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Abstract. Let E be an elliptic curve defined over an abelian number field K of degree m.
For a prime ideal p of OK of good reduction we consider E over the finite field OK/p and let
ap(E) be the trace of the Frobenius morphism. If E does not have complex multiplication,
a generalization of the Lang-Trotter Conjecture asserts that given r, f ∈ Z with f > 0 and
f | m, there exists a constant CE,r,f ≥ 0 such that

#{p : N(p) ≤ x, degK(p) = f and ap(E) = r} ∼ CE,r,f ·


√
x

log x if f = 1,

log log x if f = 2,

1 if f ≥ 3.

We prove that this conjecture holds on average in certain families of elliptic curves defined
over K.

1. Introduction and statement of results

Let E be an elliptic curve defined over a number field K. Set [K : Q] = m and denote
by OK the ring of integers of K. Let p ⊂ OK be a prime ideal which lies above the rational
prime p ∈ Z, and denote by degK(p) the degree of p. If E has good reduction at p, then we
may consider E over the finite field OK/p. If we denote by ap(E) the trace of the Frobenius
morphism, then the number of points on E over OK/p is

#E(OK/p) = N(p) + 1− ap(E),

where N(p) = pdegK(p) is the number of elements of OK/p. Moreover, we have the Hasse
bound

|ap(E)| ≤ 2
√
N(p).

Let r, f ∈ Z with f > 0. Define

πr,fE (x) := #{p : N(p) ≤ x, degK(p) = f and ap(E) = r},

and let

π1/2(x) :=

∫ x

2

dt

2
√
t log t

.

In the case that K = Q, Lang and Trotter [12] made the following conjecture.

1This material is based upon work supported by the National Science Foundation under Grant No.
0552799.
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Conjecture 1.1. If E/Q does not have complex multiplication, or if r 6= 0, then there is a
constant CE,r such that

πr,1E (x) ∼ CE,r · π1/2(x) ∼ CE,r ·
√
x

log x
as x→∞.

Although the Lang-Trotter Conjecture remains open, there are many partial results. For
example, Elkies [7] proved that for any elliptic curve E/Q there are infinitely many primes p
such that ap(E) = 0. Moreover, there are several results which verify that the conjecture is
true in an average sense over families of elliptic curves defined over Q (see [1], [3], [4], [8], [9],
[10]). For K 6= Q, less is known. In [5] David and Pappalardi proved the following result.

Theorem 1.2. Let K = Q(i), and let Sx denote the set of elliptic curves E : Y 2 = X3 +
αX+β with α = a1 +a2i, β = b1 + b2i ∈ Z[i] and max{|a1|, |a2|, |b1|, |b2|} ≤ x log x. If r 6= 0,
then

1

|Sx|
∑
E∈Sx

πr,2E (x) ∼ cr log log x,

where

cr =
1

3π
·
∏

q prime
q>2

q
(
q − 1−

(
−r2

q

))
(q − 1)

(
q −

(
−1
q

)) .
If r = 0, then

1

|Sx|
∑
E∈Sx

π0,2
E (x) = O(1).

In this paper we generalize David and Pappalardi’s result as follows. Let {α1, . . . , αm} be
an integral basis for OK . Given ~v = (v1, . . . , vm) ∈ Zm, put ‖~v‖ := max1≤i≤m |vi| and define
R(~v) :=

∑m
i=1 viαi. For ~v, ~w ∈ Zm we write E~v,~w for the curve

(1) E~v,~w : y2 = x3 +R(~v)x+R(~w)

with discriminant ∆~v,~w = −16[4R(~v)3 + 27R(~w)2], and for t ∈ R>0 we let

Ct := {(~v, ~w) ∈ (Zm)2 : ‖~v‖ , ‖~w‖ ≤ t and ∆~v,~w 6= 0}.
In this paper we prove the following theorem (the case of even r can be handled in a similar
way).

Theorem 1.3. Suppose K is an abelian number field and r is an odd integer. Then there
are explicit constants Dr,1,K and Dr,2,K (see Section 2 for details) such that for any ε > 0,

1

|Ct|
∑

(~v,~w)∈Ct

πr,fE~v,~w(x) ∼

{
Dr,1,K · π1/2(x) if f = 1 and t� x log2+ε x,

Dr,2,K log log x if f = 2, m is even and t�
√
x log x.

Moreover, if f ≥ 3, f | m and t ≥ x1/f , then

1

|Ct|
∑

(~v,~w)∈Ct

πr,fE~v,~w(x) = O(1).

Remark 1.4. While we have not pursued this, it would be interesting to have an explicit
expression for the error term in the f ≥ 3 case of Theorem 1.3.
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The organization of the rest of this paper is as follows. In Section 2 we state Theorem 2.2,
which is a more precise version of Theorem 1.3, and show that it follows from three key
lemmas. Lemma 2.3, which is proved in Section 4, relates the desired average of the main
theorem to a weighted sum of special values of L-series. Lemma 2.4, which is proved in
Section 6, gives estimates for this weighted sum. Finally, Lemma 2.5, which is proved
in Section 8, gives an Euler product representation for one of the constants appearing in
Lemma 2.4. Sections 3, 5 and 7 contain various technical results which are essential to our
proofs of the three key lemmas.

2. Proof of Main Theorem

In this section we prove a more precise version of Theorem 1.3. Let r, f, A,B ∈ Z with
r odd, f, A,B > 0 and (A,B) = 1. Define ∆r,A,f := r2 − 4Af , and for q prime let ∆q =

∆r,A,f
q := ordq(∆

r,A,f ), Bq := ordq(B) and γq = γr,A,f,q :=
(

∆r,A,f/q∆q

q

)
. Put

Q<
r,A,B,f := {q prime : q | B, q - 2r and 0 < ∆q < Bq} and

Q≥r,A,B,f := {q prime : q | B, q - 2r and ∆q ≥ Bq},

and for q ∈ Q<
r,A,B,f let Γq :=

{
γq if ∆q is even,

0 if ∆q is odd.

We define constants for use in the cases f = 1 and f = 2 respectively as follows:

kr,A,B :=
∏
q|B

q-2r∆r,A,1

q(q + γq)

q2 − 1

∏
q∈Q<r,A,B,1

(
1 +

Γq(qΓq + 1)

q∆q/2−1(q2 − 1)
+

Γ2
q(q

∆q/2−1 − 1)

q∆q/2−1(q − 1)

)

·
∏

q∈Q≥r,A,B,1

(
qb(Bq+1)/2c − 1

qb(Bq−1)/2c(q − 1)
+

qBq+2

q3b(Bq+1)/2c(q2 − 1)

)∏
q|B
q|r

q (q + γq)

q2 − 1
,

cr,A,B :=
∏
q|B

q-2r∆r,A,2

(
q2Bq+1(q − γq) + γ

Bq+1
q (q − 1)

q2Bq−1(q − γq)(q2 − γq)

) ∏
q∈Q<r,A,B

2-∆q

(
qb∆q/2c+1 − 1

qb∆q/2c(q − 1)

)

·
∏

q∈Q<r,A,B
2|∆q

(
q∆q/2 − 1

q∆q/2−1(q − 1)
+
q2(Bq−∆q)(q − γq)(q∆q+2 − γqq∆q + γq) + γ

Bq+1
q q(q − 1)

q2Bq−∆q/2(q − γq)(q2 − γq)

)

·
∏

q∈Q≥r,A,B

(
q2dBq/2e+1(q + 1)(qdBq/2e − 1) + qBq+2

q3dBq/2e(q2 − 1)

)

·
∏
q|B
q|r

(
q2Bq+1(q − γq) + γ

Bq+1
q (q − 1)

q2Bq−1(q − γq)(q2 − γq)

)
.

