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Abstract. In this work a dual-mixed approximation of a nonlinear generalized Stokes problem is
studied. The problem is analyzed in Sobolev spaces which arise naturally in the problem formulation.
Existence and uniqueness results are given and error estimates are derived. It is shown that both
lowest-order and higher-order mixed finite elements are suitable for the approximation method.
Numerical experiments that support the theoretical results are presented.
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1 Introduction

In this article we investigate the solution of a nonlinear generalized Stokes problem using a dual-
mixed formulation. The nonlinear generalized Stokes problem arises in modeling flows of, for exam-
ple, biological fluids, lubricants, paints, polymeric fluids, where the fluid viscosity is assumed to be
a nonlinear function of the fluid’s velocity gradient tensor. The generalized Stokes problem is given
by: Find (u,p) such that

V- (v(Vu)Vu)+Vp = f inQ, (1.1)
V:u = 0 inQ,
u = ur onl,

where (2 is a bounded open subset of R™ with Lipschitz continuous boundary I'. The fluid velocity
is denoted by u, and Vu := (Vu);; = 0u;/0z; is the tensor gradient of u. Here and throughout
the paper we use the following notation: for tensors o = (0y;), T = (735), 0 : T = Z” TijTijs
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|o|? = o : 0. The pressure is denoted by p, and f describes the external forces on the fluid. The
function v describes the nonlinear kinematic viscosity of the fluid.

Some classical examples of v are given by:

Power Law

v(|d(w)]) = vold)["2, >0, 1<r<2, (1.4)

where d(u) = %(Vu + Vu?) denotes the fluid deformation tensor. The power law model has been
used to model the viscosity of many polymeric solutions and melts over a considerable range of shear
rates [17].

Ladyzhenskaya Law[20]:

v(|Vul) = (o + v |Vu))"™2, v >0, 11 >0, 7r>1, (1.5)

which has been used in modeling fluids with large stresses.

Carreau Law:

v(ldW))) = v (1 + [dw)2)" 2 >0, r>1, (1.6)

used in modeling visco-plastic flows and creeping flow of metals.

General descriptions of (1.1) are often written in terms of the tensor o = v(|Vu|)Vu:
—V-o0+Vp=f inQ. (1.7)

The work in this paper extends the investigates of [4, 22, 14]. In [4] Baranger, Najib, and Sandri
provided an analysis for the existence and uniqueness of the modeling equations in appropriate
Sobolev spaces and gave an error analysis of a finite element approximation method applied to the
primitive variables (o, p, u). Manouzi and Farhloul in [22] reformulated the modeling equations
into a saddle point problem and used a mized formulation to study the existence and uniqueness
of the solution, again in appropriate Sobolev spaces. An error analysis for the finite element ap-
proximation was also given. In both [4] and [22] the analysis used the assumption that the equation
describing o in terms of d(u) or Vu was invertible to give d(u) or Vu as a function of o. Gatica,
Gonzélez, and Meddahi in [14] reformulated the modeling equations, using the tensor % in place of
the o (¢p = o —pI) and introducing an additional variable for Vu. Doing so their formulation used
the constitutive equation for o as a function of Vu and reduced the regulatity requirement for the
velocity. Advantages of this approach include: (i) more flexibility in choosing the approximating
finite element space for u, (ii) Dirichlet boundary conditions for u become natural boundary con-
ditions and are easily incorporated into the variational formulations, (iii) avoids the assumption of
expressing Vu was a function of o. A disadvantage in this formulation is that additional unknowns
are introduced. The analysis of this approach was only studied in a Hilbert space setting.

In this paper we recast the formulation described in [14] in appropriate Sobolev spaces. Because
of the nonlinearity in (1.7), this problem is more appropriately studied in Sobolev spaces which
should result in tighter error estimates for the approximate solution. This extends the work of [22]



by avoiding the assumption of expressing Vu as a function of o. In addition, we show that higher-
order approxmiating spaces can be used in the mixed finite element method for this formulation
and give the associated a priori error estimates.

A description of the notation used in this paper, the mathematical problem, and the dual-mixed
variational formulation is given in Section 2. Existence and uniqueness of the variational formulation
is studied in Section 3. In Section 4 the finite element approximation is presented and analyzed.
Numerical results are given in Section 5.

2 Mathematical Setting

For 7 > 1 we denote its unitary conjugate by r/, satisfying r~' 4 =1 = 1. Used in the analysis
below are the following function spaces and norms.
T:= (L' Q)" = {r=(r); i €L"(Q); i,j=1,....n},

with norm |77 == ([, |T\Tdﬂ)1/r.

nxn

T — (Lr'(Q)) and Tc'h.v = {7- ceT ; divt € (LT'(Q))H },

, , 1/r /
with norm HT”T;. = (fQ(|T|T + |divT|" )dQ) . Let U := (L"(Q))", and P := L"(Q).

For a Banach space X, X* denotes its dual space with associated norm || - ||x+. Note that T* = T,
N * . . . .
and (T) = T. The norm and seminorm associated with the Sobolev space W™ (Q) will be

denoted by || - ||m,r0 and | - |mr, respectively, and the infinity norm will be denoted by || - ||oc-

Motivated by (1.4),(1.5),(1.6), we will assume that the extra stress tensor is a function of the velocity
gradient, i.e.
o :=g(Vu) =v(|Vu|)Vu. (2.1)

Specifically, we assume
Al: g:T —T" isabounded, continuous, strictly monotone operator [25];

and that there exist constants C; and Cs such that, for s,t,w € T,

s _tl2
Az [ (gls) —glt) s (s~ 1) > ( [ 186s) -~ g(ols -~ tla+ > t”TQ_T), (2.2

sl + [It]l7
|s —

A3 [ (a(s) - g(t) i wan <G | ] il ( [ 1o Hs—t\dQ)W Iwlr,  (23)

with the convention that g(s) = 0 if s = 0 and |s(x) — t(x)|/(|s(x)| + [t(x)]) = 0 if s(x) = t(x) = 0.
Properties A1-A3 have been established for power law and Carreau law fluids [3]. (For the case of
a power law fluid monotonicity is also shown in [27, 8].)




Remark 2.1 From (1.2) it follows that ur must satisfy the compatibility condition

/up-ndF =0,
r

where n denotes the outward pointing unit normal vector to §Q.

In order to obtain the dual-mixed formulation, introduce two new variables, ¢ and ).

¢ = Vu, 2.4)
¥ := o — pl, the total stress tensor, 2.5)
= g(¢) — pl, using (2.1). 2.6)
With the definition of 4 a variational form for (1.1) can be written as
—/v-div't,bdQ:/V-fdQ,forVET. (2.7)
Q Q
Note that from the definition of ¢ we have that, for sufficiently smooth functions,
0 = —/gb:TdQ—i—/Vu:TdQ
Q Q
= —/q.’):TdQ+/(T.n)-urdI‘—/u-dideQ (2.8)
Q r Q
and the condition divu = 0 is equivalent to
tr(¢) = 0, (2.9)
where we use tr(¢) to denote the trace of ¢.
Combining (1.4), (2.8), and (2.7) a variational formulation to (1.4), (2.8), and (2.7) is: Given
fe (L’”/(Q)> ,ur € (Wl_l/r’T(F))n, determine (¢, ¥, p,u) € T X Tclm x P x U such that
/g((j)):ch — /wzcdﬂ — /ptr(c)dQ = 0,¥%eT, (2.10)
Q Q Q
—/ T pdQ) — /qtr(qb)dQ — / u-divrdQ = —/(T-n)~ude (7, q) € Ty, X2A1)
Q Q Q r
—/V~dz’v¢dQ = /V-fdQ,VVEU. (2.12)
Q Q

Note that equations (2.10)-(2.12) do not uniquely define a solution; as adding (0,cI, —¢,0) to a
solution (¢, ), p,u), also satisfies (2.10)-(2.12) for any ¢ € R. In order to guarantee uniqueness we

proceed as in [2, 7, 14] and impose, via a Lagrange multiplier, the constraint [, tr(y) dQ

= 0

/ n
The variational formulation may then be restated as: Given f € (L’” (Q)) ,ur € (Wlfl/’”’T(I‘))n,



determine (¢, ¥, p,u,\) € T X T(;w x P x U xR such that

/g(qb):ch — /'o,b:cdﬂ — /ptr(g)dﬂ = 0,VeeT, (2.13)
Q Q Q
—/QT cpdQY — /thr((,b)dQ - /Qu-dideQ + )\/Qtr(r)dQ

= _/F(T.n)-updr Y(7,q) € Ty, X204)

—/V~divv,bdQ + n/tr('l,b)dﬂ = /V-fdQ,V(v,n)EUXR. (2.15)
Q Q Q

Remark 2.2 As commented in [14], the value of the Lagrange multiplier X is 0, as can be seen
from the choice of T =1 and g = —1. However, it is included in the variational formulation so that
the formulation has a twofold saddle point structure.

To formally rewrite (2.13)-(2.15) as a twofold saddle point problem define the following operators:

A:T—T, B:T— (T, xP), C:Ty, xP— (UxR)".
A@). ] = [ &):sa0, (2.16)
B(@), (r.q)] = - /Q T gd — /ﬂ gtr(e) dC2, (2.17)
[C(¥,p), (v,n)] = —/QV' divp dQ + 77/9757“(7,[1)6%2. (2.18)

The modeling equations can then be written in the form

[A(9), <] + [B(s), (¥,p)] = 0.,¥c€eT, (2.19)
B@). (o) + [C(ra). (aN] = = [(r-n) urd" V(r.g) € T, x P, (220
C.p), (v.n)] = /Qv-fdQ,V(v,n)eUxR, (2.21)

or equivalent, in the form of a twofold saddle point equation,

[A(9), <] + [, B*(¥,p)] = 0,Vc€eT, (2.22)
B(¢), (,9)] + [(,9), C*(w,A)] = —/F(T n)-urdl ,Y(7,q) € Ty, x P, (2.23)
[C(¢,p), (v,n)] = /Q v -fdQ,V(v,n) e U xR, (2.24)

where B* and C* denote the respective adjoint operators of B and C, respectively.



3 Existence and Uniqueness

Intuitively, the solution of (2.22)-(2.24) can be found using the following steps.
1. Find a particular solution to (2.24), i.e. (1, po) such that

[C(t, o), (v,m)] = /Qv-fdQ,V(v,n)eUx]R.

