AVERAGE FROBENIUS DISTRIBUTIONS FOR ELLIPTIC CURVES
OVER ABELIAN EXTENSIONS

BRYAN FAULKNER AND KEVIN JAMES

ABSTRACT. Let E be an elliptic curve defined over some Abelian number field K. For a
prime p C Ok of degree f, we consider E over the finite field Ok /p and let ay(E) be the
trace of the Frobenius morphism. A generalization of the Lang-Trotter conjecture asserts
that for r € Z, there exists a positive real constant C'g . ¢ such that

e, if f=1
#{p C Ok : N(p) < x; degg(p) = f; ap(E) =7} ~ Crpp { loglogz, if f=2
1 otherwise.

)

We prove that this conjecture holds on average when one averages over all elliptic curves
defined over K.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let E be an elliptic curve defined over a Galois number field K. Set n = [K : Q] and
denote by O the ring of integers of K. Let p C Ok be a prime of degree f which lies above
the rational prime p € Z. We denote the degree of a prime p C Ok as degy(p). If E has
good reduction modulo p, then we consider E over the finite field Ok /p. Let a,(E) be the
trace of the Frobenius morphism. The number of points on E over Ok /p is

#E(Ok/p) = N(p) +1 — ap(E)
where the norm of p, N(p) = p/ is the number of elements of O /p, and a,(E) satisfies the

Hasse bound
|ap(E)| < 24/N(p) = 2p’/%.
Let r € Z. If f|[K : Q)], define

il (x) = #{p : N(p) <z, degp(p) = f, and ap(E) =7}, and
/”” dt NS

2 2V/tlogt logx’
Recall that in the case that K = Q Lang and Trotter [15] conjectured

T1/2(2)

Conjecture 1.1. If E does not have complex multiplication or if r # 0, there is a constant
Cg, such that

, x
7TE’1(Z‘) ~ Cgyma(x) ~ C’E,r@ as T — 00.
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Although the Lang-Trotter conjecture remains open, there are many partial results. Elkies [10]
proved that for any elliptic curve £/Q, there are infinitely many primes p such that a,(F) =
0. There are several results which verify that the conjecture is true in an average sense, when
one averages over a family of elliptic curves defined over Q (see [1], [3], [7], [11], [12], [13]).
For K # Q, less is known. David and Pappalardi [8] proved

Theorem 1.2. Let K = Q(i) and C, denote the set of elliptic curves E: Y? = X3+ aX + 3
with o = ay + agi, B = by + boi € Z[i] and max{|ay|, |az],|b1|, |b2|} < xlogz. Then for r # 0,

1
il Z 772 () ~ ¢, loglog x
1 Bec,

where
-1 ()
1 I
Cr = — L
)
If r =0, then
1
Z % (z) < co.
Cal EeC,
In this paper we generalize David and Pappalardi’s results as follows. Let {a4,...,a,} be
an integral basis for Og. Then for any A € Ok there exist ¥ € Z" such that A = > | 0[i]o.
Put [|7]| := max;<;<,{0[i]}, and for ¥ € Z", define A'(7) := ", U[ilay € Ok. For v1,05 €

(Z™)?, we write Ej 5 for the elliptic curve
Egu iyt =2 + A(07)z + A (v3),
and for ¢t € R we let
Co ={Euw : ol [loz]l <t Ap,, , # 0}
In this paper we prove the following theorem for odd r. The case of even r can be handled

in a similar manner.

Theorem 1.3. Suppose that K/Q is an abelian extension; that r is an odd integer and € > 0
is fived. There are explicit constants D, and D, i (see Section 2 for details) such that
as r — 00,

1 Z 7Tr’f<£L‘> N Dy gmijpp(z)  if f=1andt>> zlog®t x,
Cy| B D,oxloglogz if f =2 andt>> \/xlogz,

t EeCy
and for f > 3,
1 r
al >l (2) = 0(1),

EeCy
provided that

/6 1og if f=3,
t> ¢ loglogzlog?s if f =4,
log? x if f>5.



The organization of the rest of this paper is as follows. In section 2, we state Theorem 2.2
which is a more precise version of Theorem 1.3. We then show that the proof of this theorem
can be reduced to proving three key lemmas, namely Lemma 2.3, Lemma 2.4 and Lemma 2.5.
Lemma 2.3 which is proved in section 4 relates the desired average of the main theorem to a
weighted sum of the special values of L-series. Lemma 2.4 which is proved in section 6 gives
an estimate for the weighted sums of L-series. Lemma 2.5 which is proved in section 8 gives
an Euler product representation for the constant computed in Lemma 2.4. Sections 3, 5
and 7 contain various technical results which are essential to the proofs of the three key
lemmas and are of sufficient interest to be presented separately.

2. PROOF OF MAIN THEOREM

In this section we will prove a more precise version of Theorem 1.3 (see Theorem 2.2
below). Before giving the statement of this result, we need to introduce additional notation
and recall an elementary fact concerning Abelian extensions.

Let r € Z be odd and let f € Z be as in the previous section and let A, B € Z with

A, f
(A,B) = 1. Define A4 = y2 —4AF APAS = ord (A", 4, = (%) and
B, = ord,(B). Put

1”<,A,B,f:{q>2,prime:q|B;q+r;O<A;A7f<Bq} and
D?"Z,A,B,f = {¢ > 2,prime : ¢|B;q1r; Ag,A,f > B,}

. 7147]0 . .
vg if A4 is even and finite,
For g € QF ,we let Ty = ¢

1 nAB.f I 0 otherwise.

Then we define constants for use in the cases f =1 and f = 2 respectively as follows.

Bg+1
alg+79) qL -1 gPt?
it @ ez, o, \4 g1 @ - )

q|B,qfr
q,i,Ar,A,l

r,Al
M [+ Ty(g+Ty) N (¢
AT,A,1/2 2 A'r,A,l

q-a (q — 1) q

=5 1(g — 1 Jodd
g7 (g—1) Jodd

Y

I —1) I q(g+79)

g? —1

<
9€QT A 51
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r,A,2

Bgy+1 Bg+1 e
_ <q23q+2 S A e R B ) MUY
q,0dd q,0dd

CT,A,B — v
B2 — 1) (g — q) AT @ 1)
a|B.gir 1€, 5
qur,A,Q Qqu
SAQA,Q +3 1 2(Bg—Aq) Bg—Ag+1 2(By—Ag)—1 By—Aq+1
H q 2 . q Vg — Ve —q + 47
r,A,2 _ —

g,0dd q3Aq2 (¢ — 1) q*Ba=Ra/271 (g2 — 7,)(q — 7q)
qEQf}AyB

27,

H (q3(32‘1]+2 1 qs(%wl I qu>
B,
g,0dd @212 (g + 1)(¢3 - 1)

>
qGD;’A’B

We recall the following useful characterization of Abelian extensions which is a corollary
to [21, Theorem 3.7].

