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DEFINITION

Suppose that (G, *) and (H, o) are groups. Amap f: G — H is
said to be a homomorphism if f(a* b) = f(a) o f(b) for all
a,beG.

DEFINITION

| A

Suppose that (G, *) and (H, o) are groups, and that f : G — H is
a homomorphism. We say that f is an isomorphism if f is a
bijection as well.

If an isomorphism exists from G to H or vice versa, then we say
that G and H are isomorphic and write G = H.

Isomorphism is an equivalence relation.
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EXAMPLE

O Uy =73 x Zo.

® (Rxo,+) = (R, ).

® If f: R— S is an isomorphism of rings, then f is also an
isomorphism from the group (R, +) to the group (S, +).

® Define f : Z — 3Z by f(z) = 3z. Then, f is a group
isomorphism. However there is no ring isomorphism between
these rings.

@ S3 # Zs.
® Suppose that G is a group and c € G. Themap f: G — G

given by f(g) = c!gc is an automorphism of G called the
inner automorphism of G induced by c.
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THEOREM

Every infinite cyclic group is isomorphic to Z.
Every finite cyclic group of size n is isomorphic to Z,,.

THEOREM

| A\

Suppose that G and H are groups with identity elements eg and
ey respectively. Suppose also that f : G — H is a homomorphism.
Then,

@ f(eg) = en.
® Forallac G, f(a=1)=f(a)~L.
® Im(f) < H.
@ If f is injective, then G = Im(f).
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THEOREM (CAYLEY)

Every group G is isomorphic to a group of permutations.

COROLLARY
Every finite group G of order n is isomorphic to a subgroup of S,,.
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