AVERAGING SPECIAL VALUES OF DIRICHLET L-SERIES.
KEVIN JAMES

ABSTRACT. In this paper we derive estimates for weighted averages of the special values of Dirichlet
L-series which generalize similar estimates of David and Pappalardi [1].

1. INTRODUCTION.

Fix r,m,n € Z with (m,n) = 1. Let d,(f) = r2f_24p and B(r) = max(5,7?/4). Define

B(r) <p< X :pisprime;p=m (mod n);
dp=7r> (mod f?);d,(f) =0,1 (mod 4)

(1) Si(m,n, X) := {

2) A(r,m,m, X) = Z% S L(L ) logp

f<2vX  peSt(mn,X)

David and Pappalardi (see [1] Theorem 3.1 and Lemma 4.1) proved an estimate for A(r, 1,1, X)
which was an integral part of their proof that the Lang-Trotter conjecture is true on average.
In related work on the Lang-Trotter conjecture for elliptic curves with nontrivial rational torsion
subgroups (see for example [2]) it was neccessary to prove similar estimates on A(r,r — 1,n, X)) for
various squarefree n. In this paper we give an estimate for A(r,m,n, X) for (m,n) = 1 arbitrary.
In order to state the main result, we will need a bit more notation. We will let A™™ = 72 —4m and
put

5 Q5 = 1a > 2, prime : g|n; g Jr; ord (A™™) < ordy(n)} and
) Q%mm = {q > 2, prime : ¢|n; ¢ Jr;ord,(A"™) > ord,(n)}

For ¢ € 95, ,,, we will denote by ~,, the greatest integer which is less than ord,(A™™)/2, that is

r,m,n’

Vg := [(ordg,(A™™) —1)/2]. Also, we will let
r, = {((Arvm)/qordq(ﬁr”")) if ord,(A"™™) is even, positive and finite,
=

(4) ‘

0 otherwise.

In this paper we prove:
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Theorem 1.1.
A<T’ m? n? X) ~ C’r’,mm,X,

where
i q(¢® —q—1) ¢ q(q+(%>)
Or,m,n - Cr,m,n<2)
o lld (¢+1g - 17 11,1 ¢ -1 H ¢ -1
qfn qn alr
afr qlr
2 ,m -1
I <Aq’ ) * (A‘; ) + q“dq(ﬂl“mw (qu + qzl“g) FE(QLMJ —1)
1L 2-1 t G
qeg;m,n q q S (q . 1)
1 M | . ()2 )
ordg(n)—1 M
et \aT g =1 @2 -
and O’r,m,n(2) 18 deﬁned by
(§ r 18 odd.
% if v is even; and 4 Jn,
- @ ifr=2 (mod 4); 2 <ordy(n) < ordy(A™™) — 2,
2 — wl@ Zf?" =2 (mod 4)’ Ordg(n) = OI‘dQ(AT:m) — 1 and 2|Ord2(Ar,m)’
2= gy r=2 (mod 4); ordy(n) = orda(A") — 1 and 2 forda(A™™),
2= —hm ifr=2 (mod 4); ordy(n) = ordy(A™); 2fordy(AT);
% =1 (mod 4),
2- Wﬁ if r =2 (mOd 4); ordg(n) = OrdQ(Ar,m);
C 9 ( 2 fordy(A™™) OR ?(ﬁiﬂm) =3 (mod 4) ),
r,m,”( ) )2 ZfT =2 mod 4)7 OI'dQ(TL) > OI'dQ(AT’m);

(
ordy(A™™) is even and iy =1 (mod 8),
2 - —<gE ;(Ar,m) ifr =2 (mod 4); ords(n) > ordg(A™™);
3-2 2
) m
(

ordy(A™™) is even and QM(@(W =5 (mod 8),
2 — oy ifr =2 (mod 4); ordy(n) > ords(A™™);
2Ty

( 2 Jordy(A™™) OR W(ﬁz—ﬁm) =3 (mod 4)),

2 ifr=0 (mod 4);orda(n) =2; m=3 (mod 4),

2 ifr=0 (mod4);8n;m=3 (mod4); £==1 (mod 8),
2 ifr=0 (mod4);8n;m=3 (mod4); £==5 (mod 8),
1 ifr=0 (mod4);4|n;m=1 (mod4),
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2. PROOFS.