Fact 2.1. Given a Galois extension K/Q, there exists B € Z, such that for any rational

prime p € Z, Ok /p : Z/pZ] depends only on the residue class of p modulo B if and only if
K/Q is Abelian.

For f =1 or 2 we select aq,...,a; and B € Z so that a prime p € Z splits into degree f
primes pi,...,p, C Ok if and only if p = ay,...,a;—1 or a; modulo B. Then we define the
constants mentioned in Theorem 1.3 for f = 1,2 as follows.

l

_dn (¢ —q—1) ¢
P = g 1 temrg=e 1 =g 2 e

g,0odd q,0dd =1
aB qtB
qfr qlr
and
Bg+1 By+1
. m q23q+2 _ qu23q+1 + e + q— 4 +
T 3me(B) ¢*B71(q* — v4)(q — )
qlB
qlr
2 -1
g\ —q—1—-(— :
q H ( ( q >> Z
14— o
_ _ 2 _ Qg
godd \ 4 — <71> g,0odd (q 1)<q 1) =1
atB atB
alr afr

Now we can state a more precise version of Theorem 1.3.

Theorem 2.2. If K/Q is an abelian extension of degree n, then for any fized ¢ > 1 we have

1 1 vz o 2*?logx
— 3 @) =D, 0 ,
Cl 2 T () 1.xT12(T) + (logcx +—
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and

! 1
G| 7 (€) = Dya,xc loglog @ + 0(1 + M)
| t| EelCy t
If f >3, then
O(1+ IOgt2x> fO?” f > 57
1
|_Z =40 1+10g"’wlﬂ) for f =4,
EeCy

O(1+ UGIOM) for f = 3.
We utilize the following three lemmas in the proof of Theorem 2.2.

Lemma 2.3. Let K/Q be an Abelian extension. Select ay,...a; and B so that degx(p) = f
if and only if p=aq,...,a (mod B), where p is a prime above the rational prime p. Then

|Z7T [\/_loggcZ Z Z L(1, Xa,(p)) log p

EeCy 1 k<2f B(r)<p<z'/f
(k,2r)= k2|r2—4pf
p=a; (mod B)

d 1

k<2\f B(r)<p<Sl/f
(ko= Kyt
p=a; (mod B)

+ E(z,t),

where B(r) is as in Lemma 2.4 and

(1+ @ for f>5

1+ 10g2xl§g10g:v for f —4

E(z,t) < 1—1—% for f=3
1+ ﬁlogw for f=2

logloga:—i— ﬂ for f=1.

We prove lemma 2.3 in section 4. Our next lemma combines a previous result of James [14,
Proposition 2.1] with a straight forward generalization of a result of David and Pappalardi [8,
Lemma 2.2]. In order to state this lemma, we require the following additional notation. Let

a
= - k
Cran = Z Z “ ng 4an2) Z (n) Crlan, k),
W= a€(Z/4nZ)*

where
Crla,n, k) = #{b € (Z/ABnk®Z)* : b = A (mod B);4b* = r* — ak® (mod 4nk?)}.

Also, let
r A, B

Krap = Z Zm) Bnk2



where

a€(Z/AnZ)
a=0,1 (mod 4)
(r2—ak? 4nk?)=4
4A=r?—ak? (mod (4B,4nk?))

Then we have the following evaluation of the sums of L-series appearing in Lemma 2.3.

Lemma 2.4. Suppose that r, A, B € Z, with r odd and (A, B) = 1. Let dys(p) = (r* —
Aph) /K2, if k?|(r* — 4p) and O otherwise. Let B(r) = max{5,r,7%/4, A} and let xq, ,(») =

<d”( > Then for every ¢ > 0,

1 K'I'AB JZ+O<10 ac) if =1,
2 5 2 Ilxaw)leep= AN
k<2\z B(r)<p§:c1/f TAB \/_ + O <10g x) fo = 2.
p=A (mod B)
4pf=r2  (mod k?)

where L(s, Xq,(p)) 5 the Dirichlet L-function of Xa, (p)

The third lemma gives an Euler product expansion for the constant appearing in Lemma 2.4
for the f =2 case. For the f =1 case, we use a result of James [14].

Lemma 2.5. With the notation used in Theorem 2.2 and Lemma 2.4
1) (a1 ordq(B)+1 —2ordy(B) 1 ordg(B)+1
q q q
_|_

2ordy (B _ (=t
)

—1
2 q (7)Q+1
C— _— 1— CrAB-
o 11 - (2) -
qB q1B
qlr qfr

Proof of Thereom 2.2. Suppose f = 1. We combine Lemmas 2.3 and 2.4 (2) to obtain

!
7"1 ]- ( x >
= KT,C% LU+O c
IC t|}; [\/_logxz( B log® x

!
r S d 1
_;/B(T)f< TGZBSjLO( CS))E(SU?logS) dS]

3/210g:c)

+ O(log log x +

In [14] James proved
2

(¢ —q-1) q
H 2 k?",A,B'

2
KT‘,A,B =
wm L g L 7=
quB atB
atr qlr



! D
Thus, 32, Ky, 8 = =555, Therefore,

Z rl _ 'rlK
!Ctl

EeCy

Vo v d 1
logz /s SdS S1/2]og S a5

—1—0( N +x3/2logx)

log® x t

Integrating m/o(x) by parts one obtains

=)~ |
logz T2 \/_log S

Therefore,

r]_ T,l,K \/E /‘73 /
_ + ds
\tlE; llog:c 5 2\/_10g5 \/_log S ]
—1—0( N +x3/210g:c)

log® x t
VT N 232 log
log® t '

= DT’LKﬂ'l/g(CL’) —+ O(

This completes the proof for the f =1 case.
Suppose f = 2. Combine Lemmas 2.3 and 2.4 (1) to obtain

Z £ () = [fllogl“i<cr7%3\/§+o(logx)>

EeC
@ VS d 1
_iZ:;/B(r)f< mlB\/_JrO( CS) E(51/21<>g5’) o
+o(1+—ﬁlogx)
p .

It is easy to see that the first term in the brackets is O(1). Integrating by parts we see that

T

1
Y ——— = —logl 1).
o N = (51/2 logS) ds oglogz + O(1)

Also, note that integration by parts gives
* S d 1
B(r)f 10g S dS S/ lOgS

Therefore,

l
=2( n E : Vrlogx
|Ct| Z ;( CT:ain) log logiU + 0(1 + T)
=1

EeC:
7



By Lemma 2.5

which gives

Therefore,

7‘2 ﬁlog:v
= log1 1+ ——).
|Ct| Z D, 5k log ogx+0( + ; )

EeCy

This completes the proof for the f = 2 case.
Suppose f > 3. By (10) and (11) from Section 4.

n F—r?
(1) ICtIZ s (2 oF > A =) | )

f
EeC: (T)<p§x1/f p
g(p)=n/f
where
14 @ for f > 5

B(x,t) < { 1 4 leloezlos®s g p g

1+ = 1/610“ for f = 3.

