Provided for non-commercial research and education use.
Not for reproduction, distribution or commercial use.

Velume 200, issues 1-4, Published 1 January 2011 ISSN 0045-7825
ELSEVIER
Computer .
methods in imow
applied s
= Founding Editors:
mechanics s g
W. Prager
and
engineering
';j:O:Sdem:éeDirect nitp:/iwww elsevier. comlocate/cma

(This is a sample cover image for this issue. The actual cover is not yet available at this time.)

This article appeared in a journal published by Elsevier. The attached

copy is furnished to the author for internal non-commercial research

and education use, including for instruction at the authors institution
and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party
websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright


http://www.elsevier.com/copyright

Comput. Methods Appl. Mech. Engrg. 200 (2011) 2498-2506

Contents lists available at ScienceDirect

Comput. Methods Appl. Mech. Engrg.

journal homepage: www.elsevier.com/locate/cma

Optimal control for quasi-Newtonian flows with defective boundary conditions

Hyesuk Lee

Department of Mathematical Sciences, Clemson University, Clemson, SC 29634-0975, USA

ARTICLE INFO ABSTRACT

Article history:

Received 10 November 2010
Accepted 14 April 2011
Available online 24 April 2011

Keywords:

Quasi-Newtonian flow
Defective boundary condition
Optimal control

We consider a generalized-Newtonian fluid with defective boundary conditions where only flow rates or
mean pressures are prescribed on parts of boundary. The defect boundary condition problem is formu-
lated as an optimal control problem in which a Neumann or Dirichlet boundary control is used for match-
ing given flow rates or mean pressures. For the constrained optimization problem an optimality system is
derived from which a solution of the problem is obtained. Computational algorithms are discussed and
numerical results are also presented.
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1. Introduction

Many flow problems in real applications are modeled in an
unbounded domain. Blood flows in the vascular system is one of
the important applicative fields relative to such a situation. In
simulating blood flow in a portion of vessel, an artificial boundary
is introduced for upstream and downstream sections and a Dirichlet
or Neumann type boundary condition is imposed on the boundary.
However, in practice, those boundary data are not usually avail-
able, and sometimes recirculation of flow can occur near or on a
boundary section. For this reason, in numerical simulation of such
flows, it is more realistic to implement measurable data on the
boundary such as pressure and flow rates.

Studies on flow problems with defective boundary conditions
have been reported in [8,9,15,19]. In [8] Formaggia et al. discussed
a defective boundary condition problem for the time dependent
Navier-Stokes equation, where flow rates are specified on inflow
and outflow boundaries. They introduced a Lagrange multiplier ap-
proach to enforce flow constraints at the inflow and outflow por-
tions of the boundary. In [15] Heywood et al. also investigated
the defective boundary condition problem for the time-dependent
Navier-Stokes equations. For the specified flow rate problem, they
considered construction of suitable flux-carrier vector functions.
We used the Lagrange multiplier method in [8] to study a quasi-
Newtonian flow problem with flow rate constraints in Sobolev
spaces [7]. We established existence and uniqueness of solution
for the continuous and discrete variational problems, and
presented an error analysis for the numerical approximation. We
could also observe that the flow field with flow rates boundary
conditions looks very similar to that with a standard boundary
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condition; specified parabolic velocity inflow profiles and a “do
nothing” outflow boundary condition.

Another defective boundary condition applicable in flow simu-
lation is the mean pressure condition. In this case the mean pres-
sure is specified on the inflow and outflow boundaries. In [15]
the do-nothing approach was used to derive a particular weak for-
mulation of the Navier-Sotkes equation with the mean pressure
boundary condition. Similarly to a flow rate problem, the weak for-
mulation involves implicit Neumann type boundary condition and
chooses one particular solution from the set of all physical solu-
tions satisfying the differential equation system.

In [9] Formaggia et al. studied the Stokes equations and the
Navier-Stokes equations with defective boundary conditions in
the setting of optimal control problems, where flow rate matching
or mean pressure matching on boundaries is considered. A con-
stant normal stress on each inflow or outflow boundary was cho-
sen as a control for the matching. In the constraint equations the
control appears in a boundary integral, which is referred to a
boundary control [11].

