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1. Intr oduction

Ever since Dirichlet's introduction of the analytic class number
formula, special valuesof L -functions have beenthe subject of much
study and speculation. In this paper we survey somerecert results
about sud valuesthat were presered at this conference.Our atten-
tion is essetially restricted to the certral valuesof L-functions asso-
ciated to certain (holomorphic) newforms. Theseresults have many
applications to classnumbers of imaginary quadratic elds, Selmer
groups of elliptic curves,and K -groups of real quadratic elds, a few
of which are included.

To describe the problem will address, we need to introduce
somenotation. Let F(z) = _ a(n)q" 2 Sx(M) (q= € as
usual) be a newform of weight 2k on j o(M) witkbtrivial Nebenty-

pus character, and for Re(s) A 0 let L(F;s) = ﬁzl a(n)ni * be
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its L-function. Let D denote a fundamental discriminant of a qua-
dratic eld that is coprimSth : then Ap shall denotethe Kronecker
character for the eld Q(' D):

The D-quadratic twist of F, denoted Fp, is given by Fp (z) =

LA (n)g(?)q": and for Re(s) A 0 its L-function is given by
L(Fp;s) = -, Ap(n)a(n)ni 3. These L-functions have analytic
cortinuations to C and satisfy well known functional equations. If
a(F;s) = (2)' ®i( )M 72L(F;s); then

a(F;s) = 2¢a(F; 2k s);

where 2 = 81 is the so-calledsign of the functional equation, and
the quadratic twists satisfy

o(Fp;s) = 2¢Ap (j M)a(Fp;2ki s):

The value L(Fp;Kk) is the central value of L(Fp;s). Our moti-
vating problem is to describe the behaviour of the family of values
L(Fp ; k), as a function of D. Notice that if Ap (j M)2 = j 1, then
L(Fp;k) = 0. Therefore at least "half' of the L(Fp ; k) are trivially
zero. As we shall see,the "nortrivial zeros' (as one varies D) are
quite mysterious. If F is a weight 2 newform assaiated to an ellip-
tic curve E, then there are in nitely many non-trivial zeros,but in
the caseof Ramanujan's Delta-function F = ¢( z) 2 Si12(1) there are
no known non-trivial zeros.

For X > O let

Ne(X)=#fD jjD j< X and L(Fp;k) 6 Og:
It is widely believed that
(1) Ne(X)Ag X:

The following conjecture, due to Goldfeld, is more precise.
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Goldfeld's Conjecture [G]. If F(z) 2 Syk(M) is a newform, then

X
ords=kL(Fp;s)

jDj<X and (D;M )=1
2)

» %#fD jjDj< X and (D;M) = 1g:

(Note: This conjecture was posedfor weight 2 newforms assaiated
to modular elliptic curves.)

Goldfeld's Conjecture is an analytic assertion, and it has been
extensiwely studied as sud, often with the help of sophisticated an-
alytic techniques. Thanks to the work of Katz, Sarnak, Iwaniec,
Kowalski, Michel, R. Murty and K. Murty, and others, much is
known about the general phenomenonof the nonvanishing of val-
ues of L-functions and their derivatives. The results described in
this paper follow from an essetially algebric approad, basedon
the fact that the certral value is a critical value (in the senseof
Deligne). More concretely, this meansthat there exist nonzerocom-
plex numbers - ,§5 known as periods for F, such that the quotient

L(Fp; k)= ¥9"P) is an algebraic integer, loosely referred to as the
algebaic part of L(Fp; k). Non-vanishing of L(Fp ; k) is equivalent
to non-vanishing of the algebraicpart, and the latter may be studied
by using algebraic techniques. The key to the results in this paper
is the obsenation that, to showv nonvanishing of the certral value,
it sutcesto shaw that the algebraic part is nonzero modulo p, for
someprime p.