We use H(4p' — r?) < p//?log? p (see pg. 10) to see that the main term of (1) is

> H(4p! —r?) < ¥ log”(p) <1

oI 772
B(r)<p<zl/f B(r)<p<zl'/f
Therefore,

)

o1+ lgT) for f>5
1 T 0g 10g T 10, x

EZ”EJ(@: O 1+M) for f =4

t EeCy /6

of1+= ”0“) for f = 3.

\



3. COUNTING CURVES
First, we note that since
#{(0,0) € (2" ]|l [@ll] <t5 1<i<n}=(2t+0(1)™
we have
(2) Ci| = 4" + O(¢* ).

Next, let p C Ok be a prime which lies above an unramified ratoinal prime p 1 6. The model
Ey i, from (1) is said to be minimal at p if ord,(A(Ey; s )) is minimal among all models for
E. We recall (see [19, pg. 172]) that for p 1 6, Ey; . is minimal if and only if ord,(A'(v7)) < 4
or ordy(A'(v3)) < 6. Let
EA,B:y2 =23+ Ax+ B

be an elliptic curve defined over Ok /p, and let C;(E4 ) denote the set of elliptic curves
E € C, which reduce to E4 g over Ok /p. We recall that in order to reduce Ey;  modulo p
one should first obtain a model

E:y* =2 +ut*A(0)) + uPA'(v3) (v € (Ok/p)*)
which is minimal at p, then reduce the coefficients of the minimal model (see [19, Chapter 7]).
Denote by EEE@ the reduction of Ey , modulo p.
We wish to estimate the size of C;(E4 ). First, we note that
pM Ok Cp" C Ok.
Thus by the third isomorphism theorem (for Z-modules),

(Ox) /(0" Ok) ., Ok
M)/ (PNOk) PN

Therefore,
pY /pN Ok | = pN D,

Set s = pN("=f. Suppose {p1,...ps} is a complete set of distinct coset representatives for
p /pNOk. Then for A € Ok, and 7 € Z" we have

AT =A (modp") & AW)—-A=p (modp"Og) (somel <i<s)
For 1 <i<sset A+pi=3)_,

#UEZA (W) =A (mod p"); [[7]] <t}

¢;,jo; where ¢; ; € Z. Then

S i NE| <t
_Z#{(Ci,l +ka17Ci,2+ka2,...,Ci’n—0—kan) . |C=J+p J|— a}
i=1

(3) 1<7<n
pN(n=1) n _
2t (2t)" 1
Y (B <2 o (L),
i=1 (pN pNt pNU=D

Therefore, for A, B € Ok /p,

#{(* De@r A= gmogpg;} (2nt”)2+o(t2n_l)

(Y A7) = mod p); p = — .

o ENETRY v -
9




Thus the number of models in C;(F4 ) which are not minimal at p is

o0 ) - (0 (5)) (0 (55)

Thus
| CBap)l = #{ (01, 53) € @) | B} 5 = Bas }

oL A(v]))=A (modp);A'(v3) =B (mod p);}
= ,Uy) € (ZM)?* R
# {(”1 %) € (@) il Jl < ¢
+ O(#{Esn €C: A(07) € p* and A'(v3) € pb})

2% 2n t2n—1 th
-(5r) o (e im)
p p p

4. THE AVERAGE IN TERMS OF L-SERIES

(4)

First we recall the Hurwitz class number (see [16]) which is a weighted sum over the
equivalence classes of binary quadratic forms f = ax? + bxy + cy? of a given discriminant.
More precisely, if we let Ay = b* — 4ac denote the discriminant of the form f above, then

for A > 0,

% if f is proportional to % + 12,
H(A) = Z cy where ¢y = % if f is proportional to x? + zy + y?,
1

(7]
Ap=—A

otherwise.

Some authors use instead the Kronecker class number K (A) which is the number of equiv-
alence classes of binary quadratic forms of discriminant A each counted with weight 1. For
our purposes, it will be more convenient to work with H(A). It is straight forward to check

that H(A) = K(—A) + O(1). We recall the following useful formula for H(A) (see [8])
h(=A/k?)
5 H(A)=2 _—
) () > e
k2|A
;—gzo,l (mod 4)
where h(d) and w(d) denote respectively the Dirichlet class number and the number of

units of the imaginary quadratic order of discriminant d. Recalling Dirichlet’s class number
formula

ADld 1/2
(6) h(d) = %L(l,xd) for d < 0
m
and the estimate L(1,xa,) < logp (see [16, pg. 656]) and noting that r odd implies that
kﬁp ' =1 (mod 4), we obtain the following useful estimate.
\/4pf — 7"2
(7) H(4p' —r) = > L(1, X(2—apryi2) < p''?log? p.

k2|4pf —r2
For p > 3 and f > 1 any elliptic curve over [F,,; may be written as

Eup:y*=2"+ax+b (a,be Fpr).
10



We recall that £, = E,; if and only if there exists u € (IF,r)* such that o’ = ula and O =
uSb. So, given (a,b) € Ff)f, the number of (a/,V') € Filf with Eyy = E,, is

’% when a =0 and p/ =1 (mod 3)
P2l whenb=0and pf =1 (mod 4)

E—-  otherwise.

Following Schoof [18] we define N(r) to be the number of F,s-isomorphism classes of elliptic
curves with p/ + 1 — r points defined over F,;. Then by Deuring’s Theorem (see [9] or [18,
Theorem 4.6]) if 72 — 4p/ < 0 and p t r, then

N(r) = K(r? — 4p) = H(4p’ — r?) + O(1).
Let T,s(r) be the number of models over I, of the form
W: syt =2+ Az + B.
with p/ + 1 — r rational points. Then Deuring’s theorem becomes
Theorem 4.1 (Deuring). T,s(r) = H(4p’ — rz)% + O(p’).

Proof. Let E denote an F »r-isomorphism class of elliptic curves. Since there are at most 10

isomorphism classes with size different from f2 we have
f_1 f_1
p p
- Y Y e ¥ () row) = Bt - o)
E/F,¢ E/F s
ap (B)=r EA*BGE ap(E):r

O

Proof of Lemma 2.3. Noting that N(p) = p/ and that there are g = n/ f primes in Oy which
lie above each rational prime p, we have

’tlzﬂ P D! %Z > 1+0()

Itl

EeC; E€C: N(p)< E€C: B(ry<p<al/f
deg c p= f g(p)=n/f
ap (E)=r ap (E)=r

where g(p) is the number of primes of Ok lying above p and the O-term comes from the finite
number of primes removed from the inner sum. We require B(r) > max{(r?/4)"/f r 3, Ak},
since for such B(r), p > B(r) implies that |r| < 24/N(p), p t r (for Deuring’s theorem), p
does not ramify in Ok and all elliptic curves defined over K have Weierstrass equations of
the form y? = 2% + ax + b.

