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Abstract. In this paper, we examine the Lang-Trotter conjecture for elliptic curves which possess
rational 3-torsion points. We prove that if one averages over all such elliptic curves then one obtains
an asymptotic similar to the one predicted by Lang and Trotter.

1. Introduction

Let E/Q denote an elliptic curve and let ∆E denote its discriminant. As usual, let ap(E) =
p + 1−#E(Fp). It has been conjectured by Lang and Trotter [8] that for any elliptic curve E and
any r ∈ Z (r 6= 0 if E has complex multiplication),

(1) πr
E(X) := #{p ≤ X : ap(E) = r} ∼ CE,r

√
X

log X
,

where CE,r is an explicit constant depending only on E and r. More precisely, let ρE : Gal(Q/Q) →
GL2(Ẑ) denote the Galois representation on the full torsion subgroup of E(Q) where Ẑ =

∏
Zp.

Let ρ̃E,m : Gal(Q/Q) → GL2(Z/mZ) denote its reduction modulo m which yields the usual Galois

representation on the m-torsion points of E(Q) Then there is an integer mE guaranteed by [12] such
that for all p 6 |mE, ρ̃E,p(Gal(Q/Q)) = GL2(Z/pZ) and such that ρE(Gal(Q/Q)) is the full inverse

image through the reduction modulo mE map of ρ̃E,mE
(Gal(Q/Q)) in GL2(Ẑ). (see section 2 of [2],

for a more detailed explanation). Lang and Trotter define

(2) CE,r :=
2

π
·
mE ·#

(
ρ̃E,mE

(Gal(Q/Q))r

)
#
(
ρ̃E,mE

(Gal(Q/Q))
) ∏

q 6 |mE
q 6 |r

q(q2 − q − 1)

(q + 1)(q − 1)2

∏
q 6 |mE

q|r

q2

q2 − 1
,

where for G any subgroup of GL2(Z/mEZ), Gr denotes the subset of elements of trace r. Note that
the ratios of polynomials in q in the previous expression are

(3)
q|(GL2(Fq))r|
|GL2(Fq)|

.
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In [4] and [2], this conjecture is proved to hold in an average sense, if one averages over all elliptic
curves. As in [8], let

π1/2 =

∫ X

2

dt

2
√

t log t
∼

√
X

log X
.

Then from [2], we have the following result

Theorem 1.1. Let E(a, b) : y2 = x3 + ax + b and let ε > 0. If A, B > X1+ε, then we have as
X →∞,

1

4AB

∑
|a|≤A
|b|≤B

πr
E(a,b)(X) ∼ Drπ1/2(X),

where

Dr :=
2

π

∏
q 6 |r

q(q2 − q − 1)

(q + 1)(q − 1)2

∏
q|r

q2

q2 − 1
,

In fact, David and Pappalardi [2] prove the following stronger result.

Theorem 1.2. Let ε > 0 and fix c > 0. If A, B > X2+ε, then for all d > 2c and for all elliptic
curves E(a, b) with |a| ≤ A and |b| ≤ B, with at most O(AB/ logd X) exceptions, we have the
inequality

|πr
E(a,b) −Drπ1/2(X)| �

√
X

logc X
.

One immediately notices the similarities between CE,r and Dr. From Theorem 1.1 we see when
one averages over all elliptic curves that the the constant obtained is similar to the conjectured
constant CE,r. In fact if we set mE = 1 in (2) then we obtain Dr. One should note, however,
that mE is never 1 (see [12]). However, Duke [3] has shown that for almost all elliptic curves
ρ̃E,p(Gal(Q/Q)) = GL2(Z/pZ) for all primes p. It is still not known if the constants obtained in
[2, 4] are consistent with the ones conjectured by Lang and Trotter, that is we don’t know if the
average of the CE,r’s above is Dr.

Since the set of elliptic curves having nontrivial rational torsion subgroups has density zero in the
set of all elliptic curves, the results mentioned above ignore curves with nontrivial rational torsion
subgroups. From (2), we see that the presence of nontrivial rational torsion points has a substantial
effect on the constant CE,r conjectured by Lang and Trotter. In particular, if E has a rational point

of order m, then m|mE and ρ̃E,m(Gal(Q/Q)) is a proper subgroup of GL2(Z/mZ). Thus, it seems
quite natural to investigate the behavior of πr

E(X) for elliptic curves with nontrivial rational torsion
points.

The families of elliptic curves defined over Q with prescribed torsion subgroups have been pa-
rameterized by Kubert [7]. The family of elliptic curves containing a rational point of order 3 is
given by

(4) E(a1,a3) : y2 + a1xy + a3y = x3,

which has discriminant
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(5) ∆(E(a1,a3)) = a3
3(a

3
1 − 27a3).

Also, for any prime p one can follow the argument given in [[6], pp. 145–146] to see that any
elliptic curve over Fp with an Fp-point of order 3 can be written in the form (4). Thus, the reductions
of the curves in (4) modulo a prime p cover all 3-torsion elliptic curves over Fp. We shall make use
of this fact in section 2.