Next we recall a classical result which gives a useful characterization of abelian number fields.
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Fact 2.1. Let K/Q be a Galois number field. Then K is abelian if and only if there exists
an integer BK such that degK(p) depends only on the residue class of p modulo BK.

Suppose from now on that K is abelian, and for f | m fix af,1, . . . , af,`f , BK ∈ Z so that
a prime p ∈ Z splits into degree f primes in OK if and only if p ≡ af,1, . . . , af,`f−1 or af,`f
(mod BK). Define

Dr,1,K :=
4m

3πφ(BK)

∏
q-BK
q|r

(
q2

q2 − 1

) ∏
q-2rBK

q(q2 − q − 1)

(q + 1)(q − 1)2
·
`1∑
i=1

kr,a1,i,BK ,

and if m is even let

Dr,2,K :=
m

3πφ(BK)

∏
q-BK
q|r

 q

q −
(
−1
q

)
 ∏

q-2rBK

q
(
q2 − q − 1−

(
−1
q

))
(q − 1)(q2 − 1)

 · `2∑
i=1

cr,a2,i,BK .

We now state our main result.

Theorem 2.2. Let K be an abelian number field, and suppose t ≥ x1/f . Then

1

|Ct|
∑

(~v,~w)∈Ct

πr,1E~v,~w(x) = Dr,1,K · π1/2(x) +O

( √
x

logc+1 x
+
x3/2 log x

t

)
for any c > 0, and if m is even,

1

|Ct|
∑

(~v,~w)∈Ct

πr,2E~v,~w(x) = Dr,2,K log log x+O

(
1 +

√
x log x

t

)
.

Moreover, if f ≥ 3 and f | m, then

1

|Ct|
∑

(~v,~w)∈Ct

πr,fE~v,~w(x) = O(1).

Recall that if χ is a Dirichlet character, we have the Dirichlet L-series

L(s, χ) =
∞∑
n=1

χ(n)

ns
.

Given an integer d we let χd be the Kronecker character χd(•) =
(
d
•

)
. Set

B(r) := max{3, r2/4,∆K},

where ∆K is the discriminant of K, and for k any positive integer let

dk(p) = dk,r,f (p) :=

{
(r2 − 4pf )/k2 if k2 | r2 − 4pf ,

0 otherwise.

We utilize the following three lemmas in our proof of Theorem 2.2.
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Lemma 2.3. If f | m and t ≥ x1/f , then

1

|Ct|
∑

(~v,~w)∈Ct

πr,fE~v,~w(x) =
m

π

[
1√

x log x

`f∑
i=1

∑
k≤2
√
x

(k,2r)=1

1

k

∑
B(r)<p≤x1/f

p≡af,i (mod BK)

k2|r2−4pf

L(1, χdk(p)) log p

−
`f∑
i=1

∫ x

B(r)f

∑
k≤2
√
S

(k,2r)=1

1

k

∑
B(r)<p≤S1/f

p≡af,i (mod BK)

k2|r2−4pf

L(1, χdk(p)) log p
d

dS

(
1√

S logS

)
dS

]
+ E(x, t),

where

E(x, t)�


log log x+ x3/2 log x

t
if f = 1,

1 +
√
x log x
t

if f = 2,

1 if f ≥ 3.

The next lemma consists of a result of James [11, Proposition 2.1] and a straightforward
generalization of a result of David and Pappalardi [5, Lemma 2.2]. Denote by [C,D] the
least common multiple of C and D, and let

Kr,A,B :=
∑
k∈N

1

k

∑
n∈N

κr,A,Bk (n)

nφ([B, nk2])
,

where

κr,A,Bk (n) :=
∑

a∈(Z/4nZ)
a≡0,1 (mod 4)

(r2−ak2,4nk2)=4
4A≡r2−ak2 (mod (4B,4nk2))

(a
n

)
.

Also, let

(2) Cr,A,B :=
∑
k∈N

(k,2r)=1

1

k

∑
n∈N

1

nφ(4Bnk2)

∑
a∈(Z/4nZ)∗

(a
n

)
Cr(a, n, k),

where

Cr(a, n, k) := #{b ∈ (Z/4Bnk2Z)∗ : b ≡ A (mod B) and 4b2 ≡ r2 − ak2 (mod 4nk2)}.
Then we have the following estimates for the weighted sums of L-series appearing in Lemma 2.3.

Lemma 2.4. For every c > 0,

∑
k≤2
√
x

(k,2r)=1

1

k

∑
B(r)<p≤x1/f

p≡A (mod B)

k2|r2−4pf

L(1, χdk(p)) log p =

Kr,A,B · x+O
(

x
logc x

)
if f = 1,

Cr,A,B ·
√
x+O

( √
x

logc x

)
if f = 2.

Our third lemma gives an Euler product expansion for the constant appearing in the f = 2
case of Lemma 2.4 (for the f = 1 case see [11, Theorem 1.1]).
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Lemma 2.5. We have

Cr,A,B =
2

3φ(B)
·
∏
q-B
q|r

 q

q −
(
−1
q

)
 ∏

q-2rB

q
(
q2 − q − 1−

(
−1
q

))
(q − 1)(q2 − 1)

 cr,A,B.

Proof of Theorem 2.2. First suppose f = 1. We combine Lemmas 2.3 and 2.4 to obtain

1

|Ct|
∑

(~v,~w)∈Ct

πr,1E~v,~w(x) =
m

π

[
1√

x log x

`1∑
i=1

(
Kr,a1,i,BK · x+O

(
x

logc x

))

−
`1∑
i=1

∫ x

B(r)

(
Kr,a1,i,BK · S +O

(
S

logc S

))
d

dS

(
1√

S logS

)
dS

]

+O

(
log log x+

x3/2 log x

t

)
.

In [11] James proved that

Kr,A,B =
2

3φ(B)
·
∏
q-B
q|r

(
q2

q2 − 1

) ∏
q-2rB

q(q2 − q − 1)

(q + 1)(q − 1)2
kr,A,B,

and thus
∑`1

i=1 Kr,a1,i,BK =
πDr,1,K

2m
. Moreover, one can show that∫ x

B(r)

S

logc(S)
· d
dS

(
1√

S logS

)
dS = O

( √
x

logc+1(x)

)
,

which yields

1

|Ct|
∑

(~v,~w)∈Ct

πr,1E~v,~w(x) =
Dr,1,K

2

[ √
x

log x
−
∫ x

2

S
d

dS

(
1√

S logS

)
dS

]

+O

( √
x

logc+1 x
+
x3/2 log x

t

)
.

Integrating by parts gives∫ x

2

S
d

dS

(
1√

S logS

)
dS =

√
x

log x
−
√

2

log 2
− 2π1/2(x),

and our result now follows.
Now suppose f = 2. Here Lemmas 2.3 and 2.4 yield

1

|Ct|
∑

(~v,~w)∈Ct

πr,2E~v,~w(x) =
m

π

[
1√

x log x

`2∑
i=1

(
Cr,a2,i,BK ·

√
x+O

( √
x

logc x

))

−
`2∑
i=1

∫ x

B(r)2

(
Cr,a2,i,BK ·

√
S +O

( √
S

logc S

))
d

dS

(
1√

S logS

)
dS

]

+O

(
1 +

√
x log x

t

)
.
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It is easy to see that the first term in the brackets is O(1). Moreover, integrating by parts
gives ∫ x

B(r)2

√
S

d

dS

(
1√

S logS

)
dS = −1

2
log log x+O(1)

and ∫ x

B(r)2

√
S

logc S
· d
dS

(
1√

S logS

)
dS = O(1).