2. Statement of Resul ts

The rst result we wish to describe givesa strong estimate for the
number of quadratic twists of F whoseL -functions do not vanish at
s = k. This result was proven by two of the presen authors (see
[O-S1]) by using the theory of 2-adic Galois represenations and a
congruencemodulo the prime 2.
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Theorem 1. [O-S1, Cor. 3]. If F(2) 2 Sy (M) is a newform,

then «
Ne(X) A :
F (X) FlogX

Recall that if E=Q is an elliptic curve given by
E: y?2=x3+ Ax + B;
then Ep ; its D-quadratic twist, is the curve given by
Ep: y?=x%+ AD%x+ BD?3:

Let L(Ep;s) be the Hasse-Wil L-function for Ep. For modular E,
Kolyvagin [Ko] proved that if L(Ep;1) 6 O, then Ep hasrank zero.
Theorem 1 together with Kolyvagin's theorem implies:

Corollary 1. If E=Q is a modular elliptic curve, then the number
of jDj - X for which Ep hasrank zemw is A ¢ X=logX.

While Theorem 1 is very strong in that it appliesto a generalF,
it falls short of the “positive proportion’ estimatespredicted by Gold-
feld. However, we will now describe a seriesof results shaving that
it is possibleto do better in a classof special caseshamely the class
of forms F for which there exist special congruencerelations between
L (Fp; k) and classnumbers of quadratic elds. When suc relations
exist modulo 3, results of Davenport and Heilbronn [D-H], suitably
modi ed by Horie and Nakagava [N-H], may be employed to prove
the estimate (1). This approach was rst carried out by James[Ja]
for seweral weight 2 newforms assaiated to modular elliptic curves.

Using the sameideas, Kohnen [K] proved the following theorem
for eigenformswith respect to the full modular group SL»(Z).

Theorem 2 [K, Cor. 1]. Letk, 6beeven.lf 2> 0and X A 0,
then there exists a Hecke eigenform F (z) 2 Sy (1) for which

Mg o

1607

Ne(X),

where gq = dim(Sx(1)).
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Corollary 2. Let ¢( z) 2 S;2(1) be Ramanujans Delta-function. If
2> 0and X A: 0, then

u9i LT

N¢ (X)), 1672

X:

This technique can also be exploited in the corntext of certain
elliptic curveswith rational torsion points. But before stating the
general theorem, we needto introduce somenotation. Let E be a
modular elliptic curve over Q. Assumethat E has a rational point
of odd prime order p (sop = 3, 5, or 7), that the level M of E is
squarefree,and that E hasgood reduction at p. Let g be any prime
with (;M) =1andg” 1 (mod9) if p= 3andq” 1 (mod p) if
p= 5or 7. Let M; denote the product of primes "jM sud that E
has nonsplit multiplicativ e reduction, and let M, = gM =M.

Theorem 3 [V, Th. 0.3]. Let the elliptic curve E be as alove.
Then there existsa period - i for E suchthat we have

A iy L(ED; D)
(1i Ap(0)=0 ¢c(AD)W
1Y - Y - A
5 1i Av()=) (Li Ap()) ¢L(Ap;0)* (mod p);
\le ‘jMz

for any D < 0 prime to M g. Here ¢(Ap) denotesthe usual Gauss
sum asseiated to Ap .

Qbser\e now that L (Ap ; 0) is essetially the classnumber h(D) of
Q(' D). Thusif D is sud that h(D) and the various Euler factors
are nonzeromodulo p, then we may concludethat the valueL (Ep; 1)
is nonzero. The aforemertioned results of Davenport-Heilbronn and
Horie-Nakagawa then yield the following result:

Corollary 3. If E is asin Theorem 3 and p = 3, then
#fi X <D< O0jL(Ep;1)6 0)gAg X:

Theorem 3 was already predicted by the work of Frey [F], who
shows that the order of p-Selmer groups of certain curves Ep are
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trivial whenewerh(D) is prime to p. Thusour theoremmay be viewed
as an analytic counterpart to Frey's theorem, henceas veri cation
of a weak form of the Birch and Swinnerton-Dyer Conjecture ‘mod
p' for rank zero quadratic twists Ep .

