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We extend the idea of projections onto a 1-dimensional space to
the idea of projecting onto an arbitrary subspace.

THEOREM

Let W < R". Then any vector y € R" can be written uniquely as
y=y+7

where y € W, and 7 € W+,
IfS ={iy, tp, ..., Uk} is an orthogonal basis for W, then y is
given in terms of the basis S by

y=cii+ ol + - - + crlik
then L
Y-
Uj'Uj

Cj:
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2 —2 1
Let i} = 5 |, b= 1 and y=| 2 |. Note that
=i 1 3

h-tp=0. Let W = Span(ﬁl, LTQ)
Find y and Zsothat y =9+ 7, y € W and 7€ W,

v

y = Projyy(¥). is called the orthogonal projection of y onto W.

THEOREM (BEST APPROXIMATION THEOREM)

Let W be a subspace of R", y € R" and y = Projy(y). Then y is
the closest point in W to y. That is, for every v.e W, if V#£ §
then

1y =31 < lly = vII
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PROOF.

Take 7 € W with 7 # §.

Since v,y € W, we have 0 # (y — V) € W.

Since y — yisin W+, (y —9) - (y — V) = 0.

Now, y — V= (¥ — 9) + (y — V), and so the Pythagorean theorem
implies

/* =l

2 y =9+ 19 =717 > lly - 911

NOTE

| \D

We define the distance from y to a subspace W by

dist(y, W) = dist(¥, Projy(¥))-
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EXAMPLE

5 1 -1
Let i7 = -2 |, b= 2 and y = -5

1 -1 10
W = Span(ui, t2). Compute dist(y, W).

| A

THEOREM

If{i,...,Up} is an orthonormal basis for W, then

— \ =

Projy(y) = (v - th)ih + (V- t2)ip + ... (Y - i) ip.

Furthermore, if U = [ty &> ... dp] then for every y € R",

Projy (¥) = UUTy

A\

Kevin James MTHSC 3110 Section 6.3 — Orthogonal Projection



