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Dedicated to Max Gunzburger on the occasion of his 60th birthd ay.

Abstract. We consider the Stokes-Oldroyd equations, de ned here as the
Stokes equations with the Newtonian constitutive equation  explicitly included.
Thus a polymer-like stress tensor is included so that the dep endent variable
structure of a viscoelastic model is in place. The energy equ ation is cou-
pled with the mass, momentum, and constitutive equations th  rough the use of
temperature-dependent viscosity terms in both the constit utive model and the
momentum equation. Earlier works assumed temperature-dep endent constitu-
tive (polymer) and Newtonian (solvent) viscosities when de  scribing the model
equations, but made the simplifying assumption of a constan t solvent viscosity
when carrying out analysis and computations; we assume no su ch simpli ca-
tion. Our analysis coupled with numerical solution of the pr  oblem with both
temperature-dependent viscosities distinguishes this wo rk from earlier e®orts.

Key Words. viscous °uid, non-isothermal, nite elements, Stokes-Oldro yd.

1. Introduction

Viscoelastic °ows occur in a variety of applications, including polymer process-
ing. The complexity of the governing equations and the physical domains makes
analysis of the mathematical models and the associated numerical methods espe-
cially dixcult. Current e®orts to model viscoelastic °ows often revolve around
the solution of a (modi ed) Stokes problem, [5]. The isothermal linear elasticiy
equations, modi ed in form to have the same dependent variable structure as the
equations governing viscoelastic °ows, is analyzed along with a numerical as!
tion in [2]. The Stokes problem is a special case (the incompressible limit) ahe
equations considered in that work.

The purpose of this paper is to analyze the nite element solution of the non-
isothermal Stokes problem, modi ed similarly as in [2]. Thermodynamics play a
prominent role in many viscoelastic °ow scenarios, especially in polymer mcess-
ing. Realistic models must ultimately include temperature dependence, since °ow
characteristics such as viscosity vary widely as temperature varies withi normal
operating constraints, [1].

The rest of this paper is outlined as follows. The governing equations are pre-
sented in the next section, with particular attention given to the manner in which
temperature dependence is expressed. Details regarding the weak formulation and
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corresponding function spaces are provided in Section 3. In Section 4, the nite
element formulation is developed along with an existence result for the Tnite ele-
ment solution. Convergence results for the nite element solution are derived in
Section 5, and numerical con rmation of these results are presented in Section 6.
The paper concludes with a summary and a discussion of continuing work.

2. Governing Equations

We consider °uid °owing through a bounded, connected domain - % RY whose
boundary we denote as j. Let the velocity be denoted byu, pressurep, extra stress
¥ temperature T, and unit outward normal to the boundary n. For viscoelastic
°uid °ow, the extra stress tensor is often split into a solvent and polymer part,

Vo= Yo + Y
Normally the solvent part of the extra stress is assumed to be Newtonian,.e.
“s(T)
“o(Tr)
where the rate-of-deformation tensord(u) is de ned as
3 g

Yo =2

d(u);

d(u) = % ru+(ru)’ ;

"5 is the solvent viscosity which depends at most on the temperature, and ¢(Tr)

is the zero-shear viscosity at a reference temperatur@r. A nonlinear di®erential
or integral constitutive model is imposed for the polymer part %, [1]. As in [2],
we simplify the constitutive model to a Newtonian relationship, and include this
equation explicitly to preserve the dependent variable structure associated with
viscoelastic constitutive models, such as Giesekus or Oldroyd-B. Whereas only the
isothermal case is considered in [2], we analyze the case where bddy and ¥
depend on temperature. Speci cally, we assume that

2.1) % i 2@ (T)d(u)=0;
where an Arrhenius equation characterizes the dependence of polymer viscosity
(also scaled to” o(Tr)) upon temperature, i.e.

B
®(T)= Arexp ?1 :

and B; 6 0. The coezxcients A; and B; are de ned so that 0< ®,(T) - 1. We
assume the existence of maximum and minimum values for the viscosity

(2.2) ®umin -+ ®(T) © ®rmax !

