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Patterns and
‘Sequences

sHAPELY Nurmbers

Setting the Stage L o ol o o o o o S o S .

Work with a partner. You will need pattern blocks. KEY TERM

® sequence
Do numbers have geometric shapes? The Pythagoreans and other ancient
Greeks thought so. They classified numbers based on the patterns that
regularly spaced coins or pebbles
formed.

The Pythagoreans were
a society founded by
Pythagoras of Samos

(c. 500 B.C.). They
studied numbers, music,
zgxd geometry.

For example, they called 6 a triangular
number because six pebbles can be
arranged to form an equilateral triangle
as shown at the right.

There are other triangular numbers
besides 6. The first four are:

I, 3,6;10,..

An ordered list of

numbers or objects like
Think About It - this is a sequence.

1 What does each of the following words mean?

a. pentagonal b. hexagonal €. equilateral

2 Show how the following numbers of pattern blocks can be arranged to
form an equilateral triangle.

a. 3 pattern blocks b. 10 pattern blocks
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3 What do you think the fifth triangular number is? Why?
P In this section, you will explore patterns in mathematics. Finding patterns

and using them to make predictions is an important problem-solving
strategy.
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LEARN HOW TO...

+ find a rule to
extend a pattern

+ make a table to
organize your
work

As YOuU...

+ explore patterns
using pattern
blocks

KEY TERMS

+ rule

¢ term

& term number
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Exploration

Extending PATT E R N S

Work with a partner. You will need pattern blocks.

P R RERERERRERRERVY

» Pythagoras had a rule for finding triangular numbers. He noticed that
the third triangular number, 6, was equalto 1 + 2 + 3, and that the
fourth triangular number, 10, was equalto 1 + 2 + 3 + 4.

4 a. How would Pythagoras have found the fifth triangular number?

b. What is the fifth triangular number? How does this compare
with your answer to Question 37

d4a4ad4daqa4qaqa

» Finding a Rule When you describe how to create or extend a
sequence you are giving a rule for the sequence.

D For each of the following sequences:

+ Look for a pattern.
+ Use pattern blocks to build the next

two shapes in the sequence. " The three dots tell you
«+ Explain the rule you used. the pattern continues
in the same way.

O For each of the following sequences:

+ Look for a pattern.
Give the next two entries in the sequence.
Explain the rule you used.
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c. one, ten, hundred, thousand, _2_, 2 , ...







7 Discussion

a. What things did you look for when you tried to discover the
rules for the patterns in Questions 5 and 67

b. Are any of the sequences in Question 6 related to sequences
in Question 57 If so, which ones? Explain.

€. What do you think the Pythagoreans would have called the
numbers in the sequence in Question 6(b)? Why?

» Each number or object in a sequence is a term and can be labeled
with a term number. The term number tells you the order or position
of the term in the sequence. '

The 2nd term in the
sequence is 3. 1/8,16,:10,15, "

8 use Pythagoras’ rule to find the next term in the sequence
above. What is its term number?

» Using a Table You can use a table to help organize the terms and
term numbers of a sequence. ‘

,r"z W
=2 Triangular Numbers ‘
s e
- Term number 2 \ 3 ’ A \ 5
s —
=79
o b \ 10 \ 15
E:E Term 3 \
;’: E A rule for this sequence is fo start with 1. To find
=3 each ferm affer the first, add the ferm number 1o the
%‘i: previous term. For example,
g: » 4’[h’f&\"m+5=\0+6=|5
== 5th term =
9 a. Use the rule to find the next term of-the sEauencedih the
q

table. What is its term number?
b. What would the eighth term be? Explain.

10 m Make a table showing the term numbers and

terms of each sequence. Then find the next two terms of each
sequence.

& 1,3, 7,13 88

—_—

JEXXISZIREEIIR b See Exs. -9 on pp. 22-23.
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...checks that you
can set up a table to
help examine and
extend a sequence.
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LEARN HOW TO...

# write an equation
to find the terms
of a sequence

+ make predictions

As You...

+ model sequences

+ explore visual
patterns

KEY TERMS

# equation

+ variable » Like Pythagoras, you can use patterns to predict the terms in

¢ evaluate an sequences. A table can help you see the relationship between the
TR term numbers and the terms of the sequences.

ANALYZING
SEQUENCES

You will need 20 square tiles or graph paper.

R R R R R R RERERERERERERDNY

11 How are the sequence of numbers and the sequence of shapes in
the table related?

| Termnumber | 2 3 4 51
| e 8 | (|-
1 ‘sequence
: Term e EEEE Y T ] e e B B
Number
? ?
sequence . # & 5 . $

12 a. Use square tiles (or draw pictures) to model the 5th and 6th
terms of the shape sequence.

b. What are the 5th and 6th terms of the number sequence?

