A GRAPHICAL APPROACH TO COMPUTING SELMER GROUPS OF
CONGRUENT NUMBER CURVES.

BRYAN FAULKNER AND KEVIN JAMES

ABSTRACT. Let E,, : y?> = 23 — n%z denote the family of congruent number elliptic curves.
In [1], Feng and Xiong equate the nontriviality of the Selmer groups associated with E,, to
the presence of certain types of partitions of graphs associated with the prime factorization
of n. In this paper, we extend the ideas of Feng and Xiong in order to compute the Selmer
groups of F,.

1. INTRODUCTION

Throughout this paper n will represent a positive square free integer greater than one. We
will denote by E, : y?> = 2® — n?z, the family of congruent number curves. If n = py ---ps,
then let

M =< _17 27p17 -+ Ds >C Q*/<Q*)2
We define (see [1], [6, Ch. 10 §4] for more details) Selmer groups S,, and S/, by

Su = {de M| Cu(Q) # 0 Vp|2n, Ca(Qx) # 0},
S, = {de M| Cy(Qy) # 0 Vp|2n, C4y(Qx) # 0},

where the equations Cy and (Y, in variables (w, t, z) are given by
Cy: dw?* =t*+ (2n/d)?*2*,  C): dw? =t* — (n/d)*2".

We should note that (0,0,0) is always a solution to Cy(C%). So, when we write Cyy(Q,) # ()
(C}(Q,) # 0), we mean there exists nontrivial solutions.

There has been much interest in understanding these groups (see [2, 3, 4, 5] and references
there in). In a recent paper of Feng and Xiong ([1]), graph theory is used to describe condi-
tions such that S,, and S, are trivial, which in turn implies that the rank of E, is zero. In
this paper we use graph theoretic concepts similar to those introduced in [1] to compute S,
and S,.

In order to understand S,, and S/, we must determine for which d € M the equations C,
and C’, have solutions over Q, for all p|2n. For odd primes p, we search for solutions over [F,,
and then invoke Hensel’s Lemma to lift solutions in F, to solutions in @Q,. The application
of Hensel’s lemma in the 2-adic case is a bit more difficult. However, in all but one case, it
is sufficient to consider Cy and C?, modulo 2° as solutions here will lift to solutions in Q.

Following Feng and Xiong we make the following definitions.
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Definition 1.1. Let n = py---p - q1---q with p, = 1 (mod 4) and ¢; = 3 (mod 4) for
0<i<tand0<j<I Definea graph, G(n), by defining the vetex set to be V(G(n)) =
{p1,--,Pes @1, - --q} and the edge set as

BGm) = {7 - <%)=—1f0r1§i§tand1§j§t}

J

U {pg : (&) =—1for1<i<tandl1<j<I}
q;j
A partition of a vertex set V is an ordered pair (Vi,V3) such that V3 NV, = 0 and

Vi UVy = V. The trivial partitions are (0,V) and (V,0). We will be interested in the
partitions of V' which are even in the following sense.

Definition 1.2. Let G = (V| E) be a directed graph. A partition (Vi,Vs) of V is even
provided that for any vertez, p € Vi (Va), #{p — Vo (V1)} is even. In this case, we shall
write (V1,Va) ko V.

Notice that the trivial partitions are even. We will also be interested in partitions of V
which are quasi-even in the following sense.

Definition 1.3. A partition (V1,Vs) of V' is quasi-even provided that for any vertex, p € V;

(V2)

0 (mod 2), 1
#{p — Ve(V1)} = . ( o

(mod 2), if

ESH IR SR N
I
I
—_

In this case, we shall write (V1,Va2) Fge V.

In this paper, we prove that the number of even and quasi-even partitions of G(n) predict
the size of the Selmer group S,,. We also prove that the number of even partitions of similiar
graphs predict the size of the Selmer group, S/. It will be clear from our proofs that the
even and quasi-even partitions of these graphs correspond in a natural way to elements of
Sy, and S),.