Now, reversing the order summation in the above estimate one obtains

(8) ﬁ > Y 1+0()

B(r)<p<z'/f BEEC
g(p)=n/f w(E)=r

11



Given a rational prime p let p C Ok be any prime lying above p. The inner most sum of (8)
becomes

> ICi(Ean)| + O( > 1)

EA,B/pr EE%Ct
#EA B (pr ):Pf+1—T singlilsar
Note that
(2t>2n t2n
S Y Y male ¥ @0
EeCy A€eOk/p BeOk/p AeOk/p
EPis 4A3-27B2¢p

singular
Recalling (4), we have

= () o (G )] o 5)

Eely
ap (E)=r

Applying Theorem 4.1,
f 2t>2n t2n71 t2n 752n
_ F_ P ! ( ot L
E;t 1= (H<4p )5 + 0 )) (( 7 >+o<p2f_1 +pmf)) +o(pf)
ap (E)=r
Recalling (2), we have that

1 ,
(9) @] > (@)

EeCy

n 1 1 (2t)2n th—l th
5 (o)) (2 o5 5)
B

(r)<p<at/S

g(p)=n/f

P rapt 2y 4 0! o1 L

SHE =) +00) )| +0l1+ >
B(r)<p<zl/f

g(p)=n/f

Recalling (7), the summand of the main term of (9) becomes

H(4p! — 2 1 plHAp! — ) [t g2n 27 H (4pF — 2
Wp' =% (L PHE —r) 4 (4p’ —1?)
pr p2f 1 p10f pft2n+1

pf {2n
H(4p! —r?) 1 log’p 9 1 1
_—2pf +0 ]7+p—17f/2+10g P tpf/2*1+pf/2t

Combining this with (9), we may write

1 , n H(4p) —r?
(10) LSy -2 T gy,
|Ct| Eec 2f p
t B(r)<p<az'/f
g(p)=n/f

12



where (using partial summation for f = 3 and standard estimates)

(1+ @ for f>5
L oty 1  logZologloge for f =4
1
1) Beh< Y (7*@) Q1+ for f =3
B(T)<g§w1/f 1+ flogm for f =2
g(p)=n/f 2372 log:c B
logloga: + for f=1.

Letting di(p) = TQ;ﬁ‘pf and using (5) along with Dirichlet’s class number formula (6), we

may rewrite the main term of (10) as

1 Xdk(P))'

2f

pr 2nf
B(r)<p§zl/f B(r)<p<zl/f k2|7‘2 4pf

g(p)=n/f 9(p)=n/f

n H(4pf — r? n ,/4f_7=2
Z (4p ) Z Z P

We approximate +/4p/ — r2 by 24/p/ + O ( m) and use L(1, x4, (p)) < logp (see [16, pg.

656]). Then reversing the order of summation in the main term and noting that we only
need consider k < 2./z,we obtain

L(1, 1
i Ly Ly Hhwwlol oy oy

k<2y/z B(T)<p<x1/f B(T)<p§x1/f k2|'r”2—4pf
|r —4pf g(p)=n/f
g(p)=n/f

The error term is easily seen to be < 1 and thus can be absorbed into our estimate for
E(z,t). Using partial summation to estimate the inner sum, the main term in (12) becomes

W\/_logx Z Y LX) logp

k<2f B(r)<p<al/
k2|r —apf
p)=n/f

l/f
d 1
S 1S L ) logps (—Sfmogs) ds.

B(r) k<2f B(‘r <p<;
r2—dp
g(p)=n/f

13



Setting s = S/, noting that k2|4p/ — r? implies k < 2v/S and substituting into (10), we
obtain

ZT{' [\/_logx Z Z L(1, Xa,(p)) logp

Eect k<2f B(r)<p<z'/f
k2|r2—4pf
g(p)=n/f
d 1
/ Z Z L(LXdk(p))lngTS (Sl/Q—logS) ds| + E(z,1)
(r) k<2f B(r)<p<S'/f
k2|72 —ap!
g(p)=n/f
O

5. COMPUTING C\(a,n, k)
In this section we give a formula for evaluating
Cy(a,n, k) = #{b € (Z/4ABnk*Z)* :b=A (mod B);4b* = r* —ak® (mod 4nk?)}.

First, we require the following lemma which is a straight forward application of Hensel’s
lemma.

Lemma 5.1. Suppose A is odd, 2 < L € Z, and 1 < k € Z. Then for any X € Z,
X =MA+ M?*2"  (mod 25)
has a unique solution M modulo 2.

By the Chinese Remainder Theorem

(a,n, k) H dp.ak(n

pl(4Bnk?)
p prime

dyqp(n) = > 1

be(Z/p'L)*
b=A (mod p'1)
4b?=r?2—ak? (mod p'2)

with I} = ord, . x(B), lo = ord, 1 (4nk?) and | = I} + Lo

where

Lemma 5.2. Let p be an odd prime. Using the notation above we have
(1) Suppose 0 <ly <y andly > 0. Then

= 4 A%2 =92 — ak?  (mod p'2
0 otherwise
(2) Suppose l; = 0. Then
1 r2—ak? 1
dak(n)z{ +< ) if (r* — ak? p) =

p7 b
0 otherwise
14



(3) Suppose 1 <1y < ly. Then

=l if 4 A% = 1?2 — gk?  (mod ph
dp7a,k-(n> — {p f ( p )

0 otherwise
(4) Suppose l; =0 orly = 1. Then

p ( ) B 2min(l1+4,l—1) Zf 2 _ak?2=14 (mod 2min(5,l2))
2R if r> —ak® #4 (mod 2mn(>:2))

(5) Ifl; > 2 and 2 < ly <1y + 3, then

dy o () = 27 if4A? =r? —ak?  (mod 2'71)
2R if 4A% #£ 12 — ak?®  (mod 21711)

(6) Ifly > 2 and Iy > 1; + 4, then

by o k() = b3 jf4A? =2 — ak? (mod 21113)
2R if 4A2 # 12 — ak?® (mod 24+3)

Proof. The proof is an exercise in carefully counting simultaneous solutions in (Z/p'Z)* to
the equations b = A (mod p") and 4b* = r? — ak? (mod p'2). For the sake of brevity, we
prove only a few cases. The proofs of the other cases are similar.

(1) It is easy to see that if [y = 0 and {; > 0, then d, ,x(n) = 1. So suppose 0 < [y <[y
and p is any odd prime. Then

b=A (mod p") and 4* =7* — ak? (mod p”?)
& 3M such that 4(A + Mp")? =r? —ak® (mod p'?)
& 4A% =1 —ak®  (mod p®).

Since #{b € (Z/p'Z)* : b= A (mod p")} = p'~*, the result follows.
(5) Suppose 3 > 2 and 2 <[y < l; + 3. Observe

b=A (mod 21)
40 =r? —ak® (mod 22)
& 3 M such that 4(A+ M2")2 =72 —ak® (mod 2?)

