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Abstract

Single-index models (SIMs) provide one way of reducing the dimension in regression
analysis. The statistical literature has mainly focused on estimating the index coefficients,
the mean function, and their asymptotic properties. In this paper we examine the estima-
tion for the error variance. T'wo estimators are proposed, one is the traditional MSE-type
estimator, and the other is similar to the difference-based error variance estimator in the
literature of nonparametric regression. We allow both fixed design and random design for
these two estimators. The asymptotic normality of both estimators is established and an
empirical study is conducted to evaluate their finite sample performances.

1 Introduction

In many situations experimenters collect multivariate observations from individuals. Re-
gression analysis is a common tool that can be used to model such data. Suppose our
data (Y;, X;) follow the classical regression model

Yi=m(X;)+e€, i=1,---,n, (1.1)

for some function m(-) where the covariate X’ is a p-dimensional vector, Y is the response
variable, and €’s are independent errors with zero mean and bounded variance. We allow
for both fixed and random covariate designs in this article. We say that the model follows
a linear single-index model (SIM) if m(z) = g(#'z), where g(-) is an unknown univariate
smooth function and § € R? is an unknown index vector. For identifiability purposes, we
typically assume that ||0|| = 1 and the first nonzero element of 6 is positive. A general
condition of the uniqueness of the representation m(x) = g(6'x) has been discussed by
Lin and Kulasekera (2006). The SIM has been extensively investigated due to its appeal
in its ability for dimension reduction (e.g. Powell, Stock and Stoker 1989, Duan and Li



1991, Ichimura 1993, Hardle, Hall and Ichimura 1993, Xia, Tong and Li 1999, Hristache,
Juditsky and Spokoiny 2001, Yu and Ruppert 2002, Stute and Zhu 2005). In all the
literature, researchers focus on estimating the index coefficients and on the asymptotic
properties of the estimators of the mean function.

An equally important issue is the variance estimation in a SIM. This has not been
discussed to a satisfactory length in the literature. In this paper we propose two variance
estimators for the SIM. One is an MSE-type estimator, i.e. a properly weighted sum of
squares of the residuals, and the second estimator is a weighted U-statistic type estimator.
We establish the asymptotic normality for both estimators under a set of broad conditions.
Note that although the covariate is multidimensional, the function g(-) is univariate. If
the index vector 6 is known, then one can easily use an optimal difference estimator
by Hall, Kay and Titterington (1990) or Munk, Bissantz, Wagner and Freitag (2005) to
estimate the error variance. However, since 6 is unknown, we cannot directly use a classical
difference estimator for a SIM because the ordering of §'X; is not readily available. It is
also noteworthy that difference based estimators in a general nonparametric model have
slow convergence rates when the dimension is high (Munk et al. 2005). We shall show
that, in spite of the additional estimation of the index vector 6, the variance estimators
proposed here have very similar asymptotic properties to the MSE-type estimators and
difference-based estimators in a univariate nonparametric regression setting.

Our first estimator is an MSE-type statistic (or a kernel-based estimator; Hall and
Marron 1990). It is the minimum d of d(a) with respect to o, where d(a) is a suitable

sample version of d(a) = E(Y — E(Y|0/X))27 e.g.,
. 1 — . 9
d(a) = - Zwi(a) (YZ — ga(o/Xi)) .
i=1

Here g, (t) can be any suitable estimator of E(Y |a/X = t) and w;(«)’s are suitable weights.
This type of variance estimator is currently a popular choice in the SIM literature. Both
a weighted and an unweighted version of d(«) above were investigated by Ichimura (1993)
who concentrated on the estimator 6 of the index vector §. Hirdle et al. (1993) analyzed
a version of cf(a) through a decomposition method for bandwidth selection purposes. The
asymptotic normality of inf, d(c) for some version of d(«) in a partially linear SIM was
obtained by Xia et al. (1999) under homogeneous errors assumption. Some very restrictive
conditions were assumed by these authors. For example, they examined inf,, d(oz) only in a
very small neighborhood of @ (within O(n ™) of § for some ¢ > 0 and sample size n), which
is quite impractical since # is unknown and minimizing (i(a) over such a neighborhood is
not possible. They also assumed the existence of very high (unspecified but as large as
needed) moments of the errors. Our method does not require these restrictions and the
normality of inf, CZ(O&) is built for cases including heteroscedastic errors. Moreover, the
aforementioned authors only include the data (X;,Y;) with X; € A for the construction
of d(c) where A is a set over which o/ X has density bounded away from zero for all c.
Since A is made free of o, this can discard too many data points from the original sample.
When the errors are homogeneous, we use a set A(«) that depends on « in constructing
the proposed J(a). This approach uses as many data points as possible.

The second estimator we propose resembles both a U-statistic and a difference estima-



tor. It is the minimum (over «) of the sum of weighted squared differences

> wij(os B)(Y; = Y5)%,

i?j

where the weights w;;(«; h) are selected such that they are small for large values (controlled
by the bandwidth parameter h) of |o/X; — o/ X;|. Since the weight functions are nonzero
only when the #’X values associated with the two responses are close to each other,
this estimator is quite similar to the difference-based estimator in the literature mainly
for data with univariate covariate (Hall, Kay and Titterington 1990, 1991, Kulasekera
and Gallagher 2002, Munk et al. 2005). Note that this type of estimators work only
for homogeneous errors. Compared to the MSE-type estimator above, no smoothing is
required for this estimator and thus smaller bandwidths are desired (see Section 2). One
major advantage of this estimator is that it does not involve the problem of boundary
effect as does the first MSE-type estimator.

We organize the paper as follows. In Section 2, we give our construction of the esti-
mators and their asymptotic properties. A small simulation study examining the finite
sample behavior of the statistics is given in Section S:variance-sml. All the proofs of the
technical results are deferred to Section 4.

2 Variance Estimators

Suppose we have i.i.d. replicates (X;,Y;) coming from model (1.1) with m(z) = g(0'z).
We allow for both fixed and random covariate designs in this treatment. For simplicity
of presentation, only random design case is presented in full detail. We assume X to be
bounded with probability one and the index vector § € D where

D={0cR|[6]|=1,6, >0}. (2.1)

Note that this definition is slightly different from what is given in the introduction where
one only assumes the first nonzero element of 6 positive. The reason for this modification
is that we need 6 to be an interior point of D. This is assumed in most of the existing
literature. Since we can always move the most significant variable to be considered as the
first variable, the assumption #; > 0 is reasonable. Let S = Sx denote the support of X
and, WLOG assume that S is contained in the unit ball B(0, 1).

2.1 MSE-type Estimator
2.1.1 Random Design Case

Let d(a) = E(Y — ga(o/X))2 where g, (u) = E(Y|o/X = u), which can be estimated, for
example, by the kernel estimator
> imy Yl (/X — u)
ga(u) = n / . i
i1 Kn(e/Xi — )

(2.2)



where Kp,(t) = K(t/h) for some proper kernel function K, and bandwidth parameter h.
Now, we can construct a sample analog of d(c) like 31", [Vi — g (o’ X;)] 2 /n and minimize
that to get an estimator of 8. However, the data can be sparse near the boundary of the
domain of o/ X for any given «. This can cause severe bias problems in the estimation of
go(+). Thus, we propose to use a weighted sum in constructing the sample version d(«) of
d(a) so that we avoid estimating g, near the boundaries of the corresponding domain of
o X.

Let the support of X be denoted by Sx and, for an o € D, let ¢, and 2w, denote the
center and width of the set {o/x | x € Sx}. We shall use an X; in the construction of
d(oa) only if o/ X; is not too far away from the center ¢,. To do this, fix a constant ¢ < 1
as a width control parameter and let g, = q - wo,. Now, we consider all X’s such that
o' X € [ca — qus Ca + o] for a given a in the construction of the sample analog for d(a).
In particular, let

2
d(e) X (¥~ Ga(0'X0)) LX) (2.3)
) = n ) .
Zi:l qux(Xi)
where ,
a'x — ¢,
Lyalz) = L(T), Vz € Sx, (2.4)

for some nonnegative weight function L supported on (—1,1). Then we can estimate
the index vector 6 by 0 = arginf, cZ(a). The properties of 0 for some special choice
of the weight function L, has been studied by Ichimura (1993). We will concentrate
on analyzing the statistic d(é) itself which is a reasonable error variance estimator for
homogeneous errors.

Remark 2.1. Hall (1989), Ichimura (1993) and Hérdle, Hall and Ichimura (1993) used
an indicator function I(x € X’) in place of Ly (x) above, where X is a subset of our Sy,
on which, f,(c/z) is bounded away from zero for all & € D. There the set X was not
explicitly given. The set X can be constructed as the intersection of all the sets S, where
Se = {z|Lga(zr) > 0}. In some sense, more information is utilized to construct d(c)
since for every « the set S, contains more covariate values than the set X’ in the above
articles. A similar idea to ours was used by Xia, et al. (2004) in their construction of a
Goodness-of-Fit test for a SIM.

2.1.2 Fixed-Design Case

For fixed-design models, instead of defining the projection function g,(-) using conditional
expectation, let g, (-;m) minimize the Lo distance

/(m(x) — z/J(o/ac))Zda:.
S



To obtain an explicit expression of g,(-), let A be an orthogonal matrix with first row o’
and let AS = {Az|x € S}. The transformation y = Ax yields

/ (m(z) — p(a'z)) de = / (m(A'y) — (y)) dy
S

AS

- /_1 (/S( )(m(A'y) - ¢(y1))2d3/2 : --dyp>dy1,

1

where S(t) = {y € AS | y1 = t}. Hence it suffices to minimize the inner integral for every
y1, which gives
/
Ssy m(AY)dys - -~ dy,
Gy m) = =) dyy - --d ' (25)
Sy vz dyp

In Lemma 4.10(iv) we show that (2.2) is also consistent for g, (-) and hence the same error
variance estimator d(f) as in the random design case can be used for the fixed design case
as well.

2.1.3 Model Assumptions and Main Results

The following technical assumptions are used in establishing the asymptotic theory of the
proposed estimators of the error variance. These assumptions or stronger versions have
been used by many authors in the past for establishing the asymptotic properties of 6.

(A1) The mean function m(z) = E(Y|X = x) is r-times continuously differentiable and
m(-), m/(-), m"(-) are bounded by a generic constant C. The function m(zx) is not
constant on the support of Lgg(-) where Lg4(-) is defined in (2.4). The true index
vector @ € D where D is as given in (2.1).

(A2) The domain S = Sx of X is closed, bounded and convex, which contains at least
one interior ball By with radius wg > 0. Without loss of generality, assume that
Sx C B(0,1) where B(0,1) is the unit ball in RP. In random-design case, the density
of X, o’ X and o/ (X1 —X3) will be denoted by f(-), fo(+) and ¢4(+), respectively. The
density function f(-) is twice continuously differentiable. Also, there exist constants
0 < ¢1 < €9 < 00 such that

a1 < f(x) <co, Vxe Sx.

In fixed-design case, (z1,---,2,) is a point set of low discrepancy (Niederreiter,
1992) and the function f,(-) is defined as

fa(t) = / dyg‘--dyp,
{yeAS|y1=t}

where A is an orthogonal matrix with first row o/;
(A3) The error € has at least v (to be specified later) moments.

(A4) The kernel functions K(-) and L(-) are bounded, symmetric non-negative func-
tions supported on (—1,1). K(-) is continuously differentiable and L(-) is Lipschitz
continuous of order 1. L(t) is non-increasing in |¢t| and L(¢t) > 0 for all ¢t € (—1,1).



(A5) The bandwidth h is such that h = O(n=?) for some 8 € (0, 1).

Remark 2.2. The definition of D guarantees that 6 is an interior point of D. This
condition was used by Ichimura (1993) as well. Assmption (A2) guarantees that the data
points are dense on the support of X. Héardle et al. (1993) and Xia et al. (1999) assume
the existence of sufficiently high (their method could not produce a moderate number) of
moments of €. Here we only assume the existence of finite number of moments of ¢ for the
MSE-type estimator and for the U-statistic estimator. See Theorem 2.3 and Theorem 2.6
for detail.