The (scaled) solvent viscosity is de ned in a similar manner so that
(2.3) Y i 22®(T)d(u) = 0Q;

with TR |

B
®(T)= Azexp =

Once again we choosé, and B, so that 0 <®,(T) - 1 and

(2.4) ®2;min - ®(T) - ®2;max ;

but here we may haveB;, = 0. The de nition of ¥ includes? because the solvent
part of the viscosity is assumed to be much smaller than the polymer part. Erther-

more, the term 2®,(T)d(u) has special signi cance in that it increases stability.
Hence the parameter? is considered a penalty parameter, and is assumed small.
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We de ne the non-isothermal Stokes-Oldroyd equations as the system consisting
of (2.1) along with the conservation of momentum, mass, and energy equation
following form:

(2.5) ire £3_/1) +22®2(T)d(u)n+ rp = f in-;

(2.6) r¢u = 0 in-;

2.7 ir¢ ((rT)+uc¢rT = Q in-;

(2.8) u = 0 onj;

(2.9) T = 0 onjq;

(2.10) ‘rT¢h = g onijy;

where j =i 1[ j 2. The thermal conductivity coexcient is denoted by -, body force

f, heat sourceQ, heat °ux g. All variables are dimensionless except fofT. Note
that if we make the substitution ¥, = 2®;(T)d(u), then the momentum equation
(2.5) becomes

ir¢ [(2®(T)+22®,(T))d(u)l+ r p=1f;

where 2B, (T) + 22®,(T) is the dimensionless e®ective viscosity. In the remainder
of this paper, the polymer-like part of the extra stress tensor will be refered to as
% i.e. the subscript will be dropped.

Here we relate the values forA; and B; to physical quantities and establish con-
ditions to assure that 0< ®;(T) - 1. The form for the Arrhenius-type temperature
shift factor is

_ ¢ceX1 1 . _
ar = exp R T ﬂ ;
where CE is the activation energy, R is the ideal gas constant, andTr is a reference
temperature, [1]. Assuming that the polymer and solvent viscosities add up to
the zero-shear-rate viscosity, (as in [10]), it follows that® (T) = (1 j 2)ar and
®,(T) = ar. As a result,

i CE’

¢CE
B1=Bx= —; Azx=exp RTn ;

R

and A= (1 i 2)A2:

The constraint 0 < ®;(T) - 1 will be satis ed as long as the temperature of the
system stays aboveTgr. This condition is simple to satisfy for the application
considered in this paper, i.e. ow through a "ber or Im-forming die.

3. Weak Formulation

In this section we develop the variational formulation of the modi ed non-
isothermal Stokes-Oldroyd equations. We use the Sobolev spac&¥™P (D) with
normsk¢kyppo ifp<1,kélk, p if p= 1. We denote the Sobolev spacgVv ™ ?
by H™ with the norm k¢l,. The corresponding spaces of vector-valued and tensor-
valued functions are denoted byH™. If D = -, D is omitted, i.e., (¢§ = (¢ .
and k ¢ k= k¢ k : We de ne the following subspaces

H5()
L5()

fv2H(): 2/ji = 0g;
fq2 L2(-): qd-=0 g;
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and the solution spaces:

Velocity Space X = H3() ;
Pressure Space : P := L3(-) ;
R N S
Stress Space : 8§ = L°(-) Va=(a)ia = éiia 2L%0) g

m
TR

fS2HY-): S=0o0nj g

Notice that the velocity and pressure spacesX and P respectively, satisfy the
inf j sup condition [4, 6]

Temperature Space

inf su M .
a2Pv2x JJdjoliVi1
We also de ne the weak divergenceZ free space as

> 0

Vi =fv2X: ag¢vd=0;8q2Pg:

For weak formulation, we will consider the scaled constitutive equation
Y
3.11 ———j du)=0;
(3.11) 26, | AW =0
in order to simplify analysis. The weak formulation of (2.5)-(2.10) and (3.11) is
thento nd (u;p;%T) ZﬂX £ P £ 8 £ E such that
o

(3.12) W(T)%"‘ i (d(u);e)=0 8.28;

(3.13) (%d(v)) +22(®(T)d(u);d(v)) i (pire v)=(f;v)  8v2X;
(3.14) (g;r¢u)=0 8q2P;
(3.15) (rT;rS)+(uerT;S)=(Q;S)+(9;S);, 8S2E:

Recall that u satis es conservation of massr(¢ u = 0) and is zero on the boundary
i, and hence we have that

(3.16) uerT;T)=0:

Also, note that the nonlinear term in (3.15) is bounded as follows. See, for instnce,
[71.