For the family of curves (4), we see that 3|mE(a1,a3)
for all a1 and a3 and in fact for the obvious

choice of generators for E[3], we have that

G := ρEa1,a3 ,3(Gal(Q/Q) ⊆
{

1 b
0 d

: b ∈ F3; d ∈ F∗3
}

.

Thus one expects that when one averages over curves with rational 3-torsion, the contribution to
the constant from the prime 3 is

Cr(3) =
3|Gr|
|G|

=

{
0 when r ≡ 1 (mod 3),

3/2 otherwise.

That is to say, one might expect that Cr should be 2
π
· 3/2 ·

∏
q 6=3
q 6 |r

q(q2−q−1)
(q+1)(q−1)2

∏
q 6=3
q|r

q2

q2−1
.

In this paper we prove the following.

Theorem 1.3. Let E(a1,a3) be the parameterization of elliptic curves which have a rational point of
order 3 and let r ≡ 0, 1 (mod 3). Then for every c > 0,

1

µ(N)

∑
|a1|,|a3|≤N

′
πr

Ea1,a3
(X) = Crπ1/2(X) + O

(
X3/2

N
+

X5/2

N2
+

√
X

logc X

)
.

with

(6) Cr =
2

π
· Cr(3) ·

∏
q 6=3
q 6 |r

q(q2 − q − 1)

(q + 1)(q − 1)2

∏
q 6=3
q|r

q2

q2 − 1
,

where

Cr(3) :=

{
3/2 if r ≡ 0 (mod 3),

0 it r ≡ 1 (mod 3).

and µ(N) denotes the number of (|a1|, |a3|) ≤ N such that E(a1,a3) is nonsingular and
∑′

denotes
the sum over such curves.

An immediate corollary of this result is

Corollary 1.1. Let ε > 0. If N > X1+ε, then for r ≡ 0, 1 (mod 3) we have

1

µ(N)

∑
|a1|,|a3|≤N

′
πr

Ea1,a3
(X) ∼ Cr

√
X

log X

Actually we are able to obtain the following stronger result. Since the proof is identical to the
proof of Theorem 1.4 in [2], we omit the proof and refer the reader to [2] for details.
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Theorem 1.4. Let ε > 0. If N > X1+ε and r ≡ 0, 1 (mod 3), then for every c > 0,

1

µ(N)

∑
|a1|,|a3|≤N

|πr
E(a1,a3)

(X)− Crπ1/2(X)|2 = O

(
X

logc(X)
+

X3

N
+

X5

N2

)
.

This yields the following immediate corollary.

Corollary 1.2. Let ε > 0 and fix c > 0. If N > X2+ε and r ≡ 0, 1 (mod 3), then for all d > 2c and
for all elliptic curves E(a1,a3) with |a1|, |a3| ≤ N with at most O(N2/ logd X) exceptions, we have
the inequality

|πr
E(a1,a3)

− Crπ1/2(X)| �
√

X

logc X
.

We should also note that the contribution of complex multiplication curves to

(7)
1

µ(N)

∑
|a1|,|a3|≤N

′
πr

Ea1,a3
(X)

is dominated by the error term. To see this, we note that the j-invariant of E(a1,a3) is given by

(8) j(E(a1,a3)) =
(a3

1 − 24a3)
3

a3
3 − 27a1

and recall that there are only 13 j-invariants of curves which have complex multiplication. For any
J ∈ C, we have the estimate

(9)
1

µ(N)

∑
|a1|,|a3|≤N

j(E(a1,a3))=J

′
πr

Ea1,a3
(X) <

X

µ(N) log X

N∑
a1=−N

∑
|a3|≤N

j(E(a1,a3))=J

1 <
6NX

µ(N) log X
.

Thus

(10)
1

µ(N)

∑
|a1|,|a3|≤N

E(a1,a3)has CM

′
πr

Ea1,a3
(X) = O

(
X

N log X

)

2. Averaging the special values of L-series.

As a first step toward proving Theorem 1.3, we let

(11) B(r) := max(r2/4, 5) and dp :=
r2 − 4p

f 2

and let

(12)
Sr

f (X) :=
{
B(r) < p ≤ X : p ≡ r − 1 (mod 3); 4p ≡ r2 (mod f 2); dp ≡ 0, 1 (mod 4)

}
=
{
B(r) < p ≤ X : p ≡ r − 1 (mod 3); 4p ≡ r2, r2 − f 2 (mod 4f 2)

}
and prove:
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Proposition 2.1. For r ≡ 0, 1 (mod 3),

(13)

1

µ(N)

∑
|a1|,|a3|≤N

′
πr

Ea1,a3
(X)

=
8N2

πµ(N)

 1√
X log X

∑
f≤2

√
X

1

f

∑
p∈Sr

f (r−1,3,X)

L(1, χdp(f)) log p

−
∫ X

2

 ∑
f≤2

√
t

1

f

∑
p∈Sr

f (r−1,3,t)

L(1, χdp(f)) log p

 d

dt

[
1√

t log t

]
dt


+ O

(
X3/2

N
+

X5/2

N2
+ log log X

)
.