& 4A% =r* —ak®  (mod 22).
15
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The result follows from the fact that there are 2/=% b € (Z/2!Z)* such that b= A (mod 21).
(6) We omit the cases ly = I3 +4,1; + 5. Suppose [y > 2 and Iy > [; + 6. Then

b=A (mod 2")

=Ny h that
saeh tha {462 =72 —ak? (mod 22)

2 _ k2 2 _ qk?
& 3 M suchthat (A+ M24)? = % (mod 2"272) and % €Z
(13)
r2—ak? 2
r/—akt A 2 _ ]{32
o <—4211+1 ) = MA+ M2 (mod 227173) and 24+ (—T 4“ —A2) .

In order for the left hand side of (13) to be an integer, we must have
(14) r? —ak? = 4A% (mod 2473).

By Lemma 5.1, (14) is a sufficient condition for determining a unique solution M modulo
2271173 for (13). Then we obtain a solution b modulo 2272, Note that if b satisfies 40? =
r?2 — ak?® (mod 21), then so do —b, b+ 2273 and —b + 2273, But, only two of these satisfy
b= A (mod 2"). Thus, the number of solutions is 2!72+2. 2 O

6. AVERAGING SPECIAL VALUES OF L-SERIES

In this section we prove the f = 2 case of Lemma 2.4. For the f = 1 case, see [14,
Proposition 2.1]. In [8] David and Pappalardi present a proof of the f = 2 case of Lemma 2.4
for A =3 and B = 4. In the proof that follows we use arguments similar to those of David
and Pappalardi (see [8, proof of Lemma 2.2]).

Proof of Lemma 2.4 (for f =2). Let U be a parameter to be determined later. We have the
following identity (see [8, (4.2)])

(15) L Xaew) == ) (@) % =2 (dkT(m) # o (%9#) |

neN neN

Thus, choosing U > z7/161og?  we obtain

Z % Z L(l,Xdk(p))Ing

k<2yx B(r)<p<y=
(k,2r)=1 y 1;E:A2 (TogdBk)2>
! di(p)\ " P
- Y0 X [S(M) o () e
k<2v/@ B(r)<p<yx  neN

(k,2r)=1 p=A (mod B)
4p?=r? (mod k?)
1 di(p)\ e ™Y NI
= — logp+0O | ——
Sio Y S (M) S (o
ks2va B(r)<p<yz  n€N
(k,2r)=1 p=A (mod B)
4p?=r?2  (mod k?2)

16



Let V be a parameter to be determined later. Note that

s (),

V<k<2yZ  neN B(r)<p<vT

(k,2r)=1 p=A (mod B)
4p2=r2  (mod k2)
e—Y 1
< logx — 1
: — 2 5 X
neN V<kL2yz m<+z
(k,2r)=1 4m2=r2 (mod k2)
e Y #{h € Z/K*Z : 4h? =r* (mod k?)} /x
<L logx E g - =)
neN V<k<2yZ
(k,2r)=1

In order to find #{h € Z/k*Z : 4h* = r* (mod k?)}, suppose k = p{'p3* - - p* where the
pi’s are distinct odd primes. Notice that r? = (22;)? (mod p>*) has two nonzero solutions
whenever (k,r) = 1. Now using the Chinese Remainder Theorem, we see that 4X? = r?
(mod k?) has at most 2“*) solutions X modulo k? when & is odd, where v(k) is the number
of distinct prime divisors of k. Therefore,

—n/U dk() —n/U 2u(k)
w ¥ Y Y (e evie Y- Y 5
V<k<2f neN B(r)<p<yz neN V<k<2yx
(k,2r)=1 p=A (mod B)

4p?=r? (mod k?)
To estimate » 1oy /5 %(:) we use the following estimate [20, Exercise 2, pg 53]

> ot = —TlogT+O( )

m<T

along with partial summation to obtain

om0 1 26 3
= (F%: log(2z) + O(Zx)) 22)7 —i—/v <pylogy + O(y)) " dy
k=V
6 1 log V'
(17) — (F(V —1Dlog(V—=1)+0O(V — 1)) 7 <2

n/U
nGN n

(-1 1 1
RPN o ol A
¢ 2 g T e

To estimate the sum we first note that

i=0
Thus for U > 1,

e~V 2U
= —log(l—e V) <1 1
(18) Z og( e ) <logU + log (2U

n
neN

1) <logU + log(2).

Choosing V > (log )3/ and usmg (17) and (18), (16) becomes

ov (k) NG
logU
Z ER (log x)c+2—e( oglU) <

17

Jz

log® x

neN V<k<2yz



if U < y/x/logz. Thus,

Z% > L Xa) logp

K<2VE B(m<p<v/z
(k,2r)=1 p=A (mod B)
4p2=r2 (mod k2)
(19) dy,(p)
E ( . ) logp + O (
<V neN B(r)<p<v@
(k,2r)=1 p=A (mod B)

4p2=r2 (mod k2)

Now note that

n>UlogU
and recall that we required U > z7/1610g? z. Therefore,

RIS S (M) em

n
k<V n>U logU B(r)<p< =
(k,2r)=1 p=A (mod B)
4p2:7‘2 (mod k2)

—n/U 1 o 1
e

—x/Ud _
2. <<UlogU/U10gU6 T UlogU

NZ

logz \/_10gm
1<
UlogU Z k: Z UlogU <

m<VT
(k‘ 27’) Am2=r2 (mod k2)

Substituting this into (19) we obtain

> % > L(l,x4p) logp

k<2 B(r)<p<vz
(k,2r)=1 p=A (mod B)
4p2=r2  (mod k2)
E E E ( ) logp+ O (
k<V n<U10gU B(r)<p< = n
(k727.): p=A (mod B)

4p2=r2  (mod k2)

. d . .. . .
Since ( 5(p )> is periodic modulo 4n, we can rewrite the inner sum as

Z (%) Z log p.

a€(Z/AnZ)* B(r)<p< /z
p=A (mod B)
4p’=r? (mod k?)
d(P)=(r2—4p?) [?=a  (mod 4n)

For positive coprime integers C' and D define

»i(X,C, D)= Y logp.
2<p<X
p=D (mod C)
18
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Then our last sum becomes

S (%) 3 U1 (v, ABnk?, )+o(2ylink)>

a€(Z/4AnZ)* be(Z/4Bnk?Z)"
b=A (mod B)
4b?=r2—ak? (mod 4nk?)

where the O-term comes from the following estimates.

> () 2. >, losp

ac/my ' e(zaBuiez)’ 2<p<B(r)
b=A (mod B) p=b (mod 4Bnk?)
4b’=r2—ak? (mod 4nk?)
B(r) ov(nk)
< ol4n) L log(B(r) < o
Recall that ¢4 (X,C, D) ~ % (see [20, Chapter 2 §8.2 Theorem 5]) and define
X
El(X, 07 D) = wl(X, C, D) - M
Then,
d
( k(p)> logp =
n
B(r)<p<y=
p=A (mod B)
4p2=r2  (mod k2)
a\ Cr(a,n, k)
\/_ > () S(4Bnk?)
€(Z/4n7Z)*
a ) 2u(nk)
+ Z <H> Z Ey(vz,4Bnk?b) 4+ O ( ETE )
E(Z/4nZ)" be(Z/4Bnk?Z)"
b=A (mod B)

4b?=r2—ak? (mod 4nk?)
where as before
Cy(a,n, k) = #{b € (Z/ABnk*Z)* :b=A (mod B);4b* = r* — ak® (mod 4nk?)}.