Theorem 1.1. Let py,...,pt, q1, ..., q be the odd prime factors of n, where p; =1 (mod 4)
for 0 <i<tandq; =3 (mod 4) for 0 < j <1 (¢, not both zero).
(1) If n =43 (mod 8) orn =0 (mod 2), then
|Sn] = #{(V1, Vo) e V(G(n)) | ¢; ¢ V1; 0<5 <1}
(2) If n==£1 (mod 8) and I pjn, p = +3 (mod 8), then
1Sl = # {(Vi,Vo) Fe V(G(n)) [ q; € Vi; 0<j <1} +
# AV, V2) Foe VIG(n)) [ 4 € V1; 0<5 <1}
(3) If p; =1 (mod 8) for all0 <i <t and ¢; =7 (mod 8) for all 0 < j <1, then
1Sul =2-#{(V1,V2) b VI(G(n)) | ¢; € Vi; 0<j <1}

In order to compute S),, we require three additional tools.
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Definition 1.4. Letn =py---p; - q1---q = £3 (mod 8) with p; =1 (mod 4) and q; = 3
(mod 4) for 0 < i <t and 0 < j <. Define a graph, g(n), by defining the vetex set to be
V(g(n)) ={p1,---pt,q1,-.-q} and the edge set as

E(g(n)) = {pip; : (&) =—1for1<i<tand0<j<t}
Pj
U {pig; : (]ﬁ> =—1for0<i<tand0<j<I}
j
Definition 1.5. Let n =py---py-q1---q = £1 (mod 8) with p, =1 (mod 4) and ¢; = 3
(mod 4) for 0 <<t and 0 < j <I. Define a graph, G(—n), by defining the vetex set to be
V(G(—n)) ={=1,p1,...pt,q1,-..q} and the edge set as

B(G(—n) = (P 2(%)=~4ﬁw0§i§tmﬂ0§j§t}

J

U {pi—(ij: (%)z—lforOgigtandogjgl}
J

U {~1r: r€V(G(-n)) and r==+3 (mod 8)}

Definition 1.6. Letn =2-p;---p;-q1---q with p; =1 (mod 4) and ¢; = 3 (mod 4) for
0<i<tand0<j<Il Definea graph G'(n) in the following way.

V(G'(n) = {2,p1,---Desq1,---qi}
(G (n)) ={mm|<%>=—10§i%j§ﬂ

)

U{m%!(§>=—10§igm0§jg@
J

— (2
U {p2 | (;):—1 0<i<t}

1

Then we have the following theorem.

Theorem 1.2. Let n be a positive square free integer greater than one.

(1) If n = +£3 (mod 8), then

|1Sh =2 #{(V1,V2) ke g(n)}
(2) If n = £1 (mod 8), then

1S5 = #{(V1, V) e G(—n)}
(3) If n =0 (mod 2), then

|Shl = 2-#{(V1, V) Fe G'(n)}

The organization of the rest of this paper is as follows. In section 2, we state several
lemmas which allow us to characterize for which d, Cy and C/, have nontrivial solutions in
Qp. In sections 3 and 4, we prove Theorems 1.1 and 1.2. In section 5 we review some

concepts of graph theory related to counting even partitions and give corollaries of the two
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theorems which are more amenable to computation. Finally, in section 6 we give an example
and a remark concerning the generators of these groups.

2. Ca(Qy) AND C(Qy)

In this section we wish to characterize, in terms of n and d, when Cy and C/; have solutions
over Q,, for p|2n, and over Q.. We first recall the following lemmas from [1].

Lemma 2.1. (Feng and Xiong [1, lemma 3.1]) Let p be an odd prime, n an odd positive
integer with odd prime divisors {p1,...,ps}, andd € M =< —1,2,p1,...ps >C Q*/(Q*)?.

2) Forpld, C4(Q,) # 0 — (”—/d> =1 and (%) =1.

p

)
)
3) Forp|2n/d, Cy(Q,) # 0 <— (%) =1
) d=1 (mod 4) = Cy(Q2) #0
) n==43 (mod 8) and 2|d = C4(Qy) =10

) n==1 (mod 8) and d = 2d'12n and d' =1 (mod 4) = Cy(Qs) # 0

Lemma 2.2. (Feng and Xiong [1, lemma 3.2]) Let p be an odd prime, n an odd positive
integer with odd prime divisors {py,...ps}, and d € M =< —1,2,py,...ps >C Q*/(Q*)%.

(1) For pld, C(Q,) # 0 <— ( ) —1 or <"—/d> =1.

(2) For pln/d, Ci(Q,) # 0 «— (%) =—1or ( ) =1.

(3) If d=1 (mod 2), then C(Qq) # @ <= d=+1 (mod 8) orn/d==+1 (mod 8)
(4) If d =0 (mod 2) then C’(@Q)

We introduce two additional lemmas to handle the cases when n is even.

Lemma 2.3. Let p be an odd prime, n an even positive integer with odd prime divisors
{p1,...pst, and d € M =< —1,2,py,...ps >C Q*/(Q*)%

(1) C4(Qu) =0 <= d < 0.
(2) d=0 (mod 2) = Cy(Qy) =10
(3) Forpld, C4(Q,) # 0 — ( pd =1 and (71> =1.
(4) For pin/d, Ca(Q,) #0 = (%) =1
(5) d=1 (m0d8) :>Cd( 2)%@
(6) d=5 (mod 8) = Cy(Qq) =10
Proof.