Work of Waldspurger [W1, W2] shows that the valuesL (Fp;k)
are essetially Fourier coexcients of modular forms of half-integral
weight k + % Theorems1 and 2 are proved by studying the Fourier
coexcients of sud half-integral weight modular forms modulo p.
There have beena number of investigationsinto the indivisibilit y of
such coezcients in the works of Jochnowitz [J], Ono and Skinner [O-
S2],and most recertly Bruinier [B]. Our nal theoremis a statemert
of the main result in [B]. First let us introduce somenotation. Let
k be an integer as before, M a positive integer divisible by 4 and A
a Dirichlet character modulo M . For corvenienceput A® = (L2)*A,
If pis aprime, then let v, denote a cortinuation of the usual p-adic
valuation on Q to a xed algebraic closure. Write M1 =o(M ; A) for
the spaceof modular forms of weight k + 1=2 with respectto j o(M)
and Nebentypus character A (in the senseof [Sh]).

Theorem 4 [B, Th. 2]. Letf(z) = P h-o A" 2 My, 1 (M;A)
be an eigenform of all the Hecke operators T (*2) with corresmnding
eigenvalues, -. If the coetcients a(n) are algebaic integers,p-M
is prime, and there is a positive integer m* with vp(a(m®)) = 0, then
de ne w(f ;p;m®°) by
TR V| Il
w(f;p;m®) == min vy ACYCK+ Y

Here the minimum is taken over all primes ~ with (*; Npm®) = 1 and
" 61 (mod p). Then there exist in nitely many squase-free integers
d with vp(a(d)) - w(f;p;m®).

There are many immediate consequence®f results like Theorem
4. Here we list a few exceptional examples. The deduction of these
corollariesemploys the aforemertioned results of Waldspurger, which
relate the algebraic parts of the valuesL (Fp ; k) to the Fourier coex-
cients at square-freeintegersof certain half-integral weight modular
forms.
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Corollary 4. If E=Q has complex multiplication, then for every
prime p A g 0 there are in nitely many D for which

rk(Ep)=0 and p-#X (Ep):

Corollary 5. Let E=Q be a modular elliptic curve for whichL (E;s)
hasa simple zem at s = 1: For all primes p outsidea nite setwhich
is e®etively determinable (see[O-S2])

ordy(jX (E)j) - ordy(Sha(E));

where Sha(E) denotesthe order of X (E) as predicted by the Birch
and Swinnerton-Dyer Conjecture.

We also obtain a generalization of results due to Horie on the
existence of certain in nite families of imaginary quadratic elds
[Ho].

and "1;:::;" 2 fj 1;0;,+1g. Let p be a prime , 5 suchthat p
does not divide p; (p; i 1)(pj + 1) for j = 1;:::;r. Then there are
in nitely many fundamental discriminants D < 0 for which h(D) is
not divisible by p and (E—j) =" forj=1::0r.

Applying Theorem 4 to the Cohen-Eisensteinseries, we obtain
indivisibilit y results for certain valuesof Dirichlet L-series.

Corollary 7 [B, Theorem 6]. Let k be a positive even integer
and p a prime for whichpj 1-2k and vp(3(1i k)) = 0. Then
there exist in nitely many fundamental discriminants D > 0 with
Vo(L(Li k;Ap)) = 0.

Using the work of Mazur and Wiles [M-W] one immediately ob-
tains the following from Corollary 7.

Corollary 8 [B, Cor. 2]. Letp be aprime , 7. Then there exist
in nitely many real quadmtic elds F suchthat the K -group K ;Af
of the ring of integers Ag of F contains no elementof order p.

