AVERAGE FROBENIUS DISTRIBUTION OF ELLIPTIC CURVES

KEVIN JAMES AND GANG YU

ABSTRACT. The Sato-Tate conjecture asserts that given an elliptic curve without complex multi-
plication, the primes whose Frobenius elements have their trace in a given interval (2c,/p, 23./p)

have density given by %ff V1 —1t2 dt. We prove that this conjecture is true on average in a
more general setting.

1. INTRODUCTION

Given an elliptic curve E/F), let E(F,) denote the Mordell-Weil group, which consists of the
[Fp-rational points on the curve along with an identity at infinity. A simple heuristic shows that

the normal order of E(F,) is p+ 1. If letting

ay(p) ==p+1—I[E(F,),

Hasse’s Theorem asserts that

lag(p)] < 2v/p. (1.1)

It follows from Deuring’s Theorem (see [2] or [4]) that (1.1) is best possible in the sense that,
given a prime p, and an integer r € (—2,/p,2,/p), there exists an elliptic curve /I, such that
agy(p) =r.
Let
ay(p)
205

Then for a particular curve E/Q, it is quite natural to ask how 6, (p) varies with p.

=cosfy(p),  0,(p) €[0,7]"

When E has complex multiplication, the answer turns out to be easy. In this case, asymp-
totically, half of primes p satisfy a,(p) = 0. Apart from these supersingular primes, the primes
p with 0, (p) in a fixed range are those given by p = f(u,v), where f(u,v) is a certain positive

definite binary quadratic form, with |u|/p in the corresponding range. The distribution of such
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primes, with a certain uniformity, is known to us and can be traced back to Hecke’s famous
work [7, 8].

When FE does not have complex multiplication, the problem is much more difficult. With
the experimental support of Sato, Tate [10] has given theoretical evidence for the following

conjecture (for further discussion see [2, 5, 9]).

Sato-Tate Conjecture: Suppose E is an elliptic curve over Q which does not admit complex

multiplication. For any 0 < 01 < 6y <7, and x > 1, let

WE(91,92)(1,) = #{p <z 01 < GE(p) < 02}7

then

(01,62) 9 02
i T @) 2 / sin 0o,

z—oo  m(x) 7 Jo,

where w(x) is the number of primes up to x.

For -1 <a<@<1,and z > 1 let
(o, Byx) = # p<x:a<aE7(m<ﬂ .
Then by a simple change of variables, we see that, the Sato-Tate Conjecture is equivalent to

. 8
lim W:i/ V1 — 2dt.

r—00

In [2], using the Selberg trace formula, Birch proved that, for any positive integer k, one has

2 2k!p¥

mean|a, (p) 1)

as p — oo. Here the mean is taken subject to I varying over all elliptic curves over F,,. Birch’s
result essentially implies that the Sato-Tate Conjecture for elliptic curves is true on average.

Suppose S is a subset of Z which is not too sparse. For —1 < a < <1, and z > 1, let
7, (a, 3,S;x) be the number of primes p < x satisfying

a < a5 (p) <B, ay(p) €S.

<5 S

From the probabilistic point of view, there should be an asymptotic formula for 7 (c, 3, S; x)

as x — oo if § is not too sparse and is uniformly distributed. It is then natural to ask how
7, (a, 3,S;x) may depend on S.
We can show that, when S is nice enough, T gan) (a, 8,S;x) has an asymptotic formula for

almost all elliptic curves F(a, b) with a, b varying in certain ranges depending on z, where E(a, b)
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is given by the equation
E(a,b): y*>=2°+ax+b.

This gives a heuristic for the relation of 7, («, 3,S;z) and S.

Due to symmetry, we may consider only the average behavior of
7, (a,S;x) = m,(0,a,S;x)

for a given S and « € [0, 1]. Without loss of generality, S may be taken as a subset of Z>.
It will be clear from our treatment that S is nice for our purpose provided that, for large N,
the exponential sum

Z e(n?\)

neSN[L,N]

can be well approximated when A is on major arcs (which are reasonably large in terms of N)
in applying the Hardy-Littlewood circle method. From this, experts who are familiar with the
Hardy-Littlewood method may have noted that S can be chosen, for example, to be an arithmetic
progression, the set of k-th powers, smooth numbers, values of an integer-valued polynomial at
primes, or even the set of integers which are sums of a fixed number of exponentials (powers of
2, for instance).