2. Let ¢ = ¢ + pyand p = § + po. Rewriting (2.22)-(2.24) we have

[A(¢)7 g} + [§7 B*(’I,Nb,ﬁ)] = —[C, B*("pO:pO)] ,VC € T7
B(@), (7)) + [(T,0), C"(w N)] = — /F (r-0) - updl Y(r,q) € Thyy x P,
[C(4,p), (v,n)] = 0,¥(v,n) €U xR,

3. Introduce a subspace of Tclh.v X P defined by

7 = {(T,q) € Thy x P : [(1,q), C*(v,n)] = 0,Y(v,n) € UXR} .

Note that Z; can equivalently be defined as

Zy = {(T,q) €Ty X P+ [C(T,q), (v,n)] = 0,V(v,n) € UXR} .

Equations (3.2)-(3.4) are then replaced by

[A(¢)a C] + [C’ B*(":Nb7ﬁ)] = _[';7 B*(¢Oap0)] ,VC € T,

B(9), (r.q)] = —/F<r~n>-urdr,v<m>ezl.

4. Find a particular solution to (3.6), ¢, i.e.
[B(¢), (7,9)] = —/F(T'n) ~updl’ \V(T,q) € Z1.

5. Let ¢ = ¢ + ¢,. Rewriting (3.5)-(3.6) we have

[A(@ + ¢0). <] + [, B (,9)] = s, B (¢, p0)] Vs €T,

B(o), (1,9)] = 0,9(r.q9) € Z1.
6. Introduce a subspace of T' defined by
Zy = {seT:[s,B*(1,q)] =0,V(r,q) € Z1} .
Note that Z5 can equivalently be defined as
Zy = {s€T : [B(), (r,9)] = 0,V(r,q) € Z1} .
Equations (3.8)-(3.9) are then replaced by

[A(&’ =+ ¢O)a C] = _k? B*(/l:b()va)] 7V§ € Z2-

(3.10)



7. Solve (3.10) for ¢, from which we then get our solution for ¢, ¢ = ¢ + ¢y.
8. From (3.8) we solve for (v, p) satisfying
(s, B*(¢.0)] = ~[s. B" (%0, m0)] — [A(d + @), 6] VST, (3.11)
which we use to determine ¥ = {p + Ygandp = p + po.

9. Finally, we solve for (u, ) using (3.3)
[(7,49), C*(u,A)] = _/r(T ‘m)-updl — [B(#), (,9)] ,Y(r,q) € Ty, x P (3.12)
Given the above, there are five issues to address.

(i) The solvability of ¢ in (3.10), Step 7.
(ii) The solvability of (¢, p) in (3.11), Step 8.

)

)
(iii) The solvability of (u, A) in (3.12), Step 9.
(iv) The existence of a particular solution (¢4, po) to (3.1), Step 1.
)

(v) The existence of a particular solution ¢ to (3.7), Step 4.

Issue (i):
Given the stated assumptions on g, A is a bounded, continuous, strictly monotone operator on a
reflexive Banach space. The solvability of ¢ follows from monotone operator theory [25].

Issue (ii):
For the solvability of (1,~b, p) we need to show that B* satisfies the following inf-sup condition:

: ¢, B*(7,q)]
inf sup
Ry o [ o] P

Z Cc1 , (313)

which is equivalent to
B
inf sup B(<), (7, 9) > . (3.14)
ez ser Islr 1m0l p

Issue (iii):
For the solvability of (u, A) we need to show that C* satisfies the following inf-sup condition:

inf sup (r.9), C*(u, A)] > ¢, (3.15)

(uA)eUxR (T.@)ET;, x P (7. q) HT;Z,U x P [(a, M luxr

which is equivalent to

inf sup C(r.9), (W] > cy. (3.16)

A [Co)] I O] e

For issues (iv) and (v) note the following:



Lemma 3.1 ([16], Remark 4.2, pg. 61) Let (X,| - ||x) and (M, || - ||ar) be two reflexive Banach
spaces. Let (X*,|| - ||x+) and (M*,|| - ||ap+) be their corresponding dual spaces. Let B : X — M*
be a linear continuous operator and B* : M*™* — X the dual operator of B. Let V. = ker(B) be
the kernel of B; we denote by V° C X* the polar set of V : VO = {z* € X* [z*,v] =0, Vv € V}
and B : (X/V) — M* the quotient operator associated with B. The following three properties are
equivalent:

(i) 36 > 0, such that

. [Bv, q]
inf sup ————
aeM yex |lqllm ||v]| x

> B,
(ii) B* is an isomorphism from M** onto V° and
I1B*qll = Csllqlla=- Vg € M™,
(iii) B is an isomorphism from (X/V) onto M* and
1Bo|| > Callollxjvy Vo € (X/V).
|
Part (iii) of Lemma 3.1 will guarantee the existence of particular solutions, i.e. 1, po, ¢y, and part

(i) will guarantee existence and uniqueness of ¥, p,u, and . Thus, we have two inf-sup conditions
which we need to establish.

3.1 Inf-sup Condition for B

Define the null space for the operator C, 77, as
Zy = {(T,q) € Ty x P 2 [C(7.0), (vin)] = 0,V(v,7) €U XR} :

= {(T,Q)GT;iUXP:divrzﬂinQ, and/

tr(T)dQ = 0} . (3.17)
Q

Note that for (7,¢) € Z1, ||7|l;x = ||7|l;7. Helpful in establishing the inf-sup condition for B is
div
the following lemma.

Lemma 3.2 (See Lemma 3.1 in [2] for Hilbert space setting.)
For T € Tc/h-v satisfying fQ tr(T)dQY =0, let 70 = 7 — %tT(T)I. Then, there exists C, depending
only ), such that
17l e < C (170N o + lldiv Ty, - (3.18)

Proof: Now, there exists a non-zero function ¢ € L"(2) such that

Ier () Ielzrioy = [ tr(r)pds. (3.19)

Since [, tr(T)dQ = 0, we can assume [, pdQ = 0 (shift ¢ by its average). From [13], pg. 116
(see also [6] pg. 220), given p € L"(Q2), 1 < r < oo with [, ¢dQ = 0, then there exists v € W, ()
and a constant C' such that

divv = ¢ in Q) and Ivlilwir < Cllellir ) - (3.20)



From (3.19) and (3.20),

1 1
— ||t ! . < — t div v dS)
@l vl < % [ trmydioy

n

1
= /tr(T)I:VVdQ
nJo
= /(T —79%): VvdQ (using the defn. of 7°)
Q
= —/(TO : Vv 4+ divt - v)dS)
Q

< (1% gy + Mo Tl sy ) ¥l

|
Lemma 3.3 There exists a constant ¢; > 0 such that
B
ot s BO. ol
ez pop 91 1.0z p
Proof: We establish the inf-sup condition by considering two cases.
Case L [lallp < |17l -
Let 1
=1 Ztr(mI, and ¢ = |7 0|20 (3.21)
n
Note that ¢ € T, and ||¢||7 = 1. Then,
B or'/r—1 r’/r—lt 0
Bl [ g [l g
Pl o 700 o T
1 /
= — / |70 = 20 2040, (as tr(70) = 0, and 7 : 70 = 70 70)
[ iomy
T
1 0 ,,,l
= Ty
1=
1 1
0
= 0l > Glirle = Glrly, (as(r) € 21, see (3.15)
1 1
> — / = — / . .22
> 5o (Il +lalle) = 56l Dl p (3.22)
Case 2. [lallp > |17l -
Let i
—|qI T (gl
6 = I + 7| (L +7) (3.23)

r’—1
lqT + 77



Again, ¢ € T, and ||¢||7 = 1. For this choice of ¢,

B (T, I r'/r—1
”T,’; ﬁ; a0 _ Q||Tq1++:|||r'l (1 (g + 1) + qtr(gl + 7)) dO
T/

gL + |/

= [T (L4 ) (a4 )
o gL + 7

llgl + T
Xl — [Tl

/
n'lglp = Il

AV

> ("7 = 1ldllp

> @ = 1/2 (lallp + Il )

= OH(TyQ)HT;wXP' (3.24)
|

3.2 Inf-sup Condition for C

The following two lemmas are helpful in establishing the inf-sup condition for C.

Lemma 3.4 Let Tl := {‘r €T, Jo tr(T)dQ = 0}. Then, there exists C' > 0 such that for
anyu e U

u - divt df2 u - divr dQ
sup M Z C sup M (325)
reor, I, rer 7l
T#0 T#0

Proof: For 7 ¢ T(;
Let

let 7o = T — — ([, tr(7))dQ) L. Then, 79 € o7

- 7] s and divr = divTg.

s = |ro[" /" +

g ((fn tr(r) dQ)n(‘fg’ |o|"/" g dQ)) (/Q ol 17 dQ) I.

Note that as
, ) 1/r ,
llrol™ /" Lol = </g [Tol" dQ) = HToHrLT//”,

and

IN

[imartrtmyan] < i [ o
Q Q

, , 1/r
Clirall) ([ 17 a0)

!
Cllrolll) -

IN

IN

10



Thus

Isller < Climoll?)- (3.26)
We have that ( )
T,0

o= ~ 7 3.27

. /
Now, using 79 € o1,

(T,¢) = /!To!r’d9+’1§Z|</ tr(r)dQ) (/ !To!T//Tltr(To)dQ>
o () ([ mor e et an)

> oy, (3.28)

+

Therefore, from (3.26), (3.27), and (3.28) we have that ||7|,» > C|7¢||,». Combining the above
we obtain

fQ u - divt df2 B fQ u - divtg dS2 C’fQ u - divtg dS2
il il ol

from which (3.25) then follows.

)

Lemma 3.5 Given w € (L" (Q))2, there exists T € T(;w such that

div(t) = w inQ, and H’THT(;W < Clwll g (q)- (3.29)

Proof: We show the construction of a suitable 7 for the case n = 2. The method extends in a

straight forward manner for n = 3. For w := = (L7(Q))2, let w? == w; — ﬁ Jo w1 d2.

Note that w) € LT/(Q) and [, w{dQ) = 0. Then, from [13], pg. 116, there exist v := [ Zl ] and a
2

constant C' such that

divv = w} inQ, and IVl @) < C’Hw?HLT/(Q)

Next consider the problem: Find z € {f: f € L" (Q) and f, € L" (Q)} such that

dz’v[vl] = wy in .
z

This is equivalent to finding 2, € L' (2) such that
Zy = w2 — V2 in (L.