(3.17) (UerT;S) - CkukikTk;kSkj:

Using the weak-divergence free space, (3.12)-(3.15) is written in the equivalefbrm:
‘nding (u;%T)2V £ 8§ £ E such that
Il

(3.18) mi/ﬂ; i (d(u);e)=0  8.28§;
(3.19) (#d(v)) +22(®(T)d(u);d(v)) = (f;v)  8v2V;
(3.20) (rT;rS)+(uerT;S)=(Q;S)+(9;9),, 8S 2 E:

4. Finite Element Approximation

Suppose that we have a triangulationT}, of our domain - such that *= f[ K :
K 2 Tho, i.e., K is an element of the triangulation. Further suppose that there
exist positive constantsc; and c, such that
C1h . hK . Czl/K )

where hk is the diameter of K, % is the diameter of the greatest ball included in
K, and h = maxk 2, hk . Denote the space of polynomials of degree less than or
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equal tok on K 2 Ty, by P (K). To approximate the solution (u;p;%T), we de ne
the following "nite-element spaces.

xh = fv2 X\ (€0) :vik 2 Po(K):8K 2 Th;
P" = fgq2P\ C°(Y): qgik 2 P1(K);8K 2 Thg;
§" = 228 14k 2 Pi(K);8K 2 Tha;

EM = fT2E\ C°O: Tik 2 Po(K);8K 2 Thg:

We use continuous piecewise quadratic elements for velocity and temperature, con-
tinuous piecewise linear elements for pressure, and discontinuous piecewise linear
elements for stress. The discontinuous "nite element space is adopted in anticipa-
tion of applying this method to complex constitutive models which requires a form
of upwinding in the numerical approximation.

Analogous to the continuous function spaces, the discrete space$” and PP
satisfy the discreteinf j sup condition [4, 6]
(g";re vhy  _

AT Ty
vh2 X

(4.21)

We also de ne the discrete weak divergence free space.
vh=fyh 2 X" (d'ire v =0;8¢" 2 P"g:
We now consider the following problem: nd (u";p";%;T") 2 (X";Ph: g " EN)
such that q

(4.22) A i du); M =0 828"

2@y (T")
(4.23) (A d(vM) + 22(@(TMduM):;d(v") i (pM;re vy =(f;vMh) 8vh 2 x";
(4.24) (q";r¢ u™ =0 8q'2 P";
(4.25) - (r T r S+ (u"erTh; SN =(Q;S")+(g;S"),, 8S"2E"M
Using the discrete weak d&vergence free spadé", (4.22)-(4.25) can be written as
K

WlTh)i/f?;;;“ i (du");eM=0 8l 28M
(4.27) (A d(v") +22(@(TM)d(u");d(vM) = (f;v")  8vh 2 v";
(4.28) -(rThrsY)+(uherthS")=(Q;S")+(g;S"),, 8S"2E"

(4.26)

In the next theorem we will now show the existence of a solution to the system
(4.22)-(4.25).

Theorem 4.1. There exists a solution(u";p";%4:Th) 2 X" £ PN £ §" £ EN of
the equations (4.22)-(4.25) satisfying

(4.29) kuky + k¥#'ko + kT"ky - C(kfko + kQko + kgko:, ,):

Proof:  We will st show existence of a solution U";%";T") 2 V" E£ §"£ E" to
the problem (4.26)-(4.28). Then, existence of ¢";p";34; T") 2 X"EP"£ §"£ ED
satisfying (4.22)-(4.25) will be obtained using theinf j sup condition (4.21).