Therefore

1

|Ct|
∑

(~v,~w)∈Ct

πr,2E~v,~w(x) =
m

2π

( `2∑
i=1

Cr,a2,i,BK

)
log log x+O

(
1 +

√
x log x

t

)
,

and since Lemma 2.5 implies that

`2∑
i=1

Cr,a2,i,BK =
2πDr,2,K

m
,

our result follows.
Finally, suppose f ≥ 3. By (9) and (10) it suffices to show that the sum on the right hand

side of (9) is O(1), and this follows easily from (7). �

3. Counting Curves

In this section we gather results that will aid us in estimating the number of (~v, ~w) ∈ Ct
such that E~v,~w reduces to a given elliptic curve.

Note first that #{n ∈ Z : |n| ≤ t} = 2t+O(1). Moreover, given ~v ∈ Zm there are at most
two values of ~w ∈ Zm such that ∆~v,~w = 0. It follows that

(3) |Ct| = 4mt2m +O(t2m−1).

Let p ⊂ OK be a prime ideal of degree f which lies above an unramified rational prime p > 3.
Recall (see [16]) that in order to reduce an elliptic curve E/K modulo p one first obtains a
minimal model for the curve at p, and then reduces the coefficients of this model modulo p.
We denote the resulting curve by Ep, and for γ ∈ OK we denote by γp its image in OK/p. In
order to obtain our estimate we will use the fact that if ordp(R(~v)) < 4 or ordp(R(~w)) < 6,
then the model (1) of E~v,~w is minimal at p.

Next note that since
pOK ⊆ p ⊆ OK ,

we have that
(OK/pOK)

(p/pOK)
∼= OK/p,

and therefore
|p/pOK | = pm−f .

Set s = pm−f , and suppose {ρ1, . . . ρs} is a complete set of distinct coset representatives for
p/pOK . Fix γ ∈ OK . Then for ~v ∈ Zm we have that

R(~v) ≡ γ (mod p) ⇐⇒ R(~v)− γ ≡ ρi (mod pOK) for some 1 ≤ i ≤ s.
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If we define, for each 1 ≤ i ≤ s, integers ci,j (1 ≤ j ≤ m) by γ + ρi =
∑m

j=1 ci,jαj, then

#{~v ∈ Zm : ‖~v‖ ≤ t and R(~v)p = γp}

=
s∑
i=1

# {(k1, k2, . . . , km) ∈ Zm : |ci,j + pkj| ≤ t for all 1 ≤ j ≤ m}

=
2mtm

pf
+O

(
tm−1

pf−1

)(4)

when t ≥ p.

4. The Average in Terms of L-Series

In this section we prove Lemma 2.3. We begin by recalling the Hurwitz class number (see,
for example, [13]), which is a weighted sum over the equivalence classes of binary quadratic
forms f(x, y) = ax2+bxy+cy2 of a given discriminant. More precisely, if we let ∆f = b2−4ac
denote the discriminant of f , then for ∆ > 0,

H(∆) :=
∑
[f ]

∆f=−∆

cf , where cf =


1
2

if some g ∈ [f ] is proportional to x2 + y2,
1
3

if some g ∈ [f ] is proportional to x2 + xy + y2,

1 otherwise.

The Kronecker class number K(−∆), meanwhile, is simply the number of equivalence classes
of binary quadratic forms of discriminant −∆. For our purposes it will be more convenient
to work with H(∆) (note that H(∆) = K(−∆) +O(1)). We recall (see [5]) that

(5) H(∆) = 2
∑
k2|∆

−∆/k2≡0,1 (mod 4)

h(−∆/k2)

w(−∆/k2)
,

where h(d) and w(d) denote respectively the Dirichlet class number of, and the number of
units in, the imaginary quadratic order of discriminant d. Moreover, Dirichlet’s class number
formula states that

(6) h(d) =
w(d)|d|1/2

2π
L(1, χd).

Let p > B(r) be prime. Then 4pf − r2 > 0, and for a positive integer k with k2 | r2 − 4pf

we have that L(1, χdk(p)) � log p (see [13, p. 656]). Noting that dk(p) ≡ 1 (mod 4) since r
is odd, we therefore obtain the following useful estimate:

H(4pf − r2) =
∑

k2|r2−4pf

√
4pf − r2

πk
L(1, χdk(p))� pf/2 log2 p.(7)

Since p > 3, any elliptic curve over Fpf may be written in the form

Ea,b : y2 = x3 + ax+ b (a, b ∈ Fpf ).
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Recalling that Ea′,b′ ∼= Ea,b over Fpf if and only if there exists u ∈ F∗
pf

such that a′ =

u4a and b′ = u6b, it follows that

#{(a′, b′) ∈ F2
pf : Ea′,b′ ∼= Ea,b} =


pf−1

6
if a = 0 and pf ≡ 1 (mod 3),

pf−1
4

if b = 0 and pf ≡ 1 (mod 4),
pf−1

2
otherwise.

Following Schoof [15] we define N(r) to be the number of Fpf -isomorphism classes of elliptic
curves with pf + 1 − r points defined over Fpf . Since p - r, by Deuring’s Theorem (see [6]
or [15, Theorem 4.6])

N(r) = K(r2 − 4pf ) = H(4pf − r2) +O(1).

Letting

Tpf (r) := #{(a, b) ∈ F2
pf : #Ea,b(Fpf ) = pf + 1− r},

we have the following result.

Theorem 4.1 (Deuring). Tpf (r) = pf

2
·H(4pf − r2) +O(pf ).

Proof. Let Ẽ denote an Fpf -isomorphism class of elliptic curves. Since there are at most ten

isomorphism classes containing other than pf−1
2

curves Ea,b, we have that

Tpf (r) =
∑

ap(Ẽ)=r

∑
(a,b)

Ea,b∈Ẽ

1 =

(
pf − 1

2

)
N(r) +O(pf ) =

(
pf − 1

2

)
H(4pf − r2) +O(pf ).

Our result now follows from (7). �

Proof of Lemma 2.3. Note first that

1

|Ct|
∑

(~v,~w)∈Ct

πr,fE~v,~w(x) =
1

|Ct|
∑

(~v,~w)∈Ct

∑
N(p)≤x

degK(p)=f
ap(E~v,~w)=r

1 =
1

|Ct|
∑

N(p)≤x
degK(p)=f

∑
(~v,~w)∈Ct

ap(E~v,~w)=r

1.

For a prime ideal p of degree f lying above a rational prime p > B(r) we have that∑
(~v,~w)∈Ct

ap(E~v,~w)=r

1 =
∑

(a,b)∈F2
pf

#Ea,b(Fpf )=pf+1−r

|Ct(Ea,b)|,

where

Ct(Ea,b) := {(~v, ~w) ∈ Ct : Ep
~v,~w = Ea,b}.

If Ep
~v,~w = Ea,b, then either R(~v)p = a and R(~w)p = b, or the model (1) is not minimal at p.