The following result gives a representation of the quantity ci(oz) when minimized with
respect to a.

Theorem 2.3. Let § minimizes ci(oz) above over D and let the bandwidth h be proportional
to n=% with % <a< % Let assumptions (A1-A5) hold and v > max(2u,8) where u
is the smallest positive even integer greater than 1if1ap. When the error variances are
homogeneous, i.e. Var(e|x) = Var(e), we have, for all £ > 0,

A A n 62 i 1
d(9) = %2_11 2111;9(1,?;?5)) + op(n~2).

If the errors are heteroscedastic, then the above holds provided that the weight function
Lyo(:) is free of .

Proof. This is a direct consequence of Lemma 4.13. O
Corollary 2.4. Let the conditions of Theorem 2.3 hold. Let
ap = E[0*(X)Lgo(X)] and b= E[Lgo(X)].
Define 02(x) = Var(e|X = z) and M(z) = E(¢*|X = ). Then we have
Vin(d(8) - oF) = N (0, 7),
where, 0% = ag/b and

1
2= o E[D*AN(X)L2 y(X) — 2a0bo*(X)L2 o(X) + ad L2 o(X)].

For fized design models, any quantity taking the form E[A(X)] should be replaced by
Js Az)de.

Proof. Suppose U;’s are independent with mean u, V;’s are independent with mean v, and
they all have finite variances. Then we have

Z?: UZ' u 1 " _
ST T = g 20U i) oy (n).
= i=1



Thus, by Theorem 2.3,

S Y €20 4(X0) B
d(0) = == + op(n~2
v 2ic1 Log(X0) » )
n
a0 1 i
b T nb2 (bE%Lé’,q(Xi) —aoLg ¢(X;)) + op(n 1/2)'
i=1
The result now follows from the classical Central Limit Theorem. 0

Remark 2.5. It is easily seen that for homogeneous error variances with Var(e|z) = o2

we have 0% = 02, and the asymptotic variance 72 in Corollary 2.4 is reduced to

_ E[Var(e?| X)L 5(X)] > _ [s Var(e?|x) L7 4 (x)dx

2 or T
[E[Lgo(X)]> 7 [ Lqo(x)dx] 2

Y

for random design and fixed design models respectively. In the latter case, we can easily

construct an asymptotic confidence interval for o2 and test hypothesis like Hy : 02 = 0(2).

2.2 U-Statistic Type Estimator

For models with homogeneous error variance o2, other than the MSE-based variance esti-
mator, especially in univariate design case (see Munk et al. 2005 for detailed discussion),
a popular alternative is the difference-based estimator (Hall, Kay and Titterington 1990).
Since SIM is essentially one-dimensional, we can also construct a difference-based estima-
tor. For example, we may order Y;’s according to an ascending order of 6’ X; where 6 is any
index vector estimator. Denote such ordered Y’s by Y(1), Y(2), -+, ¥(;). Then, if we were
to follow the classical difference method for univariate nonparametric regression models,
a quantity like Y (Y(;) — Y;_1))?/(2n) can be used to estimate 0. Since the asymptotic
properties of such a quantity are difficult to analyze unless an external estimator 0 of 0 is
used, we propose the following U-statistic type estimator. Let Kp(-) be defined as in the
previous subsection and let

> iz (Vi = V)2 Kp (o' X; — o/ X;)

b =
(@) 23, Kn(@/X; — a/'X;)

Note that the statistic b(«) includes both a bias component and a variance component.
When « gets closer to the true index vector 6, the bias component becomes negligible and
the variance component dominates. Hence we propose to use the infimum of b(«) over
a € D as the estimator for o2. It is noteworthy that, when « is close to #, b(a) is close
to a first-order difference-based estimator in the sense that we take the difference of the
response variables only when the covariate values (actually 8’ X values for SIM) are close
to each other and hence the effect of mean function is canceled in each difference Y; —Y;.
We can prove the following theorem that gives the asymptotic properties of inf, b(«).



Theorem 2.6. Let asumptions (A1-A5) hold. Take h proportional to n™ with i <a< %
Take v > max(2uy, ug2,8), where uy,us are the smallest even integers such that

>4a—1 S 5a — 1
u S a——— u —P.
V=130 =90 307

Suppose the error variances are homogeneous with Var(e|X = z) = o2. Let 0 minimize

b(a)) over a € D. Then,

where K;(0) = >z Kn(0'X; —0'X;), 1 <i<n.
Proof. This is a direct consequence of Lemma 4.16. ]

Corollary 2.7. Let the conditions of Theorem 2.6 hold and let \(z) = E(¢*|X = x).
Then /n(b(0) — 02) 2, N(0,72), where

o EIAX) — 0! 3(0'X)
N A

For fized design models, any quantity taking the form E[A(X)] should be replaced by
Jg Az)dz.

Proof. By Lemma 4.9(ii), for all £ > 0,

- Ki0) ™ = (O nhfo(0'X)) "+ 0p(n~3HERTY).
i=1 i=1

Hence,
~ ’I’L 2 _ 2 QIXZ
b(0) — 0% = Zz:l(% g )/f@( ) " Op(nfé).
Zi:l Jo(0"X5)
The result now follows from the classical Central Limit Theorem. 0

Remark 2.8. When the covariate is one-dimensional with fixed design, the asymptotic
variance of the MSE-type estimator (Hall and Marron, 1990) for the constant error vari-
ance Var(e) is %Var(eQ) and the asymptotic variance of the mth order difference-based
estimator (Hall, Kay and Titterington 1990) is X (Var(e?) + m~'o?%). For the proposed
MSE-type estimator, if 0?(z) = 02 and A(z) = A, by taking L,(-) converging to one
as the sample size increases, the asymptotic variance can be reduced to %Var(eQ). For
the U-statistic estimator, when the variance of fy(6'X) is relatively small compare to its
expectation, 7'12 is close to Var(e?) as well. Thus, even after estimating the index vector 6,
the variance estimators we propose have very desirable asymptotic properties which are
comparable to those for the univariate design case.



2.3 Applications

There are many immediate applications of the above results, e.g. constructing a confidence
interval for o2 or conducting a hypothesis testing about ¢2. In this subsection we propose
a test for the equality of the error variances for two single-index models, i.e.,

Hy:0? =03 and H,:o? # o3 (2.6)

Let dj, be the version of d() defined in Section 2.1.1 for the k-th model, which by Corollary
2.4, is consistent for o7 with

(2.7)

ENe (X)L 5(X)] )
(ElLgo(X)]) /

where ny, is the size of the k-th sample and A\, (z) = Var(e?|X) for the kth model, k = 1,2.
This immediately leads to the test statistic

T* = VN (dy — ds), (2.8)

\/nk(dAk — 0,%) 2, N(O,

where N = nj +ng. By (2.7) and the independence of dy and dy we can easily obtain the
next theorem.

Theorem 2.9. Let assumptions (A1-A6) hold and let T* be given as in (2.8). Under
Hy, T* /v 2, N(0,1), where

N EMCOL,(0] | N BDaCOL,(X)]

m (ELqﬁ)2 2 (ELqﬂ)2 '

2=

Here A1 and Ay are as given above. Under H,, T* diverges to infinity with rate vV N.

Hence we propose to reject Hg when |T™|/7x is larger than the upper-§ quantile of
the standard normal distribution, where 7 is any consistent estimator of 7.

3 Empirical Study

3.1 Simulation Study

We conducted a simple simulation study for assessing the finite sample properties of the
two estimators as well as the test for equal variances of two models. The errors were taken
to be normal with mean zero and variance o2. We used the quadratic kernel function

K(u) = %(1 —u?)I(Ju] < 1) for both estimators and, we used the L(-) function
L(u) = I(Ju] <£0.9) +10(1 —u)I(0.9 < |u| <1)
to create the weight function L, for d(a). The quantities ¢, and w, were estimated by
5 1

Ca = E(max o' X; + min CK,XZ') and Wq = %(max o' X; — min O/Xl').
K3 3 3 3

9



Several ¢ values (from 0.85 to 0.95) were used and they all gave similar results. We only
present the results with ¢ = 0.95.

For both estimators, the selection of the bandwidth parameter is a critical step. In
the simulation study, the bandwidth A for cZ(é) was chosen by a simple cross validation
method. Namely, we selected hg by minimizing de,(c; h) which is the version of d(c)
where in each term Y; — go(a/X;), the estimator g§,(a/X;) is now computed by leaving
out the ith observation. To keep such a completely data-driven hgy value in a reasonable
range (i.e. of order n_1/5), we took hi, the bandwidth for the first estimator CZ, as the
value in the interval [%n_lﬁ, %n_l/‘:’] that is closest to hg. Since hy can be shown to be

of order O(n_%) and the order of the bandwidth parameter for b(f) is about O(n_%) as
given by Theorem 2.6, we can use bandwidth values like hi)/ ? for evaluating b(«) Following
a similar argument as in the case of d, our choice of hy, the bandwidth for the second
estimator b(f), was the value in the interval [55m~ 1/3, %n*1/3] that was closest to h1/3 All

simulations were conducted using R language. The results presented are based on 1000
simulations for Example 3.1 and 2000 simulations for Examples 3.2-3.4.

Example 3.1. For the two estimators, the p covariates were taken to be independent with
X being uniform distribution between 0 and 1. The two functions g;(t) = 2sin(nt) and
g2(t) = 2sin(27t) were examined. For each g¢(-) function, we took dimensions p = 2,3,
sample sizes n = 25,50,100 and error variances o = 0.09,0.25. For p = 2, we took
Hz(i ‘[) and for p = 3, Wetooke—(i —L 1y

In Table 1 and Table 2 we present the sample averages and the sample standard devi-
ations of d() and b(f) values. Results in these two tables show that both the estimators
d(f) and b(f) perform well as estimators of the error variance in a SIM for all cases ex-
amined. Apart from numerical difficulties, the accuracy does not seem to depend on p
and the signal g. The overall performance of the U-statistic type estimator is slightly
better than the MSE-type estimator. It should be noted that, when computing time is
of concern, a difference-based estimator is a lot faster to compute (Munk, et al. 2005).
Usually the minimization takes a longer time when p gets large for both estimators. In
such cases, we can plug in an estimator 6 obtained using another fast index estimation
method proposed in the literature and the asymptotic behavior does not change.

It is noteworthy that our simulations indicate possible underestimation for the error
variances for the sample sizes we have examined. This problem is more significant when
the sample size is small. This is perhaps due to possible over-fitting in estimating the re-
gression function which could be corrected by two ways. The first is to use a more adaptive
(data-driven) method of bandwidth selection. The other is to use the “delete-one” esti-
mate for the regression function( i.e. leave the ith observation out when constructing )71),
which is asymptotically equivalent to regular kernel estimate but could reduce bias for
finite samples. Using other estimates for the regression function, e.g. the locally linear
kernel estimator which is locally asymptotically minimax (Fan 1993), might help solve this
problem as well. More simulations are needed to show the effect of these modifications.