Proof. Let r ∈ Z with r ≡ 0, 1 (mod 3). Let E(a1,a3) be the parameterization of elliptic curves
having a rational point of order 3. Provided that p 6 |∆E(a1,a3)

, we know that E(a1,a3)(Q)tor injects into

E(a1,a3)(Fp) via the reduction modulo p map. Thus, if ap(E(a1,a3)) = r then we must have p ≡ r− 1
(mod 3). So, we can write

(14)
1

µ(N)

∑
|a1|,|a3|≤N

′
πr

E(a1,a3)
(X) =

1

µ(N)

∑
B(r)≤p≤X

p≡r−1 (mod 3)

 ∑
|a1|,|a3|≤N

ap(E(a1,a3))=r

′
1

+ O(log log X),

where the inner sum on the righthand side is over (a1, a3) which yield nonsingular curves over Fp.
The O-term comes from number of curves from the lefthand side which reduce to singular curves
modulo p.

We recall (see[1] or [9]) that if r ≤ 2
√

p, which is true when p ≥ B(r) then we have

(15)
∑
Ẽ/Fp

ap(Ẽ)=r

1

#Aut(Ẽ)
=

1

2
H(r2 − 4p),

where H(r2 − 4p) denotes the Kronecker class number and is given by

(16) H(r2 − 4p) = 2
∑

f2|(r2−4p)

r2−4p

f2 ≡0,1 (mod 4)

h((r2 − 4p)/f2)

ω((r2 − 4p)/f2)
.

Since Aut(Ẽ) = 2 for all but at most 10 isomorphism classes of elliptic curves over Fp, the number

of isomorphism classes of elliptic curves Ẽ/Fp with ap(Ẽ) = r is H(r2 − 4p) + O(1) Also, we note

that if p ≡ r − 1 (mod 3) and if p + 1 − #Ẽ(Fp) = r, then 3|#Ẽ(Fp). This implies that Ẽ(Fp)
has a point of order 3 and therefore has a model of the form (4) (this follows from the argument
given in [[6], pp. 145–146]). Thus, one of the curves E(a1,a3) will reduce to Ẽ. So, each of the

H(r2 − 4p) + O(1) isomorphism classes of curves over Ẽ/Fp with ap(Ẽ) = r is in the image of our
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family {E(a1,a3)} under the reduction modulo p map. Thus, if we consider the reductions modulo p

of all E(a1,a3) with 0 ≤ a1, a3 ≤ p − 1, then we will encounter each isomorphism class Ẽ of elliptic

curves over Fp with ap(Ẽ) = r at least once. Now, we must estimate the number of times each
isomorphism class is encountered. It is easy to see ([2] p. 177) that the number of (A, B) ∈ F2

p for

which E : y2 = x3 + Ax + B is isomorphic to a given elliptic curve is given by
p−1
6

if A = 0 and p ≡ 1 (mod 3),
p−1
4

if B = 0 and p ≡ 1 (mod 4),
p−1
2

otherwise.

Thus we only need to know how many of the E(a1,a3) have the same c4 and c6 coefficients (see [11]
pp. 46-48). Following the argument given in [[6], pp. 145–146]) we see given E : y2 = x3 + Ax + B
with 3-torsion over Fp that each choice of an order three point to be moved to the origin yields
a different Ea1,a3 . Thus the number of E(a1,a3) which have the same c4 and c6 coefficient is equal
to the number of order 3 Fp-points possessed by these curves. This is either 2 or 8 depending on
whether the curves in question have cyclic or full 3-torsion over Fp. So, we see that the number of
(a1, a3) ∈ Fp for which E(a1,a3) is isomorphic to a given curve is given by

p−1
3

if c4 = 0, 3-torsion is cyclic and p ≡ 1 (mod 3),
p−1
2

if c6 = 0, 3-tor is cyclic and p ≡ 1 (mod 4),

(p− 1) otherwise when 3-torsion is cyclic,
4(p−1)

3
if c4 = 0, full 3-torsion and p ≡ 1 (mod 3),

2(p− 1) if c6 = 0, full 3-torsion and p ≡ 1 (mod 4),

4(p− 1) otherwise with full 3-torsion.

We note that if E(a1,a3)(Fp) possesses full 3-torsion then the action of Frobenius on E(a1,a3)[3] is
trivial and thus the trace r of Frobenius must be 2 modulo 3. Since we are only considering the
case r ≡ 0, 1 (mod 3) which implies that p 6≡ 1 (mod 3), we may assume that E(a1,a3)(Fp) has only
cyclic 3-torsion. Thus the number of times each isomorphism class is encountered when considering
E(a1,a3) where 0 ≤ a1, a3 ≤ p− 1 is given by{

p−1
2

if c6 = 0 and p ≡ 1 (mod 4),

(p− 1) otherwise.