Since in the latter case we have R(~v)p = R(~w)p = 0, by (4) and Theorem 4.1 it follows that∑
(~v,~w)∈Ct

ap(E~v,~w)=r

1 =

(
4mt2m

p2f
+O

(
t2m−1

p2f−1

))(
pf

2
H(4pf − r2) +O(pf )

)

for t ≥ p.
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Next note that the conditions N(p) ≤ x and degK(p) = f together imply that p ≤ x1/f .
Then our assumption that t ≥ x1/f , along with (3) and the fact that the prime ideals p lying
above primes p ≤ B(r) do not affect our average, allows us to conclude that

1

|Ct|
∑

(~v,~w)∈Ct

πr,fE~v,~w(x)

=
∑

B(r)f<N(p)≤x
degK(p)=f

[(
1

4mt2m
+O

(
1

t2m+1

))(
4mt2m

p2f
+O

(
t2m−1

p2f−1

))

·
(
pf

2
H(4pf − r2) +O(pf )

)]
.

If p is unramified in K, then degK(p) = f if and only if there are g(p) = m/f primes in OK
which lie above p. It follows that

1

|Ct|
∑

(~v,~w)∈Ct

πr,fE~v,~w(x)(8)

=
m

f

∑
B(r)<p≤x1/f

g(p)=m/f

[(
1

4mt2m
+O

(
1

t2m+1

))(
4mt2m

p2f
+O

(
t2m−1

p2f−1

))

·
(
pf

2
H(4pf − r2) +O(pf )

)]
.

Using the bound in (7), we find that the summand on the right hand side of (8) is

H(4pf − r2)

2pf
+O

(
1

pf
+

log2 p

tpf/2−1

)
.

Since t ≥ x1/f , we may therefore write

(9)
1

|Ct|
∑

(~v,~w)∈Ct

πEr,f
~v,~w

(x) =
m

2f

∑
B(r)<p≤x1/f

g(p)=m/f

H(4pf − r2)

pf
+ E(x, t)

where, by standard estimates,

(10) E(x, t)�
∑

B(r)<p≤x1/f

g(p)=m/f

(
1

pf
+

log2 p

tpf/2−1

)
�


log log x+ x3/2 log x

t
if f = 1,

1 +
√
x log x
t

if f = 2,

1 if f ≥ 3.

Using the equality in (7) we may rewrite the main term on the right hand side of (9) as

(11)
m

2πf

∑
B(r)<p≤x1/f

g(p)=m/f

∑
k2|r2−4pf

√
4pf − r2

kpf
L(1, χdk(p)).

10



Since
√

4pf − r2 = 2pf/2 + O
(

1
pf/2

)
and L(1, χdk(p)) � log p, upon reversing the order of

summation (and noting that we only need consider k ≤ 2
√
x) in (11) we obtain

m

πf

∑
k≤2
√
x

1

k

∑
B(r)<p≤x1/f

g(p)=m/f

k2|r2−4pf

L(1, χdk(p))

pf/2
+O

 ∑
B(r)<p≤x1/f

g(p)=m/f

∑
k2|r2−4pf

log p

kp3f/2

 .(12)

The error term in (12) is easily seen to be O(1), and thus can be absorbed into E(x, t).
Moreover, partial summation allows us to replace the main term of (12) with

m

π
√
x log x

∑
k≤2
√
x

1

k

∑
B(r)<p≤x1/f

g(p)=m/f

k2|r2−4pf

L(1, χdk(p)) log p

− m

πf

∫ x1/f

B(r)

∑
k≤2
√
x

1

k

∑
B(r)<p≤s
g(p)=m/f

k2|r2−4pf

L(1, χdk(p)) log p
d

ds

(
1

sf/2 log s

)
ds.

Setting s = S1/f , and noting that k2 | r2 − 4pf implies that k ≤ 2
√
S, we obtain

1

|Ct|
∑

(~v,~w)∈Ct

πr,fE~v,~w(x) =
m

π

[
1√

x log x

∑
k≤2
√
x

1

k

∑
B(r)<p≤x1/f

g(p)=m/f

k2|r2−4pf

L(1, χdk(p)) log p

−
∫ x

B(r)f

∑
k≤2
√
S

1

k

∑
B(r)<p≤S1/f

g(p)=m/f

k2|r2−4pf

L(1, χdk(p)) log p
d

dS

(
1√

S logS

)
dS

]
+ E(x, t).

Observe that if p > B(r), then p - r. It follows that if k2 | r2 − 4pf , then (k, 2r) = 1. Since
g(p) = m/f if and only if p ≡ af,1, . . . , af,`f−1 or af,`f (mod BK), our result follows. �

5. Computing Cr(a, n, k)

Let a, n, k ∈ Z with n, k > 0. In this section we give formulae for evaluating

Cr(a, n, k) = #{b ∈ (Z/4Bnk2Z)∗ : b ≡ A (mod B) and 4b2 ≡ r2 − ak2 (mod 4nk2)}.

We utilize the following straightforward consequence of Hensel’s lemma.

Lemma 5.1. Suppose N, s, L ∈ Z with N odd and s, L > 0. Then for any X ∈ Z,

2sM2 +NM ≡ X (mod 2L)

has a unique solution M modulo 2L.
11



By the Chinese Remainder Theorem

Cr(a, n, k) =
∏

p prime
p|4Bnk2

dp,a,k(n),

where

(13) dp,a,k(n) :=
∑

b∈(Z/p`Z)∗

b≡A (mod p`1 )

4b2≡r2−ak2 (mod p`2 )

1

with `1 = ordp(B), `2 = ordp(4nk
2) and ` = `1 + `2.

Lemma 5.2. Let p be a prime such that p | 4Bnk2.

(1) If p is odd and `1 = 0, then

dp,a,k(n) =

{
1 +

(
r2−ak2

p

)
if (r2 − ak2, p) = 1,

0 otherwise.

(2) If p is odd and `1 > 0, then

dp,a,k(n) =

{
pmin(`1,`2) if r2 − ak2 ≡ 4A2 (mod pmin(`1,`2)),

0 otherwise.

(3) If p = 2 and `1 ≤ 1, then

d2,a,k(n) =

{
2min(`1+4,`−1) if r2 − ak2 ≡ 4 (mod 2min(5,`2)),

0 otherwise.

(4) If p = 2 and `1 ≥ 2, then

d2,a,k(n) =

{
2min(`1+3,`2) if r2 − ak2 ≡ 4A2 (mod 2min(`1+3,`2)),

0 otherwise.

Proof. For the sake of brevity we prove only (4) (the other cases can be handled similarly).
Let u = min(`1 + 3, `2). First suppose that there exists an odd integer b such that

(14) b ≡ A (mod 2`1) and 4b2 ≡ r2 − ak2 (mod 2`2).

Then b2 ≡ A2 (mod 2`1+1), and therefore 4A2 ≡ r2 − ak2 (mod 2u).
Now suppose r2 − ak2 − 4A2 = 2u · s for some integer s, and let b ∈ Z be odd. Then b

satisfies (14) if and only if there is an integer M such that b = A+ 2`1M and

(15) 4A2 + 2`1+3AM + 22`1+2M2 ≡ r2 − ak2 (mod 2`2),

i.e., 2`1+3−uAM + 22`1+2−uM2 ≡ s (mod 2`2−u). If `2 > `1 + 3, then by Lemma 5.1 this
congruence has a unique solution M modulo 2`2−u, and thus (14) has exactly 2`−(`1+`2−u) = 2u

solutions modulo 2`. On the other hand, if `2 ≤ `1 + 3, then the congruence in question
holds trivially, and so (14) has exactly 2`−`1 = 2u solutions modulo 2`. �

12



6. Averaging Special Values of L-series

In this section we prove the f = 2 case of Lemma 2.4 (for the f = 1 case see [11, Proposition
2.1]). In [5] David and Pappalardi present a proof of the f = 2 case of Lemma 2.4 when
K = Q(i), A = 3 and B = 4, and our proof uses similar arguments.