The study of optimal control problems for Newtonian fluids has
been very active in the last few decades (see [11-13] and
references therein). In solving an optimal control problem with
constraints, we can apply a sensitivity-based optimization scheme
[3,14] or an adjoint-based optimization scheme [11,16]. For the
adjoint-based optimization approach, the Lagrange multiplier
method is used to derive an optimality system consisting of the
fluid equations and the adjoint equations, from which an optimal
solution is obtained. The sensitivity-based method requires solving
so called sensitivity equations, which are derived by taking the
Fréchet derivative of the operator associated with fluid equations
with respect to control variables.

Studies on optimization for quasi-Newtonian flow are found in
[1,5]. Du et al. [5] analyzed the optimal control problem for the
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Ladyzhenskaya model using the Lagrange multipliers technique in
the setting of Hilbert spaces. A shape optimization for blood flow
was numerically investigated using the modified Cross model in
[1].

The goal of this paper is to investigate finite element approxi-
mation of non-Newtonian flows with defective boundary condi-
tions based on optimal control techniques. We develop
numerical schemes applicable in physical and engineering prob-
lems such as blood flow system and polymer processing. We also
compare performance of Dirichlet and Neumann boundary con-
trols in the optimization problems. The approaches presented here
are easily extendable to other flow control problems such as veloc-
ity tracking and drag minimization problems governed by non-
Newtonian fluids.

This paper is organized as follows. In the remainder of this sec-
tion, we describe the model problem, introduce function spaces
and state an existence result. In Section 2 a flow rate boundary
problem is formulated as an control problem using a Neumann
control, and an optimality system is derived. We consider finite
element approximation of the optimality system and a computa-
tional algorithm in Section 3, and in Section 4, we show how a
Dirichlet control is implemented in variational formulation and
discuss a numerical algorithm for the Dirichlet control problem.
In Section 5, mean pressure boundary conditions are considered
and finally, numerical results are presented in Section 6.

Let 2 be a bounded domain in R" for n = 2,3 with boundary 3.
Suppose the boundary consists of the wall boundary I', inflow and
outflow boundaries S;, i =1,2,...,m. As a model problem for quasi-
Newtonian flows consider the three-field Power law model

6 = vo/D(u)| ?D(u) in Q, (1.1)
-V-6+Vp=f inQ (1.2)
divu=0 inQ, (1.3)
u=0 on T, (1.4)

subject to the specified flow rates on

S,-:/u~ndS:Qi fori=1,...,m,
Js;

where I' = 0Q\Ui1, . mSi and 1", Q; = 0 for the incompressibility
condition. For problems of physical interest, 1 <r < 2, e.g. for shear
thinning fluids. We denote its conjugate by r, satisfying
r1+r~1=1.Note that > 2 for 1 <r<2.

The constitutive equation of the fluid (1.1) can be rewritten as
the inverted form

D(u) = v} "|6|" %6 := G(0) (1.6)

and the inverse is continuous [7]. It follows from [4] that G(.)
satisfies

(G(s)=G(t)) : (s—t) =cls—t]", Vs teR"™, (1.7)

(G(s) = G(t)] < M(Is| +[t)" 2ls — ], Vs,te R (1.8)

Properties (1.7) and (1.8) imply that G(-) is strongly monotone, and
Lipschitz continuous for bounded arguments [4].

The numerical approximation of the shear thinning flows with
the homogeneous boundary condition has been previously studied
in several papers [2,6,10,17,18]. There, the existence of a solution, a
priori and a posteriori error estimates for the steady state problem
were discussed.

Used in the analysis below are the following function spaces
and norms.

2= (@) = {r= () =1 wel (@ ij=1,..n},

with norm ||l := (f, |7 d@)"".
X:={veW"@Q)":v| =0},

with W*P(Q) denoting the usual Sobolev space notation. We take
for the norm on X, [[v|y := ([, [D(V)["d@)"".

