913 1999
T’ 033 014 935 1.0

Table 7: Simulated rejection rates of the first test for Example 4.5.

Example 4.5 (Unbalanced Sample Sizes). When sample sizes are quite different,
using a common bandwidth as we did in the previous examples leads to rejection

13



rates under Hy significantly higher than the nominal levels. To accommodate for
unequal bandwidths we proceeded as follows. Since our asymptotic theory requires
that the bandwidth parameter h should be proportional to N~Y4, we first select an
initial bandwidth parameter hg by the same cross-validation criteria as in the previous
examples. Then let

1
h = max(ho, cN“1); and hy=h- (nﬁ)“ k=12
k
We took different ¢ values ranging from 0.2 to 0.5. The difference in results is small,
although we observed slightly better performance in some cases when c is larger in
this range. We only present the results for ¢ = 0.3 here. We use hy for di, and
use h for dpk and the construction of 6. We use this criteria for uniform design
and p = 2. Take (n1,n2) = (25,50), (50,100), 61 = 02 = (v/2/2,v2/2), (03,02) =
(0.5,0.25), (0.25,0.25) and consider

i) g1(t) = g2(t) = 17
(i) g¢1(t) =t%, and go(t) =t> +t.

The simulated rejection rates for testing (1.3) are presented in Table 7 and the results
for testing (3.1) are given in Table 8.

a 0.1 0.05 0.02
(62,02)  (ni,my) (2550) (50,100)  (25,50) (50,100)  (25,50) (50,100)
(0.25,025) (i 209 177 142 120 1088 067

(i) 221 150 146 100 083 062
(0.5,0.25) (i) 314 661 203 528 112 361

(i) 332 685 215 540 111 360

Table 8: Simulated rejection rates of the second test for Example 4.5.

4.2 Real Data Example

We applied our method to a real data example to show its usage. We took the FAT
data from (?77). The data consists of the response variable FAT (the percentage of fat
in pork bellies) and 10 predictor variables for a sample of 45 pork carcasses. It was
shown that six of these covariates gave a well fitting linear model to the responses.
These covariates were X1; an average of three measures of back fat thickness, Xo; a
muscling score for the carcass, X3; an average of three measures of fat depth opposite
the tenth rib, Xy; live weight of the carcass, X5; the average measure of leanness of
three cross sections of the belly, and Xg; total weight of the belly. Since the linear
model assumption is reasonable for this data, we split the data set into two parts, one

14
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50

Figure 1: Plots of Y, the Fat content against u = §’X and LOWESS fit for group 1 (circles,
black) and for group 2 (squares, red)

with the first 22 observations and the other the rest. Then we used our method to test
the equality of the two regression functions and error variances. Since the two data
sets actually come from the same population, we should not reject the null hypotheses
in both cases. The CV method introduced in the simulation section was again used
to select the bandwidths to get hy = hy = 0.09. The resulting test statistics values
were T'= —2.51, T = —0.12 and T* = —0.01. Hence we do not reject the equality of
the mean functions and the error variances. Several other h values were tried and the
same conclusion was reached. We give the plot of the smoothed Fat content against
u=0'X and 6'X for the two groups in Figure 1 where 6 is the index vector estimator
for combined sample.

5 Proofs

In this section, we give a few lemmas that lead to Theorem 2.2 and Theorem 2.3. First
we give a few general results in Section 5.1, followed by a sequence of technical lemmas
particular to the problem in this paper in Section 5.2. Using these, we provide a
decomposition of d(S ,G) and analyze each component of the decomposition in Section
5.3. Theorem 2.2 is a direct consequence of Lemma 5.14 in Section 5.3. Finally, the
proof of Theorem 2.3 is given in Section 5.4. A number of lemmas in Section 5.2 are
directly taken from Kulasekera and Lin (2005). They are restated here without proof.