Example 3.2 (Uniform Design; p = 2). In this example we investigate the finite
sample performance of the test for equal variances. We consider parameter combinations

10



Table 1: Mean(standard deviation) of d(f) and b(f) with o2 = 0.09

g1(t) = 2sin(7t) g2(t) = 2sin(27t)

n d(0) b(0) d(0) b(0)
p=2 25 .076(.030) .082(.033) .097(.041) .088(.040)
50 .078(.019) .084(.024)  .087(.025) .087(.028)
100 .082(.013) .088(.016)  .085(.017) .088(.018)

p=3 25 .060(.031) .065(.030)  .098(.045) .076(.037)
50 .076(.019) .076(.022)  .096(.028) .083(.026)
100 .082(.013) .083(.016)  .092(.018) .087(.018)

Table 2: Mean(standard deviation) of d(f) and b(0) with o2 = 0.25

g1(t) = 2sin(rt) g2(t) = 2sin(27t)

n d(6) b(6) d() b(6)
p=2 25 .192(.070) .204(.088)  .213(.077) .217(.096)
50 214(.050) .228(.059)  .218(.056) .229(.068)
100 .224(.037) .236(.043)  .228(.040) .237(.046)

p=3 25 .172(.064) .158(.072)  .200(.079) .176(.085)
50 .204(.050) .199(.056)  .223(.057) .213(.065)
100 .223(.036) .223(.040)  .232(.038) .230(.044)

(02,02) = (0.5,0.25), (0.25,0.25) in each of the following function/index vector settings:

(i) g1(t) = g2(t) = sin(nt), and 6 =6y = (L2, %2);
(ifl) gi(t) =12, go(t) =sin(rt) and 6y = (M2, ¥2), gy = (L _¥2Z)

and consider (0%,03) = (0.5,0.25) for
t
(iV) gl(t) = Sin(ﬂ-t)v gQ(t) = Sin(ﬂt) + ga and 01 =0y = (727 72),
(v) gi(t) =sin(xt), ga(t) =sin(mt) +¢, and 0 =0y = (L2, ¥L2).

The results are presented in Table 3. We observe that under Hy, although slowly, in
most cases the rejection rates converge to the nominal levels as sample sizes increase; and
under H, the test can detect the difference in error variances satisfactorily and the power
increases rather quickly with sample sizes.

11



Table 3: Simulated rejection rates for Example 3.2 with sample size n; = ny = n.

a 0.1 0.05 0.02
(62,02) n 25 50 100 25 50 100 25 50 100
(0.25,0.25) (i) .128 .121 .104 066 .070 .050  .033 .029 .019
(i) .133 .123 113  .079 .064 .061  .032 .029 .030
(i) .134 135 116  .075 071 .060  .034 .028 .026
(0.5025) (i) .380 .693 .935 258 564 887  .134 .383 .784

i) .408 .701 .936 277 581  .885 150 429 795
i) .345 .645 .924 234 512 863 122 351 769
iv) .391 .677 .940 265 .556  .892 145 394 798
v) 392 708 .939 260 579  .883 150 422 .803

Table 4: Simulated rejection rates for Example 3.3 with sample size n; = ny = n.

a 0.1 0.05 0.02
(62,02) n 25 50 100 25 50 100 25 50 100
(0.25,0.25) (i) .127 129 .105  .072 .061 .058  .028 .026 .024
(i) .157 .134 .127  .087 .073 .075  .041 .035 .032

(0.5,0.25) (i) .349 .668 .935 238 533 .884 142378 790
(ii) .331 .631 .923 225 506  .866 116 .350  .760

Example 3.3 (Normal Design; p = 3). We also investigated the test for equal variances
for dimension p = 3 using normal covariates design. All three covariates are generated
independently from a normal distribution with mean 0 and standard deviation 0.5. We
consider 01 = 0 = (v/3/3,4/3/3,/3/3) and (02,02) = (0.5,0.25) and (0.25,0.25) in each
of the following two settings:

(i) g1(t) = g2(t) = exp(t);
(i) g1(t) =exp(t) and go(t) = exp(t) + 1.

The rejection rates for testing the equality of error variances are given in Table 4. We
observe similar performances as in the previous three examples except that larger sample
sizes are required to achieve the same nominal levels, which is not surprising since the
dimension for the index vector has increased.

Example 3.4 (Unbalanced Sample Sizes). For the test of equal variances, when
sample sizes are quite different, using a common bandwidth as we did in the previous
examples leads to rejection rates under Hg significantly higher than the nominal levels.
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Table 5: Simulated rejection rates of the second test for Example 3.4.

a 0.1 0.1 0.05 0.05 0.02 0.02
(62,02) n (25,50) (50,100)  (25,50) (50,100)  (25,50) (50,100)
(0.25,0.25) (i)  .209 177 142 120 088 067
(i) 221 150 146 100 083 062
(0.50.25) (i) .314 661 203 528 112 361
(i) .332 685 215 540 111 360

To accommodate for unequal bandwidths we proceeded as follows. Since our asymptotic

theory requires that the bandwidth parameter h should be proportional to N ~/4, we first

select an initial bandwidth parameter hg by the same cross-validation criteria as in the
previous examples. Then let

1

h = max(hy, CN_i); and hp=nh- (ﬁ) !

ng

We took different ¢ values ranging from 0.2 to 0.5. The difference in results is small,

although we observed slightly better performance in some cases when c is larger in this

range. We only present the results for ¢ = 0.3 here. We use hy, for afk and use h for dpk

and the construction of 6. We use this criteria for uniform design and p = 2. Take

(n1,n2) = (25,50), (50,100), 6; = 62 = (v/2/2,v/2/2), (62,02) = (0.5,0.25), (0.25,0.25)

and consider

(i) oi(t) = g2(t) = %
(i) gi(t) =t%, and go(t) =t>+1t.

The simulated rejection rates for testing (2.6) are given in Table 5.

3.2 Real Data Example

We applied our estimation methods to a real data example to show its usage. Here we use
the FAT data from Bowerman and O’Connell (1990). The data consists of the response
variable FAT (the percentage of fat in pork bellies) and 10 predictor variables for a sample
of 45 pork carcasses. It was shown that six of these covariates gave a well fitting linear
model to the responses. These covariates were X7; an average of three measures of back
fat thickness, Xo; a muscling score for the carcass, X3; an average of three measures of
fat depth opposite the tenth rib, Xy; live weight of the carcass, X5; the average measure
of leanness of three cross sections of the belly, and Xg; total weight of the belly. Since
the linear model assumption is reasonable for this data, we applied the proposed variance
estimation methods to obtain the error variance estimators. The CV method introduced
in the simulation section was again used to select the bandwidths to get A1 = 0.156 and
ha = 0.045, respectively for the two estimators. The resulting estimators were a?(é) =5.27
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and b(f) = 3.45. Note that the MSE reported by Bowerman and O’Connell (1990) with
these six variables in a classical linear model is 6.03. We believe that both our estimators
are smaller than the traditional MSE because a SIM can provide a better fit for the data
than the classical linear model and hence a more precise estimate for the error variance.
The test statistic for the equal variance test is 7% = —0.01 and hence we fail to reject
their equality.

4 Proofs

The proofs of Theorem 2.3 and 2.6 require a few technical lemmas. We first give a few
general results in Section 4.1 that are consequences of the Bernstein’s inequality. In
Section 4.2 we list a few technical results for our model. A decomposition of the statistic
d(a) and the asymptotic performance of each component are given in Section 4.3. The

analysis of the second estimator b(6) is given in Section 4.4.
To simplify the presentation, we introduce some notation first. For fixed choice of

kernel function K, bandwidth parameter h, index-vector o and i = 1,--- ,n, let
n n
Kl(a) = Z Kh (O/(Xj - Xl))a Ly = Z La,q(Xi);
Jj=1 i=1
wis() = Koo/ (X; — X0) /Ko fo = LX),
n aTL
Kmi(e) = kij(@)m(X;); Kei(a) =Y rij(a)e;.
j=1 j=1

And, for any sequence {c;}, we use the summation notation

n
g ci = E Ciliq-
i i—1

For a general r-th order kernel function K(-), to avoid diminishing denominator, the
quantity l;. is modified into
1 = LaaXDI(Ki(a)] > ao)

o — 3
Lo

where ag is an arbitrarily fixed positive constant.

4.1 A Few General Results
We start from the next definition.

Definition 4.1. The distinct-index number ¢ for a sequence of pairs {(is, js)}o_; is the
maximum number of pairs, say A = {(u1,v1),- -+, (ut,v¢)} from this sequence such that
up # vk, k = 1,--- |t and each pair (ug,vr) has an index, either uy or vk, that is not
contained in any other pair in A.

14



Lemma 4.2 (Bernstein’s Inequality). Let Z1,--- , Z, be independent with o2 + --- +
02 <oo. If P(|Z; — EZ;| <b)=1,i=1,--- ,n, then

P(’% En:(zi —EZ)| >

n2e?
€) <2ex {— }
> = 2P 257" 102 + Zbne

Lemma 4.3. Let A be any subset of the unit sphere in RP. Suppose Z;1, - , Zin are
independent conditional on X; for every fized i and

() Var(Zij(a)|Xi) < o7y
(ii) P(|Zij(e)] <bn) =1
(iii) H%Zij(a)ﬂ < Cn" for some constants C,r;

foralli,j=1,--- ,n, and for all o« € A. Then, for all £ >0,

n

where E;Z;;(o) = E[Z;;(a)|X;] and o2 = > i1 aflj. The result holds for constant X;’s.

Proof. Tt suffices to show the result for random X;’s. Partition A into n® small parts evenly
and take one point from each part. Let A, denote the collection of these representatlve
points. Then for every a € A we can find a & € A, such that |a — &| < O(n~ P) Now,
for every fixed realization of the random variables we have that

n n
s 23] 2 ((0) = Buliy(e) | = sup oo [ (Zy(e) = B2 (@)
n n
<[> (209 - Eizy(9)| - s max Zl(zw( @) - EiZ;(0))|
J

< ‘Z(th(ﬁ) — EiZi(9)) ‘ - ‘Z(th(ﬁ) - Etztj(ﬁ))‘ =05, (1)
J=1 Jj=1

where (3,t) = arg sup,e 4 maxi<i<n|> r; (Zij(a) — EZij())| and 3 € A, is chosen such
that |6 — G| < O(nii). By Bernstein’s inequality,

n

3 (Gt~ o) 2 )
=1

P( sup max
acA, 1<i<n

< sup max P(‘i(Zij(a) — EiZij(a))‘ > an>
i=1

acA, 1<i<n
2

<n1+s-/26X{ n } (4)dt
< p IS o2 By, fx;(t)

2
an

—9 {_—
PV 202 1 2bnan,

+(1+s) lnn},
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which converges to zero provided

2
. az B

A sufficient condition for (4.2) is a,, = n¢(o,, + b,) for any & > 0. Hence, for all £ > 0,

n

aseuf [nax ;(Zi(a) — EZZ-(a))’ = op(oyn® + bpnt),
From (4.1), the proof is completed by taking s large enough. O

Lemma 4.4. Suppose {(e;,X;),1 < i < n)} are independent pairs and Var(e;|X;) are
bounded by 0. Let B;(a) = > j—1 wij(@)e;, where wij(a) = w(X;, Xj; ) and, for every
fized i, {wij(e),j # i} are independent conditioned on X;. Suppose for some v > 0,
uniformly in i, j, a, we have

Elef| <M, E(wj(a)|X) <vnin  |wi(a)] < en,

for some constants M,C,a > 0. Suppose ¢,, = O(n®) and v, = > v = O(n®) for
some constant c. Then we have

The result holds for constant X;’s.