P:=1"(Q),

, r
with norm | q||, := (fg lq|" dQ) ", We use V to denote the subspace
of X defined by

V::{veX:/qV-VdQ:O,quP}.
Q

We use : and - to denote the scalar quantities 6 : 7:= 3,31 03Ty
andu-v =317y
If the flow rate defective boundary conditions (1.5) is replaced

by the well defined Neumann condition
(6-pl)-n=g;ons;, i=1,2,...,m, (1.9)

the variational formulation to the problem is given as: determine
(o,u,p) € X x X x P such that

V(6] *6,7) — (D(u),7) =0, VTeX, (1.10)
(6,D(v)) - (p,V-v)=(f,v) + Y (8,V)s, VveX (1.11)
i=1
(.V-u)=0, YqeP. (1.12)

Note that the velocity, pressure and stress spaces satisfy the follow-
ing inf-sup conditions:

sup ——— = 5 113
1o vk IVIxlalls = % )
inf sup L2V o e (1.14)

=
veX rex ||T]l2lIVIIx

The existence of a unique solution of (1.10)-(1.12) is estab-
lished based on the inf-sup conditions (1.13) and (1.14) and the
monotonicity (1.7) [2]. The estimate

ol + l[ullx + [Pl < CCIflx + 18lm) (1.15)

can be also shown as in [2].

2. The optimal control problem
2.1. Formulation of the problem

The defective boundary condition problem (1.1)-(1.5) can be
formulated as an optimal control problem for flow rate matching.
Suppose we choose the normal component of total stress

g=g:=(@—-phnons;, i=12,....m (2.16)

as a control and let S := U™, S;. Due to the condition 3_";Q; = 0 (or,
equivalently Q; = ->_I",Q;), we set g, = (6 — pI)-n=0 on S;. For
the control space, define M := (L" (S))". The control affects the flow
system through boundary integrals as shown in (1.11).

For the flow rate conditions (1.5), consider minimizing the
penalized functional

2
18 v
T(wp,0.8) :=22</u-ndsfq,-) o [eras @17)
i=1

Js;

where g is the Neumann boundary control chosen and € is a penalty
parameter. Then we formulate the optimal control problem in the
following terms:
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Find(u,p, 6,8) € Uy such that the functional(2.17)

is minimized subject to(1.10)—(1.12), (2.18)
where the admissibility set ¢4y is defined as follows.
Uy :={(1,p,0,8) e XxPxEZxM:J(u,p,0,8) <} (2.19)

The penalty term in (2.17) was introduced for several purposes.
First, by the definition of the admissibility set (2.19), uniform
boundedness of g is obtained immediately. Having the penalty
term, we can implement various optimization schemes for compu-
tational algorithms, where the convergence rate is controllable by
the penalty parameter €. Also it was observed that the penalty term
can be used to avoid the spurious local minimum by getting rid of
unwanted oscillations [11].

2.2. Existence of an optimal control solution

The existence of an optimal solution of (2.18) is proven using
standard arguments in the following theorem.

Theorem 2.1. Given fe X/, there exists a solution (u,p,0,8)cX
x P x X x M of the optimal control problem (2.18).

Proof. We first note that the admissible set ¢/, is clearly not
empty, e.g., (u,p,0,0) € Ugyq. Let g, be a minimizing sequence for
the optimal control problem and set u,=u(g,), pn=p(gn),
0n=0(g,). Then (u,,p,,64,8,) € Uy for all n and satisfies

rl]lm j(ul’hpn#amgn) = lnf j(u7paa~,g)'

(u,p.0.8)€lyq

By the definition of /4, we have

17164 260, 7) — (D(u,),T) =0, VTEE, (2.20)
(60, D(V)) = (P, V- V) = (£,V) + (8, V)5, VVeEX, (2.21)
(q,V-u,)=0, VqeP. (2.22)

The sequence g, is uniformly bounded in M from (2.19) and the cor-
responding (u,,p,,0,) is uniformly bounded in X x P x £ from
(1.15). We may then extract subsequences, still denoted by
(W, Pn, On, 8n), such that

g — g in M,
py—p inP,
u, —u inX,
6,—6 inXk
u, —»u in (L'(Q)"

for some (u,p,6,8) € X x P x £ x M. The last convergence result
above follows from the compact embedding of (W!(Q))". We
may pass to the limit in (1.10)-(1.12) to determine that (u,p,s,8)
satisfies (1.10)-(1.12). The only trouble term when one passes to
the limit is the nonlinearity (|o',,|’J’Za,,,r). However, since G(-) is a
monotone operator, G is sequential weak continuous [20], and
therefore,

inf j(uﬂpvavg):rllirgloj(uﬂ’pnvaﬂvgn)zj( ap»a'yg)

(u.p.0.8)€lqq

Thus, we have shown that an optimal solution belonging to 4,4
exists. O

2.3. Adjoint system

A constrained optimal control problem is often solved by the
adjoint-based method using the Lagrange multiplier’s rule [11].
In this paper we use the method without considering analysis re-
lated to Lagrange multipliers such as existence and regularity of
adjoint variables.