For the proofs of (1) and (2) see [1, lemma 5.1].
(3) («=) See [1, lemma 3.1].
(3) (=) Suppose (w,t, z) € Cyq(Q,). Since p|d we have,

—1 = (2n/d)’ zit_A‘ (mod p)



so that (%) = 1. Let a € F,, be such that a®> = —1 (mod p).
Then we have

o? (2n/d) " = (22/252)2 (mod p)

_(Feyd _(a@yd) LT
(25 (2 e ()

Consider two cases. First, suppose p =1 (mod 8). Then

(5)-+= (29 1= (29

Second, suppose p =5 (mod 8). We must have (%) = —1. Therefore, we have

—1 —1
(g) =—1, (a2 ) =1, and <M) =1 which implies (n_/d) =1
p p p p

(4) (=) This is clear.

(4) (<) Suppose (g) = 1. Then there exists an « € F,, such that a® = d (mod p). We have,

dw* = t* (mod p) & o*w® =t* (mod p)

& (aw)?* =t* (mod p)
Hence, (wo, to, 20) = (@71, 1,0) € Cy(F,). Using Hensel’s lemma we may lift this solution to
a solution in Q, (see the argument for (5) below for example).
(5) For d = 1 (mod 8), let (wy,to, z0) = (1,1,0). This is a solution to Cy (mod 8) and we
may lift this solution using Hensel’s lemma. More explicitly, consider a solution (wy, to, 2o)
to Cyq(mod 2%) for k > 3 with wy odd. This is also a solution to Cy(mod 2871). Let

w; = wo+ 2F=1m
ty = ty+2F1s
Z1 = 2 -+ 2k71l

for some integers m, s, and . Write, 3 + (27”)2 2o — dw2 = 2FN for some integer N. Substi-
tuting, we have

92 2
(to + 287 1s)* + (7”) (20 + 28710 — d(wo + 25"'m)* =0 (mod 2F+1)

& 2PN —2%dweym =0 (mod 2¥)
& N=weym (mod 2)
Since wy is odd, let m = Nwy ' (mod 2). Thus, Cy(Qy) # 0.
(6) Suppose (w',t', 2') is a solution to Cy over Qy. Then (w', ¥, 2') is a solution to Cy (mod 8).
This gives, d(w’)? = (#)* (mod 8). Therefore, 2|t and 4|w’. Thus, (T =t'/2,W = w'/4, 2')
is a solution to o
Cy: dw? =t* + (m/d)*z*

where m = n/2. Thus, if C; has solutions in Q, then so does C,. We claim that C}; has no

nontrivial solutions. To see this assume that (0,0,0) # (wo, to, z0) € Ca(Qs). Note that if
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wo, to, 2o are all even then 4|wy, so we may divide wy by 4 and tg, zg by 2 and obtain a new
solution to Cy. Thus, we may assume that at least one of wy, to, 2o is odd. However, we note
that all solutions to Cy (mod 8) have w,t, z all even. Thus, there are no solutions to Cy in
Q2. Therefore, there are no solutions to Cy in Q when d =5 (mod 8).

O

Lemma 2.4. Let p be an odd prime, n an even positive integer with odd prime divisors
{p1,...ps}, andd € M =< —1,2,py,...ps >C Q*/(Q*)%

d (mod 2) = C)(Qq) g

d

For p|d Ch(Q,) # 0 <~ (f) =—1 or (%) =1
or pln/d, C4{@y) #0 = (3L) =1 or (4) =1

(1)
(2)
(3)
(4) F

4

Proof.
For the proofs of (1),(3), and (4) see [1, lemma 5.2].
(2)If (n/d)*> =9 (mod 16), let (wo, to, 20) = (2,1,1). If (n/d)?> =1 (mod 16), let (wy, to, z0) =
(4,1,1). These are solutions to C!; (mod 16) and we may lift these solutions using Hensel’s
lemma. More explicitly, consider a solution (wp, ¢y, z0) to C’(mod 2%) for k > 4 and with ¢,
odd. (w, to, 29) is also a solution to C’(mod 2*1). Let

w = Woy+ Qk_lm
tl = t() + 2k_28
21 = Zzo+ 2k71l

for some integers m, s, and . Write, 3 — (%)2 24 — dw? = 2N for some integer N. Substi-
tuting, we have

(tg + 25-28)1 + (%)2 (20 + 210 — d(wo + 2 'm)2 = 0 (mod 2+1)
s 26N —2%3s=0 (mod 2"™)
& N=tis (mod?2)
Since tq is odd take s = Nty 3(mod 2). Thus, Cy(Qy) # 0.