Proof. Tt suffices to show the result for random X;’s. Let €1 = €;1{_cynt<e,<conty and
€j2 = €j — €51 for some positive constants C1,Cy € (1,2) and ¢ such that E(e;1|X;) = 0.
Let Biy(a) = 3°7_ wij(@)ejk, k = 1,2. By Holder’s inequality and Chebyshev’s inequality
we get

Elejol? = E|€i 1, «—cint ore;>Conty | < Bl {je, 15ty |
2

< (21215)" (Plgon) " = (Blel)* (Ple) > n)' ™
v 2 v
< (Bl f (Baly ™ = Bl

Hence, by Cauchy-Schwartz inequality,

E Z sup | Bi2 (v Z E sup (Z wij(a €J2)

=1

(4.3)

n

zn: (Zsup\wzy |6j2|)2
(ch\em) 0?12, (44)

i M: I
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Since Fw;j(a)ejr = 0, |wij(a)en| < 2¢,n' and Var(wij(oz)ejl\Xi) < vp;0?, by Lemma 4.3
we have, for all £ > 0,

sup max |By ()] = 0p(y/Upn® + c,nt ™).
acA lsisn

Hence, 37 | sup,e 4 B (@) = op(n' v, 4+ 2n!T2+¢) . From (4.4) the proof is completed
by taking t = % O

Lemma 4.5. Suppose €;’s are independent conditional on X (which can be contant).
Suppose €; has at least v moments and E(€;|X) = 0. Let Z;(a) = Z;(X; ) be such that
supa,iH%Zi(a)H < Cn® for some constants C and s and sup,, ; |Zi(a)| = Op(b). If v > 4,
then

n
sup‘z Zi(a)ei| = op(n%+£b).
¢ =1

Proof. Let Ap(a) = >0 | Zi(a)€ik, k = 1,2, with €j; defined as in the proof of Lemma
4.4. By Cauchy-Schwartz inequality and (4.3),

n n
sup |Az(e)] < sup | Y Z%ae) Y €
@ @ i=1 i=1

< Op(Vnb? - nl=(=2)t) = Op(n'~

For Aj(a), by the same discretization technique we used in the proof of Lemma 4.3 it
suffices to take the sup over a discrete set A of size n® for some sufficiently large constant
a > 0 (note that €;;’s are bounded by n! for some constant ¢). For arbitrary & > 0, let

’UgQ tb)

Ey, ={z |sup|Zi(z;0)| < bnt}.

a,i

Easily P(X &€ E,) = o(1). For any v > 0 by Bernstein’s inequality we have
P A >v|=E|E(I A > X
(suplAs(@)] > 7) = B[B(I(sup| Ar(a)] > ) | X)]
< / E(I(sup‘Al(a)‘ > ) | X)fX(a:)dx +o(1)
En acA

< O;L‘/nPO;ZZ-(w;a)eﬂ

,72

- Cinb? + bnty

> ’y) fx(x)dx + o(1)
§2exp{ +alnn}+0(1),

which goes to zero provided v = (n% +nh)bnt for any £ > 0. This shows that, for all £ > 0,
supaeA‘Al(oz)} = op((n% + nt)bn‘f); and the proof is completed by taking ¢ = 2. O

v
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4.2 Technical Results

The next lemma lists some technical results we need to prove the main theorems. We
will denote the ball centered at x with radius r by B(z,r), the dimension of which is the
same as . For dimension matching vector o, matrix A and set F, let o’ E denote the set
{d/z|z € E}, and let AE denote the set {Az|x € E}. In all cases, E[A(X)] should be
understood as [y A(x)dx for fixed designs.

Lemma 4.6. Let assumptions (A1-A4) hold. Then, for both designs,
(i) ga(d’z) and my (') are twice continuously differentiable with respect to a;

(ii) the function fu(-), as given in (A2), is uniformly bounded away from zero, say larger
than ¢, for all @ and t € (co — Ga, Ca + Ga);

(iii) there exists a positive constant C' such that, uniformly for x € Sx,
|Lg,01 (%) — Lg,a, ()] < Cllar — agll, Vai,az € D.

And for random designs we have,
(iv) the density function ¢ (-) of &/ X1 — o/ Xs satisfies
Dal(u) > cgqo, Vo, V|u| < qo/2,
where ¢q > 0 is the quantity specified in (iv) above and gy = quy.
Proof. (1) It’s straight forward by writing the two terms in the form of integral. This has

been used by Ichimura (1993) among others.

(ii) Consider the random design first. Let A be an orthogonal matrix whose first row is
of. Let Z=AX and Sz = ASx. Then o/ X = Z; and

fa(z1) = / f(A'2)dzy - dzp > cl/ dzg---dzp = clg(zl),
S(z1) S(

z1)
where S(t) = {(22, -+ ,2p)|(t, 22, ,2,) € Sz} and S(t) is the area of the hyper-
plane {z € Sz|z1 = t} which equals the area of the hyperplane {x € S|’z =t}. We
now show this area S(t) is bounded away from zero uniformly in o and t € (co £qa).
It suffices to show there exists B(zqa,7a,) C Sx with
&rer =t and inf inf 7, > 0.

’ a t€catqa

Take the ball B(xg,wg) and, without loss of generality, suppose o'zg < t. Let

T € Sx be such that o/z, = co +w,. Then the desired ball is tangent interiorly to
the cone constructed from B(xg,wp) and z, which, by geometry, is specified by

Co+ Wy —1 t— o'z

Lot = Lo,

720 /
Cq + Wq — Xy Caq +Wq — 'xg

and
Co+wy —t




The uniform lower bound follows since ¢, + wo —t > wo — ¢ > (1 — q)wp and
Ca + Wq — &'zy < 2. Finally it follows from the convexity of Sx that B(zq.,7at) C
Sx. Note that for fixed designs, fu(-) is exactly the function S(-) defined above and
hence the result follows as well.
(iii) Let
l(a) = inf &/ and wu(a)= sup .
r€Sx rESx

Then ¢, = (I(a) + u(e))/2 and wq = (u(a) — () /2. Since
[l(a1) — l(a2)| = |inf o)z — inf ayz| < sup o)z — obhx| < |lag — asl|,

l(«) is Lipschitz continuous with order 1 and similarly so is u(a). Hence, noticing
inf, wa > wo,

abx

olr—c —c
L z)—L z)| < C|| = a 2N < Chl|lar — a2
|Lg,a1(2) — Lg,a,(®)] | . . | | I,

for some constants C', C'; uniformly in € Sx and in ay, as.

(iv) Since g, = qws > qwop = qo, from (ii) we have
al) = [ fulu+0)alw)do

Ca+q70 Ca'i‘q?()
> / falu+ v)cq dv > / C?I dv = C?ICIO,
C,

_g o — 90
o 2 o 2

provided |u| < go/2.
O

Remark 4.7. Some of the results in this lemma have been used as assumptions by
Ichimura (1993) and Hérdle, Hall and Ichimura (1993) among others. It is also noteworthy
that Ichimura (1993) assumes that g, (c/x) is three times continuously differentiable and
Hardle et al. (1993) use the property that it is at least continuously differentiable.

Lemma 4.8. Denote the support of &' X by o/Sx = [ca — Wa, Ca + Wa] = [lasua]. Let
Assumptions (A2) and (A4) hold. Then, for random design models, with i # j,

(1) if K(-) is an r-th order kernel function, uniformly in {(a,i) | |/ X; — ca| < wo — h}
we have

EiKp(d/ Xj — o/ X;) = hfa(a'X;) / 11 K(s)ds + O(h"™™);
(ii) wniformly in {(c, i) | Lg,o(X;) # 0, [|o — 0| < 0} we have
Ei[Kp(o/ X — o/ X;) — Kp(0'X; — 0'X;)] = Op(hd);
the result also holds uniformly in {(a,i) | |0/ X; — co| < wa — Yn} for all v, > h,

provided § = o(y, — h);
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(iii) wniformly in i and o € B(6,0) we have

EZ‘[Kh(O/Xj - O/XZ') - Kh(H’Xj — GIXZ)] = Op((g)
The above results hold for fixed designs with E;[f(X;, X;)] replaced by fsf(Xi,:c)d:/v and
Op(-) by O().

Proof. The proofs for the two designs are identical and we present the proof for the random
design models only.

(i) Note that

min(a/ X;+h,uq) K(t —dX;

EiKn(o/X; — o/ X;) = / T) Flt)dt. (4.5)

max(a/ X;—h,la)

When |/ X; — ¢o| < wo — h, (4.5) is uniformly reduced to
1
EKp(d'X; —d'X;) = h/ K(8)fa(d'X; + hs)ds
-1
1
— hfa(' X)) / K(s)ds + O(h™*Y). (4.6)
-1
(ii) Since Ly o(X;) # 0, [/ X; — ca| < qwa < we — h and (4.6) follows. When § = O(1),
E;Kp(o/X; — o/ X;) = O(h) and thus
EZ'[K}L(O(IX]' - O/Xi) - Kh(H’Xj - GIXZ)] == O(h) = O(hé)
When § = o(1), since ||a — 6]| < §, we have

10/ X; — cp| < |a'X — co| +O(9)
< qua +O(8) = qug + O(5) < wp — h.

Hence, by (4.6),
EZ'[Kh(O/XJ’ - O/Xi) - Kh(G’Xj - Q,Xl)]
1
—h / K(5) [ fala/X; + hs) — fo(0'X; + hs)]ds = O(hd).
—1
For the second result, it suffices to note that, uniformly in {(a,%) | [&/X; — col <
Wo — Y}, provided 6 = o(y,) and 7, > h,

10/ X; — co| < o/ X — ca| +O(9)
Swa_’}/n'i_o((;):w@_’)/n'i_o(&)Swe_h
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(iii) It follows from the observation that

T (L — X, ) falt)dt

EiKh(Ck/Xj — O/XZ') = / h

Ca—Wa

%[caerafa’Xi}

= h/ K(s)fa(d/ X; + hs)ds
%[cafwafo/Xi]

-1

= h/1 K(s)fald' X; + hs)ds + h/ K(s)fa(d/ X; + hs)ds
-1

ca—wa—a'X;
h
ca+wa7a/Xi
h
+ h/ K(s)fa(d/ X; + hs)ds.
1

O
Lemma 4.9. Let Assumptions (A2) and (A4) hold. Then, for random designs,
(1) if K(-) is an r-th order kernel function,
1
sup ‘Kz‘(a) B nhfa(o/Xi)/ K(s)ds‘ — Op(né%\/ﬁ) + Op(nhr—i-l);
{(ev)le’ Xi—ca|<wa—h} 1

(ii) inf{(a,i)|Lq7a(Xi)7$O} |K;(a)| > cxgnh + op(nh);

(iii) inf, Lo > cpn+ op(n);

(iv) sup, maxi<i<n Z;-l:l}Kh(a’Xj — ' X;)| = Op(nh);
SUpP,, MaX1<;<n Z?:1|Kh(a’Xj — O/XZ')‘ = Op(nh);

(V) SUP{(0,0)| L0 (X0) 20} 21 [ (@) = Op(1);

(vi) sup, maxf<;j<n} Zlgign;Lq,a(Xi);éo |kij(a)| = Op(1);

(vii) info Y1 Ki(a)| > epym®h + op(n?h);

(viii) if h > O(n"3), for any £ > 0 we have

sup }Ki(oz) — K;(0)| = op(anhé);
{(ai)ll|a—0]<6, Ly, (X;)7#0}

sup |Ki(o) — Ki(0)| = op(anh(S);
{(a,i)|[Ja—0||<6, |o X —ca|<wa—nES—h}

and
sup |Ki(a) — Ki(®)] = op(n'40);
i,j,0€B(0,0)
(ix) with 6, = cgnh — onh2 and Lyo(X;) # 0, we have

P(|K;(a)] < 6,) = o(n™"), Vit>0;
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(x) for any choice of fixed constant ag and a sequence ¢, = o(1), we have

sup I(|Ki(a)| < ag) = 0p(n™"),
{(avi)HO‘IXi_Ca|<QCx+Cn}

for allt > 0;

where cp,cy are some positive constants, Ix = ]fil K(s)ds|, ¢ > 0 is the quantity
specified in Lemma 4.6(it) and cix = cqli. The results (i-viii) hold for fixed designs with
O, (+) replaced by O(-) and op(-) by o(-); results (iz-z) hold or fized designs with the right
hand sides replaced by 0 f when n is sufficiently large.

Proof. The proofs for the two designs are very similar and we present the proof for the
random designs only.