Therefore, we have

(17)
∑

0≤a1,a3<p
ap(E(a1,a3))=r

′
1 = pH(r2 − 4p) + O(p),

Thus,

(18)

∑
|a1|,|a3|≤N

ap(E(a1,a3))=r

′
1 = (pH(r2 − 4p) + O(p))

(
2N

p
+ O(1)

)2
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Substituting this into (14),we have

(19)

1

µ(N)

∑
|a1|,|a3|≤N

′
πr

Ea1,a3
(X) =

4

µ(N)

∑
B(r)≤p≤X

p≡r−1 (mod 3)

(
N2H(r2 − 4p)

p
+ O

(
H(r2 − 4p)(N + p) +

N2

p

))
+ O (log log X) ,

We recall that H(r2 − 4p) = 2
∑

f2|(r2−4p)
dp(f)≡0,1 (mod 4)

h(dp(f))

w(dp(f))
, where dp(f) is as in (11). Thus, the

right-hand side of (19) becomes

(20)
8

µ(N)

∑
f≤2

√
X

∑
p∈Sr

f (r−1,3,X)

(
h(dp(f))

w(dp(f))

(
N2

p
+ O(N + p)

))
+ O (log log X) .

By the class number formula, we have,

(21) h(d) =
w(d)|d|1/2

2π
L(1, χd).

Combining this with the main result of [10], we see that h(dp(f))

w(dp(f))
= O(

√
p log p

f
). Thus (20) becomes

(22)

4

πµ(N)

∑
f≤2

√
X

∑
p∈Sr

f (r−1,3,X)

(
N2
√

4p− r2

pf
L(1, χdp(f))

)

+ O

 1

N2

∑
f≤2

√
X

∑
p∈Sr

f (r−1,3,X)

(N + p)
√

p log p

f

+ O (log log X) .

Now using
√

4p− r2 = 2
√

p+O( 1√
p
) and the Brun-Titchmarsh inequality (see [5]), (22) becomes

(23)

8N2

πµ(N)

∑
f≤2

√
X

∑
p∈Sr

f (r−1,3,X)

(
L(1, χdp(f))√

pf

)
+ O

 ∑
f≤2

√
X

∑
p∈Sr

f (r−1,3,X)

log p

p3/2f


+ O

 1

N2
(N + X)

√
X log X ·

∑
f≤2

√
X

1

f

3X

φ(f 2) log X

+ O (log log X) ,

which is the same as

(24)
8N2

πµ(N)

∑
f≤2

√
X

1

f

∑
p∈Sr

f (X)

(
L(1, χdp(f))√

p

)
+ O

(
X3/2

N
+

X5/2

N2
+ log log X

)
.
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Next, we use partial summation to rewrite the main term as

(25)

8N2

πµ(N)
· 1√

X log X

∑
f≤2

√
X

1

f

∑
p∈Sr

f (r−1,3,X)

L(1, χdp(f)) log p

− 8N2

πµ(N)

∫ X

2

 ∑
f≤2

√
t

1

f

∑
p∈Sr

f (r−1,3,t)

L(1, χdp(f)) log p

 d

dt

[
1√

t log t

]
dt

which completes the proof of Proposition 2.1
We also have the following proposition which is due to David and Pappalardi in the sense that one

can obtain a proof of this proposition by carrying the condition that p ≡ r− 1 (mod 3) throughout
the proof of Theorem 3.1 in [2] and slightly modifying their proof so as to allow for the possibility
of r being even. For the sake of brevity, we omit the proof and refer the reader to [2] for details.

Proposition 2.2. Let r be any integer. Then for any c > 0,∑
f≤2

√
X

1

f

∑
p∈Sr

f (X)

L(1, χdp(f)) log p = KrX + O

(
X

logc X

)
,

where

Kr =
∞∑

f=1

1

f

∞∑
k=1

cr
f (k)

kφ([3; kf 2])
and cr

f (k) :=
∑

a (mod 4k)
a≡0,1 (mod 4)

(r2−af2,4kf2)=4

4(r−1)≡r2−af2 (mod (12,4kf2))

(a

k

)
,

Remark 2.1. Comparing the above result with Theorem 3.1 in [2] one notices an extra condition in
the definition of the cr

f (k), namely 4(r−1) ≡ r2−af 2 (mod (12, 4kf 2)). We give a brief explanation
of this difference. In the proof of Theorem 3.1 in [2] one is lead (see equation (12) and following
remark in [2]) to consider the sum

∑
p∈Sf (X)

(
dp

k

)
log p =

∑
a (mod 4k)

a≡0,1 (mod 4)

(r2−af2,4kf2)=4

(a

k

) ∑
4p≡r2−af2 (mod 4kf2)

log p

where Sf (X) := {B(r) < p ≤ X : 4p ≡ r2, r2 − f 2 (mod 4f 2)} (see [2] p. 169).
To prove Proposition 2.2, we follow the proof of Theorem 3.1 in [2] and are lead to consider the

sum

∑
p∈Sr

f (X)

(
dp

k

)
log p =

∑
a (mod 4k)

a≡0,1 (mod 4)

(r2−af2,4kf2)=4

(a

k

) ∑
4p≡r2−af2 (mod 4kf2)

p≡r−1 (mod 3)

log p

where as in (12), Sr
f (X) = {B(r) < p ≤ X : p ≡ r − 1 (mod 3); 4p ≡ r2, r2 − f 2 (mod 4f 2) }.