In the remainder of this paper, we will brie°y describe the proofs
of the theorems stated above.
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3. Discussion of Theorem 1

The proof of Theorem 1 (see[O-S1] fqg details) is basedon the
simple obsenation that if u(z) = 1+ 2 Ll qnz is the standard
theta function, then 1~ p(Nz) (mod 2) for any positive integer N .
This is exploited as follows. The main results of [W1, W2] ensure
the existenceof a weight k + 1 cuspform f(z) = _, c(n)q" of
somelevel 4M % and # 2 f8g sud that if (D;4M M9 = 1 and if
+ D > 0, then c(jDj)? is essetially the algebraic part of L(Fp ; k).
More precisely let P(F) denotethe setof D's just described. Then

forall D 2 P(F)
c(jDj) 6 0) L(Fp:;k)8& O:

The form G(z) = f (z) (N z) = P ﬁzl b(n)g" hasintegral weight k+
1 and satis esb(n) ©~ c¢(n) (mod 2). Thusto show that L(Fp;k) 6 0
for someD 2 P(F), it suxcies to show that b(jDj) 6" 0 (mod 2).
For simplicity, supposethat c(n) 2 Z for all n and that G(z) is a
newform. Supposealsothat 2 - ¢(jDyj) for someDg 2 P(F). Write
Do = py ¢¢¢p,. Applying the Chebotarev Density Theorem to the
mod 2 Galois represeniation assaiated to G, one nds that there
are A X=logX setsof primes faq;:::; ¢ g suc that b(g) =~ b(pi)
(mod 2), gz ¢¢¢g < X, =y ¢¢¢q 2 P(F). As

b(cu ¢e¢g )~ b(an) ¢eeh(a )
" b(py) ¢¢eh(pr) © B(jDoj) (mod 2);

the desiredresult follows. The proof in the general caseis similar,
but made more complicated by having to work in a generalnumber
“eld and by the fact that G is not usually a newform.

4. Discussion of Theorem 2

In this section we brie°y sketch the proof of Theorem 2 (see
[K] for details). Esserially, one usesa suzciently explicit form
of the Shimura correspondenceand Waldspurger's theorem, due to
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Kohnen-Zagier, to nd explicit relations between the twisted L-
valuesand clas numbers of quadratic elds. One concludesthe proof
by usingthe Davenport-Heilbronn theorem, asmentioned previously.
Sketch of Proof of Theorem 2: Let k be even and S;,, _, be the
spaceof cusp forms of \ﬁ,geight k+ 1=2 w.r.t. jo(4) having a Fourier
expansionof the form | ; ¢(n)g” with ¢(n) = O unlessn * 0;1
(mod 4). The spacesSl:rl _, and Sy = Sp(l) are isomorphic as
modules over the Hede algebra. If f (z)  n ;a(n)g" is a nor-
malized Hedke eigenformin Sy and g = n Lc(n)g" is a Hekke
+

eigenformin S, _, corresponding to it, then for every fundamertal
discriminant D > 0 one has

JoD) 12 _ (Ki D!y 1oL (FiD3K)
hg; gi %3 H;fi

wherehg; gi and i ;f i are appropriately normalized Peterssonscalar
products (cf. [K-Z]; the above identity is a more precise version of
Waldspurger's formula [W1] in the special caseof the full modular
group). For k , 4let

X

1
Gk(z) = 53(11 k) + Y 1(n)q"
n, 1

P o : . : :
(% (n) := d d’) be the Eisenstein seriesof weight k and level 1,

andlet W(z) = |, q”2 be the standard theta seriesof weight 1/2.
We put
@ = =& D6 @) 6L uuD”
H = i 2 I ki 2 H 1 ki 2 p

and write ®(n) for the Fourier coexcients of x (cf. [K-Z], p. 187).
One has 2 S;ﬂ _,; in fact, up to normalization % is the rst
Rankin-Cohen bracket of Gy, 2(4z) and p(z).
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For simplicity let's supposethat k is not congruert to 1 modulo
3. It is easyto seethat it is suxcient to prove that