For (u,0,p,g), define the Lagrangian

L(u,6,p,8W,0,¢) =J(Wp,6.8) +v," (6] c.n)

= (D(u), ) + (6,D(W)) — (p,V - W)
—({,w) — (g, w)s - (¢, V-u). (2.23)
Using the first order necessary conditions, 22 = 0, %: = 0 and % = 0,
the adjoint system is derived as
v (' =2)(e" (o e, T) + i (e . T)
+(DWw),7)=0, V1iek, (2.24)
m
M, D)+ (&EV-v) =) /u-n dS,-Q,-)
i=1 Si
x/v~n ds;, vveX (2.25)
Si
(q,V-w)=0, VqeP, (2.26)

where w, &, n are the adjoint velocity, pressure and stress, respec-

tively. Also using % 9L — (0, we obtain the optimality condition

/\g\”’zg-hdS:E/w-hd& VheM, (2.27)
S S

which yields an explicit formula for the control g in terms of the ad-
joint variable w as

g= w/"*w on S. (2.28)

€r/r’
Therefore, the state governing Egs. (1.10)-(1.12
condition (2.28) and the adjoint Egs. (2.24)-(2.26
optimality system:

), the optimality
) form a coupled

(6" 26,7) — (D(u),7) =0, VTEX, (2.29)
(6.D(v)) — (p,V-¥) = (£.V) + 57 (Iww,v),, VveX,
(2.30)
(@.V-u)y=0, VqeP, (2.31)
v (" =2)(le" (e :m)a, 1) + 5 " (o] . 7)
+(DW),7)=0, Vtex (232
(n,D(V)) + (&, V-v) Zm: ( u-nds; - Q,>
i=1
></va nds, VveX (2.33)
(q.V-w)=0, VqeP. (2.34)

Remark 2.2. The adjoint problem (2.32) is defined in a correct
function space. Note that

/ 6" (6 ) |o] dQ < / 6"y ["o " de = / 6" InI" de
Q Q Q
(2.35)
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and using the Hoélder’s inequality,

Lot ao < ([aorr ae) ([t ae)

r r -
wherep:r,_ =5 = o5,

il < oo (2.36)

Therefore, |6|" (6 : n)a, |6|" 2y € (L'(2))™" for n € X.
For the adjoint system above, define the linear operator A de-
fined on X x X by

A7) = vy (' = 2) (o] (2.37)

Using the adjoint bilinear form A defined by (2.37), the adjoint
equations in (2.24)-(2.26) can be equivalently written as

A7)+ (DW), 1) =0, VrteX,

3

i=1

oo, 1)+ vy " (|6 7).

(2.38)

/u-ndSQ,-) /v.ndS,-, VveV. (2.39)

JSi JSi

Lemma 2.3. The adjoint operator A is Lipschitz continuous and
strictly monotone.
Proof. First, we show the continuity:

W =2)(6" (e :me,T) + vy " (6] Pn,7)

<C(llet" (@ : )l o 17l + ot nly 17l
1/r 1/r
<C[(/Q \a|”*‘“(a:n)r\avd9) +(/ \ar“”m\’dsz) Il
1/r
c( 1ot dsz) 7l
(Hauz Il ) 7]l using (2.36)

< Cllo)l 2 lmlglizls < Cllulgllels by (1.15) and (2.19).

(2.40)

Strict monotonicity can be easily seen as

A =vi " =2) [ lo o a2+ vy [ o P a2 >0
Q Q

forn#0. O

Remark 2.4. Unfortunately, the solvability of the adjoint problem
(2.38) and (2.39) is not clear as coercivity of the operator A can not
be shown. However, when discretized, one can show the existence
of a finite element approximate solution. See Theorem 3.1.