(1) Let Zij(a) = Kh (O/(Xj — Xz)) Then Kz(a) = E?:l ZZJ(Oé) Given Xi, Zij(oz) are
i.i.d. and bounded. Now, uniformly in j, Q

)X = [ K( ) paltyae
<h / K?%(s)fo(d' X; + hs)ds = O(h).
-1

Also, [|0Z;j(r)/0all = O(h~") uniformly in i, j, . Hence, by Lemma 4.3 with o, =
O(h) and by, = O(1), for all € > 0,

sup max |K;(a) — EiK;(a)| = op(Vnhn®).
o 1<i<n
By Lemma 4.8(i), uniformly in {(a,7) | &/ X; — ca| < wo — h},
EZKl(Oé) = K(O) + (TL — 1)EZ‘K}Z(O/XJ' — O/Xi)

= nhf,(a'X;) /11 K(s)ds + O(nh™1),

and the result follows.

ii) Note that L, , # 0 indicates that |0/ X; — co| < qwa < wa — h. Hence, from (i) above
g,
and Lemma 4.6(ii),

inf | Ki(a)]
{(d)|Lg,a(X:)#0}
1
> inf nhf. (o' X; / K(s)ds
_{(mi)qu,a(Xi)#O}’ T ) -1 (s)ds
1
— sup |Ki(a)—nhfa(o/XZ-)/ K (s)ds|
{(a.d)|Lg,a (Xi)#0} -1

> cqlgnh + op(nh).
When 6 = o(1) and Ly # 0,

|9/Xi — C@‘ < ‘O/X - Ca| + 0(5)
< qua + 0(0) = qug + O(9) < wp — h.
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The second result now follows from (i) above and an argument almost identical to
the first result.

(iii) Observing that L(t) is non-increasing in |t| and ¢, = qw, > quwp, we have
/X . n /X .
La _ Z L( Ca Z L Ca

Hence a proof similar to the above (with h replaced by qwg, E; replaced by E, and
so on) gives the desired result.

(iv) Note that
|Kh(O/Xj — O/XZ')|
< ‘|Kh(a/Xj — & X)) - Bi|Kn(o'X; — o/ X0)|| + Bi|Kp(a/ X; — o/ X)),

Hence a proof identical to (i) but with Z;;(a) = |Kj(o/X; — o’ X;)| gives that

Kp(dX; —d'X;
sup{lrgixn}Z\ n(a o' X;)|

n

< op(Vnhn )+sgp{1r£1?<xn} E]Kh(aX —d'X;)|

< 0,(Vnhnt) +sup max nh /1 |K(3)| fa(a/ X; + hs)ds = Op(nh).
-1

o {1<i<n}

The proof for the second result is almost identical.

(v) It follows from (ii) and (iv) above that

n

sup > Irij(@)]

{(e)|Lg.a (X:)£0} 12

< SUP{() L (X020} 2= [B(@'XG — ' X3)| - Op(nh) .
B f{(0,0) L o (X0)20) [Ki(0)] cgnh+op(nh) 7
(vi) It follows from (ii) and (iv) above that
sup  max Z |kij ()]
TSI | ni Ly a (X220
< WP Loica KR X —a' X Oplnh)
T infya)|Lg..(xi)20) [Ki(Q)] cnh+op(nh) — 77

(vii) Note that

a)‘ > igf‘ Z Ki(a)‘ — sup

|/ Xi—ca|<wa—h @

3 Ki(a)’.

o/ X;—ca|>wa—h
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By (i) above we have

iIalf‘ Z Ki(oz)‘

o/ X;—ca|<wa—h
> inf‘ Z nhf.(a/ X;)| — sup Z |K;(a) — nhfa(a/ X))

o/ Xi—ca|<wa—h o/ Xi—ca|<wa—h

> nh -inf

S fal@! X T(10'Xi = cal < wa — h)| + 0p(n?h).
i=1
A method identical to (ii) above yields that, for some constant cj; > 0,
inf‘z ol X)I(|o' X; — o] < wo — h)’ > cpn + op(n).
i=1

Thus,
inf Z Ki(a)‘ > cyn?h + op(nh).

(03
o/ X;—ca|<wa—h
Now, a method identical to (iv) above gives
n
supZI(]o/Xi — Ca| > wo — h) = Op(nh).
¢ =1
Hence, by (iv) above,

sup
(0%

n
Z Ki(oz)‘ < sup | K;(a)] -supZI(\o/Xi—ca] > wq — h)
|0/ X —ca|>wa—h t ¢ =1

< Op(nh) - Op(nh) = O,(n*h?).

Therefore,

inf)z Ki(a)‘ > nh - inf)z fal@ X)I(|&/ X — co| < wa — h)| + 0p(n?h)
i=1 i=1
> cyn?h + o,y (n?h).
(viii) Let

As = {(a, i) | [la = 0] <6, Lya(Xi) # 0};
Bs = {(a.d) | e = 0] <6, |&/X; — ca| < wa —n®8 —h};

and let E; denote the conditional expectation given X;. Define

Aij(a) = Kp(o/Xj — o' X;) — Kp(0'X; — 0'X;)
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(ix)

and Z,‘j(a) = Aij(oa) — EZ'AZ'j(Oz). Then

sup |K;(a) — K;(0)| = sup Aij(a ‘
(a,i)E.A(s‘ (ai)EAs ]Z; ]
< sup Z Zij(a ‘ sup Z E;A;j(o) ‘
(a l)G.A(; a i)€A5 j=1

Note that uniformly in i, j and « € B(6,8) we have A;j(a) < O(h™1§) and
2
Var(Aij(a)|X:) < B; (Kh(o/Xj —d'X;) — Kn(0'X; —O’Xi)> < O(h16%).

By Lemma 4.3 with 02 = O(nh=1462) and b,, = O(h~14) we have

sup ‘ZZU ’—op (Vnh=16nt + h=tons).
(a, Z)EB(95
By Lemma 4.8(ii), E;A;j(a) = O(hd) uniformly in (o,i) € As and j. Hence, if
h > O(n_%), we have

sup | Ki(a) — Ki(0)| < op(Vnh=1én® + h™'ont 4+ nhé) = oy(n't*hs).
(a,i)eAs

Similarly we have
sup ’Ki(a) - KZ(G)‘ < 0p(n*TEhs).
(a,i)€Bs

Finally, by Lemma 4.8(iii), £;A;;(a) = O(9) uniformly in 4, j and a € B(0, ). Thus,

sup | Ki(a) — Ki(0)] < 0p(Vnh=16n& + h=16nf + né) = 0,(n'*44).
i.j,a€B(0,6)

Since Lgq(X;) # 0, |&/X; — ¢a| < ¢o and hence, by Lemma 4.6(ii), fo(o/X;) > ¢4
Note that

Hence, by Lemma 4.8(i) and Bernstein’s inequality

P(|Ki(a)] < 6,) < P(|EiKi(a)| — |Ki(a) — EiKi(a)| < 6,)

:P( hfa(a/ X)) + O(nh™Y) — |Ki(a) — EiKi(a))| <chKnh—2nh%)
gP( Ki(a)| > [fa(a’Xi)—cq}IKnh—i—nh%)
§<P(ykgcy«—Iﬂf@(a)‘>>nh%)

3
(nh2)? —t
< B — =
_QGXP{ Clnh+nh2} o(n™),

for all ¢ > 0.
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(x) Let B = {(a,i) | |&’'X; — cal < ga + ¢} and partition it into n™! (s is decided
below) small cells evenly. Take one point from each cell and let B,, denote the
collection of them. Then for every («,i) € A we can find one (&,i) € A,, such that

|l —al = O(n_i) uniformly in «. By taking s large enough, we have, uniformly in
1 and «, .

[1Ki(e)| — [Ki(@)]| < O(N 05 - h~) < ap;
and hence,

f |K; — inf K; < .
‘(5363‘ ()] = inf_ | (@)]] < a

Therefore, by Lemma 4.9(ix),

sup I(|Ki(a)| < ag) <I( inf |Ki(a)| < ag)

(a,i)EB (a,i)EB
< ' N P .
- I((a,lz‘glésn [Kio) }(al,gfeB Kol = 1ot [Ki(a)]| < GO)

<I( inf |K; < 2ap) = -,
< ((a72?66n| (@)] < 2a9) = 0p(n™")

for all ¢ > 0 and the proof is completed.
O

Lemma 4.10. Suppose assumptions (A1-A5) hold and v > 6. Let Z;j(a) = Kp(o/ X; —
o' X;). Let Ui(a) be independent of €;’s. Suppose sup; ,, |Ui(a)| = Op(un). Then, for both
designs,

() S0 SUPaos| St (Zis (@) = Zig(0)) ¢
(i) Y0 supa| S, Zig(a)e|

3 )Zm

i=1 {Oéqu af X )70}

’ =0, (n2+5h_152) R

= 0p(n?*th); and

= Op(nghilx

2
(ii1) SUPja—g)<s 2o {i[Lg.0 (X:)2£0} (Z 1 [Rij (@) — ﬁij(ﬂ)]ej) = 0,(h™36%n%), provided § =
o(1);
(iv) sup, maxgr, . (x,)20} [Kmi(@) — ga(a/Xi)| = op(h?nt); moreover, if K(-) is an r-th

order kernel function, this upper bound can be improved to op((hr +n7%h%)n5) (here

op(+) should be changed into o(-) for fized designs);
(V) Do Kei(@)Us(a) = op(n_%+5un).

Proof. The proofs for the two designs are very similar for (i), (ii), (iii) and (v). We only
present the proof for the random design models in these cases.
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(i) Let wij(a) = Zij(a) — Z;5(0). Note that uniformly in ¢,j and a € B(6,0) we have
Y BwZ(a) < v, = O(nh™162) and |wij(a)| < ¢, = O(5h™!). By Lemma 4.4,

Z sup ‘Z wij(a

—1 lla— 9||<6

= 0, (n'Tenh 162 + n1+%+5(5h*1)2).

Clearly the upper bound can be reduced to op(n2+5h*152) provided h > O(n_%)
and v > 6.

(ii) Since uniformly in 7,7, we have > 7 | EiZin(a) < w, = O(nh) and |Z;j(o)| < ¢, =
O(1), by Lemma 4.4,

ij(@)e; "< 0p(n'TEnh + 1t = o, (n**Eh);

The second result follows from Lemma 4.9(ii).

(iii) Note that
(@) — ki (0) = 7
wijle) =i (0) = R 2T T K

From (i,ii) above and Lemma 4.9(ii,viii),

sup Z (Z [/‘iij (o) — "%’(9)] €j

la=bl=0 il o (x0)20) 5=

Ki(0) — Ki(@)\2 (v 2
<2 sup ZZij(a)ej
lla—6]|<5 {iquﬁa(Xi);,éo}( Ki(o) Ki(6) ) = )
1 \2,& 2
+2 sup ( ' ) ( [Zij(a) — Zij (‘9)]63‘)
0)|<d KZ(G) -
la=BlI<é (11, . (X:)0} j=1
n't€hs 1 _ 4. e _
< p<W) op(n2+5h) + Op((nh)2>0p(n2+£h 152 4 pltotép 2(52)

= op((h_3 + n%_lh_4)52n5).

Clearly the upper bound is reduced to o,(h™36%n ) h > ( 1) and v > 6.

(iv) First consider random designs. Note that g.(a/X;) = E(m(X;)|o/X;) and
Kpi(a) — E(m(X;)|o' X;)
1 - / / /
= T (o) 2o M) = E(m(X0)|a' Xi) (o' X; - ' XG).
(2 ]:1

Let Z;j(a) = [m(Xj)—E(m(Xi)\a’Xi)]Kh(o/Xj—o/Xi). Given o’ X;, Z;j(a) (5 # 1)
are i.i.d., uniformly bounded and, uniformly in 7 and «,

E(Z%(a)|X;) = E[E(ij(a) | (O/Xi,o/Xj)> | XZ}
- E((ga(o/Xj) — ga(d/ X)) Kn(o/ X — O/XZ-)) = O(h®).
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By Lemma 4.3 with 02 = O(nh?) and b, = O(1), we have

sup max
a 1<i<n

S"(Zii(@) - EiZij(a ﬂ:oﬂ¢ﬁﬁﬁ+n% VE > 0.

