
Tensor Products of Modules

Kevin James

Kevin James Tensor Products of Modules



Definition

Suppose that S and N are R modules. Let A = S × N;

G = FZ(A) =
{∑k

i=1(si , ni )
}

;

H =

〈[(s1 + s2, n)− (s1, n)− (s2, n)],
[(s, n1 + n2)− (s, n1)− (s, n2)],
[(sr , n)− (s, rn)]

∣∣∣∣∣ s, s1, s2 ∈ S ;
n, n1, n2 ∈ N;
r ∈ R

〉
.

Then,
S ⊗R N = G/H.
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Note

1 We denote the coset of S ⊗R N containing (s, n) as s ⊗ n.

2 By definition, we have

(s1 + s2)⊗ n = s1 ⊗ n + s2 ⊗ n

s ⊗ (n1 + n2) = s ⊗ n1 + s ⊗ n2

sr ⊗ n = s ⊗ rn

3 Elements of S ⊗R N are called tensors and can be written as

k∑
i=1

si ⊗ ni .
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Fact

We define · : S × S ⊗R N → S ⊗R N by
s ·
∑k

i=1 si ⊗ ni =
∑k

i=1 ssi ⊗ ni . Under this operation S ⊗R N is
an S-module.
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