As Q is bounded, without loss of generality, assume Q C {(z,y) : 0 < 2 < a,0 < y < b}. For
g € L™ (Q), let § denote the extension by zero of g to R2\Q. For (xz,y) € Q, let

—~—

2(z,y) = /Oy (wa(x, 8) — vog(x,s))ds.

11



Now

2l = / / < / wg_%)dsyl o
/ / </ 1r ds) v </Ob((w2/—72x))rld3> dn dy

< b ng—vngLr,(Q)
< C(szllm,(m + Hulel’;/(m) < C(”wg“r’r,(m + |yw9||;;/(m) ,

Also, note that

1
leodll iy < llnll ey + H/ wmaall
il () L () 1 /o .
and
[y e ' ! /(/wdg)’“’dg
L . - )
12 Jo L' (Q) Q" \Ja \Ua
([ () (fmr'ao) o
1 \ Ja fwn]
< 41 / Q|r’/r leHr’J dQ
— 1" \Ua ")
= leHz]r’(Q) .
Thus

Hw(l)HLT’(Q) < 2||w1||Lr’(Q)

1
dQ
Let 7(x,y) := { vt xlfi&ffz w1 UZ2 ] Then
L 0 1
divr = div| " | + div| " Jowrd 0 = [ ] \wildQ
(%) z 0 0 wa 0

Moreover,
HTHT(;W S CHWHLTI(Q)

Lemma 3.6 There exists a constant cg > 0 such that

inf [C(Tv q) ’ (u7 )\)}
sup
(u’/\)eUXR(T,q)eT(;ivxP H(Tv Q)HT(;wXP ||(u, )‘)”UxR

2 Co.

12



Proof: We establish the inf-sup condition by considering two cases.
Case 1.: |A| > |[ullv.
For this case we have

[C(1.9), (0, )] [CALO), (w,N)] — nA|Q
Sup Z - //2 1/ /
(T’q)eT;pr H(T?q)HT(;wXP H)‘IHTG’M |>“nr |Q’ "
> Cll(w,N)|luxer- (3.30)

Case 2.: |A| < |[ullv.
Using Lemma 3.4,

C(t,q), (u, A C(70,0), (u, A — [o u- divry dS§2
w0 @] [0 ] | = e divr
(rajety,xp 1T Dz «p roe oy, ITollz,, To€ 0Ty, I7ollz;,
— |6 u- divr dQ
> C sup Jo (3.31)
TeTt;i'u HT”T(;’L’U

Choose w € (L™ (Q))" such that ||ul|p- W~ = Jou-wdQ, and let T be as given in (3.29).
Then,

sup [C(T,q), (u,\)] > ¢ — Jo u- div(—7) dQ > ¢ Jo u-wdQ
BN A ot o =l Wl
> Clully
> Cll(a,M)[[uxe - (3.32)

We now summarize the above results in the following theorem.

Theorem 3.1 There exists a unique solution (¢p,P,p,u,\) € T X T(;w x P x U x R satisfying
(2.19)-(2.21). In addition, we have that

lllr < € (Iarll-1jmer + €152 - (3.33)

Proof: Existence and uniqueness of the solution (¢,%,p,u,\) € T X T(;w x P x U x R follows
directly from the continuity and monotonicity of g and the inf-sup conditions (3.14) and (3.16).

To show (3.33), we begin with some preliminary bounds. Let ¢ = ¢ + ¢y, ¥ = 9 + 1,, and
p = P+ po be as given in (3.1)-(3.12). Note that from (3.1) and the inf-sup condition (3.16), we
have that there exists (v,n) € U x R such that

@ _ [C (o, o), (v, 1)]
IV, mlloxell (%o, )7
Jyv-£dQ

v, mlloxell (%o, o)l

VIl @)t el (3:34)
Vil (Wollze + polle) — (1ollze + lpollr) |

13



or

2
%ol + llpollp < *||f|!o,r',9- (3.35)

From Lemma (3.1) (i) and (iii) with the associations B = B, M = Z; C Ty, x P, X = T, and
V = ker(B), we have that there exists a ¢ € T/V such that

B($), (r.0)] = — / (r-n) urdl, V(rq)€Z,

with ||@|l7/v < 1/Cgllur|li_1/r,r. Note that |||z = infced) ls|lz- As the cosets in T/V are

closed, we can choose ¢, € ¢ such that
Iolle = I8l < g lfarlr (3.36)
From (2.2) we have that
Cr (164 0ull+ [ 1666+ 6016+ 90/d9) < [ 86+00): (6+ gn)an (3.37)
Using (2.16) with ¢ = ¢ we have
A@+0.8] = [ gld+a): o
— [ &G+ 00 G+ @ a2+ [ g+ b) s b0

> 6 (H¢+ Sollp+ [ 6@+ 6010+ dfz)

. _ _ 1/’
6 ( / |g<¢+¢o>||¢+¢o|d9) ol

Y

.. . C . -
Cillé + ool + (cl— 1,2>/Q\g<¢+¢o>u¢+¢ordﬂ

G
- . 3.38
Zgollr (338)
Now we also have from (3.10), using Young’s inequality and the triangle inequality,

AG+60). 8] = ~[B(®), (o p0)]
= [ o dd2+ [ mer(d)a
Q ~ Q ~
ol 18l + i |31
2218l + e (Iolly + Valolly)

262 262
b+ dolly + =

IN

IN

IN

||¢o|rT
b (ol vanlioolls) - (339

14



Combining (3.38), (3.39), and ¢ = ¢ + ¢, we have

@mf?)w%+<a— )memwm

é 2€ r 1 r !
s(2+2>ww+ (ol + v pollzs) - (3.40)

req T r'eg

€10
,r/

Together with (3.35), (3.36) and choices for €;, €2 that ensure

. 2 A C
Cl—ﬂ>0, and 01—61 2
T

the result (3.33) is shown. ]

4 Finite Element Approximation

Let Q C R™ be a polygonal domain and let 7;, be a triangulation of  into triangles (n = 2) or
tetrahedrals (n = 3). Thus
Q=UK, KecT,,

and assume that there exist constants 1,2 such that

1h < hig < y2px (4.1)
where h is the diameter of triangle (tetrahedral) K, pg is the diameter of the greatest ball (sphere)
included in K, and h = maxge7;, hi. Define the finite-dimensional subspaces T}, C T, TC/M n C
Tps Pn € P, and U, C U. Then the discrete formulation of (2.13)-(2.15) is defined as: Given

/ n !
f e (Lr (Q)) ,ur € (WI_I/T’T(F))TL, determine (@p, Yy, Dh, U, Ap) € T X Ty X P x Up x R
such that

/g(¢h):cth — /'lﬂ:(th — /phtr(ch)dQZO,VChETh, (4.2)
Q Q Q

—/ Th ¢ dQY — /qhtr(d)h)dQ - / uy - di’UTth—l-/\h/ tr(Tp) dQ
Q Q Q

Q

= —/(Th . n) -uprdl ,V(’Th,qh) S Tclliv,h X Py, (4.3)
r

/ vy - divpy, dQ + ﬁh/ tr(¢h)dQ:/ vy, - £dQ, Y (v, m) € Uy x R. (4.4)
Q Q Q

Restricting the domain of the operators A, B, and C to the appropriate finite-dimensional subspaces
we can write (4.2)-(4.4) as a twofold saddle point system:

[A(br) s sul + [sn, B (¥p.pn)] = 0,V €Tp, (4.5)
[B(@n): (Thyan)] + [(Thyan), C*(un, )] = — /F(Th ‘n) -updl’,

Y(Th,an) € Tyipp % Pr, (4.6)

(Cbnpn) s (Vhomn)] = /th~fdQ,V(vh,nh) € Up xR. (4.7)

15



The corresponding discrete kernels of B and C are defined similarly. We have

Zyp = {(Tm(Ih) € Ty * Pu + [CTn.an), (Viymn)] = 0, Y(va,mn) € Up % R} ;

and
Zop = {sn € Tpp : [B(sn), (Thyqn)] = 0, Y(Th,qn) € Z1n} -

4.1 A Priori Estimates

Theorem 4.1 Let 1 < r < 2 and g satisfy (2.2) and (2.3). Let (¢, 1, p,u, A) € TXT(;w x PxUxR
solve (2.13)-(2.15). Assume that
(1) There exists a positive constant ¢y such that

inf sup [Blsn), (Th, )] > c . (4.8)

(Twan)eZu guem, lISnllr [|(Than)lly o p

(2) There exists a positive constant co such that

C A
inf sup (C(Th, an) , (1, M) > co. (4.9)
(W AEURXR (7, 0 ser? <, 1(Thsan)llz p l[(ans An)lluxr

Then, for f € (L’"/(Q)>n and ur € (Wlfl/’"”’(f‘))n, there exists a unique solution
(bp, Y1, Phyup, Ap) € T X Tc,liv,h X Py x Up x R to the problem (4.5)-(4.7). In addition, we have

lulir < € (Iarlli-ajmer + I€150 ) - (4.10)

for some constant C > 0.

Proof: With the assumptions as stated above, existence and uniqueness of

(p, Y1, PhyUp, Ap) € T X Tc/lz'v, p X P, xUp, xR solving (4.5)-(4.7) follows directly from the continuous
solution approach outlined in Section 3 and summarized in Theorem 3.1. The proof of (4.10) mirrors
the approach for showing (3.33). [

Theorem 4.2 Let
6 — oyl ||*777

|| + [y

Assume the hypotheses of Theorem 4.1 are satisfied. Also assume that for h sufficiently small, there
1s a constant cg > 0 such that

£6. 1) - |

(4.11)

o0

inf sup [B(sn)s (T qn)] + [C(Th, qn) 5 (Vhsn)]

Z C3. (412)
(Tha) €Ty 3 Pr (Snvnan)eluxUnx® ([ (s Vi ) [ xv s [(Ths an)llg o p
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where ||(Sh, Vi, M) lrxuxr = ||sullr + Vel + | Avllr. Then
16— dull2 +/Qg<¢> — g(n)l b — bal A
<cf int (19~ sull+ €000 19 - <ully) + int uvill

et el ot - alp). (413

9~ bl + o= pullo <C{_ it - 7ully + i - qh|p}

Th€Ty 1

1/r
£(¢, én) (/ 18(6) — ()] | — ¢h|dn) L (414)

and
lu—uplly + A=A S Cll@—dpllr + ilelfU [u—wvallu, (4.15)
Vh h

for some constant C > 0.