7j=1

With Ly o(X;) # 0, i.e. s; = &’ X; € ¢q £ qq, by Taylor’s expansion,
E;Zij(a) = E[E(Z; Xi)|Xi]
- [(g ga<sl>)Kh<a X = s0)|Xi]

1
h/ Jo(si + uh) ga(si))K(u)fa(si + uh)du
1

= h/1(uh g(l)(Sz) + O(h2))K(u) (fa(si) + O(h))du. (4.7)

Thus, for j # 4, sup, A ()L, o (X;)£0} |E;iZij(a)] = O(h®). This bound can be
improved to O(h”rl) if K(-) is an r-th order kernel function and a higher order
Taylor’s expansion is used. By Lemma 4.9(ii),

1
sup max Ko — go(a' X;)| = 0p(— (Vnh3 + 1 4+ nh"™Hnt
WP e, 20y (@ Xi)l = oG )
= 0p((h" +n~7h7)nt).
Note that this upper bound order can be reduced to o,(h?n?) if r = 2.
For fixed design models, note that, for all £ > 0,

n

Km’L(Oé) ( /X) Kl(Oé) Z[m(Xj) — ga(a,Xi)}Kh(o/Xj _ O/Xi)
i =
l(a) / [m(:I:) - ga(a/Xi)}Kh(O/x _ O/Xi)dl' n O(n_l"‘f)‘

Again let s; = o/ X;. Since
1
/ go(8:))Kp(d'x — s;)dx = / 9a(8i) fo(u) Kp(u — s;)du,
S -1
and, noticing (2.5),
1
/ m(x)Kp(d'z — s;)dr = / fa(w)ga(uw)Kp(u — s;)du,
S -1
we have
1
[ @) = gu(s0] Ki(a's = sz = [ [aa(a) = ga(s0)] o (0) K = ).
The result now follows from an argument identical to the random design case.
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(v) Write 37, Kei(a@)Ui(a) = 377 Zj(a)ej, where

1 n
Zj(o) = 7= > rij(0)Uil0) Lo X) (| Ks(a)| > ap).
=1
By Lemma 4.9(iii,vi), sup;, |Zj(a)| = op(n~tuy,). The result now follows from

Lemma 4.5.
O

Lemma 4.11. Let u be any fized integer. For pairs {(is,js)"_}, define
bia = Lga(Xi)I(|K;(e)| > ao),
and let t be the distinct-index number for {(is, js)%_1} as defined in Definition 4.1. Then,
for random designs, uniformly in {(is, js)} and o € B(0,9),
(i) B|Kn(o/Xj, — o/ X)) Ko/ Xj, — o/ Xiy) -+ Ki(o/ X, — o/ X5, )| = O(R);
(1) ki (Q)kizj () -+ Kiyj, (@) - biya - - biya| = O(KH(NR)™");
(iif) B|[kiy g (@) = 53,5, (0)] -+ [Kiji (@) = Ki (0)] Diyar -+ biyar| = O(6"(ND?) ™), provided
d=o(1).
The result (iii) holds for fixed designs with ordinary understanding of expectation, i.e.
E(a)=a for any constant a.

Proof. For simplicity of presentation, we give the proof for u = 2. The proof for general

u is almost identical. The first result follows immediately from direct verification. Now

we show (ii). Let Z;j(a) = Kp(o/ X; — &’ X;). Then k;j() = Zij(or) /K, (). Note that

Kh(O/Xj — O/XZ')
Ki(a)

are uniformly bounded by O(1). Hence, by Lemma 4.9(ix), uniformly we have, with

0p, = O(Nh) and for all t > 0,

Hij(a)bz‘a = an(Xi)I(‘Kj(Oé)‘ > ao)

E"ihjl (O‘)thz (a)bilabiga

< B|kiyj, (@) Kigjs ()i abiga (| Koy ()] = 60) (| Kiy ()] > 6y,)

+ E}/{iljl (O‘)K‘izh (a)bilabi2al(|Ki1 (a)| < 671)

+ Elkiyjy (@)K s (@)biyabigal (| Kip ()] < 30)

=5 E|Zz111( ) Zigjs ()| + 0(n™2) = O(h'(Nh)~?). (4.8)

For the last part, we have
E} [K’iljl (a) — Kiyg (9)] [’{izjz (Oz) — Kigjo (0)]bi et

— | (Pl B0 2,000

. (Zi2j2 (a) ZZQ]Q (‘9)
Kiz (a)

Kiz 9) - Kzz (a)
in (@) Ky (0)

)bmbm




The result for fixed designs now follow by Lemma 4.9(ii,viii) and the observation that
Zii(a) = Z;5(0) is uniformly bounded by O(h~16). For random designs, by Lemma 4.8(iii),
uniformly in ¢ and o € B(#,0), uniformly for all integers s < u,

B([Ki(e) - KO | X)) = E:(Y(Zis(e) - 250)])

j=1
= Y EilZiji(a) = Zij,(0)) - EilZij, (@) = Zij (0)] + o(nd)* = O(n®6°),
J1j2-Js
which gives
E([Ki(o) — K;(0)]°) = O(n*6°). (4.9)
Also note that uniformly in 7,5 and « € B(60,9),

Therefore, when § = o(1), by Lemma 4.9(ii), a method similar to showing (4.8) gives,

Zinj (@) = Zirjs (0) K, (0) = Kiy(a)

E ) K;, (a) Ziz2 0) K, () Ky, (0) birabiza
o KiQ (9) - Ki2 (a)
<0 Bl e k@ e

- o(%) : 0(%) +o(n3) = 0(%).

We can similarly show that the other three terms are of the same order. The result for
u > 2 follows by similar argument coupled with the observation that

B|[K () = Ki (0]« [ (0) — K, (0)]] = O(n"6"), (4.10)

which follows by Cauchy-Schwartz inequality and (4.9). O

4.3 Decomposition of d(«)
Write m(X;) = ma(Xi) + ga(@/Xi) and ga(a'Xi) = 370, kij(@)Y) = Kpi(a) + Kei(@).
Then we have

9

(@) = 3 (61 4+ ma(Xi) (900 X5) — Koni(a) - Kei(oz)>2 =3 Rila);

¥ =0

30



Ro(e) = ) e Ri(a) = Zmi(X)
Ra(a) = > (gala’Xi) — Kmi(a))z; Ry(a) = K
Ry(a) =23 ma(Xi)es Rs(a) =2 Z<ga(afxi) _ Kmi(a)>q;

a) = —QZ z": kij(Q)€i€s; =2 Zma (ga o' X;) — sz’(a))§

ia j=1

Q) = —2 Z Mo (X:) Kei(a); Ro(a) = —2 Z(ga(a’Xi) _ Kmi(a))Kei(a).

Lemma 4.12. Suppose assumptions (A1-A5) hold and v > 8. Then, for any £ > 0, for
random designs,

RO)

R1)

R2)
R3)

R4)
R5)
R6)

RT)
R8)
R9)

1
when Var(elx) = Var(e), supgep supja—g|<s [Ro(a) — Ro(B)| = op(n_§+§5); for
heteroscedastic errors, the result holds when Ly o is free of a;

for any fized constant t € (0, %), there exists a constant c; > 0 such that

inf  Ri(a) > ¢+ o0p(1);
[la—0||>t

moreover, there exists a constant ¢1 > 0 such that, uniformly in a,

cilla = 0)* + Op(lla = 0II°) < Ri(a) < Op(lla = 0]%);

suPaep | Ra2(a)] = 0p(h'nf);
(«

SUp,ep |R3(a)| = o ( —l+Ep - 1); moreover, when § = o(1), supj,_g|<s [Rs(a) —
R3(0)| = 0p( N~1HeR=36% 4+ N~1HER725);

_1
SUp|o—g| <5 [ Ra(@)| = 0p(n2746);
1
SUP|a—gj<s [ R5(a)| = 0p(n~7%0h?);

o( —3+Ep3 2); and SUD||a—0||<5 |Rs(a) — Rg(0)| = op(N_%é), pro-

sup, |Re ()| = op(n
O(N™%) and v > 2u where u is the smallest positive even integer

0
vided 6 = o(1 ) h
greater than 1= 4 —4—p:

SUD|ag|<s | R7(a)| = 0p(h?0n%);
SUP)_g) <5 | Rs(@)] = 0,(n727%5);

SWpaep | Ro(@)] = 0p(n™2¢h2).

The above results hold for fixed designs with Op(-) replaced by O(-) and o,(-) replaced by
o(+) for terms Ry, Rs and Ry.
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Proof. The proof for two designs are quite similar and we only present the proof for the
random design except for (R1). In all cases, Lemma 4.9(iii) is applied to take care of each
of the denominators.

(RO) When L, (z) is free of a, clearly Ro(a) — Ro(8) = 0. Now suppose Var(e|z) = 0.
Note that

Rof) = Ro(8) = 7= 3(6h = 0%) (Lyal(X0 Ly — Los(X)La).
TP =1

Since
Lgo(Xi)Lg — L s(Xi)La = (Lga(Xs) — Lgs(Xs)) L + Lgs(Xi)(Lg — La)

which is uniformly bounded by Cind for some constant C;, and €2 — o2 has mean
zero with at least four moments, the result follows from Lemma 4.5 and Lemma 4.9.

(R1) Since m(z) = g(8'z) we have g(6’X) = g(o/X) + (0 — a)' X - gV (/X)) + o(||a — 0])),
and hence

ma(X) = g(0'X) — E(g(6'X)|a’X) = (6 — )’ u(X) + O(l|la = 0]]%), (4.11)

where p(z) = (z — E(X|0'X = 0'z)) g (¢'x). Note that inf,ep, Lga(z) > co1 for
some constant cg; > 0, where By is the interior ball specified in Assumption (A2).
Hence,

c n
Ri(a) =y mi(X;) = 7= > ma(X)I(X; € Bo)
i ¢ =1
- Co1mn

=7 D Elmi(Xi)I(X; € By)]
@ =1

- SO S (md (X)X € By) — (610X, < o))

Since m(+) is not constant on Sx, WLOG we may assume that m(-) is not constant
on By. By the identifiability of single index models (Lin and Kulasekera 2006),
M () is not constant on By for any o # 6 (o € D). Hence, by the continuity of
ElmZ(X)I(X € By)],

inf  E[m2(X)I(X € By)] = &,
[le—6]| >t

for some constant ¢ > 0. By (4.11) and Lemma 4.3,
n 1
sup [S7(m2(X)T(X; € Bo) — Blm2 (X)I(X; € Bo)])| = op(n3*4%)
lla—0]|<6 i=1
Thus we have

inf  Ri(a) > ¢ +o0p(1),
[[a—0||>t
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for some constant c¢; > 0.
The upper bound of the second result follows directly from (4.11). For the lower
bound,

n

Z ma(X;) = T Y mA(X)I(X; € By)

a =1

B % [(a — 0)' u(Xi)I(Xi € Bo)* + Op([le — 0]|)
@ i=1
:ig%a_m%qa—w+%%ma—mﬁ,

where W = E(u(X)u(X)'-I1(X € By)). Clearly W is positive semi-definite. Suppose
W has rank p — 1. Then W = Q'AQ for some orthogonal matrix @ and diagonal
matrix A = diag(A1, -, Ap) with Ay > -+~ A1 > X\, = 0. Since §'p(X) =0 a.s., we
have W6 = 0, i.e. 0 is an eigenvector corresponding to A, = 0. Hence the last row
of @ can be taken to be 0. Let b = Q(a — ). Then b, = 0'(a — 0) = —||a — 6]|%/2.
Observing that

lae + 011 + [l — 9]]* =

and
inf ||+ 0]|? > inf (g +61)% > 63,
a€eD aED
we have
B2 =82 = fla— 02 = Lla— 0% = Lo+ 0o — 012 > Lja— o2
p 4 4 — 4
Thus
n n
Raa) = 7-(a — 6)Q'AQ(a ) + ofla — 6]]%) = 7-¥Ab -+ of | — 6]
n
> T (B = 1) + ol — 0]P)

> cilla = 0] + op(fla — 0]),

where ¢; = 62),_1/(4U) with U being an upper bound for L(-). It is left to show
rank(W) = p — 1. Take 8 L 6. It suffices to show 8'W 3 > 0. Note that

FWp= [ §(e~ BCOWX = 0) (x - E(X|0X =0'0))'s
(g (0'x))  Loo(@) f(2)da.