Hg, of

#f0<D < X;D”" j1 (mod 3);®&(D) 6 0Og, 1672

X:

To do this one rst shows the congruence
®&(D) " ukh(j 3D) (mod 3) (D" i1 (mod 3))

whereuy = j 1resplfork” O (mod 3) resp. k™~ 2 (mod 3).
Except for someelemenary calculations modulo 3, the above con-
gruencefollows from an identit y of Siegelwhich relatesa certain nite
sum involving %, to the secondgeneralizedBernoulli number of Ap,
and a classical formula of Lerch relating this Bernoulli number to
the classnumber h(j 3D) modulo 3.
The proof then is nished using the results of [D-H] and [N-H], in
a similar way asin [Ja]. Let m and N be positive integers,N odd
and sud that if p is an odd prime dividing (m; N), then p? j N and
p? doesnot divide m. Denote by NJ (X;m;N) (X > 0) the number
of fundamental discriminants D with | X < D < 0OandD "~ m
(mod N).
The main result of [D-H, N-H] implies that
X 1 . .
1, (Gi ANZ OXGmiN) - (X A= 0):

i x<D <0;D" m (mod N);(h(D);3)=1

Applying the latter formula with m = 3 and N = 9 and observing
that N} (3X;3;9) » 52X for X ! 1 (cf. e.g. [N-H], Prop. 2), the
assertionof Theorem 2 easily follows.

Q.E.D.

5. Discussion of Theorem 3.

We now sketch the proof of Theorem 3 (see[V] for details). The
idea of the proof is simple: we will show that there exists a congru-
ence modulo p between E and a suitable Eisenstein seriesG, and
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then relate the L-valuesof E to those of G. The latter are products
of Dirichlet L-functions, and the special valuesare Bernoulli numbers
whoserelationship to classnumbersis well-documerted.

Proof of Theorem 3: Let % denote the represeration of Gal(Q=Q)
on the p-division points E[p] of E. Our hypothesesimply that there
is an exact sequence

0! Z=pz! E[p]! tp! O

P
Let f(2) = an(f)q" be the newform assiated to E; then the
exact sequenceabove implies that aq(f) ~ g+ 1 (mod p), for eat
prime g not dividing pM. Now let G be the non-holomorphic Eisen-
stein seriesof weight 2 and level 1. Thus we have
1 i1 X
- = "+ 3/ n.
C@)i gy = 55+ AN
where ¥(n) = din d. Therefore ¥n) =~ a,(f) (mod p) for all n
with (n;pM) = 1. Obserw alsothat we have the equality

L(1;Gp) _

(o) —L(AD 0)2:

(Ap) =

Now theorg,m (3.3) of [V] shows hov,_x,to modify f and G to obtain
forms f° = a,(f)°qg" and G° = an(9)°q" of level M g such
that the congruencea, (f )® ~ an(g)” (mod p) is valid at all integers
n. Furthermore the Eisenstein seriesG" has the property that the
constart term in the Fourier expansionat every cusp is a rational
integer divisible by p.

Put | = i1(Mqg) and let + 2 H(j ;Z) be the cocycle obtained
by integrating G®. Then % vanishesmodulo p on parabolic elemeris
and we obtain a parabolic cocycle +2 H1(j ; Z=p). Furthermore, it
may be shown that + liesin the minus eigenspaceH 1(j ;Z)! for the
action of complex conjugation.

Let T be the Hedke ring generatedover Z, in the spaceof cusp-
formsfor j = j 1(M Q). Let m be the the maximal ideal determined
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by f °. It canbeshawn that there is anisomorphismp: Sy(j ; Zp)m 2
H(i ;Zp)i, (seeTheorem 2.7 in [V]). Thus we may de ne a canon-
ical cocycle +* = p(f®) 2 H(j ;Z,)! . One cheds that there is a
period - i such that - i +° = (1 )i | where! is the di®ererial form
on X1(Nq) assaiated to f“. It is a consequenceof a theorem of
Washington that the image of ¥ in H(j ; Z=p) coincidesup to unit
with the Eisenstein cocycle + de ned previously. Our Theorem 3
now follows upon computing the twisted L-valuesof +* and +, using
the de nition for the former, and the theory of Dedekind sums for
the latter (see[St], Lemma 2.2).
Q.E.D.