In this paper, we shall only consider the case that S is the set of all k-th powers. The results
for various cases listed above may follow from similar proofs. Henceforth, C will denote the set
of all k-th powers for a fixed k € N.

For 0 < a < 1, and positive real numbers U, V', A, B, X, let

1
SalU. VA, B X) = = )

U<a<U+A
V<b<V+B

(o, K5 X).

T g(a,b)

The function S, (U, V, A, B; K; X) measures, in a certain range, the average number of primes up
to X with a,(p) € K and 0, (p) belonging to a given interval [arccos «, w/2). We will investigate
the asymptotic behavior of S, (U,V, A, B; K; X) when A and B are large enough in comparison
with X, as X — oo.

Theorem 1. Let 0 < a < 1 be fized and let U and V' be any real numbers. For any given € > (
and X sufficiently large, if A, B > X log X, then we have

Sa(U,V, A, B;K; X) ~ cp(a)mi(X),

where
1

X i*2
2 (X) :/2 tlogt dt = (1+ O((log X))

ok X3taE
k+1 logX '’
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and
1
1 2 2k @
er@) = (2 + 25(k) ’“/ 1/ = 2dt,
3 3 km 0
where §(k) is given by

1 if k=1,
ok) = { 0 if k> 1. (12)

Note that, taking k& = 1, Theorem (1) yields that the Sato-Tate Conjecture holds on aver-
age. With a little extra effort, we can show that ci(a)m(X) is actually the normal order of
T, (o, IC; X).

Theorem 2. Let 0 < a < 1 be fized, and let U,V € R. Suppose that A, B, X are sufficiently
large real numbers and that A, B > (X log X)2. Then we have
1
15
U<a<U+A
V<b<V+B

2
o, K X) — ep(@)m(X)| = o((me(X))?).

TrE(a,b)(

We also note that under our assumptions on A and B, the contribution to S, (U, V, A, B; K; X)
by curves FE(a,b) with complex multiplication is negligible. (There are only 13 j-invariants
associated with CM curves, hence, the total number of CM curves encountered is O(A + B) and
therefore the contribution of CM curves to So (U, V, A, B; K; X)) is easily seen to be O(my,(X) (5 +
%)) which under our assumptions on A and B is o(1).) In view of this and Theorem 2, it seems

reasonable for us to make the following conjecture.

Conjecture 1. For a given elliptic curve E/Q without complex multiplication, and —1 < o <

8 < 1,we have
T, B, K X) ~ (c(B) — cr())m(X). (1.3)

We have not pursued uniformity in « in Theorems 1 and 2. Nevertheless, it is clear from our
proof that « can be related to X and the asymptotic formulas still hold as long as « is bounded
away from 0 and 1 by (log X)~¢ for any ¢ > 0. This is essentially equivalent to the normal
order of 7, («, 3; X) being (cx(8) — cx(a))m(X) provided 8 —a > (log X)~¢ for any ¢ > 0. The
(log X)~¢ can be further improved to exp(—c1v/log X) for some ¢; > 0 if, instead of directly
using the approximation (2.6) on major arcs, one separately discusses the cases for those ¢ and
x(modq) with L(s, x) having a possible Siegel zero. However, this will not be the focus of this
paper.

The organization of this paper is as follows. We first employ the Hardy-Littlewood method in

section 2 to derive estimates on the number of representations of certain integers n as n = 2 —4p.
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We then derive an estimate for a weighted average of special values of truncated Dirichlet L-
functions in section 3. We employ these estimates to prove the main theorem in section 4. In

section 5 we prove Theorem 2. Finally, we make some closing remarks in section 6.

2. A PROBLEM OF REPRESENTATIONS

In this section we employ the Hardy-Littlewood method (see [11]) in order to give an as-
ymptotic formula for the number of representations of a negative integer n = 0 or 1(mod4)

as
n=r?— 4p,

subject to p < X being a prime, and r € KN[0, 2a,/p], where 0 < o < 1. We give an asymptotic
main term for the number of representations which is large when some local conditions are
satisfied, and an error term which is small on average.