Throughout this section, £ is an arbitrary positive constant. In all cases, the term
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N¢ can be reduced to (In N)¢ for a proper power £. We use N¢ for simplicity in
presentation and this does not affect the results of this paper. In the sequel, unless
otherwise stated, all sequences are from 1 to N (e.g. €;,i =1,..., N).

5.1 Preparatory Lemmas

We first give a few general results that will be used in the sequel, starting with the
following asymptotic result for a quadratic form. The random variable sequences used
in this subsection are arbitrary sequences. We use the same notation for simplicity.

Lemma 5.1. Let {(X;,€¢),1 < i < n} be independent. Suppose E(€;|X;) = 0,
E(&@|X;) = 7(X;) and E(e}|X;) = M(Xi). Let T, = > iz Wij€i€j, where w; =
w(X;, X;j). Suppose

(i) for a sequence of real numbers hy, > 0, h, = o(1) and nh2 — oo;

(ii) 7;’s and \;’s are bounded by some constant Cq > 0;

(iii) wniformly inu <4 and ry,--- 1y <4,
Elwl wizy, - wity, | = O(hy); (5.1)

where t is the number of distinct pairs in {(is, js)} (with (i,7) and (j,i) being
considered as identical) such that is # js;

(iv) s2 = Var(T,) = Con®hy, + o(n?hy,) for some constant Cy > 0.
Then we have T, /s, 2, N(0,1).

i—1 ~

Proof. Let w;; = w;; + wj; and Y; = Zse;, where Z1 = 0 and Z; = ijl Wij€j, © =
2,---,n. Then T, = >"7" | Y; and {(Y;, F;)} is a martingale difference sequence where
Fi is the o-field generated by {Xi, -, X;,€e1,---,€}. By Theorem 1 of Heyde and
Brown (1970), it suffices to show Y7 | EY;* = o(s};) and E(}1, Y — s%)2 = o(s}),
which can be verified by straightforward computation. O

Lemma 5.2 (Bernstein’s Inequality). Let Z1,--- , Z, be independent random vari-
ables with Var(Z;) = Uf and 0?+---+02 <oo. If P(|Z;—EZ;| <b) =1,i=1,--- ,n,

then
n 2.2

1 ne
P(|-3(Zi~ BZ)| 2 ¢) < 2exp{~ 3
n ;( ! 2 P 25" 02 + 2bne
Lemma 5.3. Suppose for eachn, {Z1,--- , Z,} are independent conditional on X,, with

E(Zi|X,) = p(Xy) and maxi<i<, E(Z2|X,,) < o%. Then, for a sequence of functions
a;(+) with maxj<i<p Ea?(Xn) < b,,, we have

n

D ai(Xn)Zi =D ai(Xn)p(Xn) + Op(v/nbn).
=1

i=1

2
Proof. It suffices to observe that E(Z?:l ai(Xn)[Zi — ;L(X,J]) <3 Eai(Xy)o?.
O
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5.2 Technical Lemmas

Let d(a;S,G) be defined as in (2.3), where S is the index set deciding the sum of
squared residuals and G is the index set deciding the estimator of the mean function.
We shall assume that t1,ts, u1, uz are all O(N). To simplify the notation, we suppress
the index sets S, G when there is no confusion. For all i € S and j € G define

Lo =) Lga(Xy); Ki(a) =Y Kp(d'X; — o' X;);
€S Jjeg

Kh (O/Xj - Ct/XZ')

Kij(a) = K.() ; Kni(a) = Jezg kij(c)m(X;)
Lg.o(Xi) I(1Ki(e)] > ao)
a) = Zf%’j(a)éj; lio = =2 i3 ;

j€G @
Y e=> cilia, (5.2)
i 1€S

where a is an arbitrary fixed positive constant, and {¢;} is any sequence.

Remark 5.4. Under H, the m(-) function for the two populations are different. For
notational simplicity, we write m(-) for both models which should be understood as
m(Xl) = mk(Xl) fori € Hy, k=1,2.

Remark 5.5. By the results in Lemmas 5.6-5.9, we can add the factor I(|K;(0)| > ao)
to any of the terms in (5.2) and the difference is asymptotically negligible for all
cases discussed in this paper. We shall use this property whenever it is necessary or
sometimes for convenience.