The two congruences 4p ≡ r2 − af 2 (mod 4kf 2) and p ≡ r − 1 (mod 3) underneath the inner
sum are compatible if and only if 4(r − 1) ≡ r2 − af 2 (mod (12, 4kf 2)). Thus, we can rewrite the
righthand side of the last expression as
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∑
a (mod 4k)

a≡0,1 (mod 4)

(r2−af2,4kf2)=4

4(r−1)≡r2−af2 (mod (12,4kf2))

(a

k

) ∑
4p≡r2−af2 (mod 4kf2)

p≡r−1 (mod 3)

log p

We then estimate the inner sum just as in [2] to obtain Proposition 2.2 with the extra congruence
4(r − 1) ≡ r2 − af 2 (mod (12, 4kf 2)) in the cr

f (k)’s.

Combining Propositions 2.1 and 2.2 we obtain the estimate:

(26)

1

µ(N)

∑
|a1|,|a3|≤N

′
πr

E(a1,a3)(X)

=
8N2

πµ(N)

(
1√

X log X

(
KrX + O

(
X

logc X

))
−
∫ X

2

(
Krt + O

(
t

logc t

))
d

dt

[
1√

t log t

]
dt

)
+ O

(
X3/2

N
+

X5/2

N2
+ log log X

)
.

The righthand side can be rewritten as,

(27)

8N2

πµ(N)
Kr

( √
X

log X
+

∫ X

2

dt√
t log2 t

+

∫ X

2

dt

2
√

t log t

)

+ O

(
X3/2

N
+

X5/2

N2
+

√
X

logc X

)
.

Thus, noting that µ(N) = 4N2 + O(N), we have proved the following.

Proposition 2.3.

(28)
1

µ(N)

∑
|a1|,|a3|≤N

′
πr

E(a1,a3)
(X) =

4

π
Kr · π1/2(X) + O

(
X3/2

N
+

X5/2

N2
+

√
X

logc X

)

Thus to prove Theorem 1.3 it remains only to show that 4
π
Kr has the Euler-product expansion

given for Cr in (6). We will do this in the next section.

3. The constant.

In this section we will derive an Euler product representation of the constant Kr which was
defined in Proposition 2.2. The arguments and results in this section hold for any r ∈ Z although
we will only use these results for the case that r ≡ 0, 1 (mod 3). Recall from Proposition 2.2 that
we have

(29) Kr :=
∞∑

f=1

1

f

∞∑
k=1

cr
f (k)

kφ([3, kf 2])
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where

(30) cr
f (k) :=

∑
a (mod 4k)

a≡0,1 (mod 4)

(r2−af2,4kf2)=4

4(r−1)≡r2−af2 (mod (12,4kf2))

(a

k

)
,

We will split the previous sum into the two sums:

(31) cr
f,0(k) :=

∑
a (mod 4k)

a≡0 (mod 4)

(r2−af2,4kf2)=4

4(r−1)≡r2−af2 (mod (12,4kf2))

(a

k

)
and cr

f,1(k) :=
∑

a (mod 4k)
a≡1 (mod 4)

(r2−af2,4kf2)=4

4(r−1)≡r2−af2 (mod (12,4kf2))

(a

k

)
.

In order to further describe the behavior of the cr
f,i(k)’s we have the following lemmas. The first

lemma follows directly from the above definitions. We state it for the sake of convenience only.

Lemma 3.1.

(1) For cr
f,0(k) to be nonzero, it is necessary that we have r, even; k, odd, (r/2, f) = 1 and

(3, f)|(r − 2).
(2) For cr

f,1(k) to be nonzero it is necessary that one of the following conditions hold.
(a) r and f are both odd, (r, f) = 1 and (3, f)|(r − 2).
(b) r ≡ 2 (mod 4), 4|f, (r/2, f) = 1 and (3, f)|(r − 2).
(c) r ≡ 0 (mod 4), f ≡ 2 (mod 4), (r, f/2) = 1 and (3, f)|(r − 2).

Lemma 3.2. cr
f,i(k) (i=1,2) is a multiplicative function of k.

Proof. If r is odd, cr
f,0(k) = 0 and the multiplicativity of cr

f,1(k) can be shown as in [2], lemma
3.3. So, we will consider only the case when r is even which can be handled by a very similar
argument. In this case, we have

(32) cr
f,0(k) =

∑
a (mod k)

((r/2)2−af2,kf2)=1

(r/2−1)2≡af2 (mod (3,kf2))

(a

k

)

So, if (r/2, f) = 1, (3, f)|(r − 2) and k is odd, then we obtain

(33) cr
f,0(k) =

∑
a (mod k)

((r/2)2−af2,k)=1

(r/2−1)2

(3,f)
≡a

f2

(3,f)
(mod ( 3

(3,f)
,k))

(a

k

)
,

and zero otherwise. Since, a runs through certain congruence classes modulo k in the above sum, the
multiplicativity of cr

f,0(k) now follows form the Chinese remainder theorem and the multiplicative
properties of the Legendre symbol.
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We need only treat the cases in which cr
f,1(k) is possibly nonzero (see lemma 3.1). For case 2a, if

k is odd, then we have

(34) cr
f,1(k) =

∑
a∈Z/kZ

(r2−af2,k)=1

(r−2)2

(3,f)
≡a

f2

(3,f)
(mod ( 3

(3,f)
,k))

(a

k

)
.