We first state the following result which is essentially due to David and Pappalardi, in the sense
that one can obain a proof by following the same line of argument given in the proof of Theorem
3.1 in [1] with minor modifications such as carrying the condition p = m (mod n) throughout their
argument.

Proposition 2.1. Suppose that r,m,n € Z and that (m,n) = 1. Then for any ¢ > 0,

A<T7m7n7X) = Kr,m,nX+O < X > )

log® X
where (k)
L Gk
Ky = ; 7 ; k([ k7))
and 2

a (mod 4k)
a=0,1 (mod 4)
(r2—af2,4kf2)=4
am=r2—af2 (mod (4n,4kf2))
For the sake of brevity, we omit the proof of this result and refer the reader to [1].
The proof of the main result now requires only a reconciling of the constants K, ,, , and C;, .
To that end we begin with an investigation of the crm "(k). For convenience, we will split these into

two sums:

(5) iy (k) = Z <%> and (k) = Z (%) :

a (mod 4k) a (mod 4k)
a=0 (mod 4) a=1 (mod 4)
(r2—af?,4kf2)=4 (r?—af? 4k f?)=4
am=r2—af2 (mod (4n,4kf2)) 4am=r2—af2 (mod (4n,4kf2))

In order to describe the behavior of the ¢}7j""(k)’s we have the following lemmas. The first lemma
follows directly from the above definitions. We state it for the sake of convenience only.

Lemma 2.1.

(1) For ;5" (k) to be nonzero, it is necessary that we have r, even; k, odd, (r/2,f) =1 and
(n, f)|((r/2)* — m).
(2) For c{1""(k) to be nonzero, one of the following must hold.
(a) r and f are both odd, (r, f) =1 and (n, f?)|(A"™).
(b) r =2 (mod 4),(r/2, f) = 1, (4n, f*)[(A™™).
e Ifordy(n) < ordy(A™™) — 2, then we require that ords(f?) > max(ords(n) +2,4).
e Ifordy(n) = ordy(A™™) — 1, then we require that ords(f?) = ordy(n) + 1.
. [fordg(n) > ordy(A™™), then we require that ords(f?) = ordy(A™™) and % =
1 (mod 4).
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(c) r =0 (mod 4), f = 2 (mod 4),(r, f/2) = 1 and (n,(f/2)*)|((r/2)> =m). Ifn =0
mod 4), then we also need m =3 (mod 4).

r,m,nm

Lemma 2.2. ¢/""(k) (i=0,1) is a multiplicative function of k.

Proof.  1f 1 is odd, c7g""(k) = 0 and the multiplicativity of ¢|""(k) can be shown as in [1],
lemma 3.3. So, we will consider only the case when r is even.
In this case, if (r/2, f) =1, (n, f3)|((r/2)> —m) and k is odd, then we obtain

<6> () = > ()

a (mod k)

((r/2)2—af?,k)=1
/D2-—m_ 2 (mod (—"y,k))

and zero otherwise. Since, a runs through certain congruence classes modulo k in the above sum, the
multiplicativity of ¢/¢"" (k) now follows form the Chinese remainder theorem and the multiplicative
properties of the Legendre symbol.

We need only treat the cases in which 7" (k) is possibly nonzero (see lemma 2.1). For case 2a,

if k£ is odd, then we have

@ () = ) ()

a€Z/kZ
(r2—af2,k)=1
3y 2 n
=y (med ()

In cases 2b and 2c, when k is odd, we have

a
® ) = > (%)
a€Z/kZ
((r/2)2=a(f/2)2,k)=1

/22-m _, (/22 g m
(7727~ ", (1/2)2) . (F/2)%)

In either of these cases, we see that the sums vary over congruence classes modulo k£ which is odd.
The multiplicativity of ¢/|"" now follows from the Chinese remainder theorem and the multiplicative
properties of the Legendre symbol.
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Lemma 2.3. Given r,m andn, let i =0 or 1 and define 7 as follows.

(2 ifr=2 (mod4);i=1 and ords(n) < ords(A™™) — 2
and ords(n) < 2,

[ 41 yfr=2 (mod 4); i =1 and orda(n) < ordy(A"™) — 2
and orda(n) > 2,

% ifr=2 (mod 4); i =1; orde(n) = orda(A"™) — 1
and ordy(n) is odd,

orda(A™) ifr=2 (mod 4);i=1; ordy(n) > orda(A"™);

2
ordy(A™™) is even and Miﬁm) =1 (mod4),

1 ifr=0 (mod4) andi =1,

0 if v is odd or if 1 = 0.

