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NOTATION

Let A be an m x n matrix, that is, m rows and n columns. We'll
refer to the entries of A by their row and column indices. The
entry in the i*" row and j* column is denoted by ajj, and is called
the (/,j)-entry of A.

ani ai; ain
aj1 ajj djn
ami Amj dmn
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The columns of A are vectors in R™, and are denoted in the book
by a1,ap,...,a, and in my notes by a1, a>,...,a,. In order to
focus attention on the columns we write
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DEFINITION

Suppose that A=[a1 & ... a,]and B= [51 by ... E,,]
are both m x n matrices. Then we define their sum as

A+B = [& & ... a+[bh b ... by

= (@ +b) (B+b) ... (3.+bn)

ALTERNATIVE DEFINITION

| A

Given two m x n matrices A and B, we can define their sum
C = A+ B as the m x n matrix whose entries are c;; = a;; + bj;.
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We denote by 0 the matrix all of whose elements are zero.

THEOREM

Let A, B, C be matrices of the same size, and let r, s be scalars.
Then

®OA+B=B+A

® (A+B)+C=A+(B+0)
®A+0=A
®r(A+B)=rA+ B

@ (r+s)A=rA+sA

@ r(sA) = (rs)A

This is very similar to the corresponding theorem for vector
addition.

V.
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COMPOSITION OF FUNCTIONS

RECALL

If f and g are functions and the image of g is contained in the
domain of f, then we define the composition of f and g by

fog(x)=f(g(x))

Suppose that f,g : R — R are defined by f(y) = y? and
g(x) = sin(x), then
f o g(x) = f(g(x)) = (sin(x))?
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COMPOSITION OF LINEAR TRANSFORMATIONS

NOTE

@ We will specialize our attention to linear transformations from
R” to R™.

® We have seen that a linear transformation T : R” — R™
corresponds to multiplying a vector X € R” by an m x n
matrix A.

® We will consider linear transformations
U T
RP — R" — R™,

where U : RP — R”, and T : R” — R™. So, since U(X) is
in the domain of T, we can compute T(U(X)).
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The composition of two linear transformations is again a linear
transformation and thus can be written as multiplication by a
matrix.
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MATRIX MULTIPLICATION

Suppose that
rRF LR L R
Let B be the n x p matrix corresponding to the transformation U.
Let A be the m X n matrix corresponding to the transformation T.
(-i,e. U(X) = Bx, and T(V) = Av).
Then we have
ToU(R) = T(U(X)) = A(BX) = A(xib1 + xoby + - -+ + xpbp)
AX151 -+ AX252 + -+ AXpEp
= X1A51 + X2A52 —+ -+ XpABp
= [Aby Ab, ... Ab)X

Thus, To U(X) =[Ab1 Aby ... Ab,]X.
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MATRIX MULTIPLICATION DEFINED

DEFINITION

If Ais an m X n matrix, and if B = [51,1;2...,5,3] isanxp
matrix, then the matrix product AB is the following m x p matrix.

AB=[Aby Aby, ... Aby]

v
EXAMPLE

1 2 3 -1 6
LetA—(_2 3)andletB—<7 5 3).ComputeAB.

y
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MULTIPLYING MATRICES

Row-CoLUMN RULE

If Ais m x n and if B is n x p the (i, j)-entry of AB is given by

n
(AB)j = aibig

k=1

Row;(AB) = Row;(A) - B.
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DEFINITION

We define the m x m identity matrix as
10 ... 0
oo . 01 0
Im = [617 €2, . em] = 0 : :
0 0 1

THEOREM

With A, B and C appropriately sized matrices and r a scalar
O (AB)C = A(BC)
® A(B+ C)=AB+ AC
® (B+C)A=BA+CA
® r(AB) = (rA)B = A(rB)
® I,A=A=Al,

v
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PROPERTIES NOT HELD BY MATRIX MULTIPLICATION

EXAMPLE

1 2
LetA—<5 10).

2 6
Let B = 1 -3 )

Compute AB, BA, and A - 0.

NOTE

@ It is NOT in general true that AB = BA.
® It is NOT in general true when AC = AB that C = B.

Kevin James MTHSC 3110 Section 2.1 — Matrix Operations



EXPONENTS

DEFINITION

We define non negative powers of an m X m matrix as follows.

A =1, Al = A, A"=A"1A  forn>1.

V.
EXAMPLE

Let A= ( L2 ) Compute A3.

0 1
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THE TRANSPOSE OF A MATRIX

DEFINITION

The transpose of a m x n matrix A is the matrix A7 having
(i,j)-entry aji. That is,

(AT); = aji.

EXAMPLE

1 2 3 L
For example, A = ( ) has transpose AT = | 2
3

4 5 6

S O b

v

The rows of A become the columns of AT and vice versa. l
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THEOREM

Let A and B be matrices whose sizes are appropriate for the
following sums and products to be defined

(1) (AT)T — A

® (A+B)T=AT + BT.

® For any scalar r, (rA)T = rAT.
o (AB)T = BTAT
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EXAMPLE

1 2 5 1 -1
A<3 4),andB<l 5 2)then

79
A= (1 >3 (AB)T =[5 11| =BTAT
9 11 5 o &

but AT is2x2and BT is3x2,s0o ATBT isn't even defined.
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