For convenience, we shall consider the following weighted number of representations.

R(n)= Y logp. (2.1)

p<X
r<(2ayp)k
r2k —4p=n
Let P = (log X)****. For a positive integer m, let ords(m) be the non-negative integer such

that 207420m) || . and we write [m], = 270920 for the odd part of m.

Theorem 3. With R(n) defined by (2.1), we have

R(n) = &(n, P)J(n) + E(n) + O(X % (log X) %), (2.2)

where

*

apy = S Almlo) pooordam) "
SnP) = 3 SEFE e 3 xa)

x( mod [m]o)
%2k =40

the x means that the summation is over the primitive characters modulo [m|,, F (20rd2(m),n) 18
given by (2.13) below,

and E(n) satisfies



X%

Z [E(n)® < (log X)20°

—n<4X

(2.3)

In the following, we can suppose X (log X )_2k+2 < —n < 4X, since it follows from considering
the ranges for p and r that R(n) is trivially bounded by the error term O(X i(log X)73) in
(2.2) when —n < X (log X)~ 2"

Let g = 1 + (log X)™5. To remove the dependence of r on p, we split the range of p into

4x
subintervals (Xg~(*1) Xg¢7!, 1 = 0,1,2,...,L, where L = [loﬁo(g_g")] < (log X)%loglog X.

Then we have

L
R(n) = ZRl(n), where  Ry(n) = Z log p. (2.4)
=0 Xg_(l+1)<p§Xg_l
r<(2ayp)F
r2k _4p=n
Let
Rl*(n) = Z 10gp7
ng(l+1)<p§Xg7l
r§(2a\/Xg‘l)%
r2k _4p=n
then it is clear that
X\ 2 A
0 < R*(n)— Ry(n) < Z logp < log X + <l> (log X)™".
Xg- D <p<xg™! g
(204\/15)%<7“§(2a\/Xg—l)%
r2k _4p=n

Note that, from the ranges of p and r in the above sum (and from the fact that a < 1), it follows

that there are at most O, (1) values of [ such that R;*(n) — R;(n) is non-zero, thus we have

L
R(n) =Y Ri*(n) + O(X 2 (log X)~%). (2.5)
=0
For a real number 3, let
s(= Y epAlogp and wB= > c¥H).
Xg—U+D) <p<Xg—! rg(za\/)ﬁ)%

We first note that



We divide the unit interval [PX !, 14 PX~!] into two parts: the major arcs

Mm = U U M(q,a), where M(q,a)={B:|3—a/q <PX '},

<p a-1
= Go=1

and the minor arcs m = [PX !, 14+ PX ~!\9M. It is clear that, for our choice of P, the M(q,a)’s
are disjoint.

Note that for [ < L, we have X (log X)
(Lemma 3.1), we see that, there exists a positive constant C' such that whenever 1 <a < g < P,
(a,q) =1, B € M(q,a), we have

1(q/(4,9))
¢(q/(4,9))

2« Xg () « Xg7! < X. Thus from [11]

si(—4p) = w(—4(8 —a/q)) + O(X exp(—C+/log X)) (2.6)

where

w(N) = > e(m).

Xg=U+HD<m<Xg—!

For 8 € M(q, a), from Theorem 4.1 of [11], we trivially have

t(8) = ¢ " Sar(a, )ui (B — a/q) + O(P53), (2.7)

where

q
1
Sar(q,a Z e(am®*/q) and  u(\) = Z ﬁsi_le(s)\).
m=1 s<4a2X/g!

From [11, Lemma 2.8] we have
w(N) < min{Xg ™ [A[T w()) < min{(Xg™)2E, [[A][ 72} (2.8)

Thus from (2.6), (2.7) and (2.8), we get

P/X
Ri(n) = ZW S (g, a)e(~an/q) / w(—4N)u(\)e(—nA\)dA + Ei(n)

qSP /(47q) ( a:)1_1 —P/X
+0 <X21k exp (;\/logX>> (2.9)
where
m = [ s-19u(E)e(-n8)ds.
Let
— S Flgn) where F(gn) = 29/(h0) Z Sukla a)e(—an/q).  (2.10)
= q9(q/(4,9)) =
- (a,9)=1