3. Finite element approximation
3.1. Finite element spaces

Suppose Tj, is a triangulation of Q such that Q = {{JK : K € Ty}.
Assume that there exist positive constants cy, ¢; such that
c1py < hg < 2pys
where hy is the diameter of K, py is the diameter of the greatest ball
included in K, and h = maxer, hk.

Let P,(K) denote the space of polynomials of degree less than or
equal to k on K € T;,. We define finite element spaces for an approx-
imation of (u,p,s):

(@) : |, € Pu(K), VK € Ty},
P":={qePn(C°Q)): qlx € Pu(K), ¥ K €Ty},
= {r ez (COQ)"" : 1| € PK), VK € Ty},
V'={veX':(q,V-v)=0, VqeP"}.

Ay ") +

We assume that the velocity-stress and the pressure-velocity space
satisfy the following discrete inf-sup (or LBB) conditions [2]: There
exist constants Cxpn, Cxxpn > 0 such that

"V v"

inf  sup "7 > Cxpn, 3.1

S W M G-
h h

inf sup ZPOD) o (3.2)

0#vheX! g ohexh (RSN

The finite element approximation of (1.10)-(1.12) is then as fol-
lows: find u" € X", p" € P", 6" € £" such that

(16" %6", ") — (D(u"),t") =0, V1'exh (3.3)
(6", D(V") - (p", V-v") = (f,v")

+ Ef/r, (Wi 2wt vy, v v e XP (3.4)

@,V -u"y=0, Vq"eP" (3.5)

Existence result and error estimates for the finite element solution
of (3.3)(3.5) can be found in [2,7] for a given w".
Finite element approximation of the adjoint system reads as:

v (= 2)(le"" (6" : e T + v (6" )

+(DWh),th) =0, V1hexh (3.6)
(", D(V") + (&', V - v") i( u” nds; — Q)

i=1

></th nds, vv'exh (3.7)
(@".V-wh=0, Vq'eP" (3.8)

Theorem 3.1. For given u" e X" and ¢" e X" the discrete linear
adjoint system (3.6)-(3.8) admits a unique solution (w" " y")
eX"x P x xh

Proof. In the discrete div free space V", the adjoint problem is
equivalent to

(Dw"), T =0, V(v 1" eV!xxh

/uh.nds,-—Q,)/v“-n, Vvt e vt
Si Si

(3.9)

i=1

i i

5
(3.10)

where A" is a discrete adjoint operator defined analogously to
(2.37). Note that the system (3.9) and (3.10) is a saddle point prob-
lem defined in the div free space V".

The operator A" is symmetric and positive definite by Lemma
2.3. Therefore, by the inf-sup condition (3.2) there exists of a
unique (wW", “) satisfying (3.9) and (3.10). The existence and
uniqueness of ¢" then follows from the inf-sup condition (3.1). O

3.2. Computational algorithm

The optimality system is a coupled system whose solution yields
a solution of the optimization problem (2.18). In practice, the size of
the system is huge, and therefore, the state and adjoint systems
need to be decoupled. One way of accomplishing this is through a
gradient type method. The gradient method for minimizing the
functional M(g) := J(u(g),p(g),c(g),g) is given as the form
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i
k) k dgk ’
where py is a step size. The gradient of the function %‘ can be deter-
mined by a solution of the adjoint system by the optimality condi-
tion (2.28) [11]:

dm
dgk
Choosing the step size dependent on the penalty parameter ¢, i.e.,

Pk = /€ and using (3.12), the steepest decent algorithm for gy is
written as

k1) =8 (3.11)

= elgil" g — wils. (3.12)

Bt = (1 - ol )8+ Wi, (3.13)
Since the size of coupled optimality system is large and the gradient
of the functional (3.12) involves only the control and an adjoint var-
iable, the steepest decent type method can be used as an minimiz-
ing routine while also decoupling the system. The computational
algorithm is then given as follows.

Algorithm 3.2. (Steepest descent algorithm)

Choose the initial control gf.