Proof: From the discrete formulation (4.2)-(4.4) we have that the approximation (¢y,, ¥, Ph, Un, A)
satisfies

[A(Dn), sn] + [B(sn), (¥p,pn)] = 0,Ysp €T},
[B(th)a (Tha Qh)] + [C(Tha Qh)v (uha )‘h)] = - /F(Th ’ n) ~updl’ 7V(Th? Qh) € T(;iv,h X Py,
([C(p,pn) s (Vi,mn)] = /th~fdQ,V(vh,nh) €U, xR.

Define the following subspaces:
Zip = {(Thth) € Tyip X Pt [ClTh,aqn) s (Va,mn)] = /th'fdQ,
YV (v, mn) € Up, X R} , (4.16)
and
Zop = {S‘h €Ty : [Blsn), (Th,an)] + [(Thyan), C*(an, An)] = _/F(Th -m) -updl,

Y(Th,qn) € Zlh} . (417)

From (2.2) and the definition of A (2.16), we have ,

 le—
C - ¢, | dQ
ol + lonlZ +C1 [ 16(6)~s(@n)llo— o

< / (8(0) — g(n)) : (& — ) d2, (4.18)
Q
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and

/Q (8(6) — g(6) : (b $) A2 = [A(d) — Aldy), & — by

= [A(®) — A(dy), ¢ —sn)
+[A(P) — A(y), Sh— Pul -

(4.19)

We examine the first term on the RHS of (4.19). For £ given by (4.11), note that (¢, ¢;) < 1.

From (2.3) and Young’s inequality, we have

A(¢) — Aldy), ¢ —cn] = /Q (8(6) — &(dn)) - (¢ — sn) A2

IN

. 1/r
o e, dy) (/ 8(6) — <¢h>u¢—¢h\d9) I — sllz

IN

Ccr'
/| 8@ 16— 612+ - £(&. 8" |6~ <l

For the second term on the RHS of (4.19), if g5, € Zop,, we have

[A(@) — A(Py), sn— D]l = [A(D), sh— Pp] — [A(Dh); sn — &y
—[B(sn — 1), (¥, p)] + [B(sn — ¢p), (%haph)]
(D1, — sn), (¥, p)] (as S, Py, € Zan)

B

= [B(®p, —sn), (¥,p)] — [B(éy, — Sn), (Th:qn)] (for (Th,qn) € Z1p)
= [B(¢y —sn), (¥ —Th,p — an)]

= [B(¢y, — @), (¥ —Th,p—an)| + [B(d —sn), (¥ — Th,p — an)]

/ (b — @) : (s — 1) d2— /Q (b — a)tr(dn — &) dS

—/(¢—<h)1(¢—Th)dQ—/(p—Qh)tT(¢—€h)dQ
Q Q

< ¢ = dpnlrllv — Tl +Vollp — anllplld — éullr
+ll¢ — sullzllve — 7ol +Volp — anllpllé — sullr

62—|—€3 64"‘65
< I — o ll7 + o — snll7
1 1 2
+ 7+7 H"/’—ThHT +vn 7_|_7 P — anllp -
269 2€5

Combining (4.18)-(4.21) with €4 = 5 = 1 we have

él €2 + €3 2
— —— | — énllT
<||¢||?r + |l pnll7 2 )

(Cn C?“)/r g(n)| | — bp] dO

<ll¢—snl?+ *5(¢’ én)" I — snllr

+ (5 + )\w—Th||T+f<+ ) o= anll

18
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Choosing €1, €5, €3 small enough to ensure

C .
2—r : 2—r ©re >0’
loll7" + llénll7 2
(él — 02,61> >0,
T

16— dulld + /Q g<¢>—g<¢h>|\¢—¢h|dfzgc{ inf (¢ — <nll3 + (b bn)” 1 — snllp)

Sn€Zan

and

we have

bt (el - ) b @)

(T hyan)€Z1n

The estimate (4.23) holds for (sp, Th,qn) € Zon X Zip C Tj ¥ Tcllw 5 X Ppn. In order to show that

this estimate holds in all of T} x TL;W p, X Py, we employ a lifting argument similar to that in [10].
Define the subspace

W), = {Ch € Th, : [B(sn), (Thy qn)] + [(Thy qn), C*(un, An)]

= —/(Th-n) -updl’ V(Th,qh) S Tclliv,h X Ph}.
r
We first show that (4.23) holds for all ¢, € Tj. Then we show that (4.23) holds for all (74,qp) €
Tdiuh X Ph.
Note that ¢ € W), = <j, € Zop. Thus, for vy, € Uy,

inf [|¢ —cpllr < inf [[(p, 1) — (sp, va)lTxv - (4.24)
Sh€Zap ShEWHR

From the inf-sup condition (4.12), there exist operators Ily : T — T} and Iy : U — Uy, such that
[B(s — II76), (Th, qn)] + [C(Th, qn), (v = Lyv, M) = 0, ¥ (Th,qn) € Ty p X P, (4.25)

and
[(Mrs, Myv)llrxo < Cll(s,V)llrxv, (s, v) €T xU. (4.26)

Now, let (sn,vn) € Tj, X Uy, and set ¢ =qp— IIr(sp — @) and 0 := vy — [y (v — u). Note that
(¢p,0) € Ty, x Up,. Then for all (14,qp) € T(:iw,h x Py,

[B(#), (Th,an)] + [C(Th,qn), (@, An)] = [B(@), (Thy qn)] + [C(Th, qn), (0, An)]
= - /F(Th ‘n)-urdl,. (4.27)

Thus ¢ € Wj. Now, using (4.26), we have

1(, @) — (sh, vi)llrxy = 1T ( = <n), v (a = va))llr<v
< C|(¢ = sh,u—vp)|rxv- (4.28)
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Thus we have

inf |l —cnllr < inf (@, 0) — (shs Vi)l Txv
Sh€Zan (Shyvn)EWRLXUp
< inf H(¢7 u) - (d)a ﬁ)HTXU

(Shyvr)ETH XUy,

inf ) - ) + ~7~ - )
ot () = vl + 116 8) = (sn i)

< (14+C inf ) — (ch, v | 1o
= )(ghavh)EThXUh”(¢ ) = (s> vi)llrxv ( )

IN

which lifts the best approximation of ¢ from Zaj, to Tj,.
Now, we must also show

inf - H(’lpvp) - (Thdq}L)HT/. < P < C lnf H('l,b,p) - (Th,Qh)HT/. «P " (430)
(T hsqn)€Z1n div (Tr:an)€Ty;, 1, %P div

From (4.9), we have the existence of operators IL;. : T(;w — Tollw’ , and IIp : P — P, such that
[C(r =Tl 1,q = 1Ipq), (Va,nn)] =0, Y (va,mn) € Up X R, (4.31)
and
|0 ey op <Ol - (432)
Now for (7h,qn) € T;lw,h X Py, let ¥ := 1), — Il (T, — ) and p := g, — Hp(gn — p). Note that
(¥,p) € Tclh.v’h X Pp,. Then for all (vp,n,) € U, X R we have

C. 7). (vam)] = [C.p). (v = [ vi-£.d9. (4.33)
So ({b,[)’) € Z1p. Now, using (4.32) we have
16.0) ~ rhally p = gt — 7). oo~ i)l p
< CN’H(/l/)_Thap_qh)”T(;wXP- (434)
Thus
inf _[[(¢b,p) = (Thsqn)ll 1 < inf (%, p) — (4, 5) |l
(T hyan)E€Z1n Tain*F (ThyfIh)GT;iv,hXPh TyinxP
< inf (¥, p) = (Ths )l o p + 11, 5) = (Thyan)llg
(Th7qh)€Tclliv,h><Ph ( TdivXP sz‘vXP>
<+l b @) - (g - (4.35)

/
(Th 7‘]h)€wa7 X Pr

This lifts the best approximation of (1, p) from Zyp, to T;w x P. Thus, from (4.23), (4.29), and
(4.35) we have

16— oul2 +/ 18(0) — (1)l [ — by d2
Q
< C{C,i;;fTh (16— sully + €. 60)" 16 = sully) + inf = vl

O R U AR Y PR A S CED

Th€Ty
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To obtain the a priori estimate for ¢ and p, we begin with the discrete inf-sup condition satisfied
by B. We have

1 <Hd)h N ThHT’_ + th . QhHP> < sup [B(gh)v (¢h — Th,Ph — Qh)]
div SneTh lsnllr
B — Josn: (W —Tr)dQ — [o(ph — qn)tr(ss) dQ
= sup
Sh€TH ||§h||T
B <f9<hi(¢h¢)d9f9<hi(¢7'h)d9
= sup
SneTh lsnllT
Lo Jo@n —p)tr(sn) dQ — [o(p — an)tr(sn) dQ)
lsnllr
- wp—kww@m—¢ﬂﬁ—k@wﬂmﬂ%ﬂﬂ
ShET) lsnllT

+ 1% = Tallpr + Vrlp — anllp
[B(sn), (¥, — %, pn — p)]

= sup + 1Yo — Tall + Volp — anllp
SheTh lsnllT
. (B(sh), (¥, pn)] — [B(sh), (¥, p)] + 1% = Thll +Vallp — anllp
Sh€ETH ||<h||T
A — (A
= sup A ZAG) - e
Sr€ETH thHT
— 16 dS)
~ s Jo (g8(or) —g(9)) : s + 1 = Tally + Vollp — anllp- (4.37)
SheTh llsullT

The first term on the RHS of (4.37) can be handled using (2.3) and the definition of &:

sup Jo (8(0n) — () : 61 dQ2

SheETH sullT

. _ 1/r
< sup ol a8 = &(@u)l1S = Sl dD) T flsnllr

SheTh llsnllT
. 1/r’
< Cr6(d, ) ( [ le(@) el 16— ] dﬂ) L (4.38)

Combining (4.37), (4.38), and an application of the triangle inequality imply

1 = ully +lp—pallp

; c{ nf (w - qhnp) }
(T h,an)EZ1n

. 1/’
T CoE( ) ( [ le(@) ~ et@n)l1s - ] dﬂ) - (4.39)
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Now the previously described argument to lift the best approximations of (7,q) from Zyp to
Tysu 1 X Pn can be applied here. Thus we have, from (4.39)

I —nllys + o= pallp

<of it ol + g o ale)
,7_]161—;””Y N div thPh

. 1/r
L CoE( ) ( [ 18~ g6 10— 61 dn) ~ (4.40)