3. PROOF OF THEOREM 1.1

We first establish a correspondence between odd positive elements of S,, with even parti-
tions of G(n).

Lemma 3.1. Letn =py---pr-q1---q withp; =1 (mod 4) and ¢; =3 (mod 4) for0 <i <t
and 0 < j <1 (t,l not both zero). For every even partition, (V1,V2) of V(G(n)) such that Vy
contains no prime factors which are 8 modulo 4 we have d in S,,, where

d:Hp

peEVL
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Proof. If t =0, S,{1}. Suppose (Vi,V,) is an arbitrary nontrivial even partition of
V(G(n)) with V; containing no prime factors which are 3 modulo 4. Let
Vi=A{p1,...,ps} forsomes, 1 <s<t
then
Vo = {pst1,--- P, @1, - @1}
Consider d = p;---ps. Notice here that <;—1> = 1, thus one of the conditions of

(3

lemma 2.1 (2) is satisfied. For any 1 <i < s, we have

(%) = ()

(1)#{T€V2:W€E(G(n))} X (— 1)#{T€V2:W€E(G(n))}

= 1 since (V3,V3) iseven
Therefore, Cy(Qp,) # 0 for 1 <i < s by lemma 2.1 (2).

¢ - e

=1
|)HPERTFEEG)} o () HpEVPrEBGm)

Also, for r € V5

—~ @

= 1 since (V4,V32) iseven

Therefore, Cy(Q,) # @ for r € V5 by lemma 2.1 (3). There is a point on Cy over Qg by
lemma 2.1 (4), since d =1 (mod 4). Therefore, d € S,,.

O

Remark 3.1. Suppose n is squarefree, and dn. If ¢ = 3 (mod 4) and q|d then by lemma
2.1 (2)d & S,. That is, a necessary condition for a number to be in S, is that the number
have no prime factors which are 38 modulo 4.

The next lemma shows that for any odd element, d, of the Selmer group, S, there exists
an even partition, (V,V2) of V(G(n)), with V; corresponding to d as in lemma 3.1.

Lemma 3.2. Let n be as in lemma 3.1. Suppose d is odd and d € S,,, by the above remark
we may assume d = py---ps € S, for some s, 1 < s < t, then, letting Vi = {p1,...ps} and
Va = {Dassr- Do - @t} (Vi, Va) is an even partition of V(G(n)).

Proof. Suppose d = p; - - - p, is a member of S,,. By definition,
Ca(Qp) # 0 Vp|2n and Cy(Qs) # 0
Using lemma 2.1 (1) we have d > 0. From lemma 2.1 (2), for p|d, (%‘1) = 1. Therefore, for

1 <1 <s
=(50) = ()

= (1)#reVePrEGEm)} o (_q)#reVapmeb(Gn)}

= #{p; — Vo} s even
7



Similarly, Lemma 2.1 (3) gives (¢) = 1 for r|2n/d. So that, for 1 <i < s and r € V5,
d - Pi
- (@) - e
() - 1C
= #{r—Vi} iseven
Thus, (V4, V3) is an even partition of V(G(n)).
O
Now, we will establish a correspondence between the even positive elements of S,, with
quasi-even partitions of G(n).
Lemma 3.3. Let n = py---py - q1---q = £1 (mod 8) with p, = 1 (mod 4) and ¢; = 3
(mod 4) for 0 < i <t and 0 < j <1 (t,l not both zero). For every quasi-even partition,

(V1,V2) of V(G(n)) such that Vi contains no prime factors which are 3 modulo 4 we have 2d
mn Sy, where

Proof.  Suppose (V1,V3) is an arbitrary nontrivial quasi-even partition of V(G (n)) with
V1 containing no prime factors which are 3 modulo 4. Let

Vi=A{p1,...,ps} forsomes, 1 <s<t
then
Vo =A{pst1,---pe,q1, - - @i}
Let d = p1ps - - - ps. Consider 2d. Notice here that (;—1> = 1, thus one of the conditions of
lemma 2.1 (2) is satisfied. Suppose p; =1 (mod 8). Then

() - GG

#{reVa:pir¢ E(G(n))} _ 1\#{reVapreE(G(n))}
(1) x (1) x (—1)

= 1x1x1 since (V;,V2) is quasi-even

Suppose p; =5 (mod 8). Then

() = GG

(—1) X (1)#{T€VQ:W€E(G(N))} X (_1)#{TEV2:W6E(G(TL))}

—1x1x—-1=1 since (V7,V3) is quasi-even
Therefore, Coq(Q,,) # 0 for 1 <i < s by lemma 2.1 (2).