For k=0,1,...
1. Solve (3.3), (3.5) and
(6", D(v") = (p", V- V") = (£,v") + (g}, v")s

for (u}. p}. o).
2. Solve (3.6)-(3.8) for (w{j, fﬂ,nﬂ).
3. Update the control by (3.13).

Here the step size o can be chosen optimally in each iteration
or a constant step size p may be used in all iterations. The conver-
gence property of the above algorithm can be obtained in the stan-
dard manner. Other methods such as the trust region method and a
Newton-type method may be considered as a minimization
algorithm.

4. Dirichlet control

In this section we consider a Dirichlet boundary control for the
flow rate condition. Choosing

g:=g:=u onS;, i=12..m (4.14)
as a control satisfying

/g‘ndszo (4.15)
s

for the incompressibility condition, imposing the Dirichlet bound-
ary condition weakly and combining with the mass conservation
equation in a variation formulation, we obtain the following form:

v (l6]" %6,7) — (D(u),T) =0, VreX, (4.16)
(@,D(V))—(p,V-v)-(t,v)s=(fv), YweX (4.17)
@ V-u)+(zu) = (g2), ¥(q2z) ecPxW/S)".  (418)

In (4.17) the additional unknown function t € (W'~ 17($))" repre-
sents the stress force on S and g belongs to the control space defined
as M = {h ceWYS)": [;h-ndS= 0}.

Remark 4.1. The system (4.16)-(4.18) is formulated as a twofold
saddle point problem as in (1.10)-(1.12), of the form
o " (lo" e, 1) —

(D(u),7) =0, (4.19)

(O',D(V)) - '))((p,t)V) = (f,V),

V((qv Z)v u) = (g~ Z)Sv

where y((p,t),v):= (p,V-v)+ (t,v)s. Therefore, the bilinear form
¥((--),-) needs to satisfy the inf-sup condition for the existence
and uniqueness of a solution. Such analytical issues will be ad-
dressed in a later paper.

For the Dirichlet control we consider the functional

2
J(u,p,0,8): 22(/_“'11(151‘—(21)

5 [19.8 +181 ds,
S

(4.20)

(4.21)

(4.22)

where V; denotes the surface gradient. It is known that the gradient
term in the penalty integral in (4.22) provides more regularity of
the control and reduces oscillatory behavior of iterations near a
minimizer [11]. We define the Lagrangian

(w.p,0.8)+ v " (" *a.1)
— (D(u),n) + (6,D(W)) — (p,V - W)
= (tw)s—(fw) — (& V-u)
— (u,8) + (8,5)s + A(g, n)s,
where the last term in (4.23) was added to enforce the condition

(4.15). Using the same arguments in Section 2, the adjoint system
is derived as

vy = 2) (el

L(u,0,p,t,gwW,n¢s)=J

(4.23)

(6:m)0,7) + vy " (o] *n,7)

+(DW),7)=0, VreX, (4.24)

<n7D<v>>+<é,v-v>+<svv>s—i(/swnds,-—czf)
i=1 i
A\

></ nds, VveX (425
S.

i

_(q7 V : W) - (Z7W)S = 01 v (q,Z) € P x (Wl/r_lvr(s))rz (426)
where w, &, 1, s are the adjoint velocity, pressure, stress and stress
force, respectively. Also by % 0, we obtain the optimality

condition
/e|vsglr’2vsg-vsh+e\g\”g.h+s-h+m.haszo, VheM.
S

(4.27)

Note that this condition yields a differential equation to be solved
for the control on S. Implementing the steepest decent algorithm
to update the control, we have the following variational form: find
(810 2ke1) € (W(S))" x R satisfying

r— r— o
(IVs8sr [ Veier, Vi) + (I8 | Beor )5 +
x (geam, g = (1= ) [( V8l Vg, Voh)s + (Igil i b))
- (ser, ), VheW'(s). (4.28)

(8k:1,Mm)5 = 0. (4.29)

The restriction f;h-n dS = 0 on the control space M is taken care of
by (4.29) in the variational formulation.

Remark 4.2. Note that the optimality condition yields a relation
between the control and the adjoint stress force variable s. The
Dirichlet control is updated using s in (4.28), while Neumann
control is determined by w, the adjoint velocity variable in (3.13).
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This is because the Dirichlet control affects the system through
(4.18), not (4.17).