By assumption (A1), we can find a ball B on which [¢(")(8'z)| > C; and L, g(z) > Cy
for some constant Cy > 0. Hence 3'W 3 > Cht for some constant Cy > 0 where

t= / Bz - BE(X|0'X =02))(z — E(X|0'X =0'z)) Bdx.
B
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Note that ¢ = 0 if and only if, when X € B, /X = £(¢’X) for some function
&(+), which is impossible since (6'X,3'X) has a positive joint density on B. This
completes the proof.

Next, we consider fixed-design models. Recall that g,(-) was defined in (2.5). Let
S(t) ={y € AS | y1 = t}. Since Aa = (1,0,---,0)’, we have that, under Hy,

1 / i
9a\¥1) = 77— g(0' A'y)dys - - - dy
1
= [ /S( )9(?/1+(9—a)’A/y)dy2-~dyp
@ Y1
1
= f—y1)/s( )(9(y1)+g(1)(yl)(9—a)/A/y+o(||0—a||))dy2...dyp
@ Y1
= g(y1) + 9V () - (0 — @)'r(a, y1) + o(]|0 — ),
where 1
(08 = 5 o Aon oy
Hence,

3 m2 X Ti) =N Il’ — Q,(E 2 xX)ax On£
> ) L) /S (9(0'2) — go(0/2))* Lya(x)dz + o(n)

= n/(g(l)(ﬁ'a:) (0 —a)[x—r, G’m)])QLqﬁ(a:)d:U + o(n||6 — a?),

which gives the first part immediately. For the second part, using the same argument
as in random design case, there exists a C3 > 0 and an open ball B on which
lgM(0'z)| > C3 and Ly () > C3. Thus,

S 2 (@) Lgale:) > C3-n / (0 — )/ — r(6,0'2)])>dz + o{n]}6 — af?)
i=1 B
= CEn(8— ) W(8)(8 — a) + o(nl|f — a]]?),

where

W(6) = /B o — (0, 02|z — r(6,0'z)] dz.

Note that o/r(c,t) = t. Hence /W (0)0 = 0. Let Ay be an orthogonal matrix with
first row 6" and other rows ), k = 2,--- ,p. Then we have

BLW ()5, = /B Bl — Blr(0,0'0)de
- / v — Bur(6, y1)Pdy > 0.
AoB

Hence W has rank p — 1 and the result follows as in random design case.

(R2) It’s a direct consequence of Lemma 4.10(iv).
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(R3) The first result follows from Lemma 4.10(ii) and Lemma 4.9(ii). For the second
result, write R3(a) = Z?Zl Ui(a) where

Ui(a) = Lia i(i(ﬁz‘j(a) - nij(e))ej>2l)m
e
Un(a) = L% i(é (i5(@) — ri;(0)) ;) (g rig(0)e; ) bio

Z(Z“U J) = Usi(a) + Usa(@) + Uss,

e

with biq = Lg,o(X3)I(|K;(a)| > ag) and

Usi(a Z(Z Kij (0 ) ia — big),

21]—

Usa(ar) = (Lia — —) Zz:(z Kij( 6;) i
Uss = — Z(Z ki (0 ) i6-

Since U33 = R3(0),
| R3(cr) = R3(0)] < [Ur(@)] + |Uz(a)] + [Usi(@)] + [Usa(@)]. (4.12)
Note that by Lemma 4.6(iii) and Lemma 4.9(x),

|bia = bio| < |Lg,a(Xi) = Lga(Xa)| + [I(|Ki(e)| < ao) = I(|Ki(e)] < ao)|Lge(Xi)
< O(8) 4 op(n™1) = 0,(6). (4.13)

Hence, by Lemma 4.9(iii) and Lemma 4.10(iv),

sup  Up(a) < 0p(n™1Y) - 0,(h730%n8) = 0,(n 1 TR ~36%);
lla—6]|<é

” SuIH) Us(a) < Op(nh) - \/op(h—352n5) - op(nfh—1) = o, (n"1HERT26)
a—0|<é

sup  Usi(a) < O0p(nY) - 0,(n*h71) - O(8) = 0,(n~ 1 TER714);
lla—6]<s

sup  Usz(a) < 0p(n16) - 0p(n*h™1) = 0,(n 1 Ten7105).
lla—0]|<é

The result now follows from (4.12).
(R4) The result follows from (4.11) and Lemma 4.5.
(R5) The result follows from Lemma 4.10(iv) and Lemma 4.5.
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(R6) Note that by Lemma 4.9(iii), R¢(ar) = Op(n~1)Rg(cr), where

n n

Rg(a) = Z > k(@) Loa(Xi)eie;.

By Cauchy-Schwartz inequality, Lemma 4.9(ii) and Lemma 4.10(ii) we have

I 33 o3 (S ) 22,00
(0%

=1 j=1
L X
< O(n)-sup ——- supZ(ZKh (a'X; —aX)g)
@ =1 j=1
1 2+¢ 1+€7 -1
=0O(n) - OP((nh)Q) ~op(n“Toh) = op(n TChTY).

Hence

sup | Re(a)| = Op(n™1) - 0p(n2tEh™1) = o, (n=2TER71).

For the second result, note that

Lo — Ly

Vi) + Vaa)] + =45

Rg¢(a) — Rg(0) = 17

Va(0),
where V3(0) = 3, ; kij(0)bigeie; and
Vi(a) = [kij(@) = kij(0)biacic,

g
VQ(CY) = Z Iiij(e) [bia - big]EZ’E]’.
b3
By Lemma 4.11,

E(Z ﬁij(e)bweiej)g —O(h7Y).

Hence L
Vs(0) = Op(h™%).

(4.14)

(4.15)

(4.16)

For Vi(a) and Va(a) we apply the discretization technique again. Let the discrete
set of a € B(#,0) be denoted by A with size n® (hence each cell has diameter of

order n=¢/?§). Note that
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sup ‘z": €ibia Y [Iiij(a) - ”ij(ﬁ)kj‘

la—BI<N~ P i=1 =
n 1 n n ) L
2 2
< s (3) (X[l e) - s3] 1)
la—Bll<N ™56 i=1 P

<

= Op(n%) . op(h_%n_f'+£5);
and, from (4.13),

sup ‘Z €i[bia — big] Z ’fij(ﬁ)‘fj‘
j=1

la—gl<n™ Pé i=1
n 1 n n 1
< s (28) (N[ k6]t b2’
la=Bll<n™ Pd i= i=1 j=1
= 0p(n?) - 0y (W™ nf) - Oy (n”76);
Hence,

sup [Vi(a) + Va(@)| = sup [Vi(a) + Va(a)]
la—6]1<5 aeA

< swp o [Vile)+ Va(a) = Vi(B) = Va(B)| = op(h 202 57E8).  (4.17)
la—Bll<n P§
By Lemma 4.11 we have, when 6 = o(1),
EVi(@)]* = B(Y k(@) = rij (O)]biacics)
i,J

= > B([kij (@) = £iji ()] - [Fiu (@) = Firju (O)]biza - biya)

1171 tuju

u

: E(Ehejl T Eiueju)

- O(”u (n(l;;;)“)'

Hence, for all u € N,

sup E[VA(a)]* = O(6"h~2).
acA

Similarly we can show sup,e 4 E[Va(a)]* = O(6*h™") for all uw € N. Thus, for k = 1,2
and all even integer w,

E u
P(sup [Vi0)| > a,) < ne>Peca PV
acA u

1 . u

< O(—nﬂhqé) ,
Qn

which converges to zero provided a,, = nutéh=25 for any & > 0. Therefore we have

sup [Vi(@)| = op(nuh715), k=1,2.
acA
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Thus, from (4.14), (4.16) and (4.17) above,

1 Lo — Lq
sup  |Rg(ar) — Re(0)| = sup ‘f[ﬁ(a) + Va(a)] + ZTV?,(@)
lla—o]|<s la—0]j<s' Lo o0La
<O(m™) sup |Vi(a)+ Va(a)| + Op(n~'h"74)
lla—0]|<o
< 0 (h" 3 T3 E8) 4 0y (n 1 EHERT25) + Op(n Lk B 6)
= op(én_%),
provided
P A Y PP (I A
2 2 p 2’ U 2’ 2 2

This can be achieved by taking ¢ > %ap and u > ﬁfla > fflfa. Note that the
moment method for Vi («) terms requires v > 2u.

(R7) This is a direct consequence of Lemma 4.10(iv) and (4.11).

(R8) It follows from (4.11) and Lemma 4.10(v).

(R9) The result follows from Lemma 4.10(iv) and Lemma 4.5.

O

Lemma 4.13. Take h to be proportional to n™. Under the conditions of Theorem 2.3 we
have, for all { >0, |6 — 0] = o, (n*2a+5) and |Ro(0) — Ro(0)| + Z?:l Ri(0) = o, (n~4t¢).

< d(6), ie. Y0 Ri(6) < Y0 Ri(6).
by Lemma 4.12,

Proof. Since d(f) minimizes d(a), we have d(f)
Since R1(0) = 0 and h = O(n™%) with % <a< %,

Ri(0) <> |Ri(0) — Ri(0)| <> sup |Ri(a) — Ri(0)] = op(n~2""%), (4.18)
i£1 i#1 la—0] <

where we currently take 6 = O(1). The upper bound of (4.18) can be improved to

R1(0) < op(n~19% 4 on—20+E), (4.19)

if we take § = o(1). We now show 6 2, 9. Otherwise there exists a constant ¢ > 0 such
that P(A) > 0 where R
A= {0 0] > 1}.

By the first result of Lemma 4.12(R1),
P(Ri(61) > ;) > P({R1(61) > e} N A)

> P({Hai};ﬂn Ri(a) > ¢,y NA) > P(A) + o(1),

where ¢; > 0 is as specified in Lemma 4.12(R1). This contradicts (4.18). Hence 00
By (4.18) and the second result of Lemma 4.12(R1) we have || — || = 0, (n~**¢). Now,
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fix any 0 < & < a. Let 6; = n~97€ and let B,, = {[|§ — 0|| < 6;}. Then P(B,) — 1 and,
by (4.19) with § = 61, for all v > 0 and £ > &,

P(Rl(é) < ’yn_3a+§> > P({Z |R:(6) — Ri(0)] < 'yn_3a+§} N Bn) +o(1)
i£1

> P sup  |Ri(a) — Ri(0)| < ’yn_3a+£> Fo(1) — 1.
i#£1 lla—0]|<d1

Hence || — 6| = o, (n_STa+5) for all £ > 0. Repeating this procedure we have || — || =
0p(n=20+8) for all € > 0. Similarly we can show R;(0) = o,(n~%+¢), where R;(f) denotes

~

|Ro(A) — Ro(0)| for i = 0 and denotes R;(f) for i = 1,2,---,9. This completes the
proof. O

4.4 Decomposition of b(«)
Now we assume Var(e|X) = o2, Let K, = Y1 | K;(a), where
R’l(a) = ZKh(O/Xj — O/Xi), 1 S ) S n.
J#i
Using the notation ). cij = > i) D24 ¢cijKpn(a’X; — o/ X;) for any sequence {c;}, the

ija Cij
numerator of b(«) can be written as

ba) = 5 SV~ Yy)?

o

= i 2l = €3]+ Imalm) = ma(e)] + [90(0'Xs) — gala'X;)))
1 ZJG&
= oK > Qilw),
=0
where Qo(a) =237 | €K;() and
Q1(a) = Z[ma(Xz) - moz(Xj)]ZQ
Q2() = Y _[9a(0'Xs) — galo/ X;)]%;
ijo
Q3() =2 [ma(Xi) — ma(X;)](e — €);
ijo
Qa(a) =2 Z[ga(o/Xl) — gala XJ)](Q - fj)a
ijo
Qs(a) = QZ[ga(a/Xi) - ga(a/XJ)Hma(Xz) - ma(XJ)]7
Qs(a) = —2 Z €i€j
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Lemma 4.14. Let Assumptions (A2) and (A4) hold. Then, for random designs,
(i) |Ka — Kg| = 0p(n?TEh3) + 0,(n2+£62);

(i) sup||a_9H<5’Z?:1[Ki(a) — Ki(0)]ei| = op(n**tth?0) + o, (n2+5h35%), provided that €

has up to u moments where u > 4 is an even integer and u > le‘ig}lp;

(iif) supnep,s) |Qs(a) — Qs(0)] < 0p(n*T€h26), provided that € has up to u moments
where u > 6 is an even integer and u > %p.
The results hold for fized designs with op(-) replaced by o(-) in (i).
Proof. The proofs for two designs are almost identical.
(i) Let v =n§ + h. By Lemma 4.9(viii) we have
Ko — Ky| < > |Ki(a) — Ki(0)] + > |Ki(a) — Ki(0)]

|o/ X —ca|<wa—v o/ Xi—ca|>wa—v

< 0p(n*Thd) 4 0, (n'T44) Z (|o'X; — cal > wa — 7).