Also, for r € V5. If r = £1 (mod 8), then

() = (1)

(1) x (1)#PEVPrEBGm} o (_)#peVipreB(Gon)

Ix1x1=1 since (V;,V3) is quasi-even
8



If r = £3 (mod 8), then

%) -

Therefore, Coq(Q,) # 0 for r € V, by lemma 2.1 (3).

<2) - (Z%)
r) - r
=1
(—1) x (1)#PEPEECm)} o (_1)#{peViTreB(Gn)}
—1x1x-1=1 (V1, Va)

Note also that Cy(Q2) # 0 by

since is quasi-even

lemma 2.1 (6), since d =1 (mod 4). Therefore, 2d € S,,.

O

Lemma 3.4. Let n be as in lemma 3.3. Suppose d is odd and 2d € S,, by remark 3.1 we
may assume 2d = 2-py---ps € Sy, for some s, 1 < s <t. Then, letting Vi = {p1,...ps} and
Vo =A{pss1s--- 06,01 ---ai}, (V1, Vo) is a quasi-even partition of V(G(n)).

Proof.

Suppose 2d = 2 - p; - - - p, is a member of S,,. By definition,

Coa(Qy) # 0 Vp|2n and Coa(Quc) # 0

Using lemma 2.1 (1) we have 2d > 0. From lemma 2.1 (2), for p|d, (M) = 1. Therefore,
for 1 <i<s. If p=1 (mod 8), then

()

If p; =5 (mod 8), then

()

p

- (IG)

= (1) x (1)#{T6V2:W€E(G(n))} % (_1)#{TEV2:W€E(G(H))}
= #{p; — Va}

- (JIG)

_ (<) x (1)HrEVRFTEBGm) (1 )#reVaTeBG)

= #{p; — Va}

1S even

is odd

Similarly, Lemma 2.1 (3) gives (2¢) =1 for r|2n/d. So that, for 1 <i < s and r € V5,

If r=+1 (mod 8), then

If r =43 (mod 8), then

() - One

= F#{r—"}

-(%) - (I

= #{r— "}

1S even

is odd

Thus, (V1, V) is a quasi-even partition of V (G(n)).
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Thus far it has been shown, if n is an odd, squarefree, positive integer and (V7,V3) is an
even partition of V(G(n)) such that Vi contains no prime factors which are 3 modulo 4,
then d = Hpevlp € S,. Moreover, suppose d is odd and d € 5, then it has been shown
that d corresponds to such an even partition of V(G(n)). It has also been shown that even
elements of S,, are in one to one correspondence with quasi-even partitions of G(n).

Remark 3.2. By lemma 2.1 (3), S, contains the element 2 if (%) =1 for all p|n.

Proof of Theorem 1.1 (1) By remark 3.1, we need only consider partititions (V7,Vs) of
V(G(n)) for which V; contains no primes which are congruent to 3 modulo 4 in order to
determine the elements of S,,. By lemmas 3.1 and 3.2, the odd positive elements of S, are in
one to one correspondence with the even partitions (V1, V) of G(n) for which V; contains no
primes which are congruent to 3 modulo 4. Therefore, the first set appearing in formula one
counts the odd positive elements of S,,. By lemmas 3.3 and 3.4, the even positive elements
of S, are in one to one correspondence with the quasi-even partitions (Vi, V) of G(n) for
which V; contains no primes which are congruent to 3 modulo 4. Therefore, the second set
appearing in the formula counts the even positive elements of S,,. By lemma 2.1 (1) S,
contains no negative elements.

O

Proof of Theorem 1.1 (2) If n = £3 (mod 8) or n = 0 (mod 2), then using lemma 2.1
(5) or lemma 2.3 (2), we see S,, contains no even elements. So, preceding as in the proof of
(1) yields the result.

O

Proof of Theorem 1.1 (3) Suppose n contains no prime factors which are +3 modulo 8.
By remark 3.2, 2 € S,,. Therefore, 2d € S,, if and only if d € S,,. To see this, note that if
2,2d € S, then 2-2d = d (mod (Q*)?) € S,,. By lemma 2.3 (2), S, contains no negative
elements. Thus, |S,| is twice the number of odd positive elements which we count as in (1).

U

4. PROOF OF THEOREM 1.2

For S/ we consider three cases: n = +3 (mod 8), n = +1 (mod 8), and n even.