We note that F(g,n) is multiplicative. (While it is well-known that F'(q,n) is multiplicative if

the (4, ¢) is not present, it is straightforward to check that the presence of (4, ¢) does not affect

the multiplicativity.)
For an odd prime p, we see that F(ph, n)=0if p|nor h>2. If pt2n, we have

1 p
-1 P
F(pn) = ——= > e(—an/p) Y e(am™ /p)
p(p B 1) a= m=1
—1 Zp: . —1 S )
p(p - 1) m=1 p o 1 X (mod p)
kaEn( mod p) XQk:XD
x#x0
Thus
F(g.m) = PO . M) 5 )
¢(ldlo) x( mod [go)
2k =0
It is easy to check that
0 if h=1 or h2>4,
1 if h=0 or h=2,
F2hn)={ —2x.(2) if h=3 and n=1 (mod 4),
0 if h=3, k=1 and n=0 (mod4),
-2 if h=3, k>1 and n=0 (mod4).

From the estimates (2.8), we now have

1

7P/X % 2 1 X i
</ +/ >ul(—4)\)vl()\)e(—n)\)d/\ <</ A1 mdN <« () .
_ P/X P/X P

1
2
From this and (2.9), and the fact that &(n, P) < (log X)¥~!, we have

R;*(n) = &(n, P) /2 u(—4N)vi(A)e(—nA)dX + Ej(n) + O(Xi(log X)kilei),

1
2

where it is clear that Xﬁ(log X)k_leﬁ < Xi(log X)~16,
Let

It (n) = /_ " (= AN (Ne(—n) dA.

Then it is obvious that

1 1
* sz—1
Jl (n) = E ﬂSQk
ng(l+1)<m§ngl
s<4a?X gt
s—4dm=n

8

(2.11)

(2.12)

(2.13)

(2.14)



Similar to (2.5), we have

ST a(n) = J(n) + O(X % (log X)~Y).
=0
Let
L
E(TL) = Z El(n)’
=0

then we have proved (2.2). To prove (2.3), we first recall L < log® X and observe that

2 12 2
>_|Em)P < (log X)** max |Ey(n)]. (2.15)
n —n<4X

By Bessel’s inequality, we have

S B0 < / Is1(4B8)1(8)2dB. (2.16)

—n<4X m
By Weyl’s inequality, we have
t(B) < X P2 " log X < X2 (log X)™®, Bem.
Thus

, L , X X X't
[ Itasy(@)Pas < xttog ) [ (3P < xhiogx) (5 - )< e

which, along with (2.15) and (2.16), implies (2.3).

3. A WEIGHTED SUM

In this section we derive an estimate for a weighted sum of special values of truncated Dirichlet

L-functions. More precisely, letting Lo(d) = 3, < x2/3 Xdr(ln) and

KoX)=5-logp Y Y VidiLo(d), (3.1)

PX T ocr<ayi)b Treg iy
d=0,1( mod 4)
we prove
Theorem 4. We have
2k 9 3,1
Ky(X) = 3k+1ck(a)+0((logX) )| X272k, (3.2)

9



From Theorem 3, we have

K0 =3 Y VLS PR + B +0(XHos X)) ). (33)
f<(log X)2

0<—df2<4X
d=0,1( mod 4)

Next, we note that

Y VIdILo(d)Ed?)] < logX | > [nl72(nl) | >
f.d

—n<4X —n<4X
5 I+ \2 Xata
< X(logX)2 W < W, (34)

and the contribution of the term O(Xi(log X)73) to (3.3) is O(X%Jri(log X)~2). Thus, we

have

Ko(X)=5- 3 VL@@, PLIE) + O(XH % (log X)) (35)
f<(log X)2

0<—df2<4x
d=0,1( mod 4)

Now, if —df? < 4(1 — a?)X, then for each s < _1Ofs];2 satisfying s = df?(mod4) we have a

unique m = S*fo € [ﬁ,X]. If 4(1 — a®)X < —df? < 4X, then each s < 4X + df? congruent

# € [L,X]. Note that for any N > 0, h € Z, we have

to df? modulo 4 gives a unique m = .