Proof of Lemma 2.4 (for f = 2). Let U be a parameter to be determined later. By [5, (4.2)]
we have

L(1, χdk(p)) =
∑
n∈N

(
dk(p)

n

)
1

n
=
∑
n∈N

(
dk(p)

n

)
e−n/U

n
+O

(
|dk(p)|7/32

U1/2

)
.

Assume U ≥ x7/16 log2c x. Using that |dk(p)| ≤ 4p2/k2, we obtain∑
k≤2
√
x

(k,2r)=1

1

k

∑
B(r)<p≤

√
x

p≡A (mod B)

k2|r2−4p2

L(1, χdk(p)) log p

=
∑
k≤2
√
x

(k,2r)=1

1

k

∑
B(r)<p≤

√
x

p≡A (mod B)
4p2≡r2 (mod k2)

∑
n∈N

(
dk(p)

n

)
e−n/U

n
log p+O

( √
x

logc x

)
.

(16)

We first show that the part of the sum on the right side of (16) with k sufficiently large
can be absorbed into the error term. Let V be a parameter to be determined later. Then∑
V <k≤2

√
x

(k,2r)=1
n∈N

e−n/U

kn

∑
B(r)<p≤

√
x

p≡A (mod B)

4p2≡r2 (mod k2)

(
dk(p)

n

)
log p� (log x) ·

∑
n∈N

e−n/U

n

∑
V <k≤2

√
x

(k,2r)=1

1

k

∑
m≤
√
x

4m2≡r2 (mod k2)

1

� (log x) ·
∑
n∈N

e−n/U

n

∑
V <k≤2

√
x

(k,2r)=1

#{h ∈ (Z/k2Z) : 4h2 ≡ r2 (mod k2)}
k

·
√
x

k2
.

Denote by ν(k) the number of distinct prime divisors of k. Then by the Chinese Remainder
Theorem 4h2 ≡ r2 (mod k2) has at most 2ν(k) solutions h when (k, 2r) = 1, and therefore

(17)
∑

V <k≤2
√
x

(k,2r)=1
n∈N

e−n/U

kn

∑
B(r)<p≤

√
x

p≡A (mod B)
4p2≡r2 (mod k2)

(
dk(p)

n

)
log p� (

√
x log x)

∑
n∈N

e−n/U

n

∑
V <k≤2

√
x

2ν(k)

k3
.

Since 2ν(k) � kε for any 0 < ε < 1 (see [14, Exercise 1.3.2]), it follows that

(18)
∑

V <k≤2
√
x

2ν(k)

k3
�
∫ ∞
V

1

y3−ε dy �
1

V 2−ε .

To estimate the sum
∑

n∈N
e−n/U

n
we first note that if U > 1, then

1− e−1/U = 1−
∞∑
i=0

(−1)i

U ii!
>

1

U
− 1

2U2
,
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and hence∑
n∈N

e−n/U

n
= − log(1− e−1/U) < logU + log

(
2U

2U − 1

)
≤ logU + log(2).(19)

Supposing V ≥ log(c+3)/2 x and U �
√
x, (18) and (19) yield

(
√
x log x)

∑
n∈N

e−n/U

n

∑
V <k≤2

√
x

2ν(k)

k3
�
√
x

logc x
.

Then by (16) and (17) we conclude that∑
k≤2
√
x

(k,2r)=1

1

k

∑
B(r)<p≤

√
x

p≡A (mod B)

k2|r2−4p2

L(1, χdk(p)) log p

=
∑
k≤V

(k,2r)=1

1

k

∑
n∈N

e−n/U

n

∑
B(r)<p≤

√
x

p≡A (mod B)

4p2≡r2 (mod k2)

(
dk(p)

n

)
log p+O

( √
x

logc x

)
.

(20)

Next we show that the portion of the sum on the right hand side of (20) with n large can
be absorbed into the error term. Note first that∑

n>U logU

e−n/U

n
� 1

U logU

∫ ∞
U logU

e−t/Udt =
1

U logU
.

Recalling that U ≥ x7/16 log2c x and V ≤ 2
√
x, we obtain∑

k≤V
(k,2r)=1

1

k

∑
n>U logU

e−n/U

n

∑
B(r)<p≤

√
x

p≡A (mod B)

4p2≡r2 (mod k2)

(
dk(p)

n

)
log p

� (log x)

(
1

U logU

)
(
√
x log x)�

√
x

logc x
,

and combining this with (20) yields∑
k≤2
√
x

(k,2r)=1

1

k

∑
B(r)<p≤

√
x

p≡A (mod B)

k2|r2−4p2

L(1, χdk(p)) log p

=
∑
k≤V

(k,2r)=1

1

k

∑
n≤U logU

e−n/U

n

∑
B(r)<p≤

√
x

p≡A (mod B)

4p2≡r2 (mod k2)

(
dk(p)

n

)
log p+O

( √
x

logc x

)
.

(21)

Since
( •
n

)
is periodic modulo 4n, we can rewrite the innermost sum on the right hand side

of (21) as ∑
a∈(Z/4nZ)∗

(a
n

) ∑
B(r)<p≤

√
x

p≡A (mod B)
4p2≡r2 (mod k2)
dk(p)≡a (mod 4n)

log p,

14



which we may further rewrite as∑
a∈(Z/4nZ)∗

(a
n

) ∑
b∈(Z/4Bnk2Z)

∗

b≡A (mod B)
4b2≡r2−ak2 (mod 4nk2)

ψ1(
√
x, 4Bnk2, b) +O(log n),

where

ψ1(X,C,D) :=
∑
p≤X

p≡D (mod C)

log p

and the O-term comes from the primes ≤ B(r) and the prime divisors of n (recall that in
the outer sum we have the condition (k, 2r) = 1).

If (C,D) = 1, then ψ1(X,C,D) ∼ X
φ(C)

(see [17, Part 2, §8.2, Theorem 5]). Defining

E1(X,C,D) := ψ1(X,C,D)− X

φ(C)
,

by our work above we have that

(22)
∑

B(r)<p≤
√
x

p≡A (mod B)

4p2≡r2 (mod k2)

(
dk(p)

n

)
log p =

√
x

 ∑
a∈(Z/4nZ)∗

(a
n

) Cr(a, n, k)

φ(4Bnk2)



+
∑

a∈(Z/4nZ)∗

(a
n

) ∑
b∈(Z/4Bnk2Z)

∗

b≡A (mod B)
4b2≡r2−ak2 (mod 4nk2)

E1(
√
x, 4Bnk2, b) +O(log n).

We now show that the contribution of the last two summands on the right hand side of (22)
to the sum on the right hand side of (21) can be absorbed into the error term. Since∑

k≤V
(k,2r)=1

1

k

∑
n≤U logU

e−n/U

n
· log n�

∑
k≤V

(k,2r)=1

1

k

∑
n≤U logU

e−n/U � U logU log V,

the contribution of the O-term is �
√
x

logc x
when U �

√
x/ logc+2 x. Next note that if we

reverse the order of the summation involving E1(
√
x, 4Bnk2, b) in (22), then the sum on a

has at most one summand. Thus
(23) ∑

a∈(Z/4nZ)∗

(a
n

) ∑
b∈(Z/4Bnk2Z)

∗

b≡A (mod B)
4b2≡r2−ak2 (mod 4nk2)

E1(
√
x, 4Bnk2, b)�

∑
b∈(Z/4Bnk2Z)∗

∣∣E1(
√
x, 4Bnk2, b)

∣∣ .