Note that if we reverse the order of summation in the term involving E)(y/z,4Bnk? b),
then the sum on a has at most one summand. Thus,

3 (E) 3 Ey(Va,ABnk®,b) < > |Ey(Va,4Bnk? b)| .

n
0E(Z/4n7) be (2/4Bnk2)" be(2/1Bni?2)
b=A (mod B)
4b?>=r2—ak? (mod 4nk?)

19



Therefore, we may write (20) on page 18 as

Z % Z L(17Xdk(17))10gp

k<2y/z B(r)<p<vz
(k,2r)=1 p=A (mod B)
4p2=r2 (mod k2)

_ 1 a\ Cr(a,n, k)
(21) - ; k Z n [ Z ) (ﬁ) H(4Bnk?)
(k-3ry=1 n<UlogU a€(Z/AnZ)

v(nk)
+ Y |Ei(Vx,4Bnk*b) \+O<2 )

BEk?
be(Z/ABnk2Z)*

70 (iar)

Recall (see [17, Exercise 1.3.2]) that for € > 0,

/M= 3" 1<) 1< (m
dlm

dlm
d squarefree

Thus,
n/UQl/ (nk) \/_
Y <Yy Y o s
k<V  n<UlogU k:<V n<UlogU
(k,2r)=1
when

Therefore, (21) becomes

> % > L(,x4p) logp

K<2VE B(n<p<ya
(k,2r)=1 p=A (mod B)
4p2=r2 (mod k2)

(22) DY

(kk2§r;/:1 n<UlogU

a\ Cy(a,n, k)
[ > () s

a€(Z/AnZ)*
ro ().

+ > |Ei(V,ABnk* b)|

be(Z/ABnk2Z)* log™

20



Applying the Cauchy-Schwarz inequality and using the identity ¢(AB) = (;S(A)QS(B)M,

#((A,B))
we obtain
1 e‘"/UE Bk
<V n<UlogU
(k2r)=1  be(Z/ABnk?7Z)*
1 s(4Bnk?)\ v
n 2 772
(23) SZ@( > T) > > Ei(Va,4Bnk®.b)
K<V n<Ulog U n<Ulog U be(Z/4Bnk2Z)*
1/2
Z\/ o(k2) ( 5 é(4n) (4n,B)  (4Bn,k?) >/
2 2
= wetiey 1 9((4n, B)) o((4Bn, k?))
1/2
Yo Y. E(WzABukb)
n<UlogU be(Z/4Bnk?Z)*
Note that ¢(4n) < 46(n), 6(k?) = ko (k), ¢(n) < n, and 5 C0 =T, 0 2 < 20 <

De, for all € > 0 (see [17, Exercise 1.3.2]). Therefore, the above estimate is

1/2
<<Z¢E< > %) > Y E(Va ABnk?b)?

k<V n<UlogU n<UlogU be(Z/ABnk?Z)*

1/2

Substituting this into (23) and letting m = 4Bnk?, we obtain
—n/U

S 1Y o ImEaBab)

k<V n<UlogU
(k2r)=1  be(Z/4Bnk27)*

< \1ogU Y k7 > > E(Wa,m,b)?

k<V m<4BV2U log U be(Z/mZ)*

1/2

The Barban-Davenport-Halberstam Theorem (see [2], [4, Chapter 29] or [5] and [6]) asserts
that given any [ > 0 we have for X > Q > X/log' X

Yo DY E(X,mb)’ < QXlogX.
m<Q be(Z/mZ)*
Therefore, if \/z > 4BV?Ulog U > v/z/log!(/z), then
1 —n/U
> 7 > : — BV, 4Bnk?,b)| < (logU)V3VU\/ VT VT

log® x
k<V n<Ulog U g
(k2r)=1  be(Z/4Bnk27)*

when

JT

5c+15
c+ T

and V =loglc¥/2
log

21
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Combining this with (22) we obtain

> % > L(x4p) logp

k<2y@ B(r)<p<y3

(k,2r)=1 p=A (mod B)
(25) 4p2=r2 (mod k2)
ay Cy(a,n, k) VT
= - ) BASCLUL /e .
v k 2 > () S(ABnk?) <logcx
(ng;;/:l n<UlogU a€(Z/4nZ)*

The proof of Lemma 2.4 (for f = 2) now follows from the following lemma which also shows
the convergence of the summation formula for C; 4 p. ]

Lemma 6.1.

fn/U a 1
Cronp = - (—) Co(a,n, k) + O .
AP Z kng(4Bnk?) Z n (a,m, k) + (logcx)
K<V a€(Z/4nT)*
n<U log U
(k,2r)=1

Proof. Recall that C;.(a,n, k) = [ 4,42 dp,ak (1), where the d,, o x(n) are given in Lemma 5.2.
In particluar, dy,x(n) is at most 2°792(B)+3 by Lemma 5.2 (4)-(6). For p|B, dpqx(n) is at
most p*¥*(5) by Lemma 5.2 (1) and (3). For p|nk and p{ B, d,qx(n) is at most 2. Therefore,

Cy(a,n, k) < 16B2Wvm=v((nk) — 16B9v (k)
Thus,

(26) > (8) Crlan k) < o2,

n
a€(Z/AnZ)*

Since ¢(4Bnk?) > 2¢(B)¢(n)¢(k;2) and 2v(nk) < or(m+v(k)

Y Y e < X
ne( 4Bnk2 k2¢ ) n
(kk;‘;/ ) n<U10gU n<UlogU
: v(k) 3v (k) v(k) v(k)
Since, 2¢(: — knplkp < 2773 < ﬁ, we have that >, ,f%k < D ev ?’k; .

p>3
Recall [20, Excercise 4, pg 53] that ) <73 (") « T'log® T, and using partial summation, we

have S0, +1 3::) < log 2. Thus,
v(k) log? VvV
o PR dd

Recalling that ) 2v(") <« Tlog T [20, Exercise 2, pg 53] and again using partial summa-
tion we have

e /Uv)  ogU UlogU' / o=t/U]ogt e /Vlogt
> < + +
n U 1 t U

(29) > dt < log? U.

n<UlogU
22



Combining (27), (28) and (29) gives
7n/U

a
— o — ) Ci(a,n, k
(30) Z kng(4Bnk?) > <n>c (a,n, k)
a€(Z/4nZ)*
n<U10gU
(k,2r)=1
e /U a 1
_c ¢ k
Z kno(4Bnk?) Z <n> Crla,n k) +0 (logcx)
a€(Z/AnZ)*
n<U10gU
(k,2r)=1

whenever U and V' are chosen as in (24).
Recall that for any e > 0, we have 2/(™) < m¢ (see pg. 20). Thus,