Before partitioning J(S, G) into several components and analyzing them, we first
give a few technical results (5.6-5.11) for the quantities defined in (5.2).

Lemma 5.6 (Kulasekera and Lin, 2005). Under Assumption (A1)-(A5), we have
. 1 ,

(1) sup, max(ies|L, . (x,)20} [Ki(@) = nhfa(a’X;)| = 0p(n2"Vh) + Op(nh™1);

(i) infominges|r, . (x,)20y [ Ki(a)| > cxnh + op(nh);

(iii) infa La > cp N + 0p(N);

(iv) sup, maxi<i<n ) j_ I}Kh (' X; — d'X;) ’ = Op(nh

(v) sup, MaX(1<i<n;Lg,a(X;)#0} Z] 1 Rij(@)] = Op(1 )

(vi) sup, maxf<;j<n} Zl<z<n iLg.o(X:)7#0 |kij ()| =

where ci, cr, are some positive constants.

Op(1);

Remark 5.7. The upper bound in Lemma 5.6 (i) is op(n%+5\/ﬁ) +0,(nh3) in Kulasek-
era and Lin (2005) because they took r = 2 and used a second order kernel function.
A direct generalization to a general choice of r is immediate.
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Lemma 5.8. For any choice of fized constant ag and a sequence cy = o(1), we have

sup max I(|K; ()| < ag) = 0p(N7),
acA €S

for allt >0, where A= {a | ||a—0| <cn}.

Proof. Partition the set A into N*® (s is decided below) small cells evenly. Take one
point from each cell and let Ay denote the collection of them. Then for every a € A
we can find one & € Ay such that ja —a| = O(N_i) uniformly in .. Hence, by taking
s large enough, we can make ||K;(a)| — |K;(a)|| < O(Nh™!- N_i) < ap, uniformly in
(i)es [Ki(a)] = inf(q epy [Ki(@)|| < ag, where B = {(a,i) | a €
Aji € 8} and By = {(a,i) | @ € An,i € S}; and the inequality inf,ea | K;(@)| < ag
implies that infye 4, Ki(a) < 2ag. Therefore,

sup I(|Ki(@)| < ag) <I( inf |Kz(oz)] <ap) <I( inf |Ki(a)| < 2ao),
(a,i)eB (asi)eB (,i)eBN

From (5.3), P(|K;(a)| < 2a9) = o(N~") for all ¢ > 0 and the result follows. O

Lemma 5.9. Under Assumption (A1)-(A5), we have, under Hy, for all £ > 0,

sup | Kmi(@) — ga(a’X)| = 0, ((h" + N"2h3)N).
(a,i)eA

where the index set A= {(a,i) |i €S, Lga(X;)#0}.

Proof. The proof is almost line-by-line identical to Lemma 4.8 of Kulasekera and Lin
(2005) where they took r = 2. O

Lemma 5.10 (Kulasekera and Lin, 2005). Let A;j(a) = Kp(o/X; — o' X;). We
have

() Tics D asj<s|Syeg[Ai(@) — Ay O)]e| = 0, (IV2h + N*+En2]52N%):
(i) s Supa‘zjeg Aij(a)ejf — 0, (N2¢R):;
(i) SUP|a_p|<s Tics (zjeg (145 () — ,iij(g)}ejy = op((h~1 + NE-1p=4)52N¢).