S st = S sE T 0() = (NE +0().

s<N s<N
s=h( mod 4) -
Thus,
2 7£2 o+
1 (‘f“_;‘é )Qk +0(1) i —df? < 4(1 - a?)X,
J(df?) = (3.6)
14X +df?)= 4+ 0(1) it 4(1 —a?)X < —df? < 4X.
Let
1 [ o \* :
o ? 1,1 .1 xd(n u m)
Ko*(X) = 3. (1_a2) Z |d[27T 35 f* Z o(m) F(27,df?) Z
f<(log X)2 n<X2/3 2im<P x( mod m)
0<—df2<4(1—a2)X - x2k=x0

d=0,1( mod 4)
10

x(df?),



and

*

KO=g X Viaxsgh 3 M S e g S ),

F<(log X)2 n<X2/3 2im<P x( mod m)
4(1—-a2)X<—df2<aXx 2k =0
d=0,1( mod 4)

where in both expressions, the second to last summation is subject to m being odd, 5 = 0,2,3

and F(27,df?) being given by (2.13). Then we have

Ko(X) = Ko™(X) + Ko®(X) + O(X 272 (log X)~2). (3.7)
Note that
21“'%]{04%(1 — aQ)% 2k o o+ @y
—— t2ri/1 —tdt = ——— [ tx1\/1 — ¢2dt.
3k + 1)m * v /0 " Bk + 1w Jy '

(Both sides are equal to 0 at @ = 0 and have the same derivatives with respect to «.) Then

Theorem 4 follows from the following lemma.

Lemma 3.1. We have

1 2 2 kat (1 —a?)? s, o Xotor
Ko"(X)= (- +% X2"ax T :
0"(X) <3+35(k)> 3k + )r ’ 2k+0<(logX)4>’ (3.8)
and
1 3 1 2 3 1
1 2 2x X2tae [ 4 X2t
KP(X) ==+ 26(k) ) 2222 | 21— idt i .
00 = (5450 ) 0 [T o) @9

The proofs of (3.8) and (3.9) are almost identical. In view of this, we will only give a proof

for (3.9). We first note that

Ko'(X) = o Z plm) 5 S VIdIAX +df)mxa(n) F(27, df?)x(df?),

o(m)
Jﬁmn x(mod m) 4(1-a2)X
2k 0 T gm

4X
<—d<iX
d= 01( mod 4)

where the summation over j, f,m,n is also subject to f < (log X)?, 2m < P = (log X)Q%+3

j=0,2,3,n<X%3
We split the sum into two parts: Ko subject to d = 0(mod4) and Kb subject to d =
1(mod4). Write d = 4D in Kobe, then we have

1 *

2% p(m =

Ko =10 2 nq[) H e > xé > VIDI(X + Df?)25 xp(n)x(D),
J2Jj[ ::n n X)((;C:{X%’L) (1_‘?22*))( <— DS;(—Q



where we have replaced F(27,4Df?) by F(27,4) in view of (2.13). If ¢ X( ) # 9, then from
the Pdélya-Vinogradov estimate, the innermost sum of K" i

R‘

- ¢(—1)[f2a2)x\f(x £20) i'di S u(s
(=ehx =

< Xztee/mnlog (mn+1) _ XotaP

7 <

(3.10)
It is then easy to see that the terms of K" with X(ﬁ) # X" contribute at most O(X1+2k)

1
Now, we notice that X( ) = x" only when y = (E) (since x( modm) is primitive) and n = mw
for some w € N. Thus, we have

2
1
2% p(m)F (27 4) 1
Ko = — D|(X + Df*)2 +O(X " 3.11
o S Y
I, fym,w (1— a2)X X
(m,f)=1 < 7?
2tmw (D,mw)=
where the summation over j, f,m,w is also subject to f < (log X)?, 2/m < P = (log X)Q%+3
1
7=0,20r 3, and w < X—\/% Note that the inner sum is
I 7 o (mw)
f 2,\ L . f 2\ L mw
Jla Vi - poda 1= [T VG gl 25 ogm
T u<t T
(u,mw)=1
+ « 1,1
_ ¢<mw)X/ 1T —ddt + 0 "X )y
mw f3 0 f
From this and (3.11), we have
b (25X3TE [oF p(m)g(mw)F (2, 4) 14k
Ko = 47T/ tery/T—tdt) m2¢ B 3 +O(X').  (3.13)
" e