Similar to the proof for Lemma 4.9(viii) we can show

n

ZI(|0/X¢ —Cal >wa —7) = op(nTéy).

i=1

Hence
1Ko — Kg| < 0,(n*TCh6) + 0,(n?1462).

(ii) Apply the discretization technique. Let the discrete set of a € B(6, ) be denoted by
A with size n® (hence each cell has diameter of order n~%?5). Let

Q) = ’Z[Ki(a) ~ K0)el.

By Lemma 4.9(viii) and Lemma 4.5,

sup A(e) —sup A(a) < sup  |A(e) — A(B)]
a€B(6,9) acA lla—Bll<n” 76

< \Z i(B))ei]

llo— BH<n o i=1
< op (n2 P+§5)

Note that

sup A(a) < sup’Z[Ki(a) — K;(D]I(|o/ X; — ca| < wa — Ne;

+ Sup’Z[Ki(O‘> — Ki(O)I(|o/ X; — ca| > wa — Ne;
acA, ]

40



(iii)

Take A = n®é + h for any ¢ > 0. By Lemma 4.9(viii)
sup|[Ki(o) — Ki(0)[1(Ja'X; — ca| < wa — A)|= 0p(n'*€h0).

Hence, by Lemma 4.5, provided u > 4,

n

sup‘Z[Ki(a) ~ KO0’ Xi — ol < wa — e

3
= 0, (n21¢hs).
gl o (3 h0)

Let

n

Bla) = [Ki(e) - Ki(0)I(|o/X; — ca| > wa — Nei.
=1
From (4.10), for any even integer u, uniformly in o € B(6,9),
E[B(a)]" = O(n? - (nd)*- A%) = O(n26A7)".
Thus,

P(sup |B(a)| > a,) < n°
acA
which goes to zero if a,, = n2TaTE5\3. This shows,
sup |B(«)| = op(n%+§+€5)\%).
acA
Therefore,

sup Aa) < op(n%_§+§6) + op(n%+§h(5) + op(n%+5+§(5)\%)
a€B(0,0)
< op(n%_§+£5) + op(n%+§h5) + op(n%+5+§5%) + op(n%+5+5(5h%).

Take ¢ and u such that
3 ¢ 3 c 3 3 ¢ 1
2 _f<c9 9 24 f<o 2 d S+ —-a<2-2a
5 5= a, 2+u_ 2a an 2+u 2a_ a;

ie., c> (2a— %)p and v > =5 3a > 7 da— p Then

sup A(a) < op(n2+§h2(5) + op(n2+€h%5%).
a€B(0,0)

Apply the discretization technique. Let the discrete set of « € B(6,0) be denoted
by A with size n® (hence each cell has diameter of order n~=¢/?5). Let A;(a) =
Kj(o/X; — &’ X;). By Lemma 4.10(i) we have

sup [ Qola) — Qs(8)] =2 \Z(Z (@) = Ay(8))e; e

la=Bll<n” 75 Jla— ﬁH<n Boliml A
3 2\ 3
(Z Z(Z i5( Aij( 5)]‘5]') )
=1 [Ja— ,3H<n 55 i=1 j=1

Op(n%) . op( »h 25) = op(n% §+§h*%5).

IN
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Now, for any even integer u,

E[Qs(a) — Qs(0)]"

u
an

Snc.Op(M>

u
an

_ op(inlﬁh_lé)u,

an

P(sup |Qs(a) — Qs(0)] > an) < n®-
acA

which goes to zero if a,, = n e tER=15 for any & > 0. Hence,

sup  |Qe(a) — Qg(8)] < Op(ni,,+§h 25) +op(n 1+5+5h_15),
a€B(0,0)

Take ¢ and u such that

3 1
f*f+fa§272a and 1+E+a§272a;
2 p 2 U

. 5 1 5a—1
ie,c>(5a—3)pand u> 55 > mp. Then,

sup |Qs(a) — Qs(0)| < 0p(n*TEh76).
aeB(6,0)

O

Lemma 4.15. Let all the sup below be taken over the set B(6,0) = {«a | ||a — 0| < &} for

arbitrarily fizred 6 > 0. Suppose h > O(n_%) and v > 6. Under Assumptions (A1)-(A5)
we have, for random designs and for all £ > 0,

(i) provided that v > max(2u,8) where u is an even integer and u > ‘ll‘igép,
sup| K ' Qo) = Ky ' Qo(6)] = 0p(n~2Th7"6%) + 0,(nhd) + op(n =2 T¢h"262)

(ii) for any fized constant t > 0, there exists a constant e; > 0 such that

f > e;n’h + 2h);
||a1g||>t¢21() en op(n”h)

moreover, there exists a constant co > 0 such that

con®hlla = 0||* + Op(n*hlla — OI°) < Q1(a) < Op(n*hlje — 6]°);

(ifi) sup |Qa(a)| = Op(n?h%); sup |Q3(a)| = 0p(n2*hd); sup|Qa(a)| = op(n2+€h?); and
sup |Qs(a)| = O (n2h25)'

(iv) provided that v > u where u > 6 is the smallest even integer greater than oT( Sa—l

2(1-3a) P>

sup | K, 'Qs(e) — K, 'Qs(0)| = 0p(n*hd) + op(nflﬁh*%éZ).
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The results hold for fized designs with Op(-) replaced by O(-) and op(-) replaced by o(-) for

terms Q1,2 and Qs.

Proof. The proofs for two designs are almost identical. We use notation Z;(«) for different
random variables in different parts of the proof. And we apply Lemma 4.9(ii) in all cases

to handle the denominators.
(i) Let \; = €2 — 0. By Lemma 4.9(vii-viii) and Lemma 4.14 we have

b Qo(a)  Qo(H)

« Ka KG
Ssgp K@K ZK > [Ki() — Ki(0)]A
n2tES(h + 6) L .
o (D)o () T o

By Lemma 4.9(iv) and Lemma 4.5 we have, provided v > 8,

(n27¢h);

and by Lemma 4.14(ii) we have

> [Ki(e) - f(i(G)])\i‘ < 0, (n*T128) + 0, (303 6%).
=1

sup
(0%

Thus,
52).

[NIES

sup|222) _ o0

(ii) A method similar to Lemma 4.12(R1) gives the first result. For the second result,
write Q1(a) = 2Q11 () — 2Q12(cv) where,

Q1 (a Zm DEKR(d/ X — ' X)) Zn:mi(X Ki(a

< 0y(n" 2T 162) + 0,y (néhS) + op(n 2 TER™

[0

i#j
Qu2(c Zma X)Kp(d'X; — ' X;).
i#£]
By Lemma 4.9(i,viii) we have
Q11 (a Zm Zm ) + 0p(n***hlla — 0|°)

_nth D fo(0' X)) / K(s)ds + op(n**hlla — 0]|?)

[Z“ ) fa(0'X;) / K(s ds (a—e)

+ Op(ntha —0),
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(iii)

(iv)

where pu(z) = (v — E(X|0'X = 0'z))gM(0'z) as defined in (4.11). Similar to the
proof for Lemma 4.12(R1), we can find a positive constant ¢y such that

cxn®hlla — 0| + 0p(n***hlla — 0|°) < Qui(a) < Op(n*hlla —0]%).

By (4.11), uniformly in «,
Qua(a) = (o= ) (3_ (X0 A:(8)' ) (o = 0) + Op(nhllex — 0]%),
=1

where A;(0) = 3, ,; Zi;(0) with Z;;(0) = pu(X;)Kn(0'X; — 0'X;). Observing that
E[Z;;(0)|X;] = 0 and E[ZEJ(H)\XZ] = O(h) uniformly in 4, j, by Lemma 4.3 we have

max;<;<n |A4i(0)] = op(vVnhnt). Hence sup |Qia(a)| < op(n%+5h%52) and the result
follows. Note that the analogous result of A;(6) in fixed designs follows by observing
that

/S[a: —7(0,0'%)) g (0 x) K, (0'x — t)dx

_ / [A"y — (8, y1))g™ (1) K (y1 — t)dy
AS

1
/ (/ Alydys - dy, — T(O,y1)fa(y1))g“)(y1)Kh(y1 —t)diy
-1 S(y1)

0.

The results for Q2 and @5 follow from Taylor’s expansion directly. Write Q3(a) =
23" | Zi(o)e; where

Zi(a) = [ma(Xi) — ma(X;)]Kn(a' X; — o/ X;).
i

Since sup |Z;(a)| = Op(nhd), by Lemma 4.5 we have sup |Q3(a)| = op(n%+5h5).
Similarly we can write Q4(a) =237 | Zi()e; where

Zi(a) =Y _[9a(d/Xi) = ga(o/ X)) Kn(o/ X; — o/ Xj).
i

Since sup | Z;(a)| = Op(nh?), by Lemma 4.5 we have sup |Q3()| = op(n%+§h2).

Since EQ2%(0) = O(n2h), we have Qg(f) = Op(nh%). By Lemma 4.9(vii,viii) and
Lemma 4.14(i,iii)
Qs(e) — Qe(0) Qs(a) — Qs(0) Ky — Ko
— <
SRy Ky ‘ = Sup‘ K, ’ +S“p’ KoK, Q@’(a)‘
n2t&p2s n2tens + n2t852 4
- Op( n2h ) p( (n?h)? " 2)

= 0,(n¢hd) + 0p(n FERT26) + 0, (n TR T2 6?)
0p(nEhd) + 0, (n "1+ 72 67).
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0

Lemma 4.16. Take h proportional to n=% with % <a< % Take v > max(2uq, us2,8),
where uy,us are the smallest even integers such that

>4a—1 S 5a — 1
u um—— u D ——
V=173 =350 30

Let 0 minimize b(a) over D. Then ||0—0|| = 0,(hn&) and b(0) = (2K4)~'Qo(0)+0,(h*nt).

Proof. First note that by Lemma 49(1v vii) we have sup, |K;!| < Op(n=2h~1) and
info K3 > cpfn=2h™1 + 0,(n"2h~1) for some constant cps > 0. Since b(f) minimizes
b(cr), we have b(@) < b(0), i.e

ZK 1Qi(0) < ZK 1Qi(0
Observing Q1(0) = 0, by Lemma 4.15 we have

Q1(0) < K; Z sup |K5'Qi(a) — Ky'Qi(9)]

= lla-ol|<s
< 0p([n"2h 7162 + n 37287 + hé + h2nf),

where we initially take § = 09 = O(1). By Lemma 4.15(ii), using a method similar to that
of the proof of Lemma 4.13 we get || — 0] = o0,(hn¢) and [b(0) — b(8)| < op(hzng). By
Lemma 4.15 and the fact that EQ3(8) = O(nh), we have b(8) = (2K4)~'Qo(6) + O, (h?)
and the result follows. 0
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