. Iy
e .,
keN k¢ n>UlogU n UlogU Juiogu log®
Combining this with (30), we have
7n/U a
— o —)C.(a,n,k
Z kng(4Bnk?) 2. (n) (a,n, )
a€(Z/AnZ)*
n<UlogU
(k,2r)=

a 1
kz Z k:ngb 4Bnl~c2) 2. (ﬁ) Crla,n. k) +0 (1ogcx)
(] ZEI)\I . n=1 a€(Z/4nZ)*

The proof of Lemma 6.1 now follows from the identity

DY angb 4Bnk:2) 2. <%) Crla,n, k)

e = a€(Z/AnZ)*
a 1
— ) Cy(a,n, k) + O
Z Z kng 4Bnk2) Z (n) (a,n, k) + <logcx>
keN n=1 a€(Z/4nZ)*
(k,2r)=
(see [8, pg. 15]). O

7. CONSTRUCTING A MULTIPLICATIVE FUNCTION
Let ez q(n) = G2.c, ’“(n if dgor(1) # 0 and 0 otherwise. Set n = 2°7%2"n/. We define

ck(n) == Z <n> €2.q,k(N Hdpak’

a€(Z/AnZ)* pln
a=1 (mod 4) p#2
(r2—ak?n’)=1

Lemma 7.1. Let q be an odd prime. For a > 0,

(1) cx(n) is a multiplicative function in n and cx(1) = 1.
(2) Suppose q|B and write k = ¢°ky, where ord, (k) = 3.
23



(a) If 26 > ord,(B), then

2 2 ordg(B)
rdq(B) o Zfr =44 (HlOd q )
ce(q®) = ¢ (g”) and o is even
0 otherwise.

(b) If 28 < ord,(B), then
(") = {q“—minwordq(B)—zﬁ) <—<r2f4f32>/q2">a if r* =44 (mod ¢**)

0 otherwise.

(3) Suppose q1 B.
(a) If q|k, then

() = 2¢° Y q—1) if a is even
g 0 if o is odd.

gt <_1> (g—1) ifg|r and « is odd
—q* (%) + 1} if ¢fr and a is odd
¢ g-1) if q|r and o is even

g1 [q — 3] if gt r and « is even
\

(4) x(27) = (=2)°
(5) Ck-(qa) - qurdq(k) (qa)
Proof. For the proof of part (1), we refer the reader to [7, pg. 10] where a similar result is

proved. In the proofs of parts (2) and (3) of the lemma, it will be convenient to note that if
q is an odd prime and a > 0, we have

- v G X

a€(Z/4q*7)* be(Z/q'7)*
a=1 (mod 4) b=A (mod ¢'1)
(r’—ak?,q*)=1 4b?°=r2—ak?® (mod ¢'2)

qmin(ll,lz)|(4A2_T2+ak2)

where, as before, I = ord,(B), lo = ord,(¢*k?*) = «a + 2ord,(k) and | = l; + l. Setting
B = ord,(k), we can use Lemma 5.2 to evaluate the inner sum and obtain

a
) ZaE(Z/éLq"‘Z)* (%) if q‘B
a=1 (mod 4)
(r2—ak?,q%)=1
ak?=r2—4A2? (mod ¢gmin(i1:l2))

Y ac(z/4¢°L)" <§> (1 + <%)> if gt B

=1 (mod 4)
\  (r?—ak?,¢%)=1

( min(l1,l2

q

which implies part (5).
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(2) Suppose ¢|B. Set k = ¢°k;. If 23 > [;, then
ak? = 1% —4A%  (mod ™)) = 12 =447 (mod ¢"),
which implies that

qmin(ll,lg) Z 0e(Z/10°T)" <§> if 72 = 4A2 (mod qll)

Ck (qa ) = ((:nfi a k(;f:;ad) i)l

0 otherwise
On the other hand, if 23 < [y, then
ak? = r? — 4 A2 (mod qmin(ll’aJr%))

r2 — 4 A2

> aki =
¢*’

(mod qmin(ll*ma)) and ¢%°|(r? — 44?),

which implies

a
o min(ly ! a
cr(g®) = g™ > (—)
a€(Z/4q°Z)*
(r?2—ak?,q%)=1
a= T2_24@A2 k1_2 (I‘IlOd 4qmin(l172ﬁ,a))

¢*|(r?—4A?)
B {qamin(a,hZﬁ) (M)a if 2 = 4A2? (mOd q25>

0 otherwise.

(3a) Suppose ¢ 1 B and q|k. Since (k,2r) =1, ¢ 1 r. Therefore, by Lemma 5.2 (2)

N a\” 2¢(q®) if a is even
aley=2 Y (%) =l e
q 0 if a is odd
a€(Z/4q“Z)*
a=1 (mod 4)

(3b) Suppose ¢ 1 B and ¢ t k. First, consider odd . Then using Lemma 5.2 (2)

w3 ()

a=1 (mod 4)
(r?—ak?,q%)=1

) { <T2]{32) Z a1 "2 _ k2 q*! (%) (g—1) ifgqlr
) @R
q ae(zrqzy N 1 q ¢! {—1 - (f)} ifgfr
If « is even, then

@ 2 _ 2 a—1 . _a—1 .
ce(q”) = > (g) (1 + (ﬂ)) _ {qa_l{q ) ﬂ q li q|T r
aczjagezy: N q q“ g if glr

a=1 (mod 4)
(r2—ak?,q%)=1
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(4) By definition
2 if2tBanda=1 (mod 4)
dooi(l)=¢4 if2][Banda=1 (mod 4)
0 otherwise.

Set I = ordy(4 - 2°k*) = a + 2; I} = ordy(B); | = I} + l5. Suppose [; = 0. Since 7 and k are
odd

2 12 _ min(5,a+2) — ay _ 2 _
r*—ak®=4 (mod 2 )=a=5 (mod8):>(2> (a) L.

Thus, Lemma 5.2 (4) gives

“ a\® d27a7k(20‘) N 2min(47a+1) .
27)* 2 dQ,an(l) . 5
reEE a€(2,/2°+22)
r2—ak?=4 (mod 2min(5,a+2))
The proof is similar when /3 > 0. .

8. COMPUTING THE CONSTANT

Let r, A, B € Z with (A, B) = 1 and r odd. In this section we prove Lemma 2.5. First, we
record several evaluations of d, , ; which follow directly from Lemma 5.2(1-3) (see pg. 14).