In cases 2b and 2c, when k is odd, we have

(35) cr
f,1(k) =

∑
a∈Z/kZ

((r/2)2−a(f/2)2,k)=1

(r/2−1)2

(3,f)
≡a

(f/2)2

(3,f)
(mod ( 3

(3,f)
,k))

(a

k

)
.

In either of these cases, we see that the sums vary over congruence classes modulo k which is odd.
The multiplicativity of cr

f,1 now follows from the Chinese remainder theorem and the multiplicative
properties of the Legendre symbol.

Lemma 3.3. Given r, let i = 0 or 1 and define τ r
i as follows.

τ r
i =


2 if r ≡ 2 (mod 4) and i = 1,

1 if r ≡ 0 (mod 4) and i = 1,

0 if r is odd or if i = 0.

If f is chosen such that r and f satisfy one of the conditions in lemma 3.1 for cr
f,i, and if l is an

odd prime, then we have

cr
f,i(l

α) = cr

2τr
i lordl(f),i

(lα)

If r and f satisfy one of conditions 2a, 2b or 2c of lemma 3.1, then

cr
f,1(2

α) = cr
2ord2(f),1

(2α)

Proof. We will first treat the case when i = 0 and r and f satisfy condition (1) of lemma 3.1
Using (33), we have

(36)

cr
f,0(l

α) =
∑

a (mod lα)

((r/2)2−af2,l)=1

(r/2−1)2

(3,f)
≡a

f2

(3,f)
(mod ( 3

(3,f)
,lα))

(a

l

)α

=


∑

a (mod lα)

((r/2)2−af2,l)=1

(
a
l

)α
if l 6= 3,∑

a (mod 3α)

(
a
3

)α
if l = 3 and 3|f ,∑

a (mod 3α)

(r/2−1)2≡a (mod 3)

(
a
3

)α
if l = 3 and 36 |f .

Using this last expression one can easily see that cr
f,0(l

α) = cr
lordl(f),0

(lα), and thus we have proved

that the lemma holds in this case.
In all other cases when l is an odd prime, the proof is the essentially the same.
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For the last assertion, we first assume that r and f satisfy condition 2a of lemma 3.1. From (31),
one obtains

(37) cr
f,1(2

α) =
∑

a (mod 2α+2)
a≡5 (mod 8)

(a

2

)α

Using this expression, it is obvious that cr
f,1(2

α) = cr
1,1(2

α) as desired.
Now assuming that r and f satisfy either of conditions 2b or 2c of lemma 3.1 we deduce from 31

that

(38) cr
f,1(2

α) =
∑

a (mod 2α+2)
a≡1 (mod 4)

(a

2

)α

and, again it is obvious that cr
f,1(2

α) = cr
2ord2(f),1

(2α).

In order to evaluate the cr
lβ|,i

(lα), (i = 0, 1), we have the following two lemmas.

Lemma 3.4. Suppose that l is an odd prime and α > 0. Letting d = cr
lβ ,0

(lα) when r is even;

(r, lβ) = 1 and (3, l2β)|((r/2 − 1)2), or letting d = cr

2τr
1 lβ ,1

(lα) when r and f = lβ satisfy conditions

2a, 2b or 2c of lemma 3.1, we have

(39) d =



−
(

r2

l

)
lα−1 if β = 0; α, odd; l 6= 3.

(l − 1−
(

r2

l

)
)lα−1 if β = 0; α, even; l 6= 3.

3α−1
(

(r−2)2

3

)α

if β = 0 and l = 3.

0 if β > 0 and α is odd,

lα−1(l − 1) if β > 0 and α is even.

Proof. We will prove the lemma for cr
4lβ ,1

(lα) where l is an odd prime and where r and f = lβ

satisfy condition 2b of lemma 3.1. The proofs for all other cases are similar. From (35) above, we
deduce

(40) cr
4lβ ,1(l

α) =


∑

a∈Z/lαZ

((r/2)2−4a,l)=1

(r/2−1)2≡4a (mod (3,lα))

(
a
l

)α
if β = 0,∑

a∈Z/lαZ

(
a
l

)α
if β > 0.

The desired result now follows.
The next lemma allows us to evaluate the cr

f,1 at powers of 2. The proof is similar to that of the
previous lemma and for the sake of brevity we omit it.

Lemma 3.5. (1) If r is odd, then cr
1,1(2

α) = (−2)α

2
.