13 a. what pattern can you use to predict the 10th term of the
shape sequence?

b. How is each term of the number sequence related to its
term number?

c. Predict what the 10th term of the number sequence will
be. To check, use your pattern from part (a) to model the
10th shape and count the squares in it.

14 Try This as a Class
a. Share your patterns from Question 13(a).
b. Describe the 90th term in the shape sequence.

c. Predict the 90th term of the number sequence.

4444444444414<<144<44444444444414444444444444444141444444444444

d. Are the numbers in the number sequence even or odd?
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P In Question 14, you used a pattern to predict a term of the
sequence 2, 4, 6, 8, .... You may have noticed that the number of
squares in each term of the shape sequence is equal to 2 times
the term number. For example:

number of squares

NN, ...
The 4th term of ; ..4..

the shape sequence
contains 8 squares.

term number

» An equation such as 8 = 2 « 4 is a mathematical sentence stating that
two quantities are equal. Sometimes you can use variables to write
an equation that gives a rule for finding any term of a sequence.
A variable is a quantity that is unknown or that changes. It can
be represented by a letter, a word, or a symbol. To evaluate an
expression with one or more variables, you substitute a number for
each variable. Then you carry out any operations in the expression
using the order of operations.

Write an equation for the rule for the sequence
2,4, 6,8, .... Use the equation to predict the 90th
term of the sequence.

SAMPLE RESPONSE

Because the terms and the term numbers change, you
can use variables to represent them. Let t = the term.
Let n = the term number.

The term is equal to 2 times the term number.

= 2 n
or t=2n “2 times n” can
be written2 e n
or 2n.

Use this equation to predict the 90th term of the sequence. Evaluate
the expression 2 « n when n = 0.

t=2en
290
180

For the 90th term,
the term number
nis 90.

The 90th term of the sequence 2, 4, 6, 8, ... is 180.
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15 Copy the table below and extend it to include the next two
terms in the shape and number sequences.

| Term number 1 2 3 4 5 &
e | B B8 0 | -
T i |- = - ol
‘Number
| 3 5 7 2.2
sequence - 5 .‘
16 Try This as a Class : :
a. Explain how to sketch the 20th term in the shape sequence. L
b. Describe two ways to find the 20th term of the number .-" >
~ sequence. y =
‘c. Write an equation that can be used to find any term of the !{!.', :
number sequence from its term number. Use t for the term ;" &

and n for the term number.

d. Use your equation to find the 75th term of the number
sequence.

e. Are the numbers in the number sequence even or odd? How
can you tell from the shapes in the shape sequence?

f. How can you tell whether a number is even or odd without
sketching a shape?

17 A

a. How is each term in the number sequence below related
to its term number?

v QUESTION 17

...checks that you
can write a rule for
finding the terms of
a sequence.

» ﬂmhﬁtiiih‘i":i:ﬁfﬁimmmfnﬁ':

grem |
number

b. Write an equation for the rule for the sequence. Be sure to
identify what each variable in the equation represents.

14444444414144444141444444444444444111444444444444-44441.44444444444444444444144444444

c. Use the equation to find the 67th term in the sequence.

| EXCISIICEEIIRIL b See Exs. 10-19 on pp. 24-25.
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Sequences (pp. 15-17)
A sequence is an ordered list of numbers or objects,

Example The 3rd term in the

5,10, 15, 20, 25, .. sequence is 15.

Each humber or object of 4 sequence is a term, The
position of each term can be labeled with g term number.

a sequence are related and writ
of the sequence.

Examp le Term number

the expression,

Example Write an equation for
=10, IS e

the rule for the sequence

The term tis 5 times the term humber p,
L=5enort=>5py

i ke a table for the sequence
Concepts Question Ma :
o ;(eg 709 1|: .... Extend the table to include the next
tv’vo’te’rm,s. Then write a rule for the sequence.

- <
dd4dvda99aaa
444 A9 A9 MM AMdqAa9q9A9v1Aa99ad4a949«

qdada«

Section 2

Key Terms

sequence

term

rule

equation
variable

evaluate an
expression
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DPppeee Practice & Application Exercises

In Exercises 1-4, look for a pattern and replace each _? _with the

correct term. Describe the rule you used for each sequence.

1. AN NN NS, 2, 6 2,6 2,6 2  SESSSS

2.7 14928 ¢ 7 .7 , 1 .0%

B 90,90, 81,72 2] @i B 5055

i 1] ERpllingoy ap “kegph tap 200
214/6I8I—-—I V4 ’ 118

5. At the end of February, Ben began to save for a $240 mountain
bike. At the time he had $113 in his savings account. His savings
increased to $138 at the end of March and $163 at the end of

April. If his savings pattern continues, when will he be able to buy
the bike?