Lemma 5.11. Uniformly in {is, js} and o in some neighborhood ofé? we have

(i) E|Kp(o'X;, — o/ Xi) ) Kp(o/ X, — O/Xz-Q) Ko X, — o' X)) =

(i) E|riv (0kinia(@) -+ i (@) - 1(@)| = OB (NR) ™)
(iii) E|[r5,5, (@) = Ky, (0)] - (13,5, (@) = 3,5, (0)] - I(a)[(@)‘ = O(0"(Nh)™),
where I(o) = I(|Ki ()| > ag, -+, | Kiu(@)| > ag) and t is the number of distinct pairs

in {(is,js)} (with (i,7) and (j,i) being considered as identical) such that is # js.
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Proof. For simplicity of presentation, we give the proof for u = 2. The proof for general
u is almost identical. The first result follows immediately from direct verification. Now
we show (ii). Let Z;;(a) = Kp(o/X; — o/ X;). Then kij(o) = Z;j(a)/Ki(cr). Due to the
indicator functions k;;(a)’s are uniformly bounded by Ko/ag, where Ky = sup |K(t)|.
We have

Bl (@) i ()T (| Kir (@) > a0, [ Kin(@)] > ao)|

K?
2E’Z'll]1( )Zi2j2( )|+ —2

S5 22 5 [P K ()| < 0n) + P([Kip ()] < 6n)]-

Note that E[K;(a)] = K(0) + ca(N — 1)h, where cq = [1, K(s)da(s)ds with ¢u(")
being the density of o/ X7 — o/ X5. Take dy = |E[K;(a)]| — (Nh)g. By assumption
(A4), cg # 0 and we have dn > |cyg|nh/2 — (Nh)§ for all a in a small neighborhood of
. Conditional on o/ X; and using Bernstein’s inequality, we have

P(|Ki(a)| < d) < P(IKi(a) — E[Ki(a)]] > (N)3)

(NB)S  \ o
clNh+(Nh)%}_ W >3

< Qexp{—

for all t > 0. The result now follows from (i).
For the last part, we have

i Oé) ZZ" 9) KZ(Q) — KZ(OJ)
= E‘( B A Rk Pyrar
Zn(@) = Zoan(0) Ko (6) — Knm(a)
( K)om0 R @) )1()1(6)

Uniformly in 4, j, m,n, we have

K;(0) — Ki(a) Kn(0) — Ky(a)
B[40 7m0 ® ) )
< SHEIK(0) ~ i)l (0) = Ko+ o(N 1) = SLO((NRE) + o(N ).

for all t > 0. Similarly we can show that the other three terms are of the same order.
The proof is completed by taking the same dy as above. O

5.3 Decomposing d(S,G)

Now we are ready to partition d(S,G). Let ma(XZ) =m(X;) — ga(¢/X;). By (5.2) we
can write go (@' X;) =3 ;cg rij(@)Y) = Kmi(a) + Kei(@), i € S; and

9
d(0:8,6) = 3 (e + ma(Xi) + ga(0/X) = Kni(a) - Kez(a))Q =Y Ri(;8,9);
=0

76
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where, suppressing the dependence on S and G,

Ro(a) =) el Ri(a) =D mi(X
Ro(a) = §< 2(0/X0) ~ Ki()) s Rs(a) = §(2n¢j<a>ej)2;
_s Z e (Xi)es: Rs(a) = QWZJ(Z(CM’XQ — Ki(a) ) e
_ _zggﬁ” Jeie: —QZma ( o/ X;) — Kmi(a));

a) = —2 Zma(Xi)Kei(a); Ro(a) = —2 Z(ga(o/Xi) _ Kmi(a))Km-(a).

Remark 5.12. As in Remark 5.4, we do not distinguish two m(-) functions here as
well. It should be understood as g,(a/X;) = E(mg(X)|o/X = o'X;) for i € Hy,
k = 1,2, and similarly for m,(-).