For a given u™ 2 V", consider the bilinear formA(¢¢ : E" £ E" I R dened
as

AT SN = (r Thr 8"+ (uerTh;S"):
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It can be easily shown using (3.16)-(3.17) thatA is continuous and coercive. Thus,
by the Lax-Milgram theorem, for given g 2 L2(j) and Q 2 L?(-), we can nd a
unique solution T" 2 EM satisfying (4.28) and the estimate

(4.30) KT"ky - C(kQko + kgko;; ,) :
De ne the mapping F : V"I EM by
(4.31) Fuh= 1"

where (u;"; T") satis es (4.28). The problem (4.26)-(4.28) can be reduced to nding
(uh:¥) 2 vh £ §" such that
H 1

1 ah.sh hy.;hy — (-
(4.32) Wﬂu& i (d@u);e") = 0;
(4.33) (F;d(vM) +22(®(F (uM)d(u"); d(v")) = (f;v");
for all (vh;¢") 2 VP £ §". Dene the mapping

D:vhesght vhesh,
implicitly by D(z";. ") = (u; %), if and only if
1

1 ah..h . hy..hy — Q-
(4.34) mﬂ-g i (d(u');e') = 0;
(4.35) (F;d(v") +22(@(F (2")d(u");d(v") = (f;v").;

forall (vP;¢M) 2 VN E §". Now, (u"; %) will be a solution of (4.32)-(4.33) if it is
a xed point of D(9. By the Leray-Schauder Principle [3, 8],D(¢ has at least one
“xed point if
(i) D(9 is absolutely continuous.
(ii) There exists a M > 0 such that, for alla 2 [0;1] and (v"; ) 2
vhe gh if
(v&M == D" M)
then (v; ") satises k(vh;;;“)kvh£§ he M.
We will show (i) and (ii) to prove D(® has a xed point.
Absolute continuity
Suppose
D(z;. ") = (ul; %)
where @ M), (uM;#) 2 VN E § N fori=1;2, ie.,

(4.36) um%‘;d‘ i (du);ehy = o;

(4.37) (A5 d(vM) +22(®(F () d(uf);d(v") = (F;v");

for all (vh;¢M) 2 VP £ §". We will show there exists a constantCy, such that
(4.38) k(uB; ) i (U %)k, g - Cak(Z3:.5) i (2. Dk, npgn:
From (4.36)-(4.37) we have q

! 7\ #3 . .h . h. hy. .h
m—/g' 2®1(F(zg))—/‘h1’¢ i (d(uz i up)ie)

(% i A d(v")+22(@(F(23)d(u3) i ®(F(z])d(u);d(v")=0;
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which can be written as T
@y Al oD (B i)
+%2(®2(Fﬁ22))d(u21 uf);d(v"))
2 (F(2h) ' @(F() ~°
i 2((®(F(25)) i ®(F (7)) d(u});dv")):
Letting vh =ul i ul, M=% ¥4 and using (2.2), (2.4), we have

M
i

K i AAKG + 22@zmin kd(U3 i UD)K
;max -

1= 1
o) aEE A R

+22k®(F (23)) i ®(F (21))kojid(ul)jja kd(u3 i ul)ko :
Note that N (@ and ®, (¢ are Lipschitz continuous as they are absolutely bounded
exponential functions. Hence, there exists a constan€ such that

o

o 1 1 o
(4.39) ‘& | RAN CkTy i Tiko;
(4.40) k®(T2) i ®(T)ko - CKT2i Tijko:
Thus, using the inverse inequalities [4]
k#A'k; - Chi *kA'ko;
kd(uk; - Chi Tkd(uMko;
the Poincar®-Friedrichs inequality and (4.39)-(4.40),
1

;max
(4.41) . Chi 'KF(28) i F(zD)ki(k¥Akok¥ i HAko + kufkekul i ufky):
Now, we estimatekF (z5) i F(z])k;. From (4.28) and (4.31),
(r F(2)ir S+ (2! erF(2);S") = (QisN)i (8:S");,  8s"2E"

fori =1;2: Hence, we have

(r (F(zp) i F(z))ir S =i (2B erF(zh)i 27 ¢rF(zf);s"):
Let S" = F(z})i F(z}), add and subtract terms to obtain

kr (F(23) i F(2I)ks=i (2 i 21) CrF(z0);F ()i F(z1))

o

k¥ i K +22®min kub i ullk?