If f is chosen such that r,m,n and f satisfy one of the conditions in lemma 2.1 for c;’?", and if q
1s an odd prime, then we have

C;,mn<qa) = Cgf;;?dq<f>7i(qa)
Also, if r,m,n and f satisfy one of conditions 2a, 2b or 2c of lemma 2.1, then

cFr(2Y) = Cgﬂ’:m,l@a)
Proof.  We will first treat the case when i = 0 and r,m,n and f satisfy condition (1) of lemma

2.1 Using (6), we have
e (mod ¢%) <%> if ord,(n) < ord,(f?),

((r/2)2—af2,q)=1
9) (") = a
@ (mod o) (%) if ord,(n) > ord,(f?),

/22
(r/2)”—m _ (mod ( ,qY))

qordq(fQ) :aqordq(fQ)

n
qordq(fz)

Note that W is a square which is coprime to ¢. Thus making the change of variable a' =
aﬁ, the last sum becomes
q
al [0}
) 2 ()

o (mod q%)
/222m ! (o (—2 e
ordq (f#) qordq (f4)

Now combining this with (9), we have

o (mod g2) (%) if ord,(n) < ordq(f2>’
W g = :
( o \q)= > 2 o (mod g <%> if ordy(n) > ordq(fQ).
(r/2) “M=a (mod ( q%))

n
©rdq(f?) 1 (%)’
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,m,n

Using this expression one can easily see that crm"(qo‘) = Clomdg(r) O(qa), and thus we have proved
that the lemma holds in this case.

In all other cases when ¢ is an odd prime, the proof is similar.

For the last assertion, we assume that r, m,n and f satisfy either of conditions 2b or 2c of lemma
2.1. From 5, we have

r,m,mn o a @
G - > (3)
a (mod 201t2)
a=1 (mod 4)

(r/22-m _ _(/2) o
(12) =t (f32)2) (mod (g 2
> (o 2 (%)a if ordy(n) < ordy(f?),
a=1 mod 4
=\ ] o (mod 2042 (%)a if ordy(n) > ordy(f?) + 1.
r —m 2 n
2<§r£222f2)—2 =i T (g )

We note that is an odd square. Thus, letting a" = a2ord2(f2 yeilds

d (f2)
Za (mod 20+2) (%)a if 0rd2(n) < OrdQ(f2)a
a=1 (mod 4) a
(13)  PrEY =<y et <3) if ordy(n) > ordy(f2) + 1.
(T‘/Q)Q_"L Ea/ (mod ( 2 +2>)

_(r/2)2=—m _n__ sa
gorda (f2)—2 (n,(f/2)%)’

Using the last expression, one can easily check that c7""(2%) = ¢ 77 ;) [ (2%), as desired. In the
case that r,m,n and f satisfy condition 2a of lemma 2.1, the proof is similar.

In order to evaluate the ¢5""(¢%), (1 = 0,1), we have the following two lemmas.

Lemma 2.4. Suppose that q is an odd prime and o > 0. Letting d = cgg“(;”(qa) when 1 is even;
(r,q) =1 and (n,¢**)|((r/2)* —m), or letting d = c;ﬁzgfl(qa) when r,m and n satisfy conditions 2a,
2b or 2c¢ of lemma 2.1, we have

E <§> gt if B=0;a, odd; qn.
(g—1— (%))qa‘*1 if 6=0;a, even; qn.
(14) i= ) e (ATM if 3 =0 andq|n.
0 if B> 0;a, odd and ord,(n) < 2.
¢ g—1) if B> 0;a, even and ordy(n) < 24.
q- (army /g
| ( . > if B> 0 and ordy(n) > 20.

Proof. We will prove the lemma for ¢’ s o ' "(q%) where ¢ is an odd prime and where r,m and n
satisfy condition 2b of lemma 2.1. The proofs for the other cases are similar. From (8) above, we
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have

(0%
a
r,m,n a\
a€l/q*Z
((r/2)%2—4aq?8,q)=1

(r/2)2-m__ 4g®8
(na?) (2P 0 (G g2my ™)

«

an/qO‘Z <Q> lf /6 = O’
((r/2)2—4a,q)=1 I

_ (r/2)2*m54a (mod (n,q%))

«
a€l/q*Z <2> lf 6 > O
/22 om_, 462D (e N
(n,a28) " (n.a?P) (n,q2P)

Observe, that when and ¢ Jn, the second condition of our summation for the case 5 = 0 is empty.
We also note that when ¢|n, we have g fm, since (m,n) = 1. So, the second condition of the

summation for the case # = 0 implies the first. With these observations, one can now easily deduce
the desired result.
T,

The next lemma allows us to evaluate the ¢; " at powers of 2. The proof is similar to that of
the previous lemma and for the sake of brevity we omit it.