From the discrete inf-sup condition for C we have,

[C(Th, qn), (Up — Vi, Ay — A)]

ca([[up, — vallo + |An = A]) < sup

(Th7Qh)ET(;iu,h><Ph H(Th’qh)”T‘;w,hXPh
_ sup — Jo(up —u) div(ry) dQ — (A — A) o tr(Th) dQ2
(Th7Qh)ETalzw,h><Ph H(Th’qh)”T(;w,hXPh

e =vallulTally:
U

(4.41)

Imallz: + llanlle
Now the first term on the RHS of (4.41) gives

— Jo(up —u) div(Ty) dQ — (A, — ) [ tr(Th) dQ

sup
(Thv(Ih)eT;iv,hXPh H(Th’qh)”T;w,hXPh
C —u, Ay — A
_ sup ([C(Th,qn), (up, —u, Ay — A)]
(Tth}L)eT;iv,hXPh H(Th’Qh)HTz;iv,hXPh
B _
e B@-9.Gha)

(Thy(Ih)GT;iv’ n X Pn (7 an) ||Tc/liv, n*Ph

¢ — dnllrliTally + vollanllplle — ¢pllr

ITnllge +llanllp
< |l —pllr +vnll¢ — ¢nllr < Clld — dpllr. (4.42)

Thus, from (4.36), (4.41), (4.42), and the triangle inequality we have

<

lu =l + A =Ml < Cllp = ullr +_inf = vallu (4.43)
Vh h

Thus the estimates (4.13)—(4.15) are proven. ]

Remark 4.1 As previously noted, E(¢p,¢y) < 1. In addition, if 1/(|¢| + |¢p]) < C for some
constant C > 0, then

E(¢. dn) < min {1,C 6 — | &7}
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Furthermore, if ||¢ — ¢pllco ~ || — &4, the estimates (4.13)—(4.15) may be written as
16 = bl + 1Y = bullyy  + 1P = palle + [lu = wnllv + A = Al
< C< inf — + inf —
<cf ut 16— qlr+ inf u—vall

ot el ot - e} (44

Th€Ty

4.2 Discrete Approximation Spaces

Let n = 2. Let K € 7; and let Pi(K) be the set of all polynomials in the variables 1, z2 of degree
less than or equal to k defined on the triangle K. Let RTy(K) be the 2-vector of Raviart-Thomas
elements [24, 26] on K defined by

RIL(K) = (B0 + |21 2a(0)
Let the following discrete spaces be defined as:
T, = {peT:¢|kc (P(K))*>?*, VKeT},
Ty, = {¢ €Ty i = (1 )" |k € (RTo(K))*,

(1#1‘1 Tbiz)T’K S RTO(K), Vi € {1,2}, VK € 771} ,

P, = {pEP:p|K€P0(K), VKE’]}L},
Uy, = {uelU:ulg e (Py(K))?, VKeT,}.
Let s > 1 and let 7 : (Wl’s (Q))2X2 — T;iv’ ;, be the lowest-order Raviart-Thomas interpolation

operator [24, 7, 9] defined by, for row j = 1,2 of T € Tcll

v

/ (1 —I;?Tj) ‘ne, ds =0, Ve, €9K, i=1,2,3, VK ecT,, (4.45)

€i

where n., denotes the outer unit normal vector to edge e; of K. For every K € Tp, T|x €

(W (K))>?, and thus tlox € (W=Y2(0K))** c (L*(0K))>** c (L'(0K))”®. Thus we
have, if div T € (Wm (Q))2 with 0 <m <1,
|7 = Zp7llor.0 < CR™ Tl a, (4.46)
|div (T — ZP7T) lo.r.0 < CR™|div T s (4.47)
and, for v e U,
/Q v-div(t —I)T)dQ =0, YreTy,. (4.48)

23



Lemma 4.1 For the choices of T}, T(;w n» P, and Uy above, there exists a positive constant ci

such that B
g sup [B(¢) s (Th,qn)]
(Th.an)€Z1n ¢, €T |énllr 1(7h, qh)”T;wxP

Z Cc1 . (449)

Proof: Note that for 7, € T;,
two cases.
Case L: [lgnllp < [[Tnlly -

div T, = 0 implies 7 € (Po(K))?*2 for all K € 7;,. We consider

v, h?

Let 79 = 7, — Ltr(7))I, and ¢, = —| Y T%/HT%HTT/,_l. Note that ¢;, € T}, as (7h,qn) € Z1p,
implies 79 € (Py(K))?*?. Proceeding as in Case 1 of the proof of Lemma 3.3, we obtain (4.49).
Case 2: [lgnllp = [[Thlly: -

Let
—lanT + Tal" "t (gl + T)
CI 7 E
T/
Again ¢, € Tj, as qn, € Po(K) and 7, € (Po(K))**? for all K € 7j,. Proceeding as in Case 2 of the
proof of Lemma 3.3, we obtain (4.49). ]

Lemma 4.2 For the choices of T}, T(;w,h: Py, and Uy, above, there exists a positive constant ca

such that - )
(up,Ap)€Up xR (Tthh)ETolziu,hXPh H (Tha Qh) HTollivXP ||(llh, )\h) HUXR

> co. (4.50)

Proof: As in the approach to the proof of Lemma 3.6, we consider two cases:

Case 1: |Ap| > |lunllu- /

The choice (Th,qn) = (A1,0) € Ty, , X P, shows the result as in Case 1 of the proof of Lemma
3.6.

Case 2: |)\h| < ||uh||U. ) )

Note that Lemma 3.4 applies to the subspace T, , C T, , thus we have

C )] M 7A C 70’ 7A
vy Cma) ] [Cr0), ()
(Thv‘Jh)eTrlzw,hXPh (T, Qh)HTc/leP To€ OT(;w,h HTOHTc/lw

—fQ up - diUTQ df)

T et Toll
o€ OTdiv,h div,h

> ¢ sw — Jo up - div Ty, dQ (451)
TETtgiv,h ”ThHTrllzv,h

Now we proceed in a manner similar to that of Proposition 5 of [22] (as well as Proposition 3.1 of
[12]). Let w be the solution of the Laplacian problem

—Aw = |uy|["%u,, inQ,

w = 0, onI'.
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Note that |up|""2u, € (WO (Q))2. Hence, from [16], this problem has a unique solution w &
(W2 (£2))2, and there exists a constant C' > 0 such that

IWllzro < C |[lunl sy, q

, 1/r
= C(/ Huh|r*2uh‘r dQ)
Q
, (r—1)/r
_ o</ a7 dQ>
Q

(1/r)(r—1) .
= o [urae) = clulh. (452)

Now let 7% = Vw. Thus from (4.52) we have

10 = IWllar0 < Cllusllgg (4.53)

[
and V- 7* = Aw = —|u,|""2uy. Thus 7% € T(;iv and we have
Il < Cllunllyh (454)

Let 75, = Zp7*. Then we have, from (4.48), that
—/uh-divTth = —/uh-divT*dQ
Q Q

- / "2y, - wy, d92
Q

= |l (4.55)
The estimate (4.47) and the reverse triangle inequality gives, for m = 0,
IV - Tulloro < CIV -0 0- (4.56)
Then, from (4.46), (4.54), (4.56), and the triangle inequality, we have
lrallz < Im"lowro + 1V - Thllos e
< C(Im"lloso+ 7" = 7alloso + IV - 704 .0)
< (17l + Rl e + k)
< C (lunllgsly + Pllwally, + lully )
< COlluplit. (4.57)

Combining (4.51), (4.55), and (4.57), we have that

[C(Thaqh)) (uh7)\h)] > _fQ up - div Th ds > ||UhH7(4]

sup > = —
ol Cllun

(T 1:an) €T, 1, % Pr (71> an) HTFIMUXP

> Cllunlly = eal|(an, An)loxr ,

and thus we obtain (4.50). ]

In order to apply the abstract a priori estimate from Theorem 4.2, we must first show that the
chosen approximation spaces satisfy the condition (4.12).
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Lemma 4.3 For h sufficiently small, there is a constant c3 > 0 such that

f sup [B(sn); (Th qn)] + [C(Th, qn) 5 (Vhs1n)]

> c3, (458)
(Tha) €Ty 5 Pr (i) €luxUnx® ([ (Shs Vi ) [rxv s [(Ths an)llg o p

where ||(Sh, Vi, M) [rxvx = sallr + [[Vallo + [[Anlr-

Proof: If (74,qn) € Zip, then for all (vi,n,) € Uy x R, we have [C(Th,qn), (Vi, )] = 0, thus
(4.58) follows immediately from Lemma 4.1.

For K € Ty, let Il i : Tclm’h(K) — T (K) be the Py(K) interpolation operator defined by

/(Th—H(),KTh)dK:O, VThETc/liv,h(K)'
K

For 1, € T;w W (Q), let 7 =TlgT), = Uker, ok Th. From [6, 9], we have that there exists a constant
C such that

1/r 1/r
~ ~ ! A /
l7n = #llopo = | D ll7n = o x <Ch | > Imallwk
KeTy, KeT,
1/r'
~ !
=Ch | > IVrallorx . (4.59)
KeTy,

Note that, since 71|k € (RTo(K))? for all K € Ty, the partial derivatives of V7, that are not also
present in div T}, are zero, and thus

1/r 1/r

S Vrler | = X Walldivrilor k)" | = vValldivrilore.  (4.60)

KeTy, KeTy,
Combining (4.59) and (4.60) we can bound the error in approximating 7, with 7 by
ITh = o0 < VR Ch||divThllos . (4.61)

We will assume that div T # 0, for if div 7 = 0 then T is piecewise constant and 7 = 7.
Case 1: (rallys < lanllp)
Let

-1 i e .
—lan I+ #7 @I+ 7).

=+ =1
”th + T‘ il

Sh
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Note that ¢, € T}, and ||sp||7 = 1. Then we have

I+4 r/r—1 . .
[B(sn), (Th,qn)] = % (7n: (@I +7) + antr(gpl + 7)) dQ
 llgpI+ 77,

I+ 4 r'/r—1 . . R X
= ) ||(|J;L o f’-HT/_l (g X+ 7) : (@ X+ 7) 4+ (gp X+ 7) : (), — T) dQ
h Al

X+ 777!

= g I+ 7| — o lad + 7T (g X+ 7): (T — T) dQ

> Nl X+ 7l = llspllzllTa = 7l

> nNanllp = |7l — VnChlldiv o, 0

> 0" |laullp — Ially — 2v/n Chlldiv Thllo 0

> (0" = D|lgnllp — 2vn Chlldivralow - (4.62)

Let , ,
— (M = 1)|divTy|" /7!

