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THEOREM (WELL-ORDERING PRINCIPLE)

Every nonempty set S of positive integers has a least element.
That is, there is m € S such that x € S = m < x.
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THEOREM (WELL-ORDERING PRINCIPLE)

Every nonempty set S of positive integers has a least element.
That is, there is m € S such that x € S = m < x.

NOTE

The well ordering principle is equivalent to the principle of
mathematical induction.

| A

A,
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DI1vISOR AND MULTIPLE

Let a, b € Z. We say that a divides b or that b is a multiple of a is
there is an integer ¢ such that b = ac. In this case, we write al|b.
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DI1vISOR AND MULTIPLE

Let a, b € Z. We say that a divides b or that b is a multiple of a is
there is an integer ¢ such that b = ac. In this case, we write al|b.

The divisors of 1 are £1. \
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THEOREM (THE DIVISION ALGORITHM)
Suppose that a,b € 7 with b > 0. Then there exist q,r € 7, such

that
@ a=bg+r, and
®0<r<hb.
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THEOREM (THE DIVISION ALGORITHM)
Suppose that a,b € 7 with b > 0. Then there exist q,r € 7, such

that
@ a=bg+r, and
®0<r<hb.

® Given a =14 and b = 3, we can write
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THEOREM (THE DIVISION ALGORITHM)

Suppose that a,b € 7 with b > 0. Then there exist q,r € 7, such
that

@ a=bg+r, and
®0<r<hb.

® Given a =14 and b= 3, we can write 14 =3 x4 + 2. So,
g=4and r=2.
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THEOREM (THE DIVISION ALGORITHM)

Suppose that a,b € 7 with b > 0. Then there exist q,r € 7, such
that

@ a=bg+r, and
®0<r<hb.

® Given a =14 and b= 3, we can write 14 =3 x4 + 2. So,
g=4and r=2.

® Given a = —14 and b = 3, we can write
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THEOREM (THE DIVISION ALGORITHM)

Suppose that a,b € 7 with b > 0. Then there exist q,r € 7, such
that

@ a=bg+r, and
®0<r<hb.

® Given a =14 and b= 3, we can write 14 =3 x4 + 2. So,
g=4and r=2.

® Given a = —14 and b = 3, we can write —14 = 3% (—5) + 1.
So, g=—-5and r = 1.
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PROOF.

Let a, b € Z with b > 0.
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PROOF.

Let a, b € Z with b > 0.
Let S={a—bg | q€Za—bg>0}
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PROOF.

Let a, b € Z with b > 0.

Let S={a—bg | q€Z a—bg>0}.

Note that if 0 € S then There exists g € Z such that
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PROOF.

Let a, b € Z with b > 0.

Let S={a—bg | q€Z a—bg>0}.

Note that if 0 € S then There exists g € Z such that
a—bg=0= a=bg
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PROOF.

Let a, b € Z with b > 0.

Let S={a—bg | q€Za—bg>0}

Note that if 0 € S then There exists g € Z such that
a—bg=0= a=bg

If 0 ¢ S then S is a subset of the positive integers and thus has a
smallest element.
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PROOF.

Let a, b € Z with b > 0.

Let S={a—bg | q€Za—bg>0}

Note that if 0 € S then There exists g € Z such that
a—bg=0= a=bg

If 0 ¢ S then S is a subset of the positive integers and thus has a
smallest element.

Let r be the smallest element of S.
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PROOF.

Let a, b € Z with b > 0.

Let S={a—bg | q€Za—bg>0}

Note that if 0 € S then There exists g € Z such that
a—bg=0= a=bg

If 0 ¢ S then S is a subset of the positive integers and thus has a
smallest element.

Let r be the smallest element of S.

Then r > 0 and we have for some g € Z, a—bq =r = a= bg+r.
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Let a, b € Z with b > 0.

Let S={a—bg | q€Za—bg>0}

Note that if 0 € S then There exists g € Z such that
a—bg=0= a=bg

If 0 ¢ S then S is a subset of the positive integers and thus has a
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Let r be the smallest element of S.

Then r > 0 and we have for some g € Z, a—bq =r = a= bg+r.
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PROOF.

Let a, b € Z with b > 0.

Let S={a—bg | q€Za—bg>0}

Note that if 0 € S then There exists g € Z such that
a—bg=0= a=bg

If 0 ¢ S then S is a subset of the positive integers and thus has a
smallest element.

Let r be the smallest element of S.

Then r > 0 and we have for some g € Z, a—bq =r = a= bg+r.
Also, note that

r—b=(a—bqg)—b=
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PROOF.

Let a, b € Z with b > 0.

Let S={a—bg | q€Za—bg>0}

Note that if 0 € S then There exists g € Z such that
a—bg=0= a=bg

If 0 ¢ S then S is a subset of the positive integers and thus has a
smallest element.

Let r be the smallest element of S.

Then r > 0 and we have for some g € Z, a—bq =r = a= bg+r.
Also, note that

r—b=(a—bg)—b= =a—b(qg+1).
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PROOF.

Let a, b € Z with b > 0.

Let S={a—bg | q€Za—bg>0}

Note that if 0 € S then There exists g € Z such that
a—bg=0= a=bg

If 0 ¢ S then S is a subset of the positive integers and thus has a
smallest element.

Let r be the smallest element of S.

Then r > 0 and we have for some g € Z, a—bq =r = a= bg+r.
Also, note that

r—b=(a—bg)—b= =a—b(qg+1).

Since r — b < r and r is the least element of S, it follows that
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PROOF.

Let a, b € Z with b > 0.

Let S={a—bg | q€Za—bg>0}

Note that if 0 € S then There exists g € Z such that
a—bg=0= a=bg

If 0 ¢ S then S is a subset of the positive integers and thus has a
smallest element.

Let r be the smallest element of S.

Then r > 0 and we have for some g € Z, a—bq =r = a= bg+r.
Also, note that

r—b=(a—bg)—b= =a—b(qg+1).

Since r — b < r and r is the least element of S, it follows that
r—b<0=r<b. Ol
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