2fmw

Now we note that the sum over j, f, m,w is equal to

Zu 2]4

=, me(m) ( i f3+0<(logX) ))(i o +O< m% )>
e

(fm) 1

> S S o)

(log X)*

2tm (fm) 1 2w

16 () (mw) 1

= - d(k) 2 m2G(m)w? 3 +0 (log X)* (3.14)
2)(’777,1’1)11}
(fym)=1

12



where in the last sum, the variables f, m,k range over the odd positive integers. (Here we have
factored out the powers of 2 in f, which yields the constant factor 1 +273 4276 4 ... = %),
and it is easy to see that a factor 26(k) arises from summing up F(2°,4), F(22,4) and F(23,4)

according to (2.13).

Lemma 3.2. We have

o plm)sme)
T L mrgmyetp
Qf’mwf
(fym)=1
Proof. We first note that
p(m)e(mw) 1
= LSS S’ 1- =
¢ = 2 gy O L0
2tmw m

7 m)o(mw v
= 502 %25(77(@)@03) 2 =

i |
T oy N GK)a(K)
- EOX
UK

where

(m)m ¢~ p(v)
a(K) =3 "
m|K ¢(m) vlm v?

which is obviously a multiplicative function. Note that, for a prime [, a(l) = a(I?) = a(l?) = - - -

Thus
c - gg(:s)[[ <1+a(l)<¢l(3l) + ¢(lff) +>>

>2
7 a(l)
= = 1 . 1
8<(3>H( +z<z+1)> (3.15)
>2
It is easy to see that
—l 1 l+1

Thus, from this and (3.15), we have

C

Il
|
U
—
w
S—
7 N
—
|
)
~
1
“H

>2

which proves the lemma. [
13



From (3.13), (3.14) and Lemma 3.2, we have

o4+ L 34 L 4+ L
Kot = 2’“7X“k5(k)/ /T dt+0<(X2 ’)“ ) (3.16)
T 0

Now we try to find an asymptotic formula for Ky*. We first note that

obo_gyr ) “m) Soox(d > VX +df)zE P2, df)xa(n)x(d).

m
]fmn ( x( mod m) 4(1—a?)X e
2k, 0 ——g <—d=my

d=1( mod 4)

We replace the restriction d = 1(mod4) by introducing a characteristic function %(x4(d) +
X-4(d)).

When j = 0 or 2, we have F(27,df?) = 1. We note that x_4(d)xa(n)x(d) and, if x (=) # x°,
X4(d)xq(n)x(d) are both non-principal characters modulo 4mn. Thus, with the same estimate

s (3.10), we see that the total contribution from the terms containing x_4(d) and the terms

containing x4(d) but with x (%) # x" is O(Xl“'ﬁ). We remark that x (=) = x" if and only if
X = (E) and n = mw? for some w € N.

When j = 3 and f is odd, we have F(27,df?) = (%) Note then

0@ + st @r ) = ((3)+( ) Jua ). (317)

While the terms associated with non-principal characters contribute at most O (X 1+ﬁ) from the

Pdlya-Vinogradov estimate, the only possible principal characters arise from xy = (E) When

X = (E)v apart from the factor —1, (3.17) is the sum of two non-principal characters modulo

8mn if mn is not twice a square. These terms again give a contribution O(X 1+i) to Ko with

the same estimate as (3.10). When n = 2mw? for some integer w, (3.17) is simply equal to

—(1 4 x—4(d)). The terms containing x_4(d) again contribute at most O(XHi) to Kob.
When j = 3 and f is even, we have F(27,df?) = —2(1 — §(k)). Thus

00) + s @paln@F,a) =~ - 600 ( (3)+(F) @) s

It is clear that the only principal character arises from x = (H) and n = mw? for some w € N,

in which case the term in (3.18) contributing to the main term is equal to —(1 — §(k)).
14



From the above discussion, we have

I - i SRR (P L

167 S ma(m)w? Mooty ax
ok T e
(m,2f)=1 (d,2mw)=1
1 p(m) 2\ &
- 7 v I|d|(4X + df<)2k —
167 Z mao(m)w? Z d|(4X + df)
W 14(1—a?)X <_d<i4X
(m,f)=1 f2 = f
2tmf (d,2mw)=1
1 - 5(k) u(m) -
- 7 d|(4X + df*)2*
8w fz maeo(m)w? ZZ d](4X +df%)
2|f (d,2mw)=1
+O (X 2x), (3.19)

where in the first sum the summation over f,m,w is also subject to f < (log X)2, 2/m < P and

w < \/);i and in the second and the third sums the summation over f, m,w is also subject to
Jm