Applying the Cauchy-Schwarz inequality and the identity

(24) φ(CD) = φ(C)φ(D)
(C,D)

φ((C,D))
15



we obtain

∑
k≤V

(k,2r)=1

1

k

∑
n≤U logU

∑
b∈(Z/4Bnk2Z)∗

e−n/U

n
|E1(
√
x, 4Bnk2, b)|

≤
∑
k≤V

1

k

( ∑
n≤U logU

φ(4Bnk2)

n2

)1/2
 ∑
n≤U logU

∑
b∈(Z/4Bnk2Z)∗

E1(
√
x, 4Bnk2, b)2

1/2

(25)

=
∑
k≤V

√
φ(k2)

k

( ∑
n≤U logU

φ(4Bn)

n2

(4Bn, k2)

φ((4Bn, k2))

)1/2

·

 ∑
n≤U logU

∑
b∈(Z/4Bnk2Z)∗

E1(
√
x, 4Bnk2, b)2

1/2

.

Clearly ∑
n≤U logU

∑
b∈(Z/4Bnk2Z)∗

E1(
√
x, 4Bnk2, b)2 ≤

∑
n≤4Bk2U logU

∑
b∈(Z/nZ)∗

E1(
√
x, n, b)2,

and the Barban-Davenport-Halberstam Theorem [2] asserts that if X > Q > X/ log`X for
some ` > 0, then ∑

s≤Q

∑
b∈(Z/sZ)∗

E1(X, s, b)2 � QX logX.

Assuming from now on that

(26) U =

√
x

log5c+15 x
and V = log(c+3)/2 x,

it follows that ∑
n≤4Bk2U logU

∑
b∈(Z/nZ)∗

E1(
√
x, n, b)2 � (k2U logU)

√
x log x

for k ≤ V , and this, along with the inequalities φ(k2) ≤ k2 and φ(CD) ≤ Cφ(D), implies
that the right side of (25) is

� x1/4
√
U logU log x

(∑
k≤V

k

)( ∑
n≤U logU

1

n

)1/2

.
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This quantity is � x1/4V 2 logU
√
U log x, which in turn is �

√
x

logc x
for our choice of U and

V . Combining this with (21), (22) and (23) we obtain∑
k≤2
√
x

(k,2r)=1

1

k

∑
B(r)<p≤

√
x

p≡A (mod B)

k2|r2−4p2

L(1, χdk(p)) log p

=
√
x

 ∑
k≤V

(k,2r)=1

1

k

∑
n≤U logU

e−n/U

nφ(4Bnk2)

∑
a∈(Z/4nZ)∗

(a
n

)
Cr(a, n, k)

+O

( √
x

logc x

)
.

Our result therefore follows from the following proposition, which also implies the conver-
gence of our summation formula (2) for Cr,A,B. �

Proposition 6.1. For any c > 0,

Cr,A,B =
∑
k≤V

(k,2r)=1

1

k

∑
n≤U logU

e−n/U

nφ(4Bnk2)

∑
a∈(Z/4nZ)∗

(a
n

)
Cr(a, n, k) +O

(
1

logc x

)

when U and V are chosen as in (26).

Proof. We begin with the identity

(27)
∑
k∈N

(k,2r)=1

1

k

∑
n∈N

e−n/U

nφ(4Bnk2)

∑
a∈(Z/4nZ)∗

(a
n

)
Cr(a, n, k)

=
∑
k∈N

(k,2r)=1

1

k

∑
n∈N

1

nφ(4Bnk2)

∑
a∈(Z/4nZ)∗

(a
n

)
Cr(a, n, k) +O

(
1

logc x

)

(see [5, p. 198]). Our first aim is to show that the terms in the sum on the left hand side of
(27) with n large can be absorbed into the error term.

Recall that Cr(a, n, k) =
∏

p|4Bnk2 dp,a,k(n). By Lemma 5.2, d2,a,k(n) ≤ 2ord2(B)+4 and for

odd p, dp,a,k(n) is at most pordp(B) if p | B, and is at most 2 if p | nk and p - B. It follows
that

Cr(a, n, k) ≤ 2ν(nk)+4 ·B,
and thus

(28)

∣∣∣∣∣∣
∑

a∈(Z/4nZ)∗

(a
n

)
Cr(a, n, k)

∣∣∣∣∣∣ ≤ 64Bφ(n)2ν(nk).

Since φ(4Bnk2) ≥ φ(4B)φ(n)φ(k2), φ(k2) = kφ(k) and 2ν(nk) ≤ 2ν(n)+ν(k), by (28) we have
(29)∑

k∈N
(k,2r)=1

1

k

∑
n>U logU

e−n/U

nφ(4Bnk2)

∑
a∈(Z/4nZ)∗

(a
n

)
Cr(a, n, k)�

∑
k∈N

2ν(k)

k2φ(k)

∑
n>U logU

e−n/U2ν(n)

n
.
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As 2ν(k) � k1/2, the first factor on the right hand side of (29) is a convergent series, while∑
n>U logU

e−n/U2ν(n)

n
� 1√

U logU

∫ ∞
U logU

e−t/Udt =
1√

U logU
� 1

logc x
.

We conclude that

(30)
∑
k∈N

(k,2r)=1

1

k

∑
n>U logU

e−n/U

nφ(4Bnk2)

∑
a∈(Z/4nZ)∗

(a
n

)
Cr(a, n, k)� 1

logc x
.

Next we show that the terms in the sum on the left hand side of (27) with n small and k
large can be absorbed into our error term. By our arguments above we have
(31)∑

k>V
(k,2r)=1

1

k

∑
n≤U logU

e−n/U

nφ(4Bnk2)

∑
a∈(Z/4nZ)∗

(a
n

)
Cr(a, n, k)�

∑
k>V

2ν(k)

k2φ(k)

∑
n≤U logU

e−n/U2ν(n)

n
.

Since 2ν(k)

φ(k)
= 1

k

∏
p|k

(
2p
p−1

)
≤ 12

k

∏
p|k
p>3

3 � 3ν(k)

k
, we have that

∑
k>V

2ν(k)

k2φ(k)
�
∑

k>V
3ν(k)

k3 .

Using 3ν(k) � kε, it follows that

(32)
∑
k>V

2ν(k)

k2φ(k)
� 1

V 2−ε .

Moreover, using partial summation and the fact that
∑

n≤T 2ν(n) � T log T [17, Exercise 2,
p. 53], we find that∑

n≤U logU

e−n/U2ν(n)

n
� logU

U
+

∫ U logU

1

(
e−t/U log t

t
+
e−t/U log t

U

)
dt� log2 U.(33)

Now (31), (32) and (33) imply that∑
k>V

(k,2r)=1

1

k

∑
n≤U logU

e−n/U

nφ(4Bnk2)

∑
a∈(Z/4nZ)∗

(a
n

)
Cr(a, n, k)� 1

logc x
,

and combining this with (30) yields∑
k≤V

(k,2r)=1

1

k

∑
n≤U logU

e−n/U

nφ(4Bnk2)

∑
a∈(Z/4nZ)∗

(a
n

)
Cr(a, n, k)

=
∑
k∈N

(k,2r)=1

1

k

∑
n∈N

e−n/U

nφ(4Bnk2)

∑
a∈(Z/4nZ)∗

(a
n

)
Cr(a, n, k) +O

(
1

logc x

)
.