In the case that the Vg term is deleted from (4.22), the opti-
mality condition is given as

/ €lg*g-h+s-h+/n-hdS=0. (4.30)
Js
Thus the control is updated by the explicit form
o = ,
i1 =8 — ?k (€lZ] 8 + S + /), (4.31)

where, enforcing the condition (4.15)-(4.31), we can obtain the ex-
plicit formula for the lagrange multiplier A:

1 /¢ [ 2 .
K= (oc s( I8 )8 St

5. Mean pressure boundary condition

(4.32)

The optimization technique by boundary controls can be ex-
tended for other types of defective boundary condition, e.g., mean
pressure boundary condition. Supposed we have mean pressure
specified on defective boundaries:

1 .
—/pdS:Pi fori=1,....,m (5.33)
ISil Js;

Since pressure is unique up to a constant, we may set g; =0, and p is

shifted appropriately so that the mean pressure condition on S; is
satisfied. Define the functional

2
1& (1 € v
J(u,p,0,8): ZZ(M/Sip de—P,»> +;/Slg\ s,  (5.34)

where g is the Neumann boundary control. Using the similar ap-
proach shown in previous sections, we can obtain the optimality
system

1"(l6]"26,7) — (D(u),7) =0, VTEX, (5.35)
(6,D(v)) - (p,V V)= (f,V) r/r’ (|W‘ W’ V)Sv Vvek,

(5.36)

(q,V-u)y=0, VqeP (5.37)

and the adjoint equations

W =2)(le]" (e m)e.t) + v " (6 Py

Viex, (5.38)

@, D(V)+ (£, V-v) =0, VveX, (5.39)
Z<|s /pdSi—Pi>/squi, VqeP. (5.40)
i=1 i

If Dirichlet control g is considered to minimize the penalized
functional

2
¢ € L el
J(u,p,0,8): 22<|5|/pdePf> +;/5\ng| + g ds
(5.41)

for the mean pressure matching, one needs to solve (4.16)-(4.18)

and

+ (D(w), 1) =0,
(5.42)

W =2)(le|" (6 :m)o,7) + vy " (6] P, 7)

V1ek,

®,DWV)+ (&, V-V)+(s,v)s =0, VvekX (5.43)
m

(q,V -W) + (z,w)s = ; <|Sf| Lpdsﬂ») /Sqd&

v (q,z) € P x (WV1(S)", (5.44)

The same optimality condition (4.27) is obtained and the control g
can be updated by (4.28) and (4.29).

6. Numerical results

In this section we present numerical results for a flow problem
subject to specified flow rates conditions or mean pressure condi-
tions on the defective boundaries. Along the other boundaries we
impose the usual non-slip condition for the fluid velocity. We con-
sider a model problem of flow in a square domain, (0,5) x (0,5),
with boundaries where defective boundary conditions are im-
posed: S;={(xy):x=0,1<y<2}, S={(xy):x=0,3<y<4} on
the left side of the domain and S3={(x,y):x=5,2<y <3} on the
right side. See Fig. 1. In the constitutive Eq. (1.1) the parameter r
is chose as r =3 (' =3). All computations were performed using
31 x 31 uniform grid. For the approximation of the velocity and
pressure we used continuous piecewise quadratic and continuous
piecewise linear finite elements, respectively, (i.e. the Taylor-Hood
pair). For the approximation of the stress we used continuous
piecewise linear finite elements. Note that the finite element
spaces satisfy the inf-sup conditions (3.1), (3.2).

6.1. Flow rate boundary condition

For comparison purpose, first we computed velocity, pres-
sure and stress using a standard Dirichlet boundary condition

of parabolic profile on each S;u= {78(}’7(]))0’72) ,
*40’*3)(3’*4)] {*120’*2)(}’*3)}
0 ’ 0

on Sy, Sy, S3, respectively.
The magnitude of velocity and streamlines are given in Figs. 2, and
3 shows pressure profile and mean pressure on each defective
boundary.