<(logX)?2 m<ZL w< X3 and w < X3 respectively. Similar to (3.12), we see that the
g

Vam Vm?
innermost sums of the three sums in (3.19) are equal to
244 S5 fa? CRaT
2R g(2mu) X5 e / 13T —ddt + O TN (3.20)
mw f? 0 f

From (3.19) and (3.20), and by an argument similar to (3.14), we get

1 3 1 1

2% boX*—i-* a? 3

Ko = M/ 2y/T— dt+0< - ) (3.21)
4m 0 (log X)*

where

p2mw) X plm)g(2mw) p(m)¢(2mw)
=2 fmzw: ) m2¢ ywdf3 A m2g(m)uwd [ —2(1=4(k)) e mEp(myut
(m,2f)=1 <7r2thfn>f:1 (m,22‘ff):1

From Lemma 3.2, we see that

w(m)e(2muw) 8 wu(m) o(m < 4 8
2 3F3 7 Z 32 BTt
pe=m p(m)ws f 7 o’ o(m)f ™ 43 8
(m,2f)=1 (m,f)=1
32 32
= T

Similarly, we have
15



pm)omw) 4SS pm)g2me) 4

p= m2p(m)wdf3 3 = m2p(m)w3f3 21
(m.f)=1 (m.2f)=1
2tm f 2|f
Combining these with (3.21) have,
1 3 1 2 3 1
12 2k X2k [ Xatag
K==+ =6k )| ——— t2r/1 — tdt — . .22
= (5 oo ) 25 [ eI o) 3:22)

From (3.16) and (3.22), we have proved (3.9).

4. PROOF OF THEOREM 1

By Deuring’s theorem (see [2], [4]), we know that for a given prime p, and an integer r €
(—24/p,2,/p) the number N(p,r) of elliptic curves E(a,b) : y* = 3 + ax + b with a,b € F, and
ap(E(a,b)) =r, is given by

pH(r* — 4p)

N(p,7) = 5

+ O(p), (4.1)

where H(r? — 4p) denotes the Kronecker class number which is given by

h(d
HO? —4p)=2 Y M) (4.2)
, e, w(d)
r p=df
d=0,1( mod 4)

Here w(d) and h(d) respectively denote the number of units and the class number of the order
of discriminant d.

Proof of Theorem 1. Changing the order of summation in S, (U, V, A, B; K; X) and recalling
(4.1), yields

S.OvABX) = Y 5 (Seow) (2 o))

p<X 0<r<2a,/p
- rek

= (14 0((log X)) M(X) + O(X ),

(4.3)
where
1 H(r? —4p
M(X) =3 > H” = 4p) (4.4)
p<X p
0<r<2a,/p
rekC

Theorem 1 now follows from our next result.
16



Theorem 5. For fited 0 < a < 1, and sufficiently large X, we have

M(X) ~ cp(a)me(X).

Proof. Using (4.2), we have

-y, r ¥ ue

<X 1 2k _gp—df2
P= 0<r<(2a/p) k dTO,l( Zr)noé 1)

(4.5)

We note that in the sum d < 0, thus using Dirichlet’s class number formula and well known

estimates on L-functions, we have

h(d)

o(d) = @L(l»){d) < V/ld|log(|d| + 1),

where yg is the Kronecker symbol. We see that the terms in the sum of (4

f > (log X)? contribute at most

lo
<Xy oy v

p<X L 7‘2k—4p df2
rECeVRIE s og )2

< lgx Y }Z 3

(log X)2<f<2VX " hcavX)F  Tcp<X
4p=r?( mod f?)