(4.42) i (ZD) er(F(2)i F(2D);F(3) i F(Z):
By (3.16), (3.17), (4.30) and the Poincar§-Friedrichs inequality,
(4.43) KF(z8) i F(zhke -k 28 i zlki(kQko + keko;; ) :

Finally, we estimate k¥'k, and kul'k;. Letting ¢ = 34, vl = ul in (4.36), (4.37)
and using (2.2), (2.4),

kK3 + kd(uMk3 - Ckfkoku!ko;
which implies
(4.44) kulk; - Ckfko:
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Also
(4.45) k¥'ko - Ckfko

is obtained by (2.2), (4.36) and (4.44). Now the estimate (4.38) fdbws from (4.41),
(4.43), (4.44) and (4.45).

Contraction mapping

Assume that & 2 [0;1], and let (z"; ") 2 V" £ § " be such that

aD((z":."M) = (2"."):
If @ =0, then
(0;0 == D((";, ") = (2", ");
which implies that
"=0;, ["=0;
hence k(zh;*h)kvhﬁg » =0 and any M will work. Now,assume that & 2 (0;1].
aD((z";, M) =(z";, ") implies D((z";,"))= £z";1 " | which is equivalent to
A !

1 h H |J~ hﬂ ﬂ
= .h o g £ .;h - 0
2 (F(2) o & | o & ;
A h | p P- hﬂ ﬂ

=) +22 &FENA I oidvh) = (fvP):

Notice that there is no @ associated with the argument of the terms® (¢. This is
because their argument is determined by the argument oD (¢, which is una®ected
by ©. Sum the above equations and multiply through by = to obtain

m*h;i‘h i (d(zh);f,h)
+(, " d(v) + 2 2(@(F (2")d(z"); d(v")) = a( f;v"):

Now letting &M = ", and v = z", we obtain

1 h. h 2 : — ol £
W F@y - - 2 (®(F (2")d(z"); d(z") = =( f;2");

which implies

(4.46) i g+ §iz"i3 - = Ckfkokz"ky
by (2.2) and (2.4). Therefore, we obtain
k(Z"; .Mk, vpgn - Ckfko:

As we have shown the hypotheses of the Leray-Schauder Principle, we have the
existence of a solution ("; % :F@u")=(u";3:T")2 VP £ §" £ E". And since
(XM;PM) satis’es the inf-sup condition (4.21), there existsp” 2 P" such that

(A d(vM) +22(@(TMd(u");d(vM) i (p"re vh)=(F;v") s 2 XM
Finally, the estimate (4.29) follows directly from (4.30), (4.44) and (4.45). o

Remark 4.2. Theorem 4.1 establishes existence of the solutiogu"; p";34'; T") in
the Tnite element spaceV" £ P" £ §" £ E". Note the dependence of the absolute
continuity constant on h in (4.38).
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5. Error Estimate

We begin with introducing the standard approximation results, which will b e
used in error estimation. Let %' 2 § " be the orthogonal projection of %on Ty, in
§,andu" 2 V", T" 2 EN be the interpolants of u in V and T in E, respectively,
and p’ 2 P" the orthogonal projection of pon Ty, in P. Then, we have the following
standard estimates [6]:

(5.47) kui t'k; - Ch™kukmss 8u2HM()
(5.48) k¥%i ¥'ko - Ch™k¥km 8%2H™() ;
(5.49) KTi T'ky - Ch"KTkms+ 8T 2H™();
(5.50) kpi p'ko - Ch™kpkm 8p2 H™(-) :

Theorem 5.1. If (2.1), (2.5)-(2.10) admit a solution (u;p;%T) 2 H3(-) £
H2(-) £ H?() £ H3(-) such that maxfk uks;kpks; k¥%k>;kTksg - M and the
bound M is suxciently small, then we have the following error estimag:

(5.51) i%i Ao+ jjui uMjii+jiTi T"ji - Ch?:

Proof: If (u;p;%T) is a solution of (2.1) and (2.5)-(2.10), it also solves the
scaled constitutive equation (3.11). Hence ;% T) satis es the weak problem
(3.18)-(3.20). Now subtracting the discrete system (4.26)-(4.28) fromthe continu-

ous system (3.18)-(3.20) yields

H 1 1 hﬂ h
ooy 2 2®1(Th)3_/£1;£‘ i (d(u)i d(u »¥#) = 0;
(%i #;d(v"). +22(@(T)d(u) i & (TMdu");d(vM). i (prev?) = 0;
(T TY:;SY+(uerTj ulherth:sSh. = o0;

for (cM;vh;SM) 2 §"£ v £ EN. Notice that (p;r¢ v") 60 for p2 P, vh 2 v,
The above system is equivalent to
U il

1 . 1 . .h
2o (M) 2 Fm (T

+22(@(T)d(u) i ®(TM)d(u");d(v™)+(uerTj uh¢rT;SM)
i (d(ui uM); M)+ (% Hdvm) i (Ere v+ (r (T TM);r S
(5.52) =0:

Adding and subtracting terms, we obtain

u 1 3/ - 1 . .h1-I — u 1 . 1 ’ 2 _h1-I
Yaj = [ Yié,
2@,(T) N 2@ (T") 2®1(ﬂT) |—12®1(Th) ;
1 1 7, .h 1 . . .h
+ . 20, (T") Lo (T ﬂ3_/4£4 + W(%l #A); e
(5.53) b W)

2@ (T")
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Similarly,

2(®(T)d(u) i &(TMduM);dvM)+(uerTi uerTh;sh
= 22([®(T) i ®(T™M)]d(u);d(v")) +22([@(T") i ®(T")ld(u);d(v"))
+22(@(T")(d(u i &"));d(v")) +22(®(T")(d(e" i u");d(v"))
+H(ui e erT; S+ (i uM)erT; S
(5.54) +Huher(Ti T, SM+(uMer (T TN);SM);

and

i (d(ui uM);eMy+ (% #dv™) i (pire vhy+ o (r (T T);r SM)
= (d(ui &");e" i i u);e)
+( % #dvM)+ (A A dvM)
(5.55) i (i BT e V) E (T T)r S+ - (r (TN T)5r SM);

where we used & r ¢ v") =0 for v" 2 V. Therefore, rearranging terms, we can
rewrite (5.52) as

u 1

Wlm(zﬁw Wy 422 (@(T") d(e" i u");d(v"))

+ulher(Th T);SM)
(" § Uit (A A - (T T SN)

. 1
oM ' 2ey(m) —“‘u b ey (T 28:(T") e
1
i W(%i i‘g)iih

i 2([®(T) i ®(T™M]d(u);d(v") i 22([®(T") i @(T")]d(u);d(v")
i 2(®(T") d(u i u");d(v")
i ((ui eMerT:SY; e uMerT; SN Wher(Ti TSN
+Hd(u i u");e) i (i #AdvM)
(556)  +(pi Pre v - (r (Ti T");rsh):

Letting vP = &' uM, ch =34 3, S"= T T and using (2.2), (2.4), (3.16),

LHS of (5.56)
1

ymax

(5.57) k¥ i K3+ 22@,.min kd(e" | uMKE+ - kr (T" ;] TMKZ:
0 ) 0 0
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Now, we will get an estimate for the right hand side of (5.56). Using theimbedding
theorem of H2 in L |, (2.2), (4.39), (5.48), (5.49) and the Young's inequality,

o ’ T oW , T
1 1 1 1
oM gy T _AH b 2ey(Ty ! 2®1(Th)ﬂ A0 7
1
H 3/, . .3
\ I 2®1(Th)(_/4| %‘)1%[ _/"‘1
o 1 1 3
. o—m8—j — 0o 3, -3
CtEmm ey, A T e )
+§ L i L g k¥k k¥ | Ak + ! k¥ ¥kok¥ | ¥ko
<F;3]1(1‘“) e(Th) , T T W®rmin
- C CKTi T'KMk#A | HAko+ CkT" j T kMk# | Ak
b D ke skokd | Ak
" 2 ;min
A2c’M4ht E2mM2 . ., CT°M?h?
C 421 + 422 k-r ] T kl + —1&921;min 23
o]
(5.58) +(21+ 25+ 23)kH | AK3