The Dirichlet boundary condition chosen yields flow rates
Q; =-4/3, Q2 =-2/3 and Qs = 2. These values were used as flow
rate boundary conditions in the flow matching problem. For the
optimization routine, the constant vector g=[0.1,...,0.1]" was
used as an initial guess for both Dirichlet and Neumann controls.
We selected the penalty parameter € = 10~ '° and the stopping cri-
terion 7(g) < 1075, Streamlines of fluid flow by the Neumann and
Dirichlet controls are presented in Figs. 4 and 5, respectively. The
horizontal velocity profiles on the defective boundaries are also
shown in Figs. 6 and 7. The figures show the Neumann control
yields velocity profile that looks more similar to the standard case

u=0
S,
Q S,
S,
u=0

Fig. 1. The flow domain.
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Fig. 2. Plot of the magnitude of the velocity and streamlines by the given Dirichlet
boundary condition.
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Fig. 3. pressure on boundaries Sy, Sy, S» by the given Dirichlet boundary condition.

Fig. 4. Plot of the magnitude of the velocity and streamlines by Neumann boundary
control.

Fig. 5. Plot of the magnitude of the velocity and streamlines by Dirichlet boundary

control.
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of parabolic-shaped Dirichlet condition than the Dirichlet control.
In fact, it was observed in numerical experiments that the
Neumann control is more robust. The Dirichlet control is more
sensitive to an initial guess, parameters chosen, and sometimes
yields a non-physical solution with the objective functional still
minimized within the tolerance. On the other hand, the Neumann
control yielded consistent results in most simulations with differ-
ent choices for an initial guess and parameters. As mentioned in
the beginning of the paper, the defective boundary problem is
not a well-posed problem. Also, when formulated as a control
problem, an optimal solution is not unique for the model problem.
The presented results should be understood as one possible solu-
tion satisfying the defective boundary conditions.

6.2. Mean pressure boundary condition

Using the Dirichlet boundary condition chosen we computed
pressure and shifted the numerical solution so that P;, the mean
pressure on Si, is 0. The pressure on S, S3 were computed as
P, =—-0.968, P; = —3.143, and these values were used for the mean
pressure matching problem. Streamlines of fluid flow by the

Fig. 8. Plot of the magnitude of the velocity and streamlines by Neumann boundary
control.

0 1 2 3 4 5

Fig. 9. Plot of the magnitude of the velocity and streamlines by Dirichlet boundary
control.
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Fig. 10. Pressure on boundaries Sy, S, S; by Neumann boundary control.
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Fig. 11. Pressure on boundaries Sy, Sy, S, by Dirichlet boundary control.

Neumann and Dirichlet controls are presented in Figs. 8 and 9,
respectively. The pressure profiles on the defective boundaries
are also shown in Figs. 10 and 11. As in the flow matching problem,
the Neumann control yielded similar results to the standard case
shown in Fig. 2, and was more robust than the Dirichlet control.

7. Concluding remarks and future work

We studied defective boundary condition problems using the
optimal control technique by introducing Neumann or Dirichlet
type control. The similar approach may be considered for time-
dependent unsteady flows or more complex fluids. As an extension
of this work, we will consider non-Newtonian, viscoelastic fluid
flows governing by the Oldroyd-B model

o+ i(u Vo + (Vu)'e - aVu) —2¢D() =0 inQ, (7.45)
V.6-21-a)V-Dw)+Vp=f ing, (7.46)
divu=0 inQ, (7.47)

where / is the Weissenberg number defined as the product of the
relaxation time and a characteristic strain rate, and « is a number
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such that 0 < o < 1 which may be considered as the fraction of vis-
coelastic viscosity.

Unlike in the quasi-Newtonian fluid, the extra stress of visco-
elastic fluids is coupled with the velocity through a nonlinear con-
stitutive equation. Since the viscoelastic fluid is a fluid with
memory, some information on flow history should be provided
when entering into a fluid domain, thus, a stress boundary condi-
tion needs to be specified on inflow boundaries in order to be a
well-posed problem. We will assume no boundary information
on the velocity and the stress provided except the flow rates con-
dition (1.5). This defective boundary condition problem can be for-
mulated as a two-parameter control problem by introducing a
Neumann control for velocity on S and Dirichlet control for stress
on S;,, the inflow defective boundary. Results of this problem will
be reported in the later paper.
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