Applying Theorem 3 along with the techniques deweloped in [Ja]
to all elliptic curves having a torsion point of order 3 and whose
conductor is lessthan or equalto 50, we have compiled the following
table. For ead curve E, we list a Weierstrassequation for E, the
conductor Ng of E, and a lower bound = for

"#fD jjDj< X and L(Ep;1)6 0Og°

Il)[pl inf X
E Ne *E
y>=x3+ x>+ 72 368 14 21=64v%
y2 = x3+ 4x?% 144x | 944 19 19=80v%
y2=x3+ X%+ 4x + 4 20 15=72v%
y2=x3+x%j 72| 496 26 39=112/%
y2=x3) 432 27 3=8v%
y2 = x3+ X%+ 24x + 144 30 15=128/%
y2=x3+ x?| 48+ 64 34 17=48v#
y? = x3+ 4x2% + 144x + 80 35 35=192/%
y2=x3+1 36 3=4v%#
y? = x3+ 4x?j 368 | 3184 37 37=114/%
y? = x3+ x?+ 15X + 5776 38 19=160v%
y2=x3+ x%2+ 3% 1 44 11=48v%
y2 = x3+ 5x?j 200k j 14000 50 5=8Y#
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5. Discussion of Theorem 4

Here we describe the main ideas of the proof of Theorem 4 (see
[B] for details). A related result and some more applications to
elliptic curvesare obtained in [O-S2]via the theory of p-adic Galois
represenations.

Heref denotesan elemert of M1 -»(M ; A) with algebraicinteger
Fourier coexcients a(n). De ne vy(f) = inf,(vp(a(n)) and denote
the usual Fricke involution by W)y, . Using the g-expansionprinciple
one may deducethat f jWy, also has algebraic Fourier coexcients
and moreover that vp(f) = vp(f jWy ) for every prime p not dividing
M ([B], Lemma 1).

Now let * be a prime not dividing M and supposethat f is an
eigenform of the Hede operator T(*?). Then taking into accourt
the lemma above and the properties of various operators de ned on
modular forms (in particular the commutation relation of a quadratic
twist and Wy, ), it can be shown that a certain set of congruences
modulo p for the Fourier coexcients implies a congruencefor the
Hede eigervalue , -. Sincethis result might be of independern in-
terest, let us state part of it in a more preciseform.

Theorem 4°[B, Theorem 1]. Let be a prime not dividing M,
"2 18 1g, and ° > 0. Further let p be a prime with (p;N"("j 1)) =
1 and vp(f) = 0. Supmsethat f is an eigenform of T(*2) with
correspnding eigenvaltlje, o fvp(a(n)) , © for¢all nwith (%) =",
then the congruene v, , - i "A°(C)(CK+ ki 1) © holds.

As acorollary to Theorem4' oneinfersthat there alwaysis anintgs
germ- with (™) = i " andvp(a(m)) - vp i "ATC)(K+ KT

Proof of Theorem 4: We may choosea prime ~ with (; Mpm®) = 1,

6" 1 (mod p) and
TRV 1l

An(\)(\k + ~Kj l) - W(f ;p;mn):

Vp L

Then according to the above corollary there is an m with (&) =
i (”1—“) and vp(a(m)) - w(f;p;m®). In fact, by an inductive argu-
mert ([B], Lemma 3) it can be seenthat there are in nitely many
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such m with mutually distinct square-freepart. Now, using the mul-
tiplicativ e properties of the Fourier coexcients the assertioncan be
deduced.

Q.E.D.
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