Lemma 8.1. Suppose p 1 2n,

(1) If p|B and pt k, then dp o (1) = dpar(n) =1
(2) Suppose p|k.
(a) If p| B, then

p k( ) _ pmin(ordp(B),ordp(k:Q)) Zf 4A2 = 7,2 (mod pmm (ordp(B), ordp(kQ)))
e 0 otherwise

(b) If pt B and (r* — ak®,p) = 1, then dp o 1(1) = dpar(n) =2
If a =3 (mod 4) or (r* —ak? n’) # 1, then C,(a,n, k) = 0. Therefore, we may write

Crap = Z anﬁ 4Bnk2) Z <%> H dp,a(n)

kEN n= a€(Z/AnZ)* p,prime
(k,2r)= a=1 (mod 4) pl4Bnk?
(r2—ak?n)=1

If p|B and p 1 2nk, Lemma 8.1 (1) implies that d,,x(n) = 1. For primes p with p|k and
p12n Lemma 8.1 (2) gives dp 4 x(n) = dpqr(1). Therefore,

TAB Z Z néb 4Bnk2) ' Z (n) dzak Hdpak ) Hdp’a’k(l)

kEN n= a€(Z/AnZ)* pln plk
(k,2r)= a=1 (mod 4) p#2 p2n
(r?—ak?n’)=1
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Note that if dy o (1) = 0, then 442 # 12 — ak? (mod 2min(0rd2(B).ord2(44%))) '\which implies that
4A% £ r* — ak?® (mod 2mi“(°rd2(3)’°rd2(4nk2))). Therefore, do (1) = 0 = dyqx(n) = 0. Thus,
doar(n) = dogr(l)esqr(n) and

rAB Z Zn 4Bnk;2 : Z <Z> d2ak e2ak Hdpak ) Hdp,a,k(]-)
9( )

k:EN n= a€(Z/AnZ)* pln plk
(k,2r)= a=1 (mod 4) PF#2 2n
(r?—ak?mn’)=1

For odd primes p, we see from the definition that d,, , (1) = d,,1 5. Also, sincea =1 (mod 4),
d.q(1) depends only on the parity of B. Thus we may write

Crap = daya( Z Z g 4Bnk2) H dp1.1(1) H dp1k(1) | cx(n).

keN n= p\ B.,k) plk
(k,2r)= p2n pf2Bn

For integers = and y denote by v(x,y) the number of distinct prime divisors of the ged(x,y).
Then by Lemma 8.1, [] p dp1x(1l) = ov(k)=v(k2Bn)  {Jging this along with the identity

pf2Bn
$(AB) = ¢(A)¢(B)% allows us to write
pir [Tz doas(d)] oltn, 4582
2 =d 1 —_— - .
(32) Crap=d11(1) ]CEZN F(ABI2) nze;\l 06 (1) (. ABk2) 225 cr(n)
(k,2r)=1

It is straightforward to check that

(33) 2l/(k,23'n,) —

Thus we may write (32) as

[Hp|(B,k) dp,l,k(l):| ¢((n,4Bk2))2 ((éﬁ’“‘f)) >

pf2n
(34) daja( g - : E cu(n).
keN k2 kB)¢ 4Bk2) neN n(n)(n, 4Bk2)2" (w5 ")
(k,2r)=

For convenience we record the following fact as a lemma.
Lemma 8.2. Suppose p|(B,n,k). If d,1£(1) =0, then cx(n) = 0.

Proof. Let o« = ord,(B) and § = ord,(k). Recalling that d, ,x(1) is independent of a, we
have

dp1 (1) =0=4A%#r? —ak® (mod p™™@2))  for all a
— 4A2 5_'5 7"2 . CL]{?2 (mod pmln a2ﬁ+0rdp(n)))
= dpar(n) =0 forall a = ¢ (n)=0.
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For p|(B, k,n), let f,r = dy1,(1) if d,1£(1) # 0 and 1 otherwise. Then by Lemma 8.2

dp (1
H dp1 k(1) | cx(n) = 1_[pl(B,k:) b1k (1)

p|(B,k) Hp\(B,k,n) fp,k
pi2n

cx(n)

Note that if d,;,(1) = 0 for some p|(B, k), then both sides of the above equation are

0.
Thus we may write C, 4 p as
(35)
v (k) 2 ) V(%n)
da11(1) Z 2"Wo((AB, k%)) I Ly s.x) dpa k(1) Z &((n,4BE?*))2 \ " ex(n)
v k '
$(45) = REDOR)UB R I [le(B,k,n) fp,k} no(n)(n, 4Bk2)2 (war")

we may rewrite the inner sum as

(36)

o anry G )
s &(¢°, 4BK?))?2

14 _k_ a Ck(qa>
g, prime a>0 |:Hp\(B,k,q0<) fp’k] qa¢<qa)(qa’4Bl{j2)2 ((k,B):q )

—H<Z o c<qa>>H<Z ottqr, apieye (E7 )
gtk \a>0 )(q*,4B)

qlk

<(k ,B?) qa>
$((q>aBk?))2 \ WP

oz>0 q 4B

@20 [lequ fpk} ¢ d(q°) (¢, 4Bk2)2" (wm 1)

Upon noting that the summand of the inner sum is multiplicative and using Lemma 7.1(5)

q,prime

k “.4B
q' (St )

Substituting (36) into (35) we obtain

o((g%, 4B ))e1(q®) 2/ [Hp|(B,k)dp,1,k(1)} ¢((4B,k2))>
(S ) T (

)(q*.4B) | 2 127§ (k2) (4B, k2)
(k,2r)=1

d2 1, 1
CT,A,B

B
v 4 »q
p|(B,q) fp,k]qa¢(qa)(qa:43q25)2 <(q6,B)

V((‘Z%Bg)ﬂa)
(Z ¢((¢™,4Bg*%))2 \ (17.5) c,8(q%) )
a>0 a)
(37) I I
a° ||k > #((g*,4B))c1(9%)
pz1 a0 q>¢(q*)(¢*,4B)

Note that the powers of 2 in the innermost sum are the same regardless of the values of «

and (. Also, note that the sum on k is a sum of multiplicative functions which allows us to
28

B ZQZU V( - qa) qurdq(k)(qa)
| | q 1 o [TLp(B k.o fouk|a®B(a®) (q™,4Bk?)2"\ (R B)”
Z )C 1(¢%) | |



write this sum as
2([ T (5.q) 4y 1.q8 (D] 2((4B,g*7))

v(gP, 2 2 a’4B 20 e
a9 [[1+Y @27 B 5P (ABg%) | | 3 ¢((q*,4B¢*))cqs(¢”)

o((¢*,4B))c1(9%) e\ (e
gl b= a0 @ dm G 4B a>0 [Hp|(3,q) fp,qﬁ} q*(q*)(q*, 4B¢*")
Substituting (38) into (37) and noting that WQ) = qz% if 7 > 0, we have
da21 1(1) 01(2a) Cl(qa) Cl
C“A’B: 7 1+Z 2a H Z a a H 1+Z 2a
¢(4B) a>1 2 g,odd \a>0 q ¢(q ) q,0dd a>1
qtB q|B
qlr qlr
(qa) 2 Cqﬁ(qa)
. — + — | 1+ —_——
(39) ql;ld ; q*(q®) [; 7o (q*) ; 2%
atB - -
qfr
C1 q,1,q5 Cqﬂ(qa)
B1{(EDIEERS IETIUERENS s
q,0dd a>1 £B>1 a9 a>1
q|lB
afr

Now using Lemma 7.1, and the formula for geometric series, Lemma 2.5 follows.
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