Our result now follows from (27) and the definition of Cr,A,B. �
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7. Constructing a Multiplicative Function

In this section we construct a function for use in the proof of Lemma 2.5. Let n and k be
positive integers, and suppose (k, 2r) = 1. Define n′ by n = 2ord2(n)n′, let

e2,a,k(n) =

{
d2,a,k(n)

d2,a,k(1)
if d2,a,k(1) 6= 0,

0 otherwise,

and define

ck(n) :=
∑

a∈(Z/4nZ)∗

a≡1 (mod 4)
(r2−ak2,n′)=1

(a
n

)
e2,a,k(n) ·

∏
p odd
p|n

dp,a,k(n).

Lemma 7.1. Let q be an odd prime and α a positive integer, and let β = ordq(k).

(1) ck(n) is a multiplicative function, and ck(1) = 1.
(2) Suppose q | B.

(a) If 2β ≥ ordq(B), then

ck(q
α) =

{
qordq(B)φ(qα) if r2 ≡ 4A2 (mod qordq(B)) and α is even,

0 otherwise.

(b) If 2β < ordq(B), then

ck(q
α) =

{
qα−min(α,ordq(B)−2β)

(
(r2−4A2)/q2β

q

)α
if r2 ≡ 4A2 (mod q2β),

0 otherwise.

(3) Suppose q - B.
(a) If q | k, then

ck(q
α) =

{
2qα−1(q − 1) if α is even,

0 if α is odd.

(b) If q - k, then

ck(q
α) =


qα−1

(
−1
q

)
(q − 1) if q | r and α is odd,

−qα−1
((
−1
q

)
+ 1
)

if q - r and α is odd,

qα−1(q − 1) if q | r and α is even,

qα−1(q − 3) if q - r and α is even.

(4) ck(2
α) = (−2)α.

(5) ck(q
α) = cqβ(qα).

Proof. For (1) we refer the reader to [4, p. 173-174], where a similar result is proved. Also,
note that (5) follows immediately from (2) and (3).
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For the remainder it will be convenient to note that by Lemma 5.2,

ck(q
α) =

∑
a∈(Z/4qαZ)∗

a≡1 (mod 4)
(r2−ak2,q)=1

ak2≡r2−4A2 (mod qmin(`1,`2))

(
a

q

)α ∑
b∈(Z/q`Z)∗

b≡A (mod q`1 )

4b2≡r2−ak2 (mod q`2 )

1

where, as before, `1 = ordq(B), `2 = ordq(4q
αk2) = α+2β and ` = `1 + `2. Using Lemma 5.2

again to evaluate the inner sum, we obtain

(34) ck(q
α) =



qmin(`1,`2)
∑

a∈(Z/4qαZ)∗

a≡1 (mod 4)
(r2−ak2,q)=1

ak2≡r2−4A2 (mod qmin(`1,`2))

(
a
q

)α
if q | B,

∑
a∈(Z/4qαZ)∗

a≡1 (mod 4)
(r2−ak2,q)=1

(
a
q

)α(
1 +

(
r2−ak2

q

))
if q - B.

(2) If 2β ≥ `1, then

ak2 ≡ r2 − 4A2 (mod qmin(`1,`2)) ⇐⇒ r2 ≡ 4A2 (mod q`1).

Since q | k and (k, 2r) = 1, by (34) this implies that

ck(q
α) =

q
min(`1,`2)

∑
a∈(Z/4qαZ)∗

a≡1 (mod 4)

(
a
q

)α
if r2 ≡ 4A2 (mod q`1),

0 otherwise.

On the other hand, if 2β < `1 and we write k = qβk1, then

ak2 ≡ r2 − 4A2 (mod qmin(`1,`2)) ⇐⇒

r2 ≡ 4A2 (mod q2β) and ak2
1 ≡

r2 − 4A2

q2β
(mod qmin(α,`1−2β)).

Hence if r2 ≡ 4A2 (mod q2β), then

ck(q
α) = qmin(`1,`2)

∑
a∈(Z/4qαZ)∗

ak2
1≡

r2−4A2

q2β
(mod 4qmin(α,`1−2β))

(
a

q

)α

by (34), and our result follows.
(3a) Suppose q - B and q | k. Then q - r since (k, 2r) = 1, and so (34) yields

ck(q
α) = 2

∑
a∈(Z/4qαZ)∗

a≡1 (mod 4)

(
a

q

)α
=

{
2φ(qα) if α is even,

0 if α is odd.

(3b) Suppose q - B and q - k. First consider odd α. Then by (34),

ck(q
α) = qα−1

−(r2k−2

q

)
+

∑
a∈(Z/qZ)∗

(
a−1

q

)(
r2 − ak2

q

)
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=

q
α−1
(
−1
q

)
(q − 1) if q | r,

qα−1
(
−1−

(
−1
q

))
if q - r.

On the other hand, if α is even, then

ck(q
α) =

{
qα−1(q − 1) if q | r,
qα−1(q − 2)− qα−1 if q - r.

(4) By definition

d2,a,k(1) =


2 if 2 - B and a ≡ 1 (mod 4),

4 if 2 | B and a ≡ 1 (mod 4),

0 otherwise.

Set `1 = ord2(B), `2 = ord2(4 · 2αk2) = α + 2 and ` = `1 + `2. Suppose `1 ≤ 1. Since r and
k are odd,

r2 − ak2 ≡ 4 (mod 2min(5,α+2)) ⇒ a ≡ 5 (mod 8),

and hence by Lemma 5.2 (3),

ck(2
α) =

∑
a∈(Z/2α+2Z)∗

a≡1 (mod 4)

(a
2

)α d2,a,k(2
α)

d2,a,k(1)
=

∑
a∈(Z/2α+2Z)∗

r2−ak2≡4 (mod 2min(5,α+2))

(−1)α · 2min(3,α) = (−2)α.

The proof is similar when `1 > 1. �

8. Computing the Constant

In this section we prove Lemma 2.5. We begin by recording several evaluations of dp,a,k(n)
which follow directly from Lemma 5.2.

Lemma 8.1. Suppose p is a prime such that p - 2n.

(1) If p | B and p - k, then dp,a,k(n) = 1.
(2) Suppose p | k.

(a) If p | B, then

dp,a,k(n) =

{
pmin(ordp(B),ordp(k2)) if r2 ≡ 4A2 (mod pmin(ordp(B),ordp(k2))),

0 otherwise.

(b) If p - Br, then dp,a,k(n) = 2.

If a ≡ 3 (mod 4), or if (r2 − ak2, n′) 6= 1, then by definition Cr(a, n, k) = 0. We may
therefore write

Cr,A,B =
∑
k∈N

(k,2r)=1

1

k

∑
n∈N

1

nφ(4Bnk2)

∑
a∈(Z/4nZ)∗

a≡1 (mod 4)
(r2−ak2,n′)=1

(a
n

) ∏
p|4Bnk2

dp,a,k(n).
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If p | B and p - 2nk, then dp,a,k(n) = 1 by Lemma 8.1 (1). Moreover, if p | k and p - 2n, then
Lemma 8.1 (2) implies that dp,a,k(n) = dp,a,k(1). Hence

Cr,A,B =
∑
k∈N

(k,2r)=1
n∈N

1

knφ(4Bnk2)

∑
a∈(Z/4nZ)∗

a≡1 (mod 4)
(r2−ak2,n′)=1

(a
n

)
d2,a,k(n)

∏
p odd
p|n

dp,a,k(n)


∏

p|k
p-2n

dp,a,k(1)

 .

