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THEOREM

Let C be a smooth curve parametrized by r(t) fora <t < b. Let
f be a differentiable function whose gradient Vf is continuous on
C. Then

/Cw- dr = £(r(b)) — £(r(a)).

PROOF.

| 5\

Let g(t) = f(r(t)). Then g is a real valued function of one
variable and g’(t) = V£ - r'(t). So the theorem follows from the
fundamental theorem of calculus. 0l
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Suppose that F is a continuous vector field with domain D. We
say that [ F - dris independent of path if fCl F. dr= fc2 F. dr

for any two two paths C; and G, in D with the same initial and
ending points.

We saw last time that not all vector fields are independent of path.

A curve C whose initial point and ending point are the same is
called a closed curve.
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Jc F - dris independent of path in D if and only if [ F - dr=10
for all closed curves.

PROOF.

Suppose that Cj is a curve with initial point A and ending point B
and that G, is a curve with initial point B and ending point A.
Then C; and — (G have the same initial and ending points and

C =G UG is a closed curve.

Further, we have

/F-drz/F-dr—{—/ F-dr:/F-dr—/ F - dr.
C G (@) G -G
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THEOREM

Suppose D is an open connected region and that F is a vector field
onD. If fc F - dr is independent of path then F is conservative.

IDEA OF PROOF.

Take f(x,y) f((axb}; F - dr where (a, b) is any point of D. Note
that since D is connected, there is a path C from (a, b) to (x,y)
for any point (x,y) € D. Since, [ F - dris path independent, it

does not matter which path we choose. O
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If F(x,y) =[P(x,y), Q(x, y)] is a conservative vector field (-i.e.
F = Vf for some f(x,y).) where P and Q have continuous first
order partial derivatives on D then throughout D we have

P, = Q..

PROOF.
This follows from Clairaut’s theorem.
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DEFINITION

A simply connected region D is a region in which every simple
closed curve encloses only points of D.

THEOREM

| \

Let F = [P, Q] be a vector field on an open simply-connected
region D. Suppose that P and Q have continuous first order partial
derivatives and P, = Qy throughout D. Then F is conservative.
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Note that the vector field F(x,y) = [(x — y), (x — 2)] is not
conservative.

Determine if the vector field F(x,y) = [(3 + 2xy), (x? — 3y?)] is
conservative.

Find the potential function for the field in the previous example.
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CONSERVATION OF ENERGY

Suppose that a continuous force field F moves a particle along a
curve C which is parametrized by r(t) with a <t < b.
Recall that F = ma = mr”’(t). So the work done is

w = /F dr—/bF(r(t))‘r/(t) dt:/abmr"(t)-r'(t) dt

/ ]dt—/ S OP b

2 |r'(b )I2 F(a)?) = | (D) = S Iv(a)l*

Physicists define the kinetic energy of a particle at r(c) as
K(r(c)) = Z|v(c)[?, which gives W = K(r(b)) — K(r(a)).
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If F is conservative with potential function f, then we define the
potential energy of the particle as

P(r(c)) = —f(r(c)) = F(r(c)) = V£(r(c)) = =VP(r(c)).

So we have

K(r(b))—K(r(a))=W = [ F- dr=—[-VP. dr=

P(r(a)) — P(r(b)), which implies that

K(r(b)) + P(r(b)) = K(r(a)) + P(r(a)).
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