Lemma 4.1. Let n = py---py - q1---q = £3 (mod 8) with p; = 1 (mod 4) and ¢; = 3
(mod 4) for 0 <i <t and 0 < j <1 (t,l not both zero). Suppose that the partition (V7, V)
of V(g(n)) is even. Then d, n/d € S}, where d =[] oy, p and n/d =[]y, p-

Proof. Since n = £3 (mod 8), n has an odd number of prime factors which are +3
modulo 8. Suppose that (V7,V5) is an even partition of V(g(n)). Then either V; or V;
contains an even number of primes which are congruent to £3 modulo 8. Without loss of
generality, we will assume that V] contains an even number of primes which are congruent
to £3 modulo 8. Let d = [] .y, p. We must show that C(Q,) # @ for p|2n.

First, consider the case p = 2. We have, d = +1 (mod 8) and lemma 2.2 (3) gives that

C(Q2) # 0. We note that for g|n, ¢ = 3 (mod 4) C/(Q,) # 0, by lemma 2.2 (1) and (2).
10



Second, consider the case p|d. If p =1 (mod 4) then since #{p — V5} =0 (mod 2) we have

() = 1)

_()HreE I EBe)} o (_1)#reve B} _ |

For pin/d. If p=1 (mod 4) then since #{p — V1} =0 (mod 2), we have

) - 16)

= (1)#reVargBem)) o (_1)#{reVaprelem)) - |

Hence, by lemma 2.2 (1) and (2), d € S!,. A similiar argument shows that n/d € S!.
[
Lemma 4.2. Let n be as in lemma 4.1. Suppose d =py---ps-q1---q- € S, for0 < s <t
and 0 < r < 1. Let Vi = {p1,...,ps,q1,--- G-} and Vo = {psi1,...Pt,Grs1,---q}. Then
(V1,V2) is an even partition of V(g(n)).
Proof. By definition, d € S/, if

Ci(Q,) # 0 ¥p|2n and C)(Qu) # 0
Since n = £3 (mod 8) one of d or n/d = +1 (mod 8). Without loss of generality, suppose
d = =1 (mod 8), then by lemma 2.2 (3), C%,(Q2) # 0. From lemma 2.2 (1), for p|d, if p=1

(mod 4) and C(Q,) # 0, then ("—/d> = 1. Thus we have,

p

=() - ILG) e

= (1)FrEVepr 2B} o (_1)#reVapr €Bo(n)

= #{p—V2} isevenfor peVi,p=1 (mod 4)
Also, Lemma 2.2 (2) gives (;—j) =1 for p|n/d, if p=1 (mod 4). Then we have,

1= (g) — (1)#{TEV1:F€E(g(n))} x (_1)#{revlzﬁeE(g(n))}
p

= #{p—Vi} =0 (mod2)forpely p=1 (mod 4)

Since there are no edges beginning at ¢, ...q, (V1, V2) is an even partition of V' (g(n)).
U

Proof of Theorem 1.2 (1). Let n be as in lemma 4.1. By lemma 4.1 we have for any even

partition of g(n), say (V1, V5),
HpeS; and 1_[10657'I

peVy pEVs
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So, by lemma 4.2, odd positive d € S/ are in one to one correspondence with even partitions
of V(g(n)). By lemma 2.2, there are no even elements in S/,. Also, —1 € S/ so that d € S,
if and only if —d € S),. Therefore, |S/| =2 #{(V1,V2) e g(n)}.

O

Lemma 4.3. Let n = py---pi - q1---q = £1 (mod 8) with p; = 1 (mod 4) and ¢; = 3
(mod 4) for 0 <i <t and 0 < j <1 (t,l not both zero). If (V1,V3) is an even partition of
V(G(—n)) then [ ey, p € S;, and [y, p € Sy, where p is prime or —1.

Proof. Suppose we have an even partition, (V,V5), of V(G(—n)). Notice that —1 is
necessarily in one of V; or V5 so that both V; and V5 have an even number of primes (counting
-1 as a prime) which are £3 (mod 8). This gives Q solutions on C; by lemma 2.2 (3), if
d =]l ey, p or d=[],cy, p- We may proceed just as in lemma 4.1 to finish the proof.

OJ

Lemma 4.4. Let n be as in lemma 4.3. If d € S! and Vy is the set of prime divisors

of d along with —1, if d < 0, then (V1,Vs) is an even partition of V(G(—n)). Where
Vo =V(G(=n)) = V1.