. !
Idiv T4l

vy = (divTy),

and note that vy, € Uy, and ||vp|jy = nl/"" — 1. Let n), = 0, then we have

]div 7‘]—L|T,/T_1
o |ldivTllf
= (@Y = 1) divrillora- (4.63)

[C(Thoan), (Vaym)] = (0" —1) (divTy) - (divTy) dQ

Thus, from (4.62) and (4.63), we have

[B(sh); (Ths qn)] + [C(Thsqn) s (Vhy1n)]
||(§ha Vh, 77h)||T><U><R

1 , , N
> (07 = Dllgulle + (7 = 1= 2/mCh)ldiv Tlore)  (464)

and, for h small enough to satisfy n!/"” —1 — Qﬁéh > 0, we have that

[B(sh): (Ths qn)] + [C(Thsqn) s (Vhs1n)]
| (Sh> Vi M) |7 x U xr

> CH(Tha qh)HT;iuXP )

for some constant C' > 0.
Case 2: (Iraly > lanllp)
First note that for 7 € T C’liv, we have by Holder’s inequality,

[ erryas| < vl
Q

and thus

/ tr(+ —73) dQ‘ < Cn QY R\ div Tl 0 - (4.65)
Q
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Given the piecewise constant interpolant 7, let

o2 ([wman)r

and note that div T = div 7. From (4.65) we have

% ( /Q tr(#) dQ) I

7 =7l = ,
T
) 1
= /tT(T)dQ‘ —I
Q no |l
= n 2" /tr(%)dQ‘
Q

IN

n 2o <‘/ tr(T —Th)dQ‘ + ‘/ tT(Th)dQD
Q Q
S n—l/?’Q‘l/r’ <C’n’Q|l/thdi’UThH0,T’/79 + ‘/ t’f'(Th) dQ')
Q

/Qtr(Th)dQ’ .

= VnCIQ k| divThloma+n QN

We have, from (4.61) and (4.66),

17 =7l =17 =%l + 17 = 7allp

< Vi€ (1+19)) hldivTalom0+n 20"

/Qtr(Th)dQ'.

Lemma 3.2 applies to 7 and we have that, for

T =7 — —tr(7)I,

there exists a constant Cy such that

1704 < Co (I%Nl0 + lldiv 7||—1,7)

and, since div T = div T, we have that

[div 7| -1 < [|div Tp|| -1 + |div (Th — T)|| -1, < [[div Thllop + [|div (Th — 7)1, -

Observe that

\div (T, — 7)||—1,» = sup = sup

(div(Tp —T),9) —(th —7,Vyg)

Tl ol = I =7l
9EWS () 9l g€V, () 9l

Combining (4.68) - (4.70) we have

[

00 < Co (Il + lldiv Thllo, + v/ C hlldivTho)

< Co (Illo + (1 VA Ch)|divTllo,) -
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Rearranging and using (4.67),

1, AN g
170l = 5OIITHT'—(1+\/770h)||dw7'hHo,r'

1 - A .
Z (Imnllyr = 17 = 7ally) = (L+ VR Ch)||div o

1 (1 0
> gl - <1 ¢ ot B h) Jdiv Tl

—-1/2101/7'
_n e j/tr(rh)dQ‘. (4.72)
Co Q
Let
—\TOITI/T_l
Sh=—F7——F7 7 T >
et

and note that ¢, € Tj, tr(sy) =0, and ||sp|l7 = 1. Let

—9ldi r/r—1
vy, = |div Tl (divTy),
divTallg

and note that v, € Uy and ||vy||y = 2. Let

1 /
Nh = sgn </ tr(Th)dQ> (1 + ) n~2 Q)
Q Co

Then we have, from (4.67) and (4.72),

‘TO‘T’/rfl

[B(sn), (Thyqn)] = 7% 7,dQ
o |0t
o' /r—1 or'/r—1
= %TOZ%dQ_ %Toi(%—Th)dQ
a [|7°, a [l
0|7 ! Jr—1 .
= %TO : TOdQ— ”Ch”T”T—’ThHT/
o [~
> |70 = 17 = Tl
1 ’I’LCY 1+ Co + |0 .
> —l7ally = {1+ Vel 2, [ div 71|00
CO C()
—1/2|0 1/
—u /tr(Th) dQ’
C(] 9]

—VnC (1 +19) k|| divTallom 0 —n QP

/ r(Th dQ'
1 nCh 1+ 2C —l— 1+C Q
= rally — (14 YREME 2% I | giv o
Co Co

— 1—1—i n*1/2]Q|1/rl /tT(Th)dQ,
Co Q
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and

|div |7 /71
TS
||dZU Th”g’?d/’lg

1 /
14—\ =210/
+ < + Co) n |2

(divTy) - (divTy) dQ

/Q tr(ry) dQ‘

/Qtr(rh) dQ

[C(Thyqn)s (Vi,mn)] = /Q

1 /
= 2Hdl'l) Th”O,r’,Q + <1 + C> nfl/Q‘Qll/?" , (474)
0

and .
Isallr + [Ivhllu + |nn] = 3 + (1 + C()) n~2QY = C. (4.75)

Thus, (4.73)-(4.75) and h small enough to guarantee that
Co > vnCh(1+2Cy + (1 + Cp)|Q))
imply

(B(sh), (Ths qn)] + [C(Ths qn), (Vhs )]
| (Sh> Vi ) |7 x U xr

> = (I
= Cc\ M
+ (o= VACH(L+2C0 + (1+ Co)) [div s

C
> CHThHT(;w > §H(Th,Qh)Hchlep- (4.76)

Thus (4.58) is shown. ]

Standard approximation properties for the discrete spaces are shown in [9, 26]: For all (¢, 7,¢q,Vv) €
, 2x2 , , 2
(WL (@) x (W” (Q)) x W'(Q) x (W()? with divT € (WL” (Q)> , there exists

(Shy Thy Qhs Vi) € T X Tclh.v’h x Py, x Up, satisfying

ls—snlr < Chllslira, V¥se (W ()77, (4.77)

1 2x2
I7=7ulle < Chlrhwa, vre (WH@) (4.78)

, 2

ldiv (t — i)l < ChlldivT|ig, V(dwr)e(Wlﬂ“ (Q)> , (4.79)
lg—anllp < Chllgllima. Vg e Wh(Q), (4.80)

, 2
v—wvillv < Chllvlira, v e (W Q)" . (4.81)

Thus we have the following a priori error estimate, the proof of which follows directly from Theorem
4.2, Lemmas 4.1, 4.2, and 4.3, and the properties (4.77)-(4.81).

/ 2 /
Theorem 4.3 Letf ¢ (L’“ (Q)) andur € (WI=Yrm(1))2. Let (¢, 9, p,u, \) € Tx T x PxUXR
solve (2.13)-(2.15) and let (¢, ¥y, Phy Un,y An) € Th, X Tclh-v’h x P, x Up, xR solve (4.5)-(4.7). Assume
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2x2 / 2x2 / 9 . ) , 2
(¢, p,u) € (W ()2 x (WLT (Q)) X WU (Q) x (W (Q))? with divap € (W“ (Q)) .
Then there exists a positive constant C' such that

16— nllz < O{h'"aqb, o)1)

r
1,r,Q

n? (H(mm Tl + 1

v+ [div g + Hle,w,Q> } L (482)

I —nllg + o= pulle < Ch (Il + ldiv o+ lpleo)

1/r'
T £, dn) ( [ le(@) el 1o - ) dﬂ) . (4.83)

lu—upllv+ A=A <Cllp—dylir. (4.84)

Remark 4.2 The extension of Remark 4.1 to these approximation spaces is given by: If 1/(|¢| +
|dn]) < C for some constant C > 0 and || — ¢ llco ~ ||P — @4 llT, the estimates (4.82)—(4.84) may
be written as

I~ dullz + I~ ullyr + o= pulle + = willy + A = Xl

< Ch{\ld)\h,r,g + ulliro + ¥

177.,aQ + Hdiv,{l)Hlﬂ‘/vQ + ”pHLT',Q} ° (4'85)

4.3 Higher Order Approximation

In this section, approximation spaces of higher order are considered. For k& > 1, define the following
discrete spaces:

T, = {peT:9¢|ke (Py(K)>?*, VKEeT,},
Thonn = {weT;@-v:w:wl o) i € (RTK(K))?

(Vi1 wig)Th{ e RTy(K), Vie{l,2}, VK¢ 771},
P, = {peP:plk ePp(K), VKeT},
Uy = {ueU:ulx € (Pu(K))?, VK€eT,}.

Remark 4.3 Note that there is no interelement continuity requirement on the spaces Ty, Uy, and
by

Let s > 1 and let I,’f : (T/Vl’s(Q))2X2 — Tclh-v 5 be the k-th order Raviart-Thomas interpolation
operator [7], defined by, for row j = 1,2 of T € Tcll

v

/(Tj—I,’ij)-neivkds = 0, Yo, €ePp(K), Ve, €0K, i=1,23 VKeT,,

€

/ (Tj —Iflij) “Vip_1dK = 0, Vvi_ € (Pk,l(K))Q, VK € 71y .
K
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Then, for 0 <m < k+ 1, we have

||T - IllfTHO,T’,Q < Chm‘T’m,T’,Q s (486)
|div (T — ZFT) |00 < CR™|div T s (4.87)
and, for v e U,
/ v-div(t —IFr)dQ2 =0, VYreTy,. (4.88)
Q

In the lowest-order case, the special functions that were constructed to show the inf-sup conditions
(4.49) and (4.58), for example

_ —‘th + Th’r//w_1 (th + Th)
gl + ol

¢*

)

were readily available in the appropriate piecewise constant function spaces. However, for higher-
order approximation, the analogous functions do not lie in polynomial spaces for 1 < r < 2.
Nevertheless, one can find functions in the appropriate polynomial spaces that share the same
important features of these special functions, which are related to the norm and L? inner product.

Let I1: T — T}, = (Px)?*? denote the L? projection operator, defined by II(¢*) := ¢,,, where
/¢*3Tth:/¢hiTth V1 € T,
Q Q

Lemma 4.4 Let ¢ € T and ¢, = Il¢p. Then there is a constant Cy > 0 such that

lpnllr < Cill @Iz (4.89)

Proof: Note that, since T} is the space of 2 x 2 tensors whose components are discontinuous
piecewise polynomials of degree k on each K € 7, we have that,

o= =" (U)x= Y T(elx), (4.90)

KeTy, KeTy,

where ¢| is the restriction of ¢ to K. Let ¢y = qb|l(. Let K € T, and let K denote the reference
element in 7. Let x represent the affine map from K to K. Then ¢ = ¢, o x is the representation
of ¢y on the reference element K.