Lemma 2.5. (1) If r is odd, then,
r,m,n(2a) _ {% Zf 4/}/77/;

C —92)« .
b ((n,Q?X) Zf4 | n,

(2) If r is even and r, f = 2°,m and n satisfy either of conditions (2b) or (2c) of lemma 2.1,

then
0 if orde(n) < 20 and « is odd,
ng'flﬂ(ga) _J2¢ if orda(n) < 203 and « is even,

r/2)2—m)/226-2 @ o .
((( [2=m)/ ) gy orda(n) 2 25+ 1.

Now, let k(n) denote the multiplicative function generated by

¢ if o is odd
(16) R =3

1 if a is even,
for any prime ¢ and any « > 0. Then we have the following bound.
Lemma 2.6. For all k, c}7" (k) < k/r(k), where i =0, 1.

Proof.  From lemmas 2.3, 2.4 and 2.5, it follows immideately that for any prime g,

rmn () < q* if « is even,
cy
(17) pi M= e i ais odd.

= q"/r(q").
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r,m,n

The lemma now follows from the multiplicativity of ¢;
We recall the following fact from ([1] Lemma 3.4).

and k.

Lemma 2.7. Letc = He,pm‘me (1 + m> Then, Zsz m ~ ﬁ In particular, 327 | R(k)lcp(k)

CONVETGES.

Thus from lemmas 2.6 and 2.7, we see that K, ,,, is a finite constant.
We rewrite K, ,, . as

where
Now we compute the constants K7, . (i = 0,1). We recall the following identities
(4, B)
(20) ¢(AB) = ¢(A)p(B)———
¢((4, B))

and therefore, we also have if B|A,

A A)p((4,B
) "B = ¢Eb(f);)((<—3 5
In particular, we can write
(22) ol k) = ot

Now, we recall for a fixed choice of r,m and n, that f must be chosen such that r,m,n and f
satisfy the conditions of lemma 2.1 for 7" (k) to be non-zero. We will denote by S;i"™" the set of
f’s which satisfy the conditions of lemma 2.1, and we let 7 be defined as in lemma 2.3. Then, we
can write

(23) Krmn -

R 1 &SR, 27k )27 n f? k)
2 Z f<b(227nf2)kz ko(k)(22n f?, k) '

2TfeST mon

ordq((a,b

Using lemma 2.2 and the multiplicativity of ¢ and letting (a,b), := ¢ )| we can rewrite the

inner sum above as,

o [ (o ),

< ) 2 0, )

Using lemma 2.3, (24) can be rewritten as

q, prime
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(25)
" (@) (. 27 4) (270, ) Cyrinaain (€)1, 27 P47 gd((27 0. 7))
g (; @o(¢7) (22, ¢7) ) g (; Coa) (2 . 47)

chmen (qj)(n7227'quj)q¢((22Tf2n7qj))>

. . . 2qurdq(f) ’i - - T
I (Z & (g?) (n, 22qu>q¢<<227n,qf>>> T (ijo IO )
qlf

o j j 27 j o™ (@) (n,227 ¢d 227 qJ
= 7 o(¢?) (2% n, ¢7) (ijo o (@) (1,227 90) g (( qﬂ)))

q, prune qj¢)(qj)(227'n7qj)

Now, substituting this last expression back into (23) and using (20), we obtain the following
expression for K

rom,n:®

1 (@) (0, 227¢7 ) g (277, ¢ )
27 6(227n) H <Z P o(q) (22 n, ¢?) )

q, prime \ j7>0
(26) o) (@) (27T F2a)gd((2%7 fina?)
> ( o((22n, 1)) ) 22520 T T
2)(227n, £2) ) () (0,227 q0) g (227
27—/.6)(-5?7”’71 f¢(f )( f) q\f (Z]ZO qj¢(qj)(227'n7qj) >

Now, if S;"™" = (), then the above expression is just 0. So, we will assume for now that S # (),
and in this case we can rewrite the sum from (26) as a product