Proof. Suppose d € S!. Let V] be the set of prime divisors of d along with —1, if

d < 0. Let V4 be the set of prime divisors of n/d along with —1, if d > 0. Since d € 5,

C’(Qq) # 0. Thus, d = +1 (mod 8) or n/d = +1 (mod 8), by lemma 2.2. Thus, V; and V;

contain an even number of primes (counting -1 as a prime) which are £3 modulo 8, since
n = =+1 (mod 8). Therefore, #{—1 — W} =0 (mod 2), where W = V; or V5 is the set not

containing —1. If p =1 (mod 4) and p|d, then Lemma 2.2 (2) gives (%d) = 1. Thus,

(5 - 16

_ ()P I EBGm)} o ()R eBGm)
= #{p—V2} =0 (mod 2)
If p=1 (mod 4) and p|n/d, then Lemma 2.2 (2) gives (%) = 1. Thus,

1:<§> _ ()M B} o (_1)#Hrevi T eBlo()

= #{p—-Vi} =0 (mod2)forpeVy,p=1 (mod4)
Since there are no edges beginning at q1,...q, (Vi,Va) is an even partition of V(G(—n)).
O
Proof of Theorem 1.2 (2). Even partitions of V(G(—n)) are in one to one correspondence

with the odd elements of S/, by lemma 4.3 and lemma 4.4. By lemma 2.2 (4) there are no
even elements.

O

Lemma 4.5. Let n = 2-py---p - q1---q with p; = 1 (mod 4) and ¢; = 3 (mod 4) for
0<i<tand0<j<I (tl not both zero). Suppose that the partition (V1,V2) of V(G'(n))
is even. Then d, n/d € S;, where d =[]y, p and n/d =[]y, p-

12



Proof. The proof of this result is identical to the proof of lemma 4.1.
O

Lemma 4.6. Let n be as in lemma 4.5. If d € S! and V; is the set of prime divisors of
d (along with 2, if d = 0 (mod 2)), then (V1,Va) is an even partition of V(G'(n)). Where
Vo =V(G'(n) = Vi
Proof. The proof of this result is identical to the proof of lemma 4.2.
O

Proof of Theorem 1.2 (3). The previous two lemmas give a one to one correspondence
between even partitions of V(G'(n)) and positive elements of S/,. Since —1 is necessarily in
S/, we multiply the number of even partitions of V(G'(n)) by 2.

[l

5. GRAPH THEORY AND LINEAR ALGEBRA

Definition 5.1. Let G be a graph, with vertex set
V(G) = {vy,...vs}
and edge set, E(G). The adjacency matriz of G is defined by

A(G) = (aiji<ij<s

where
1 if vuje E(G) (1<i#j<5s)
ij = .
J 0 otherwise
Let

d; = Z a;; (out degree of vertex v; (1 <i<s))
j=1
Definition 5.2. The Laplace matriz of G is defined by

L(G) = diag(dy, - - ,ds) — A(G)
In [1], Feng and Xiong showed,

Lemma 5.1. (Feng and Xiong [1, lemma 2.2]) The number of even partitions of V(G) is
258 where R = ranky, NS(L(G)).

Lemma 5.2. Suppose a graph G has vertex set, V(G) = {q1, ... qs, Ds+1, - - - Dt} Futhermore,
suppose that L(G) € FE** is given by

@ 492 - 4s Ps+1 - Pt
a1 X ok L. %
q2
qs
Dst1| * * ... %
Dy % % * * *

13



and let I, denote the k —th column of L(G), then
#{(V1,V2) ke V(G)lai & V1,0 <0 < s} = 207978
where
R = rankp, [lsy1|ls+2] - - - |1¢]

Proof. We wish to count even partitions, (V7,V5), such that ¢; & V; for 0 < ¢ < s.
Define v(V1) = [g1 ... Gs gss1---gi7, by

ifqgpeVi1<k<s
ifqgVi1<k<s
tpeVis+l<k<t
ifp, g Vis+1<k<t

gk

O = O =

Following Feng and Xiong we see, (V,V3) F. V(G) if and only if v(Vy) € NS(L(G)). Write
L(G) = [Ly Ly] where Ly [resp. L] represents the columns corresponding to ¢; for 1 < j <s

[resp. p; for s +1 <i <t]. Let v(V;) = [Z;E%g], where v1(V]) [resp. vo(V1)] corresponds to

g; for 1 <j <s [resp. p; for s +1 <i < t]. We may then write

LGw(Vi) = [Ly Ly {Z;EEH

t
= ng Ay,
=1

s t

= ZOlk+ ng'lkILQUQ(‘/l)
k=1 k=s+1

So L(G) -v(V1) =0 < vy(Vy) € NS(Ls).

