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Suppose that [ is a subring of a ring R. We say that [ is an ideal
and write | <R (or | < R if | # R) if whenever a€ [ and r € R,
ra,ar € I.
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DEFINITION

Suppose that / is a subring of a ring R. We say that / is an ideal
and write | <R (or | < R if | # R) if whenever a€ [ and r € R,

ra,ar € I.
O {0r} IR
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DEFINITION

Suppose that / is a subring of a ring R. We say that / is an ideal
and write | <R (or | < R if | # R) if whenever a€ [ and r € R,
ra,ar € I.

| 5\

EXAMPLE
(1) {OR} < R.
® 3Z 7.

\
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DEFINITION

Suppose that / is a subring of a ring R. We say that / is an ideal
and write | <R (or | < R if | # R) if whenever a€ [ and r € R,
ra,ar € I.

| 5\

EXAMPLE
O {Og} <R.
® 3Z < Z.
® For f € F[x], put (f) ={gf | g € F[x]}. Then (f) < F[x].

\
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DEFINITION

Suppose that / is a subring of a ring R. We say that / is an ideal
and write | <R (or | < R if | # R) if whenever a€ [ and r € R,
ra,ar € I.

v

O {0r} <R.
® 37 < 7.
® For f € F[x], put (f) ={gf | g € F[x]}. Then (f) < F[x].

o Let5:{< Z 8) |a,beR}. Is S and ideal of M(R).

v
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Suppose that R is a ring. Then a nonempty set A C R is an ideal
provided

@® ifa,bel thena—bel.
® ifre Randac | thenar,rac|.
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THEOREM

Suppose that R is a ring. Then a nonempty set A C R is an ideal
provided

@® ifa,bel thena—bel.
® ifre Randac | thenar,rac|.

THEOREM

| A

Let R be a commutative ring with identity. Suppose that c € R
and let (c) ={cr | r € R}. Then (c) <R.
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THEOREM

Suppose that R is a ring. Then a nonempty set A C R is an ideal
provided

@® ifa,bel thena—bel.
® ifre Randac | thenar,rac|.

THEOREM

| A

Let R be a commutative ring with identity. Suppose that c € R
and let (c) = {cr | r € R}. Then (c) <R.

A

For R a commutative ring with identity and ¢ € R, (¢) is called
the principal ideal generated by c.
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Every ideal of Z is principal.
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Every ideal of Z is principal. \

Let I = {f € Z[x] | 3|f(0)}. Then, I <Z[x]. However, I is not
principal.
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Suppose that R is a commutative ring with identity and that
C1,...,6n € R. Then the set | = {rici+---+racy | ri € R}. isan
ideal of R.
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Suppose that R is a commutative ring with identity and that
C1,...,6n € R. Then the set | = {rici+---+racy | ri € R}. isan
ideal of R.

The ideal in the previous theorem is called
the ideal generated by ci,. .., c, and is denoted by (ci, ¢, ..., cn).
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Suppose that R is a commutative ring with identity and that
C1,...,6n € R. Then the set | = {rici+---+racy | ri € R}. isan
ideal of R.

The ideal in the previous theorem is called
the ideal generated by ci,. .., c, and is denoted by (ci, ¢, ..., cn).
Such an ideal is said to be finitely generated.
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Suppose that R is a commutative ring with identity and that
C1,...,6n € R. Then the set | = {rici+---+racy | ri € R}. isan
ideal of R.

The ideal in the previous theorem is called
the ideal generated by ci,. .., c, and is denoted by (ci, ¢, ..., cn).
Such an ideal is said to be finitely generated.

Consider the ideal (3, x) < Z[x].
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CONGRUENCE

Suppose that R is a ring that that / < R; a,b € R. We say that a
is congruent to b modulo the ideal / and write a= b (mod /) if
(a—b)el.
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CONGRUENCE

Suppose that R is a ring that that / < R; a,b € R. We say that a
is congruent to b modulo the ideal / and write a= b (mod /) if
(a—b)el.

EXAMPLE

@ Let R={f:R — R | f is continuous}, and let
I ={f€R|f(1)=0. Then R is a commutative ring with
identity and / < R. Let f(x) = x> +2 and g(x) = 2x + 1.
Then f =g (mod /).
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CONGRUENCE

Suppose that R is a ring that that / < R; a,b € R. We say that a
is congruent to b modulo the ideal / and write a= b (mod /) if
(a—b)el.

EXAMPLE

@ Let R={f:R — R | f is continuous}, and let
I ={f€R|f(1)=0. Then R is a commutative ring with
identity and / < R. Let f(x) = x> +2 and g(x) = 2x + 1.
Then f =g (mod /).

® Let R=7 and | = (3) then a = b (mod 3) if and only if
a=b (mod /).
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Let R be a ring and let | < R. Then congruence modulo | is an
equivalence relation on R.
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THEOREM

Let R be a ring and let | < R. Then congruence modulo | is an
equivalence relation on R.

THEOREM

Suppose that | A R. Ifa=b (mod /) and c = d (mod /) then

atc=b+d (mod]/) and  ac=bd (mod /).

\
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Suppose that / < R.

{beR|b=a(mod )} =
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Suppose that / < R.

{beR|b=a(mod )} = {beR|(b—a)=i€cl}
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Suppose that / < R.

{beR|b=a(mod )} = {beR|(b—a)=i€cl}
= {(a+0)]iel}
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Suppose that / < R.

{beR|b=a(mod )} = {beR|(b—a)=i€el}
= {(a+0)|iel}

| A

DEFINITION

The congruence class of a modulo / is defined as

at+l={(a+i)|iel}

These congruence classes are also called the cosets of /.
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Suppose that | <R and a,c € R. Then a= c (mod /) if and only
ifa+1l=c+1I.
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THEOREM

Suppose that | <R and a,c € R. Then a= c (mod /) if and only
ifa+1l=c+1I.

COROLLARY

Let | <R and a,c € R. Then a+ | and c + | are either disjoint or
identical.

| \

o’
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THEOREM

Suppose that | <R and a,c € R. Then a= c (mod /) if and only
ifa+l=c+1.

Let | <R and a,c € R. Then a+ | and c + | are either disjoint or
identical.

v
EXAMPLE

© Suppose that R = Z and | = (4). Then the distinct cosets are
0+ (4)=1[0],1+(4)=[1],2+ (4) =[2] and 3+ (4) = [3].
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THEOREM

Suppose that | <R and a,c € R. Then a= c (mod /) if and only
ifa+l=c+1.

Let | <R and a,c € R. Then a+ | and c + | are either disjoint or
identical.

v
EXAMPLE

© Suppose that R = Z and | = (4). Then the distinct cosets are
0+ (4)=10],1+(4) =[1],2+ (4) =[2] and 3+ (4) = [3].

® Suppose that R = Z[x]| and | = (3, x) then the distinct cosets
are0+/,1+/and 2+ /.

v
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Suppose that / < R. Then the set of distinct cosets is usually
denoted by R/I. That is,

R/I={r+1]|reR}.
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