The next three terms in (5.56) are bounded using (2.4), (4.40), (5.47), (319), the
imbedding theorem ofH? in L' and the Poincarg-Friedrichs inequality:

i 22([®(T) i ®(TM)Id(u);d(e" i uM)
i 22([®(T") | ®(TM]d(u);d(e" | uM))
N i 22(@(TM) d(u i &");d(e" i uM)
- C k®(T)i ®(T")kokd(u)ks kd(e" i u")ko
+k@(T") i ®(T")kokd(u)ky kd(e i u")ko
. + ®p:max kd(u i &")kokd(t" i uM)ko
- C CKT i T'kyMke" | uky + CkTM§ TKM ke | ulkg
+ ®max KU i ok ket uhklgJ
®%;max 62M 2h*
S 2T

jol
(5.59) +H(24+ 25+ 25)ka" | u"KE

A2C*M4h*  é2m2
C +

kT-h . Thk2 +
2, 42, ! !
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Also, by (3.17), (4.29), (5.47), (5.49) and the Young's inequality,
P (ui eMerT T TN (e UMy erT; T TN
H i er(Ti T T T
- C kui t"kikTkekT" i TNky + ket uMkokThkek T TNk
i
+ku"keKT | TNk KT Ty
h
- CO Ch®M2KT" i TMky+ Mku" | uMkekT" i TPy

|
+ Ch®MKT" | T"k;

_2 =2
C"M*%h* M 2 C"M2n*
. 0 + — k h . hk2 +
C = % g i u'kg 2y |
|
(5.60) +(27 + 23+ 25)kT" | T"K2

The last four terms in (5.56) are bounded using (5.47)-(5.50):

(d(ui o) # G )i i #ide" i u")+(pi phire (6" uM)
c i (T TN (T T)
. C kui o'k k3| #ko+ k3 Hkoke" i u"k, ,
|
+kpi p'koke" i uMky+ - KT | TMkkT" i TNkg

C°M2h% C°M2h* C°M2h* C°M2h?
+ + + + 210k3 |

- C
4299 429 4295 4293

245

[
(5.61) +(211 + 202)ke" | UMKy + 235KT Thk%
Combining all estimates (5.58)-(5.61) and the lower bound (5.57), we have

1
2®1;max
2 s

M h.  hp2
+ 2@ymin i C(Pa+ 25+ 26+ 211+ 25+ 47) ket" i ukg
8

i C(21+ 2+ 23+ 230) kA | AK3

M2 E2m2
+ - C(37+ 2+ 29+ 25+ 7, + e ) kThi ThK?
G2C*M h? . C’M 2h? . A2C°M *h? . B C’M2h?
2, 1687, 23 2, 22,

—2 —2 —2 —2 —2 —2 #
C'M*h* C°M2h* C°M2h* C°M2h* C°M2h* C°'M2nh*
+ + + + +

5.62) +
( ) 425 424 424 429y 429, 4215

Finally, if we choose?; appropriately for i =1;2;:::;13 andM is suzciently small,
the error bound (5.51) is obtained by the triangle inequality, (5.47)-(5.49) and
(5.62). o
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6. Numerical Examples

We now present numerical results of two examples. The rst is a test problem
with the domain - = f(x;y)j0 - x - 1,0 - y - 1g and a speci ed solution.
The second is a four-to-one contraction channel °ow problem with mixed boundary
conditions. The following viscosity parameters used in both examples correspal
to polystyrene [10]:

¢CE
R

2

14500;
0:00L

We also setTg =500 and - = 1.
Example 1. We adjust the right hand side functions in (2.1), (2.5)-(2.7) so that
the system has the exact solution

- XL )iy ¢,
OV = x 3X2)?%y2i v
p(x;y) = i 10x? +100;

T(xy) x?(Li x)(1i y)+600:

Although we assumed thatu = 0 on j for analysis, it turns out that the homo-
geneous boundary condition is not necessary for the numerical experiments. We
calculated errors on successively re ned meshes. The convergence rate was then
computed, and the results are shown in Table 1. The table shows that our compu-

Mesh Size u Y T
h H?® Error Rate L? Error Rate | H? Error Rate
1 0:129f 10° NA | 0:164£ 10 2| NA | 0:663£ 10 1 | NA
% 0:425£ 10 1| 1.60 | 0:580£ 10 3 | 1.50 | 0:254£ 10 1 | 1.38
% 0:111£ 10 1| 1.94 | 0:155£ 10 2 | 1.91 | 0:720£ 10 2 | 1.82
% 0:282£ 10 2| 1.98 | 0:399£ 10 4| 1.96 | 0:186£ 10 2 | 1.95
% 0:709£ 10 3 | 1.99 | 0:101£ 10 4| 1.98 | 0:471£ 10 3 | 1.99
% 0:181£ 10 3 | 1.97 | 0:256£ 10 ° | 1.98 | 0:118£ 10 2 | 1.99

Table 1. Example 1: Errors and rates

tational results are well matched with the analytical result (5.51).

Example 2. We consider a four-to-one contraction domain, as depicted in Figure
1. Fluid °ows from left to right, and this domain is characterized by the sudden
width reduction of 75%. The boundary j is divided into four parts: the in°ow
boundary j i, , the wall boundary i wai , the out®°ow boundary j o4, and the sym-
metry boundary i sym (50 that i=i in [ i wall [ i out [ i sym ) Let n and t be the
unit outward normal and tangential vectors to i, respectively. Let Ybe the total
stress. Then the boundary conditions are as follows [10].

2 In°ow boundary i i :
u = Upn;
= Tin:
2 Wall boundary j wan :
u=_0;
rTeén=0:
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wall

w C-:‘Wall

wall

out

Figure 1. Example 2: Computational domain -.

2 Qut°ow boundary j out:

u = Uout;
rTeén = O0:
2 Symmetry boundary j sym :
utn = 0;
rTeén = O;
Yarnt = 0:

Notice that we can interpret r T ¢n = 0 as an insulated boundary condition,u = 0
as the °uid does not move if it touches the wall, and that the condition u ¢n =0
along i sym implies that the °ow in this half of the domain does not a®ect the ow in
the other “half' of the domain. The condition %: nt = 0 along i sym is interpreted
as a vanishing tangential cogtact force. We then set
TR _ 241 y?)
Uin = i Uout = 0
0

5
Tin =540+ —y:
R 2
Note that o u ¢n dj = 0 for the incompressibility condition r¢ u = 0. The
equations are simulated, and typical pro les for velocity, temperature, and pressue

are presented in Figures 2 and 3.

7. Concluding remarks

In this paper, the nite element solution of the non-isothermal Stokes-Oldroyd
problem was investigated. We proved that a bounded approximate solution exists
and also derived an error estimate for the solution. As mentioned earlier, ths
work is our initial step toward the numerical study of the equations governing
non-isothermal viscoelastic °ows characterized by, for example, the Oldroyd-B or
Giesekus constitutive model. There are numerous engineering publications (for
example, [9, 10, 11]) which consider non-isothermal viscoelastic ows and reled
application problems. However, further mathematical and numerical analysis of he
problem is needed due to the complexity of the model equations. Details concerning
numerical analysis and other computational issues will be addressed in a later pap.
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Contour plot of u, Contour plotof u,

(@) ui(x;y) (b) u2(x;y)

Figure 2. Solution proles of the components of velocity.

Contour plot of T

543

542

541

540

Figure 3. Solution pro le of temperature.
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