Lemma 5.13. Suppose Assumptions (A1)-(A6) hold. Then under Hy with 0 being the
true index vector, or under H, with G = Hy and 0 = 0, k = 1,2, we have that, for
any & >0,

1
RO) supgep sup|ja—gj<s [Ro(@) — Ro(B)| = 0, (N~2746);

R1) there exist constants ¢ > 0 and co > 0 such that, uniformly in «,
cifla = 0)* + oflla = 0]1%) < Ri(a) < ezl — 0] + of[|ev — 0]]%);
R2) supoep |Ra(a)] = 0p(N"th + h*)NE);
R3) supj,_g<s |R3(@) — R3(0)] = Op(N~"h™14);
R4) supjo—g)<s [Ra(0)] = 0,(N~2745);
R5) sup,cp |Rs(a)| = op((N_%h% + hT)N_%“‘g);
R6) supjq_g|<s [ Rs(a) — Re(0)] = o (RLSNT1FE);
R7) supja_g<s |R7(@)| = 0,(N"2h7 + hT)SNE);
R8) supjq-gj<s | Rs()| = 0, (N2 74);
R9) sup,ep [Ro(a)| =0 (N_%Jrfh" + N~-1+¢h).

Under H, with G = 'H, the above results hold for Ry, Rs, Rg with 6 being arbitrarily
fixed; the bound is op(N 2+f) for Ry, Rs, Rg, Rg and, for S = H, k=1,2,

igf(Rl (o) + Ro(ar) + R7(Oz)) = cor + 0p(1)

where coy, is given by (2.6).
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Proof. Under Hy with 6 being the true index vector, or under H, with G = Hj,
k = 1,2, the proof is identical to Kulasekera and Lin (2005) except for terms Rs, Rg.
Under H, with G = H the proof is identical to Kulasekera and Lin (2005) except for
terms Ry, Ro, R7. We will therefore provide proofs of these few cases. Let M7, My and
M3 be generic functions in the following.

First consider R3 term. Write R3(a) = Z?:l M;(«) where

Mi(@) = 3 (X (rife) = w5 0)s)

i jEG
Mafe) =23 (3 (rij @) = miy (0)es ) (3 s @) )
i jEG JEG
M3(a) = Z(Z "%’j(e)ﬁj)Q = M3 (o) + M3o(or) + M3s,
i jEG

with

Ma(0) = 7 (S wi5(0)6s) (LX)~ Lyo(X2),

Y ies jeg
1 1 2
M3za(a) = (L_a — L_9> %;(]ezg ﬁij(9)€j> Lyo(X5),
1 2
M3z = s ZGZS(% ﬂij(9)€j> Lq6(Xs).

Since M3z = R3(0), |R3(a) — R3(0)| < [Mi(o)| + [Ma(o)| + [Ms1(a)| + [M3z2(e)], and
the result follows by Lemma 5.6 and Lemma 5.10.
Now we consider Rg term. Note that

Rﬁ(a) — RG(Q) — L[Ml(a) + Mg(a)] + L@ - La

Tu EM?,(H): (5.4)

where M3(0) = > ,cs jeg £ij(0)Lg0(Xi)eie; and
Mi(o) = > [rij(e) = kij(0) Lga(Xi)eie;,

i€8,j€G

My(a) = Y kij(0)[Lo,a(Xi) — Loo(Xi)leie;.
i€8,j€g

From (5.9), M3(0) = O,(h™'). For Mj(a) and Ms(a) we apply the discretization
technique again. Let the discrete set of « be denoted by A with size N¢ (hence each
cell has diameter of order N~¢/?). Note that

Mi() + Ma(a) — Mi(B) — M2(P)
= €iLga(X)D (ki) = ki(B)lej + > il LgalXi) = Lag(X)] Y rij(B)e;.

€S j€eg 1€S Jj€G
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Then, by Cauchy-Schwarz inequality and Lemma 5.10 we can show

sup | Mi(a) + Ma(a)| — sup | Mi(a) + Ma(c)|

lla—0[|<é acA
< sup [Mi(a) + Ma(a) — Mi(8) — Ma(B)|
la=BlI<N P4
= 0p((h™% + N3 3R 2)N2 5 +E5), (5.5)

By Lemma 5.11 we have, sup,c 4 E[Mg(a)]" = O(Nt%), forallt e N, k = 1,2.
Thus, for k=1, 2,

S E M t 1 c
P(sup [My(@)] > ay) < Ne2Roca BN _ 6 Lyt
acA N anN

which converges to zero provided ay = N ttep=16 for any & > 0. Therefore we have
SUPyea | Mi(a)] = 0p(NTT€R718), k = 1,2. Taking ¢ and t sufficiently large, the result
follows from (5.4) and (5.5) above.

