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Groups

Definition

A group is a set G together with a binary operation ∗ on G
satisfying the following conditions.

1 ∗ is associative

2 G has an identity element with respect to ∗.
3 For each g ∈ G there is an inverse g−1 of g with respect to ∗.

Definition

Suppose that G is a group with respect to ∗. Then G is an abelian
or commutative group if ∗ is commutative.
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Examples

Example

1 If A is any set then S(A) is a group with respect to
composition of functions. This group is not abelian.

2 Z is an abelian group under addition.

3 Mn(R) is an abelian group under addition.

4 Zn is an abelian group under addition.
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Notation (Cycle notation for Sn)

1 Recall that if A = {1, 2, . . . , n} then we denote by Sn = S(A).

2 We shall use the notation σ = (a1, a2, . . . , ak) to denote the
permutation σ ∈ Sn defined by

σ(m) =


ai+1 if m = ai where 1 ≤ i ≤ k − 1,

a1 if m = ak .

m otherwise.

Example

As an element of S3, f = (1, 2) denotes the function f on {1, 2, 3}
whose values are f (1) = 2, f (2) = 1, f (3) = 3.
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Example

The elements of S3 are e = (1), (1, 2), (1, 3), (2, 3), (1, 2, 3),
(1, 3, 2).

Note that (1, 2, 3)2 = (1, 3, 2).
The multiplication table for S3 is
∗ (1) (1, 2) (1, 3) (2, 3) (1, 2, 3) (1, 3, 2)

(1) (1) (1, 2) (1, 3) (2, 3) (1, 2, 3) (1, 3, 2)
(1, 2) (1,2) (1) (1, 3, 2) (1, 2, 3) (2, 3) (1, 3))
(1, 3) (1,3) (1, 2, 3) (1) (1, 3, 2) (1, 2)) (2, 3)
(2, 3) (2,3) (1, 3, 2) (1, 2, 3) (1) (1, 3) (1, 2)

(1, 2, 3) (1,2,3) (1, 3) (2, 3) (1, 2) (1, 3, 2) (1)
(1, 3, 2) (1,3,2) (2, 3) (1, 2) (1, 3) (1) (1, 2, 3)
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Example

Let G = {±1,±i} where i ∈ C satisfies i2 = −1.

Then G is a group under multiplication of complex numbers.
The multiplication table for G is

∗ 1 −1 i −i

1 1 −1 i −i
−1 −1 1 −i i

i i −i −1 1
−i −i i 1 −1
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Definition

If a group G has a finite number of elements then we say that G
has finite order or that G is a finite group.

In this case, the number of elements of G is called the order of G
and is denoted as o(G ) or |G | or #G .
If G does not have a finite number of elements then it is said to be
an infinite group.
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