> q?$(¢%%)(227n,q%P) @ ¢(q7)(2%27¢?Pn,q7)
(27) II [+ X (Z cZ’T”?;”<qj><n,22qu)qqﬁ((a‘kn,qi)))
j=0

@ prume aroBegtmn @ 9(q7)(27n,q7)
K2

#((227n,q28)) (Z » C;’:;Efi(qj)(n,227q25”)q¢((227q2ﬁn7qj)))
j>

This allows us to rewrite (26) as
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(28)
ey (¢)
. ; 7o)
o | $ L G
e — P = dol@) )

2TqB€STm ,n

1+Z M (@) (n, @) (g — 1)

1
o1 qﬂ+¢q1)
I & o e i)
qln p qﬂ+1¢(qzﬁ) qjgb(qj)(qQﬂn’ qj)

2rqﬁesrmn ]20
2+ 3 " (27) (n, 227 1) p((2%7n, 27))
2i¢(27)(227n, 27)

j>1

(20, 229)) o Gl (29) (n, 272 ) (2272, 7))
* Z 2%(2%)(2771,225); 2(27)(227+20n, 2i)

or+Bes ™
3

Since, in the first product, ¢ fn, and since we are assuming that S;"™" # (), 27¢° € ;™" for all
B > 1if and only if ¢ fr. So using lemma 2.4, the first product in (28) becomes

—q—1)
0 I e I

g, odd -1
qjn an
qfr qlr

Recalling (3) and (4), and using lemma 2.4 the second product of (28) becomes

2
0(35) + (357 + s (a0 1) r3 =

e q2 -1 qLordq(A;‘m)flJ (q B 1)
(30) Lordq(n)+1j ordg(n)+2 q <q + <ﬂ>>
e 11 q
e N g 1) P2 1)) e\ ]

qlr
gq,odd
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Next, we evaluate the third factor of (28),which we will denote by T,"™". Using lemmas 2.1 and

2.5, we find that

(31)
( %in)% ifi=1;,7r=2 (mod 4); ords(n) < ordy(A™™) — 2,
2z z?f")ﬂ ifi=1;,r=2 (mod 4); ordg(n) ordg(A™™) — 1,
2ord2§n)+2 ifi=1;r=2 (mod 4); ords(n) = ordy(A"™);
ordy(A™™) is even and 2%:,7:1 =1 (mod 4),
gordz(AT™)+1 ifi=1;7=2 (mod 4); ordy(n) > ordy(A™™);
ords(A™™) is even and 4w =1 (mod 8),
w ifi=1;r=2 (mod 4)' ordQ(n) > ordy(A™™);
ords(A™™) is even and S =5 (mod 8),
2 ifi=1:7=0 (mod4);4/n,
S 2 ifi=1;r=0 (mod4); orde(n) =2and m=3 (mod 4),
8 ifi=1;r=0 (mod4);8|n;m=3 (mod4); 2 ==1 (mod8),
2 ifi=1r=0 (mod4);8|n;m=3 (mod4); 2= =5 (mod ),
% if i =1 and r is odd,
2 ifi=0;7r=2 (mod 4) and n is odd,
2— 5 ifi=0;7=2 (mod4); 0 < ords(n) < ordy(A™™) —2; ords(n) is even,
7275
2 — T ifi=0;r=2 (mod 4); ordy(n) < ordy(A"™) — 2; ordy(n) is odd,
T2 T
2 — m if i = O, r=2 (mod 4), Ordg(’n) > Ordg(Ar’m) — 2,
(1 ifi=0andr=0 (mod 4).
Thus,
(32)
T T 2 1 2 q (q + <ﬂ>)
Ky — (L0 — 9(¢" — g )21—[ . A
d(n)  274(227n) o (g+1)(g—1) -1 o ¢ —1
i I
2
q (Aq’ ) 4 (Aq’ ) 4 qordq(AlTvm)/2 <qu + q2]:\2) 1"3( Lordq(A J B 1)
H 1+ q2 -1 Lordq(A )71J
qEDf,myn q 2 (q - 1)
ordq(n)+1
1 i goda(m+2 )
ordg(n)—1 ordg(n)+1
enz,, N2 a1 P (- 1)
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Now one can check that C,,,,(2) = ¢(n) - (Tg(::)n + 23{;}1’;2)) when S;"™" U S7™" 2 () and 0
otherwise. Thus Theorem 1.1 now follows from Proposition 2.1 and from (32).
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