(2) If r is even and r and f = 2β satisfy either of conditions (2b) or (2c) of lemma 3.1, then

cr
2β ,1(2

α) =

{
0 if α is odd,

2α if α is even.
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Now, let κ(n) denote the multiplicative function generated by

(41) κ(`α) =

{
` if α is odd,

1 if α is even,

for any prime ` and any α > 0. Then we have the following bound.

Lemma 3.6. For all k, cr
f,i(k) ≤ k/κ(k), where i = 0, 1.

Proof. From lemmas 3.3, 3.4 and 3.5, it follows immediately that for any prime l,

(42)
cr
f,i(l

α) ≤

{
lα if α is even,

lα−1 if α is odd.

= lα/κ(lα).

The lemma now follows from the multiplicativity of cr
f,i and κ.

We recall the following fact from ([2] Lemma 3.4).

Lemma 3.7. [David-Pappalardi] Let

c =
∏

`,prime

(
1 +

1

`(
√

`− 1)

)
.

Then, ∑
k≥U

1

κ(k)φ(k)
∼ c√

U
.

In particular,
∑∞

k=1
1

κ(k)φ(k)
converges.

Thus Kr (see (29)) is a finite constant. We rewrite Kr as

(43) Kr = K0
r + K1

r ,

where

(44) K0
r =

∞∑
f=1

1

f

∞∑
k=1

cr
f,0(k)

kφ([3, kf2])
and K1

r =
∞∑

f=1

1

f

∞∑
k=1

cr
f,1(k)

kφ([3, kf2])

Now we compute the constants Ki
r (i = 0, 1). We recall the following identities

(45) φ(AB) = φ(A)φ(B)
(A, B)

φ((A, B))
,

and therefore, if B|A,

(46) φ(
A

B
) =

φ(A)φ((A
B

, B))

φ(B)(A
B

, B)
.

In particular, we can write

(47) φ([3, k · 22τr
i f 2]) =

φ(3 · 22τr
i f 2)φ(k)(3 · 22τr

i f 2, k)

(3, kf 2)φ((3 · 22τr
i f 2, k))

.
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Now, we recall for a fixed r, that f must be chosen such that r and f satisfy the conditions of
lemma 3.1 for cr

f,i(k) to be non-zero. We will denote by Sr
i the set of f ’s which satisfy the conditions

of lemma 3.1, and we let τ r
i be defined as in lemma 3.3. Then, we can write

(48)

Ki
r =

∞∑
f,k=1

2
τr
i f∈Sr

i

cr

2τr
i f,i

(k)

2τr
i fkφ([3, k22τr

i f 2])

=
1

2τr
i

∞∑
f=1

2
τr
i f∈Sr

i

1

fφ(3 · 22τr
i f 2)

∞∑
k=1

cr

2τr
i f,i

(k)(3, kf 2)φ((3 · 22τr
i f 2, k))

kφ(k)(3 · 22τr
i f 2, k)

.

Using lemma 3.2 and the multiplicativity of φ and letting (a, b)q := qordq((a,b)), we can rewrite the
inner sum above as,

(49)
∏

q, prime

(∑
j≥0

cr

2τr
i f,i

(qj)(3, f2qj)qφ((3 · 22τr
i f 2, qj))

qjφ(qj)(3 · 22τr
i f 2, qj)

)
.

Using lemma 3.3, (49) can be rewritten as

(50)∏
q 6 |f

(∑
j≥0

cr

2τr
i ,i

(qj)(3, qj)qφ((3 · 22τr
i , qj))

qjφ(qj)(3 · 22τr
i , qj)

)
·
∏
q|f

(∑
j≥0

cr

2τr
i qordq(f),i

(qj)(3, f2qj)qφ((3 · 22τr
i f 2, qj))

qjφ(qj)(3 · 22τr
i f 2, qj)

)

=
∏

q, prime

(∑
j≥0

cr

2τr
i ,i

(qj)(3, qj)qφ((3 · 22τr
i , qj))

qjφ(qj)(3 · 22τr
i , qj)

)
·
∏
q|f

(∑
j≥0

cr

2
τr
i qordq(f),i

(qj)(3,f2qj)qφ((3·22τr
i f2,qj))

qjφ(qj)(3·22τr
i f2,qj)

)
(∑

j≥0

cr

2
τr
i ,i

(qj)(3,qj)qφ((3·22τr
i ,qj))

qjφ(qj)(3·22τr
i ,qj)

) .

Now, substituting this last expression back into (48) and using (45), we obtain the following
expression for Ki

r.

