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DEFINITION

Suppose that F = [P, Q, R] is a vector field on R3. We define the
curl of F as
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where V denotes the operator V = [%, 8%7 % .

Let F = [xz,xyz,z%]. Find curl(F).
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If f(x,y,z) has continuous second order partials, then
curl(Vf) = 0.

COROLLARY

Suppose that F = [P, Q, R] is a vector field on R® with
curl(F) # 0. Then F is not conservative.

Is the vector field F(x,y, z) = [xz, xyz, —y?] conservative?
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THEOREM

Suppose that F is a vector field on R all of whose partial
derivatives are continuous and that curl(F) = 0. Then, F is
conservative. (Actually, we only need the domain of F to be simply
connected for the result to hold).

EXAMPLE

| \

Let F(x,y,z) = [y223,2xyz3,3xy22%]. Show that F is conservative
and find its potential function.

v
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DEFINITION

Suppose that F(x,y,z) = [P, @, R] is a vector field on R3. We
define the divergence of F as

: oP 0Q OR
dIV(F) = 54‘@4‘5
= V-F.

Let F(x,y,z) = [xz,xyz, —y?]. Find div(F).
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THEOREM

Suppose that F(x,y,z) = [P, Q, R] is a vector field on R® and
that P, Q, and R all have continuous second order partials. Then,

div( curl(F)) = 0.

COROLLARY

Suppose that F(x,y,z) = [P, Q, R] is a vector field on R® and
div(F) # 0. Then F is not the curl of another vector field.

| A
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Show that F(x,y, z) = [xz, xyz, —y?] is not the curl of another
vector field.
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VECTOR FORMS OF GREEN’S THEOREM

THEOREM

Suppose that F(x,y) = [P, Q] is a vector field on R?. We can
think of F as a vector field on R® defined by
F(x,y,z) = [P(x,y), Q(x,y),0]. With this interpretation we have

/CF. d,://D curl(F) - K dA
/CF'ndS://D div(F)(x,y) dA

where C is the boundary curve of the region D, r(t) parametrizes
C and n is the normal vector to r, and we assume that D and C
satisfy the hypotheses of Green's theorem.
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