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THEOREM (CHAIN RULE - CASE 1)

Suppose that z = f(x, y) is a differentiable function and that x(t)
and y(t) are both differentiable functions as well. Then,

d_ 0f dx  of dy

dt  Oxdt Oydt

EXAMPLE

Suppose that z = xy? + 5x3y where x(t) = e’ and y(t) = sin(t).
Find % when t = 0.

EXAMPLE

The pressure (in kilopascals kPa), volume (in liters L) and
temperature (in kelvins K) of an ideal gas are related by the
equation PV = 8.31T. Find the rate at which the pressure is
changing when the temperature is 300 K and increasing at a rate
of 0.1 K/s and the volume is 100 L and increasing at 0.2 L/s.
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THEOREM (CHAIN RULE - CASE 2)

Suppose that z = f(x, y) is a differentiable function of x and y,
where x(s, t) and y(s, t) are also differentiable functions. Thesn

82_82% 8287)/ d 0z 0z 0x 8287)/

9s Ox0s Toyds ™ Bt oxor | oyor

EXAMPLE

| \

Suppose that z = cos(x)sin(y) and x(s, t) = st and y(s, t) = s°t.
Compute the partial derivatives of z with respect to s and t.
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THEOREM (CHAIN RULE - GENERAL VERSION)

Suppose that u is a differentiable function in the variables
X1,X2,...,Xn and each x; is a differentiable function of the
variables ti, t>, ..., ty. Then,

ou n Ou Ox;

V.
EXAMPLE

Suppose that u = x3y + y3z + z3x where x = rssin(t),
y = rscos(t) and z = rset. Find 24.
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IMPLICIT DIFFERENTATION

Given an equation F(x,y) = 0, we suppose that this equation
implicitly defines y as a function of x.
Applying the chain rule gives

OFdx 0Fdy
Oxdx = Oydx
d 2E R
X 3 Y

Find the slope of the line tangent to the unit circle at the point

(ﬁ ﬁ)_
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Now suppose that z is given implicitly as a function of x and y by
the equation

F(x,y,z) =
= F(x,y,f(x,y)) = 0
8F% (9F87y OF 0z

= Oxox dyox  dzox
_OF OF0z
Ox 0z Ox
0
0z _ —
Ox g—’;
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IMPLICIT DIFFERENTIATION

Suppose that x, y and z satisfy the equation F(x,y,z) =0 where
F is differentiable then under the assumption that z is implicitly
defined as a differentiable function of x andy, we obtain the

formulas

oF

9z _ —%
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9z _ Ty

- OF
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Recall that the equation of the unit sphere is given by
x% + y? + z%2 = 1. Use implicit differentiation to find the equation

of the tangent plane at the point ({, ‘[, %)
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