Finally we consider the term R; + Ry + Ry under H, with G = H. We shall give
the proof for the case of S = Hy. Let gra(t) = E(mp(X)|’X =t), k = 1,2. Define
Kig(a) =3 jep, Kn(0'X; —'X;), k=1,2, and

Kmie(a) = Kz () > Kn(o'X; — o Xi)mi(X;).
JEH

By Lemma 5.9 we have

= igf%:([Kmu(@) — g1a(d' Xy)] I;il((j)) + [Kmiz(a) = gaa(a' X;)] I;j((j))
/ i1(a) 1y Kiz(@) 2
+ g1a (o' X;) Ki(a) + g2a (' X;) Kio) ml(Xi))
2
- ing(ml(Xi) — Agia(@’X;) — (1 — A)gm(a'xi)) +op(1)
= co1 + 0p(1),
where cp is given as in (2.6). O

Lemma 5.14. Let h = O(N_%) and 0 minimizes d(a) = d(c;S,G) over D. Let
bo = E[LQ,Q(X)]} n= |S|7t = |g| and

t1:|gﬂ7-l1|, t2:|gﬂ7-l2|, U1:|Sﬂgﬂ7‘f1|, U2:|Sﬂgﬂ7‘f2|.
Then under Assumptions (A1)-(A6), we have, for all £ >0,

(i) under Hy, ||0 — 0| = op(n_%+§) for all € > 0;
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(ii) under H, PO Z(QA) = 0,(N~1E), where R;(0) = \R( N, i =1,2,4,5,7,8,9,
and R;(0) = |Ri(0) — R;(0)|, i = 0,3,6; the result for Ry holds under H, as well;

(iii) under Hy, R3(0) = Op(N~1h™Y) and, more specifically,

1 2
q9 | 1 K*(s)ds ! _
R3(0) = I;OT(&U%*HQU%)/ L(s)ds + Op(N71);
—1

(iv) under Hy, Re(0) = Op(N~'h™1) and, more specifically,

2qo K (0) 2 2 /1
0) = — L(s)d
Rg(0) nihbo (u107 + u20%) B (s)ds

2 Kn(0'X; — 0'X;)
Z fo(0'X5;)

Lyo(Xi)eie; + 0p(N 7).
nthbo i€S,5€G,i#]

Proof.
(i)-(ii) Since d(0) minimizes d(«), we have d(f) < d(6), i.e. 37, Ri(8) < 37, Ri(6).
Note that R;(#) = 0 under Hy. Hence, by Lemma 5.13 we have

0) <> |Ri(0) — Ri(0)] <> sup |Ri(a) — Ri(0)| = o, (h*"nt + 5hTN®),
i#1 i#1 le—0]|<o

where we currently take 6 = O(1). In view of Lemma 5.13(R1), a method identical
to that of Lemma 4.13 of Kulasekera and Lin (2005) gives the result.

(iii) By Lemma 5.11, Ezies(zjeg%(a)ej)%qe( XOI(K:i(0) > ap) = O(h™).

Hence R3(0) = Op(N~'h~!) from Lemma 5.6(ii). Since L_e = % + op(N_%+5),
by Lemma 5.8,

1 _3
o 2 R OL (X0 + oM o), (56

zES jEG
where M = Z#twsteset with wyg = Y icg RiskitLgo(Xi)I(|K;(0) > ag). By
Lemma 5.11, EM? < O(1) D ospt 2oies.jeg Blris(0)ri(0)kjs(0)rje(0)] = O( ).
Hence M = O,(1). By Lemma 5.11, E(Zies #2,(0) Lo (X)I(|Ki(0)] > ag )
O(N—2h~2). Thus, by Lemma 5.3, with G, = G N Hy, k = 1,2,