(51)

1

2τr
i φ(3)φ(22τr

i )

∏
q, prime

(∑
j≥0

cr

2τr
i ,i

(qj)(3, qj)qφ((3 · 22τr
i , qj))

qjφ(qj)(3 · 22τr
i , qj)

)

·
∞∑

f=1

2
τr
i f∈Sr

i

(
φ((3 · 22τr

i , f2))

fφ(f 2)(3 · 22τr
i , f2)

)
·
∏
q|f

(∑
j≥0

cr

2
τr
i qordq(f),i

(qj)(3,f2qj)qφ((3·22τr
i f2,qj))

qjφ(qj)(3·22τr
i f2,qj)

)
(∑

j≥0

cr

2
τr
i ,i

(qj)(3,qj)qφ((3·22τr
i ,qj))

qjφ(qj)(3·22τr
i ,qj)

) .
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Now, if Sr
i = ∅, then the above expression is just 0. So, we will assume for now that Sr

i 6= ∅, and
in this case we can rewrite the sum from (51) as a product

(52)
∏

q, prime

1 +
∞∑

β=1

2
τr
i qβ∈Sr

i

φ((3·22τr
i ,q2β))

qβφ(q2β)(3·22τr
i ,q2β)

(∑
j≥0

cr

2
τr
i qβ,i

(qj)(3,q2β+j)qφ((3·22τr
i q2β ,qj))

qjφ(qj)(3·22τr
i q2β ,qj)

)
(∑

j≥0

cr

2
τr
i ,i

(qj)(3,qj)qφ((3·22τr
i ,qj))

qjφ(qj)(3·22τr
i ,qj)

)
 .

This allows us to rewrite (51) as

(53)

1

2τr
i φ(3)φ(22τr

i )

∏
q, prime



∑
j≥0

cr

2τr
i ,i

(qj)(3, qj)qφ((3 · 22τr
i , qj))

qjφ(qj)(3 · 22τr
i , qj)

+
∞∑

β=1

2
τr
i qβ∈Sr

i

φ((3 · 22τr
i , q2β))

qβφ(q2β)(3 · 22τr
i , q2β)

∑
j≥0

cr

2τr
i qβ ,i

(qj)(3, q2β+j)qφ((3 · 22τr
i q2β, qj))

qjφ(qj)(3 · 22τr
i q2β, qj)


.

We rearrange (53) to obtain the following expression for Ki
r.

(54)

1

2τr
i φ(3)φ(22τr

i )

∏
q 6 |6

∑
j≥0

cr

2τr
i ,i

(qj)

qjφ(qj)
+

∞∑
β=1

2
τr
i qβ∈Sr

i

1

qβφ(q2β)

∑
j≥0

cr

2τr
i qβ ,i

(qj)φ((q2β, qj))

qjφ(qj)(q2β, qj)



·

1 +
∑
j≥1

cr

2τr
i ,i

(3j)

32j−1
+

∞∑
β=1

2
τr
i 3β∈Sr

i

1

33β

(
3 +

∑
j≥1

cr

2τr
i 3β ,i

(3j)

32j−1

)

·


1 +

∑
j≥1

cr

2τr
i ,i

(2j)φ((22τr
i , 2j))

2jφ(2j)(22τr
i , 2j)

+
∞∑

β=1

2
τr
i
+β∈Sr

i

φ((2τr
i , 22β))

2βφ(22β)(2τr
i , 22β)

∑
j≥0

cr

2τr
i
+β ,i

φ((22τr
i +2β, 2j))

2jφ(2j)(22τr
i +2β, 2j)


.

We will deal with the product and the contribution from the primes 2 and 3 separately. For
convenience let Ki

r(l) denote the contribution of the prime l to the above product. In particular,
the second and third factors above will be denoted Ki

r(2) and Ki
r(3) respectively.

In the first factor of (54), since q 6 |6, and since we are assuming that Sr
i 6= ∅, 2τr

i qβ ∈ Sr
i for all

β ≥ 1 if and only if q 6 |r. So using lemma 3.4, the first product in (54) becomes
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(55)
∏
q 6 |6
q 6 |r

q(q2 − q − 1)

(q + 1)(q − 1)2

∏
q 6 |6
q|r

q2

q2 − 1
.

We can now use lemmas 3.4 and 3.5 to simplify Ki
r(3) and Ki

r(2). We obtain,

(56) Kr(3) := Ki
r(3) =

{
9
8

if r ≡ 2 (mod 3),
3
2

if r ≡ 0 (mod 3).

(57) Ki
r(2) =



32
21

if i = 1; r ≡ 2 (mod 4),
4
3

if i = 1; r ≡ 0 (mod 4),
2
3

if i = 1 and r is odd,
9
7

if i = 0; r ≡ 2 (mod 4),

1 if i = 0 and r ≡ 0 (mod 4).

Thus,

(58) Kr =
1

φ(3)

(
K0

r (2) +
K1

r (2)

2τr
1 φ(22τr

1 )

)
Kr(3)

∏
q 6 |6
q 6 |r

q(q2 − q − 1)

(q + 1)(q − 1)2

∏
q 6 |6
q|r

q2

q2 − 1
.

We note that

(59)

(
K0

r (2) +
K1

r (2)

2τr
1 φ(2wτr

1 )

)
=

{
4
3

if r is even,
2
3

if r is odd.

Thus we have

(60) Kr =
1

2
Kr(3)

∏
q 6=3
q 6 |r

q(q2 − q − 1)

(q + 1)(q − 1)2

∏
q 6=3
q|r

q2

q2 − 1
.

Theorem 1.3 now follows from Proposition 2.3 and (60).
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