Let m = dim((P;(K))2*2) and let {@,}Z’Zl be an L? orthonormal basis for (Pj(K))?*2. Then we

can write .
b1, (€) = > $:®;(£)
i=1

where the coefficients ¢; are given by R
bi = (¢, Pi) (4.91)

where (-, ) represents the L? inner product over K.
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Now we have

1/r
lonllore = </ |¢h\rdK)
= </ e IT dK)

1/r 1/r
~ K
- ( dK) (")
K]
m |K‘ 1/r
<m0l @y, % <A> : (4.92)
i=1 K|
Now (4.91) implies ~ R
6l < Ml & ®illg, 7 (4.93)
We also have
1/r R |K| R 1/r R |K| 1/r
= ¢TdK> = /¢TAdK =[ély,. 2| = ,
([ o ol |7
which implies
~ \ 1/r
- K|
ollo,. 7 = (,K| 1lo,r, 5 - (4.94)

Combining (4.92)—(4.94), we have

m |K’ 1/r
I@nllogx < m™ I/TZWH‘I’ ||07"K<|K’>
=1

K]
m!/" Z\I(ﬁ!\oml\‘l’ lo v 21 ®ilo . 2 (IK!

m (IR &1\
= Y (m) 1@lloic | 1Billo,0 21Bill, 2 (m>

i=1

m N\ (1R
= Bl (Z |<I>i||o,r,,g||<1>z-||0,rﬁ) (W) (H>
=1

m
= m'""|@llorx <Z "I)iHO,T/’[?H‘I)iHO’T’I?> : (4.95)

i=1

IN

Now H<f>i||02 7 = 1 and since Pk(ff ) is finite-dimensional, the equivalence of finite dimensional
norms implies there exist constants ¢, and ¢, such that

[@illg,,.z < crll®illgo g =cr and (il g < erl®illgsz = e
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Thus (4.95) implies
1@nllorx < Csllllorx (4.96)

for C, = m**Y/" ¢,.¢,s, which is independent of K. Therefore

1/r 1/r

lpnllr = D ldullors | < | D Cilldllori

KeTy, KeT,

1/r

=C | Y lolorx| =Culollr, (4.97)

KeT,
and thus the result is shown.

The constant C, in Lemma 4.4 depends only on the constants ¢, and ¢/, as the dimension m of
(Pr)?*2 is fixed for k. The constants ¢, and ¢, that arise in the norm equivalences depend only
on the dimension of the space (which is m as well) and not on the size of the domain. A result
analogous to Lemma 4.4 holds for the L? projection from U onto Uy,. Let Il : U — Uy, be denoted
by Ilyu* := uy, where

/u*-wth—/uh-wth VYwy, € Uy,
Q Q
Corollary 4.1 Let u € U and uy, = llyu. Then there is a constant Cyy > 0 such that

[upllv < Cusl[ulflu . (4.98)

The inf-sup conditions (4.49) and (4.50) are now shown to hold for k& > 1.

Lemma 4.5 For the choices of T}, T:lw n» P, and Uy above, there exists a positive constant ci

such that B
vt s @D )]
(Th.an)€Z1n ¢, €T, | énll 1(7hs C_Ih)HT;pr

Cc1 .

Proof: Note that for (¢, qn) € Zipn, div T, = 0 implies 74|k € (Pp(K))?*? for all K € 7;,. We
also have that (75, + quI)|x € (Px(K))?*? for all K € 7p,. Thus (71,qn) € Z1p, implies 7, € T, and
(Th + qnl) € Ty
Assume that [|gx||p < HThHT(;w' Let 79 = 7, — Ltr(7))I, and
x _ 10" /r—1_.0 0 r'—1
" = —[7| T/ Il
Note that ||¢*||r = 1, and let ¢, = II¢p*. From Lemma 4.4,
Isullr < Cull@™ |7 = Cx .

Also [B(sn), (Th,pn)] = [B(@"), (Th,pr)] for all (7h,qn) € Z1j,. Continuing as in (3.22), the result
is shown as in Case 1 of Lemma 3.3, with the inclusion of the constant 1/C.,.
Now assume ||qp||p > ||l - Let

div

_ —lgnI + | (g I + 1)
lgnT + Tl

d)*
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Again let g5 = II¢p" and note that |p o, < Ci||@*||7 = C,. Continuing as in the proof of Case 2

of Lemma 3.3, the result is shown. [ |

Lemma 4.6 For the choices of T}, T:lw n» P, and Uy above, there ewists a positive constant co

such that . )
(up,\p)€UL xR (Th7‘1h)eTalliu7h><Ph || (Tha Qh) HTc/iivXP ||(llh, Ah) HUXR

> co. (4.99)

Proof: The result is shown in a manner identical to the proof of Lemma 4.2, with the k-th order
interpolation operator I}’f. ]

Before showing the inf-sup condition (4.12) holds for the chosen approximation spaces, we first
discuss some properties of the Raviart-Thomas elements of order £ > 1. Let K € 7, and let
r € RTy(K). Then r can be written as r = r¥ + r*, where r* € (P;(K))? and the components of r*
consist of polynomial terms of degree k + 1 only. In fact, r* can be written as

K

k—j+1 j
E RAES )
§=0

k

k—j J+1
E RS
=0

k
« T k—j 5
r —[ }E Vi T Xy =
2| “4
Jj=0

for some constants 5.7 =0,...,k.

We can also write divr = divrF + divr* , where divrF is a polynomial of degree at most k — 1 and
divr* is a polynomial with terms of degree k only. It is important to note that if divr = 0, then
divr* = 0 (as the polynomials in r* are linearly independent of the polynomials in r¥), and thus

ory  or
0=divr* = — + -2
wr Or1  Oxo
k k k
_ Py ' i A
:Z(k—j+1)7ja:1 ]:c%—FZ(j—Fl)’ijl Tal = (k+2)2fij1 Tad
5=0 3=0 §=0

which implies that v; = 0 for all 0 < j < k. Hence divr = 0 = r € (Px(K))? and thus r* = 0.

The following lemma is a result from the general theory of finite-dimensional normed spaces (see
[19]).

Lemma 4.7 Let {vq,..., vy} be a linearly independent set of vectors in a normed space X of
dimension at least n + 1. Then, there is a constant Cyx > 0 such that for every choice of scalars
Y0, - - -, Yn, we have

ovo + -+ vall = Cillrol + - + Iml) -

The preceeding lemma is used to show that on each triangle, the norm of the gradient of the highest-

degree terms of a Raviart-Thomas element can be bounded by the norm of the divergence, which
will be used in establishing an approximation property.
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Lemma 4.8 Let K € T;, and let v = r* + v* € RTy(K) where the components of r* consist of
polynomial terms of degree k + 1 only. Then there exists a constant C > 0, independent of K, such
that 3

IVr*|lo 5 < Clldive|om i - (4.100)

Proof: Let the finite-dimensional vector space X be defined by
X — T k—j j . o .
_span{[m}xl Ty, ]—0,...,k}—span{vj, j=0,...,k}.

Define the functional || - [[4rqq : X — R by, for v = (v1 )T = vvo + - + Vi,

vl / Oun
v = —
grad X o,

We now show that || -||4rqq defines a norm on the space X. Of course, ||v||grqq > 0 for all v e X. To
show [|v||greq = 0 if and only if v = 0, suppose that there exists a nonzero v € X with ||v||grqqa = 0.
Then (4.101) requires all of the partial derivatives of the components of v to be zero. Note that
since k > 1, the partial derivatives of the components of v are functions with polynomial terms of
degree k only. But since v = yyvg + - - + vy # 0, there is at least one nonzero 7;,0 < j <k, and

91
a$2

vz
81‘1

81)2

+ 8702

+ dK . (4.101)

thus the partial derivative dv; /Ox; contains a term of the form (k—j+ 1)’ijlf_j xé, a contradiction.

It is easy to see that ||av||graqa = |a|||V| grad and that the triangle inequality holds for || - ||graq. Thus
| - || grad defines a norm on X. In fact, we have that ||v||gred = || VV|l0,1,x-
Now define the functional || - |4 : X — R by,

1V s = /
K

This functional also defines a norm, in particular because divv = 0 implies that v = 0. We also
have that ||v| gy = ||divVv||o,1,x. By the equivalence of norms on a finite-dimensional vector space,
we have that, there exist constants C1,Cs, and C3, depending only on the dimension of the space
(in this case k + 1), such that

8@1 6112

— +—| dK.
69:1+6x2

IVVllog ke < Cil[VVllo1,x < Celldivvllo,x < Cslldivv]

0, K-
Thus there is a Ck > 0 such that
Vo x < Ck ||divr™|o, i (4.102)

for all K € 7;,. The dependence of Cx on K € 7 is due to the integral over K. The condition
(4.1) guarantees that 7}, is a quasi-uniform triangulation of €2, thus we can find a global constant
C, independent of K, such that

|IVr*

oK < Clldive™ ok (4.103)

for all K € 7},
Now, let 2 XF* be the finite dimensional vector space spanned by the polynomials of degree k only,
and let X = P,(K). Note that X = P_1(K) ® X*, and that divr € X, divr* € Pp_;(K), and
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divr* € X*. Let {vo,...,Vg,...,Vn} be a basis for X where {vq,...,Vv.} is also a basis for X*.
From Lemma 4.7, there is a constant C, > 0 such that, for all v =~yvg+ -+ y,vn € X,

IVllox = Callvol + -+ + |ml) -
Define the functional || - ||« : X — R for v = ygvg + -+ + 7,V by
V[l = Cullvol + -+ |al) -

It is straightforward to show that || - ||« defines a norm on X. Then, by the definition of r, r*, the
equivalence of norms on a finite-dimensional space, and the quasi-uniform triangulation 7}, we have
that there is a constant Cy, dependent only upon n (which itself is dependent only upon k) such
that

ldive o, s < Calldive*|l. = CaCullrol + -+ )
< CuCullol + -+ bl + -+ + bal) = Calldivr]l. < Calldivrlop s (4.104)

Combining (4.103) and (4.104) the result is shown. [ ]
The above results are easily extended to the tensor space T c,liv, ;, to obtain, for 1), = 7% + 7* where
the components of 7% consist of polynomial terms of degree k£ + 1 only,

HVT*HO,T‘/,K < C~' Hdw Th”O,r’,Ka VK € 771 . (4105)
Let II;, : TL;Z-% , — T, be the classical Lagrangian P, interpolation operator ([9]) and define
7+ =7F ™. (4.106)

Note that 7|k € (Pr(K))?*? for all K € T, and div Ty, = 0 implies 7* = 0 and + = 7. Then,
using (4.105) and standard polynomial approximation properties [6, 9], the error associated in the
approximation of 75 by 7 is given by

[Th = Tloe = 77 =m0 0
1/r
/
= Z ”T* — HkT*‘|6,r’,Q
KeT,
1/r'
< Ch | Y IVTllm
KeTy,
1/r

< Ch | Y Cldivrlly,
KETh

< CCh|divryloya=Ch|divTyloq- (4.107)

Lemma 4.9 For h sufficiently small, there is a constant c3 > 0 such that

f sup [B(sn): (Than)] + [C(Th,qn) s (Vasmn)]
(Tan) €5y % P (Snvnm) €T x U xR | Sk Vi ) lmxvxe [(Ths aw) g p

> 5. (4.108)

where || (Sh, Vi, ) lrxuxr = lISnlle + 1Vello + [[An]Ir-
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Proof: The approach is similar to the proof of Lemma 4.3.