Next note that if p is prime, n ∈ N and dp,a,k(1) = 0, then since ordp(4k
2) ≤ ordp(4nk

2), by
(13) we have that dp,a,k(n) = 0. It follows that we may rewrite our last expression for Cr,A,B
as

∑
k∈N

(k,2r)=1
n∈N

1

knφ(4Bnk2)

∑
a∈(Z/4nZ)∗

a≡1 (mod 4)
(r2−ak2,n′)=1

(a
n

)
d2,a,k(1)e2,a,k(n)

∏
p odd
p|n

dp,a,k(n)


∏

p|k
p-2n

dp,a,k(1)

 .

For odd primes p we see from (13) that dp,a,k(1) = dp,1,k(1). Moreover, when (k, 2r) = 1 and
a ≡ 1 (mod 4), d2,a,k(1) is independent of k and a. Thus we may write

Cr,A,B = d2,1,1(1)
∑
k∈N

(k,2r)=1
n∈N

1

knφ(4Bnk2)

 ∏
p|(B,k)
p-2n

dp,1,k(1)


∏

p|k
p-2Bn

dp,1,k(1)

 ck(n).(35)

For ease of notation denote by ν(C,D) the number of distinct common prime divisors of C
and D. If (k, 2r) = 1, then by Lemma 8.1 (2b) we have that

∏
p|k

p-2Bn
dp,1,k(1) = 2ν(k)−ν(k,2Bn).

Moreover, it is straightforward to check that

2ν(k,2Bn) =
2ν(k,B) · 2ν(

k
(k,B)

,n)

2
ν
(

(k,B2)
(k,B)

,n
)

for odd k. This, along with (24), allows us to rewrite the expression for Cr,A,B in (35) as

(36) d2,1,1(1)
∑
k∈N

(k,2r)=1

2ν(k)

2ν(k,B)kφ(4Bk2)

∑
n∈N

[∏
p|(B,k)
p-2n

dp,1,k(1)

]
φ((n, 4Bk2))2

ν

(
(k,B2)
(k,B)

,n

)

nφ(n)(n, 4Bk2)2ν(
k

(k,B)
,n)

ck(n).

Recall that if p is prime, n ∈ N and dp,a,k(1) = 0, then dp,a,k(n) = 0. Combining this with
the fact that dp,a,k(1) = dp,1,k(1) for odd primes p yields the following useful lemma.

Lemma 8.2. Suppose dp,1,k(1) = 0 for some odd prime divisor p of n. Then ck(n) = 0.

For primes p such that p | (B, k, n) let

fp,k =

{
dp,1,k(1) if dp,1,k(1) 6= 0,

1 otherwise.
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By Lemma 8.2, if (k, 2r) = 1, then ∏
p|(B,k)
p-2n

dp,1,k(1)

 ck(n) =

(∏
p|(B,k) dp,1,k(1)∏
p|(B,k,n) fp,k

)
ck(n),

and combining this with (24) and (36) yields

(37) Cr,A,B =
d2,1,1(1)

φ(4B)

∑
k∈N

(k,2r)=1

2ν(k)φ((4B, k2))
∏

p|(B,k) dp,1,k(1)

2ν(k,B)kφ(k2)(4B, k2)

·
∑
n∈N

φ((n, 4Bk2))2
ν

(
(k,B2)
(k,B)

,n

)
[∏

p|(B,k,n) fp,k

]
nφ(n)(n, 4Bk2)2ν(

k
(k,B)

,n)
ck(n).

Noting that the summand of the inner sum in (37) is multiplicative in n, Lemma 7.1(5)
allows us to rewrite this sum as

(38)
∏

q prime

∑
α≥0

φ((qα, 4Bk2))2
ν

(
(k,B2)
(k,B)

,qα
)

[∏
p|(B,k,qα) fp,k

]
qαφ(qα)(qα, 4Bk2)2ν(

k
(k,B)

,qα)
ck(q

α)

=
∏
q-k

(∑
α≥0

φ((qα, 4B))

qαφ(qα)(qα, 4B)
c1(qα)

)

·
∏
q|k

∑
α≥0

φ((qα, 4Bk2))2
ν

(
(k,B2)
(k,B)

,qα
)

[∏
p|(B,k,qα) fp,k

]
qαφ(qα)(qα, 4Bk2)2ν(

k
(k,B)

,qα)
cqordq(k)(qα)


=
∏
q

(∑
α≥0

φ((qα, 4B))

qαφ(qα)(qα, 4B)
c1(qα)

)

·
∏
q|k

∑
α≥0

φ((qα,4Bk2))2
ν

(
(k,B2)
(k,B)

,qα

)

[
∏
p|(B,k,qα) fp,k]qαφ(qα)(qα,4Bk2)2

ν( k
(k,B)

,qα)
cqordq(k)(qα)


(∑

α≥0
φ((qα,4B))

qαφ(qα)(qα,4B)
c1(qα)

) .

Substituting (38) into (37), our expression for Cr,A,B becomes

(39)
d2,1,1(1)

φ(4B)

∏
q

(∑
α≥0

φ((qα, 4B))

qαφ(qα)(qα, 4B)
c1(qα)

) ∑
k∈N

(k,2r)=1

(
2ν(k)φ((4B, k2))

∏
p|(B,k) dp,1,k(1)

2ν(k,B)kφ(k2)(4B, k2)

)
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·
∏
qβ ||k
β≥1

∑
α≥0

φ((qα,4Bq2β))2
ν

(
(qβ,B2)

(qβ,B)
,qα

)

[
∏
p|(B,qα) fp,k]qαφ(qα)(qα,4Bq2β)2

ν

(
qβ

(qβ,B)
,qα

) cqβ(qα)


(∑

α≥0
φ((qα,4B))

qαφ(qα)(qα,4B)
c1(qα)

) .

Since the sum on k in (39) is a sum of multiplicative functions, we may rewrite this sum as
(40)∏
q-2r

1 +
∑
β≥1

 2[
∏
p|(B,q) dp,1,qβ (1)]φ((4B,q2β))

qβ2ν(q,B)φ(q2β)(4B,q2β)∑
α≥0

φ((qα,4B))c1(qα)
qαφ(qα)(qα,4B)

 ·
∑
α≥0

φ((qα, 4Bq2β))δα,Bcqβ(qα)[∏
p|(B,qα) fp,qβ

]
qαφ(qα)(qα, 4Bq2β)


 ,

where δα,B is equal to 1
2

if α > 0 and q - B, and equal to 1 otherwise. Substituting (40)

into (39), and noting that φ(qj)
qjqαφ(qα)

= 1
q2α if α, j > 0, we obtain

Cr,A,B =
d2,1,1(1)

φ(4B)

(∑
α≥0

c1(2α)

22α

)∏
q-B
q|r

(∑
α≥0

c1(qα)

qαφ(qα)

)∏
q|B
q|r

(∑
α≥0

c1(qα)

q2α

)

·
∏
q-2rB

[∑
α≥0

c1(qα)

qαφ(qα)
+
∑
β≥1

2

qβφ(q2β)

(
1 +

∑
α≥1

cqβ(qα)

2q2α

)]

·
∏
q|B
q-2r

[∑
α≥0

c1(qα)

q2α
+
∑
β≥1

dq,1,qβ(1)

q3β

(
1 +

∑
α≥1

cqβ(qα)

q2αfq,qβ

)]
.

Our result now follows from Lemma 7.1 and the formula for the sum of a geometric series.
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