1 \/)? 1

(lOgX)2<f§2\/)? r<(2a\/>)k

Sl-

Xatam
(log X)3°
This, together with (4.5), gives

<

p<x P L p2k_ap—df?
0<r<(2 k P
<=V 0 X2
d=0,1( mod 4)

Since x4 is non-principal, from the Pélya-Vinogradov Theorem, we have

L) = Y X (ﬁ 1og|dr>

2/3
n<Xx2/3 X2/

= Lo(d) + O(Jd|2 X3 1log X), say.
17
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(4.6)
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Combining (4.6), (4.8) and (4.9) together, we get

bk
M(X) = My(X) + O <(f)gX)3> , (4.10)

where

M=y Y Y Vi@, (4.11)

p<X 1 p2k_gp=df?
<(2 k
rRaVRIE i 1og x)?

d=0,1( mod 4)

Using Theorem 4 and partial summation, we have

1 1

X PRI
M) = [ kol = @m0+ 0 G ).

Combining this with (4.10) proves Theorem 5.

5. PROOF OF THEOREM 2

From Theorem 1, it is clear that Theorem 2 follows from

Fy,(UV, A B; K, X) = ﬁ Z 71'E<a7b)(oz;lC;X)2 = (1 + o(1))(cr(a)mr(X))2. (5.1)

U<a<U+A
V<b<V+B

Note that the left side of (5.1) is equal to

ﬁ > > 1. (5.2)

U<a<U+A p,q<X
V<b<V+B U ap) (p)<2a/p

Up(ap) (D204
2B (a,b) (p)’aE(a,b) (9)ek

From Theorem (1), the terms with p = ¢ in (5.2) contribute O(7;(X)). Thus we have

1
FoUVABKX) = > > > 1+ 0(m(X)). (5.3)
PPASX  caymt VEbZvAB
1 —rk
s<@ayp)F “B(ab) =T

@ (a,p) (D=5F

From the Chinese Remainder Theorem, the inner sum of (5.3) is equal to
A B
—i—Ol)(—FOl)Np,rqu,sk. 5.4
(2 +0m) (52 +00)) No.rN (a5 (5.9
18



ABN(pI,;’;)QN(q,sk) in (
error term by at least a factor (log X)2. Thus, from (5.3) and (5.4), we have

Tk sk
F,(UV,A B;K; X) = (1+0(logX )) >N N(p; )N(q; )+0(m(X))

p#q<X p 9

When A, B > (X log X)?, we see that the main term 5.4) dominates the

r<(2a./p)
s<(2a)

- H(ro(he)) & x M o)

p q
p#q X 'r<(2cxf)k
s<(2a\f)k

— (1 +o<(log1X)2>>M(X)2 + O(mp(X)). (5.5)

(2) then follows from Theorem 5.

el ?s-\»—‘

6. FURTHER REMARKS

Following the work of Fouvry and Murty [3], David and Pappalardi [6] have considered average

Frobenius distributions of elliptic curves. More precisely, they showed

Theorem 6. Let r be an odd integer, A, B > 1. Let

T (X) = #{p < X 1 ay(p) =7}

and

_ (X)_/X dt vX
12 s 2vtlogt log X~

For every ¢ > 0, we have

1 1) .. X5/2 VX
) x8/2 1
4A Z<A = Grmyp(X >+O((A+B> 4B +(logX)C) (61)
lb|<B

where

(12 -1-1)
Hl2—11;[(l—1)(l —1)

The O-constant depends on ¢ and .

Theorem 1 cannot be deduced from this since the result of Theorem 6 is not uniform in r. In

fact, (6.1) does not hold for large r. It is quite easy to show that, for ¢ > 1, one has

Y C = —t+0 (1)

r<t
2fr

19



Let S be the set of all odd integers. If assuming that (6.1) were uniform, then for 0 < a < 1,
by partial summation, we have

1
avg.my (o, 83 X) ~ Z Cr(m12(X) — 7T1/2(7"2/(2a)2)) ~ ;aW(X)‘
TSQ?\/Y

This can not be true because, following our argument, it is easy to derive that
2 (0%
avg.m, (o, S; X) ~ (3/ V1-— t2dt)7r(X).
T Jo

We would also like to point out that in Theorem 1, and in the main theorems of [1] and [6],
the minimal ranges of A and B can be reduced a little by estimating some exponential sums.

This is of independent interest but not our focus in this paper. So we have not done so.

The authors are very grateful to the anonymous referee for his/her careful reading of the

manuscript and helpful suggestions.
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