Case 1: (I7allyy < llanllp)
Let 7 be as defined in (4.106). Let

*

=+ Anr—1
thI+ T”T’

janT + 7"/ (gu + 7).

Note that ||¢*||7 = 1, and let ¢ = g™, so |[su|lr < Ckl|@*||r = Cx. Then, since gyI + 7 € T}, we

have that

/gh :(th—l—f')dQ:/qf)* (gl +7)dS2.
Q Q

Then we have

[B(sh), (Th: qn)] Ly
lsallz "

v

C* Q

_—1/ .
—C*Qgh-

_ 1< lgpX + 7|7/
o llanl+ 7[5!

Cy

: (th+ Th) dQ

(th—l-f')dQ—/Ch : (Th—+)dQ

Q

—/QCh : (Th—'f')dQ)

v

v
Q= Al =

Let

— (" = 1)|div |

(" = Dllaullp — 2Cnljdiv

u, =

. 1
[div Tl 0 o

(gn I+ 7) : (gl + 7) dQ

(lanX + 7l = NsullzliTn — Fll7)

‘077'/79) N

(divTy),

(4.109)

and note that ||u*||y = n'/" — 1. Recall that divp, € Uy, for all ¥, € Ty, ,. Let vi = Iyu*.
Then ||[vy ||y < Cus||u* || = Cou (R —1). Let np, = 0, then we have

[C(Than) s (Vasmn)] i(nlﬁ’
||(Vh777h)||U><R Clax
= Lml/r’ _

koK

Thus, from (4.109) and (4.110), we have

[B(sn), (T qn)] + [C(Th, qn) , (Vas )]

| (Shs Vi, i) | x xR
1

>
T Cu+ Cuu(nl/m = 1)

di r'/r—1
_ / %
a | divTally o

D)||div o0 -

(divTy) - (divTp) dQ

and, for h small enough to satisfy n/" —1 — 2Ch > 0, we have that

[B(sn), (Than)] + [C(Thy qn) s (Vhsmn)]

||(§h, Vh, 77h)HT><U><R
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(4.110)

(0" = Dllanllp + (017 = 1= 2Cn)[divTallora) , (4111)



for some constant C' > 0.
Case 2: ([|7nllye = llanllp)

Let )
TF=7—-— </ tr(%)dQ)I,
n Q
and 1
0 ~ ~
=7 — —t I.
T T - r(T)
Let 0 ro
_ r'/r—
qb* — LT0|T,_1 7_07
Rl

and let ¢, = Il¢p*. From (4.89), |lspll7 < Cill¢*||7 = Cs. Note that 7,7° € T},. Let

—9|div Ty|" /1

ldiv T4l

*

(divTy),

and let v, = IIyu*. From (4.98), |[v| < Cul|u*||z = 2Csx. Let

Ny = sgn </ tr(Th) dQ) <1 + 1) n~Y2)QV
Q Co

Continuing in the manner of (4.73)-(4.76), if h is small enough to guarantee
Co > Ch(1+2Cy + (1+ Co)|Q)),

then the result is shown. [ |
From the standard approximation properties [9, 7], the following error estimate is derived.

! 2 !
Theorem 4.4 Letf € (L’“ (Q)) andur € (WY1 (D)2, Let (¢, 9, p,u, A) € Tx Ty, x PxUXR
solve (2.13)-(2.15) and let (¢, Wy, Phy Uny Ap) € Th, X T:iw,h X P, x Up X R solve (4.5)-(4.7). Assume
, 2x2 ,
1L<m<k+1 and (¢,%,p,u) € (W™ (2))* x (Wm’r (Q)> x W) x (W™ () with

, 2
divip € (Wm’r (Q)) . Then there exists a positive constant C' such that

16— nllz < c{hm@(c/), o) 10100

n h2m<ll¢\|m,m T fallrss + [l 2 + 0 Bl + ||PHm,rf,Q> } . (4112)

1 = nllgr + o= pulle < CH™ ([l 0+ i $lm 0 + [Pl 0)

1/r
L £, dy) ( /Q |g<¢)—g<¢h>||¢—¢hrdﬂ> . (4113)
lu— wnlly + 1A= M| < C b — byl (4.114)
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Remark 4.4 The extension of Remark 4.2 to these approximation spaces is given by: If 1/(|¢| +
|on]) < C for some constant C' > 0 and ||¢ — dplloo ~ ||O — &pllT, the estimates (4.112)—(4.114)
may be written as

16— ullr + 1% —abillgs -+ lIp— palle + lhu = will + 1A =

< Chm{rwm,r,a  llm + [l + il e+ HpHm,w,sz} - (4.115)

5 Numerical Experiments

In this section we describe numerical experiments that support the theoretical results outlined in
Sections 3 and 4. The first example illustrates the theoretical rate of convergence of the solution
method and the second example illustrates the computed approximation for a benchmark physical
problem. Computations are performed using the FreeFEM++ finite element software package [18].
All computations below are performed in the lowest-order case (k = 0).

5.1 Example 1

For this example (similar to one in [15]) approximations are computed for a Ladyzhenskaya law fluid
with vgp = 0 and v; = 1.0. The computational domain is Q = [0,2] x [0, 2], with f and ur chosen so
that the exact solution of (2.10)-(2.12) is given by

u= {ul] and p=ux1+ 29,
U2

with

(= —(40 — T — .TQ)a and U2 = —U1
for o just large enough to ensure f = — divp € W“_”'(Q). It should be noted that o = —% +7' +
+£5 + ¢ ensures f € WHr'(Q) for e > 0.

Computations are performed on uniform meshes of decreasing size h and for selected values of
r, a, and p. For 1 < r < 2, the resulting system of equations is nonlinear, and a fixed-point
iteration is used to compute approximations. The fixed-point iteration is terminated when the
pointwise maximum absolute difference in successive approximations falls below 107°. Results for
the velocity, u, the gradient of the velocity, ¢ (= Vu), and the total stress, 1, are shown in Table
5.1.

For this example, divy € W“_a””/(Q) is the most singular of the quantities to be approximated.
The observed experimental convergence rate for ||divp — divapy||o, of Ch* is in agreement with
that predicted by (4.44). The experimental convergence rates observed for ||¢— ¢y, || and ||lu—uy ||y
are both better than that given by (4.44).

5.2 Example 2

This example is the benchmark driven cavity problem. Driven cavity flows of power law fluids were
computed using a mixed method by Manouzi and Farhloul in [22]. (In [22] the authors explicitly
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’ ‘ h H |l — dnllor rate ‘ |divap — divapy|lo,r rate ‘ |lu—upllo, rate

1 2.5481 0.8014 37.3797
r=3/2 1/2 1.2633 1.01 0.4459 0.85 19.6284 0.93
w=1 1/4 0.6218 1.02 0.2426 0.88 9.8677 0.99
a=11/3| 1/8 0.3080 1.01 0.1299 0.90 4.9294 1.00
1/16 0.1534 1.01 0.0687 0.92 2.4623 1.00

1 1.3341 0.2556 10.5023
r=3/2 | 1/2 0.6899 0.95 0.1824 0.49 5.3111 0.98
uw=1/2 1/4 0.3405 1.02 0.1294 0.49 2.6503 1.00
a=238/3 | 1/8 0.1677 1.02 0.0917 0.50 1.3223 1.00
1/16 0.0832 1.01 0.0648 0.50 0.6605 1.00

1 2.6967 1.3410 4721.1800
r=>5/4 | 1/2 1.3109 1.04 0.7234 0.89 | 2553.9800 0.89
w=1 1/4 0.6325 1.05 0.3833 0.92 | 1285.9000 0.99
a=37/5| 1/8 0.3094 1.03 0.2007 0.93 | 635.6200  1.02
1/16 0.1533 1.01 0.1042 0.95 315.0940 1.01

1 1.4671 0.1661 363.2130
r=>5/4 1/2 0.7461 0.98 0.1176 0.50 191.1110 0.93
uw=1/2 1/4 0.3604 1.05 0.0832 0.50 94.7585 1.01
a=27/5|1/8 0.1746 1.05 0.0588 0.50 46.8215 1.02
1/16 0.0860 1.02 0.0416 0.50 23.2479 1.01

Table 5.1: Approximation errors and rates of convergence for Example 1.

inverted the constitutive equation to obtain ®,(o) = Vu, which was used in their formulation.)

For 2 = [0,1] x [0,1], we have that f = 0 in Q, ur = 0 on I' \ Ttop and ur = [I 0% on [gep,
where I'yop, is the portion of the boundary satisfying 0 < zy < 1 and x2 = 1. Computations were
performed for a power law fluid with 1y = 1.0 and selected values of r. Figures 5.1, 5.2, and 5.3
show plots of the streamlines computed for h = 1/32 for r = 2, r = 1.5, and r = 1.1, respectively.
As the power 7 in the constitutive law is decreased, we see a movement of the central vortex toward
the top of the cavity, corresponding to an increase in viscosity.
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Figure 5.1: Streamlines for r = 2.0, driven cavity
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0.15

Figure 5.2: Streamlines for » = 1.5, driven cavity
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