6. A middle school class schedule forms a sequence. Each period
is the same length. The first three periods begin at 7:40 A.M.,
8:30 A.M., and 9:20 A.M.

a. What rule does the class schedule follow?

b. Make a table showing the periods of the day and the times
they begin. Using your rule from part (a), extend the table to
find what time 7th period will begin.

~1

. Science Plants and animals are made up of tiny cells you can only
see under a microscope. The pictures show a new starfish starting
to grow from a single cell. The cell divides to form two cells. Then
each of the new cells divides into two cells, and so on.

Module 1
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a. The numbers of cells in the pictures form a sequence. Make a
table and record the sequence.

b. Describe the pattern that develops as the number of cells
increases.

c. How many cells would be in the 6th term of the sequence?

Patterns and Problem Solving







8. Jimi and Adam both extended the sequence 2, 4, 8, ....

both extend the sequence correctly? Explain.

AN
Ty

Jimi

2 & %, 0, 32, LA, 129, -

Adam

2,4 8 14 22 32 44 .

Did

they

9. Cha

llenge

a. The following table contains the first four pentagonal numbers.
What are the 5th and 6th pentagonal numbers?

number

i Term

| Term

Shape
sequence

Number
sequence

-~

b. The following table contains the first four hexagonal numbers.
What are the 5th and 6th hexagonal numbers?

j Term number 1 2 3 4 5 6
.................................................................... ...
oo | 000
@ 0 0 0060
Shape ( N ) ceoo |20900 °
_sequence . e e sooe |99008 ! 2
1 1erm | 7 o oo |® 0060
, . oo o
; o0
. MR T
' | Number 1
sequence
c. How is the shape for each hexagonal number related to the
shape for the corresponding pentagonal number?
Section 2
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16. Each shape at the right is made with toothpicks. A sequence can
be formed by listing the number of toothpicks in each shape.

-

a. Make a table and record the first five terms.

b. Think about the relationship between the terms and .
the term numbers. Write an equation that can
be used to find any term in the sequence.

|

|

i Pl - o

c. How many toothpicks would be needed / \
to build the 12th shape? L

i e W

R R R R R R R R R R R R R R R R I I I IR IS i i S RS i RS IS RS RS R PR e /\/\/\

17. Challenge Look back at Exercise 7 on page 22. Explain how you
could find the number of cells in the 25th term.

18. Visual Thinking Use the shape sequences on pages 18 and 20 to
help answer the following questions.

a. Is the sum of an even number and an odd number even or
odd? How can you tell?

b. Is the sum of two odd numbers even or odd? Explain.

LXIEXEIET T pon the Section

Be prepared to discuss your response to Exercise 19 in class.

Exercise 19 checks
that you understand
how different kinds
of rules can be used
to create or extend
patterns.

19. Start with 3 and add 4 to each term to get the next term
and
the term is 1 less than 4 times the term number

are both rules for the sequence 3, 7, 11, 15, 19, ....

For each rule, give an example of a problem that you would use
the rule to solve. Explain why you would choose that rule to solve
the problem.

spiral JOIET

Write each number in words. (Toolbox, p. 565)
20. 3672 21. 671,598 22. 23,856

Find each sum or difference. (Toolbox, pp. 568, 570)
23. 534 + 682 24, 291 — 156 25. 7256 + 873

26. 5473 — 598 27. 32,567 — 9239  28. 294 + 67 + 141

Draw a picture of each shape.

29. triangle 30. square 31. rectangle
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Section

Extra Skill Practice

Look for a pattern and replace each _?_ with the correct term.

Describe the rule you used for each sequence.
1. 255075 &0 2 2  t ¢ ¢ 250

¥

2. 13161922 2 2 .2

3144132120108 ¢ T 2

1 19 o g @ 9 b

4' 191-‘21 L ’ 2 ’

o=

’

w|=

For each sequence,
+ copy and complete the table,
+ write an equation for the rule for the sequence, and
+ use your rule to find the 40th term.

6.4

| Term number

* | Term number

8. | Term number

TS ) Getting to Know Your Textbook

When you begin a new course, it is helpful to get to know your
textbook. Then you will be able to find information you need
quickly.

1. Look through pages xii—xix. Describe two features of your
textbook that are illustrated in these pages.

2. A section of student resources appears at the back of your
textbook. Make a list of all these resources.

3. Find the Toolbox. Which page of the Toolbox contains help
with rounding whole numbers?
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