- = Z Y ox Xi)o2 + O, (N7Y). (5.7)

k=11i€8,j€qy

Note that it suffices to examine the terms with L,(X;) # 0. Define index set
A = {i|Ly9(X;) # 0}. By Lemma 5.6(i) and the choice of h we have K;(§) =
thfe(0'X;) + Op(nh"™1) uniformly in i and hence, uniformly in i € A, j,

Kn(0'X; — 0'X;)
thfe(0'X:)

rij(0) = +Op(NTHR). (5-8)
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Since Y- cq, Ki(0'X; — 0'X;) = trhfe(0'X f K?(s)ds + O(Nh?) uniformly in

1, we have, for k = 1,2, uniformly in 4,

tx fll K?(s)ds

2.(9) = Kp(0'X; — 0'X;) —1pr—1y _ kJ-1 )R ~1
];gkmj(ﬁ)—]g (IO} FON TN = s T 0N,

The result follows by plugging the above into (5.7).
(iv) Easily we have Rg(0) = O,(N~th™!) since, by Lemma 5.11,

B(Y Lyo(Xmig ()I(K:(0) > ag)eie; ) = O(h™). (5.9)

i€S,jEG

Hence, with F =SNG and A= {(i,j) | i € S,j € G,j # i},

Rﬁ(G):——(Z/{“(H)ng(Xi)e?Jr 3 mj(e)Lqﬁ(Xi)eiej)+OP(N—1).
i€F (3,7)EA

Since E[I{“Lga( OI(|Ki(0) > ag)] = O(N~2h~2) uniformly in 4, by Lemma 5.3

and (5.8), we have, with F, = F N Hy, k = 1,2,

1

K
> ki(0) Loo(Xi)er = 10 th@) (w102 + ug03) / L(s)ds + Op(N~"2h71).
iEF -1

The result follows by observing that, with a method similar to that of the proof
for Lemma 5.11(ii),

5 Kn(0'X; — 0'X;)

_1._3
thfe(ele) Lq,@(Xi)€i6j+Op(n 2h 2).

Z Kij (Q)Lq,a (Xi)GiEj =

(i,7)€A (i,5)eA

5.4 Proof of Theorem 2.3

Proof of Theorem 2.3.
Applying Theorem 2.2 repeatedly we get T' = bolth + ]\}hDN + op(N’Hé) with 77 =

. . (% 0
Zﬁil Z;VZI cijwijeie; and Dy given in (2.7). Here wyj = %X)X)Lq,g(Xi), ¢ij =0

for ¢ = 7 and

1 1 _ no . . .
_n1N+n7%_n%N’ Zaj_]-v"'anlal?é]a

1 s R .

Cii— _nl—N) 2_1)"'7n17]_n1+1)”'7Na

] T 1 . L .

T hnaN? 2:n1+1,~--,N7j—1,-~-,n1,

S R R TR AT RO )
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Uniformly for ¢ # j (assume ¢ € Hy, j € Hs, k,s = 1,2), we have

Kn(0'X; — 0'X;)
=2 ()

= o207 / /Kh u—0) fo(v) dv) L7(5 )f@( Jdu = agsh-+ O(12):

2 22
Elwj;ee;

2
Lqﬂ(Xi)) 013‘73

and, similarly we can show (again, assume i € Hy, j € Hs, k,s = 1,2) E[wijwjie?eg]
agsh + O(h?). Hence

ny ni

Var(T}) ZZ Cw + cwcﬂ a11h + Z Z c” + cwcJZ a12h

=1 j=1 =1 j=n1+1

N ni N ni
+ Z Z(C?j + Cijcji)amh + Z Z(C?j + Cijcji)aggh + O(N_2h2)

i=ni1+1 j=1 i=ni+1 j=1

2n3 2n? h
= (—22(111 + ( + — + Laiz + a22) -+ O(N~?h?).
N
ny n3

By assumption (A4) and Lemma 5.11, the conditions of Lemma 5.1 are satisfied and
thus the proof is completed. O
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