For similiar reasons, we have

Lemma 5.3. Let {p1---p:-q1---q} be the odd prime factors of n with p; =1 (mod 4) and
g =3 (mod 4) for 0 <i <t and0<j <Il. Letry be the prime dividing n corresponding to
the k™ row of L(G(n)). We construct b € F5™ in the following way.
(k) = 0 ZfT’k =+1 (mod 8)
1 ifr, =43 (mod 8)
If L(G(n))x = b is solvable, then x corresponds to a quasi-even partition of V(G(n)) and

solutions to L(G(n))x = b and L(G(n))x = 0 are in one to one correspondence. Hence, if
L(G(n))x = b is solvable, then

#{(V1,V2) Fge V(G(n))|g; € V1,0 < j <1} =28
where
R= rankFQ [l1’l2’ st |lt]

On the other hand, if L(G(n))z = b is not solvable, then there are no quasi-even partitions

of V(G(n)).

14



With the above lemmas we may now compute the selmer groups, S,, and S/, using linear
algebra. The following corollaries follow from theorems 1.1 and 1.2.

Corollary 5.1. Let n > 1 be squarefree and let L(G(n)), R, and b be as above. Then,
(1) If n =43 (mod 8) orn =0 (mod 2), then

‘Sn’ — 2t7R
(2) If n=+£1 (mod 8) and I p|n, p= 43 (mod 8), then

15, = {Qt_R“ if L(G(n))x = b is solvable

ot—R otherwise

(3) If pi =1 (mod 8) for all0 <i <t and ¢; =7 (mod 8) for all 0 < j <1, then
‘Sn’ :2t—R

Corollary 5.2. Letn=p1---p;-q1---q, as before. Then,
(1) If n = £3 (mod 8), then

|S/ ’ _ 2t+l—rankF2L(g(n))+1
(2) If n =41 (mod 8), then
|S;L‘ _ 2t+l—rankF2L(G(—n))

(3) If n =0 (mod 2), then

|S;l| _ 2t+l—rank]F2L(G’(n))+1

6. AN EXAMPLE

Let n = 67-383-239-5-29-109 and notice n = (3)(7)(7)(5)(5)(5) =7 (mod 8). By lemma
2.1 S, contains only odd positive elements. Thus, by theorem 1.1 the elements of S, are in
one to one correspondence with the even partitions, (V1,V2) of G(n) for which V; contains
no primes which are 3 modulo 4. Such even partitions of G(n) are given below.

5
G(n) 29 ({29}, {5,109, 67, 383, 239})
({5,109}, {29, 67,383, 239})
({5,29,109}, {67,383, 239})
67 383 (0,{5,29,109, 67, 383,239})

109

239
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67 383 239 5 29 109

67 0 0 0 1 0 1
330 0 0 1 0 1
2390 0 0 0 0 o0
LGm)= "1 1 o o 0o o
2010 0o 0 0 0 o
0\1 1 0 0 0 0

Here dim(NS([ 14 | l5 | s ])) = 2, so that

1S = #{(V1, Vo) Fe V(G(n)) [ i € Vi, 1 < i < s}
22

Notice that a basis for NS([ Iy | 5 | lg ]) is

1 0
o], [1
1 0

Let v; = [1,0,1]" and vy = [0, 1,0]" and define

3
nw) =[]}
j=1

where p; = 5, py = 29, and p3 = 109. Then n(v;) = 5 x29°x 109" and n(vy) = 5°%x 29! x 109°.
Finally, observe that

Sy =< n(vy),n(vy) > .

Thus, our basis for NS([ Iy | I5 | ls ]) corresponds in a natural way to generators of .S,,.

By lemma 2.2 S/ contains only odd elements. Thus, by theorem 1.2 the elements of S/,
are in one to one correspondence with the even partitions, (V1,V2) of G(—n). The graph,
G(—n) is given below.
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5 383
G(—n)
LN
109
[ ]
239
67 383 239 5 29 109 -1
67 0 0 0 0O 0 0 0
3831 O 0 0 0O 0 0 0
2391 0O 0 0 0O 0 0 0
LG(-n)=5 |1 1 0 0 0 0 0
29 0 0 0 0O O 0 0
109 1 1 0 0O O 0 0
—1 1 0 0 1 1 1 0

Here dim(NS(L(G(—n)))) = 5, so that

1Su = #{(V1,V2) ke V(G(—n))}
25

Notice that a basis for NS(L(G(—n))) is

A
OO O - O = =
SO OO ==
SR OO O ==
_ o OO o oo
S o oo+~ OOo
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Let

v; = [1,1,0,1,0,0,0]"
v, = [1,1,0,0,1,0,0]"
v3 = [1,1,0,0,0,1,0]
vy = [0,0,0,0,0,0,1]"
vs = [0,0,1,0,0,0,0]".

Define .
n(v;) = Hp?m
j=1
where p; = 67, po = 383, p3 = 239, py = 5, ps = 29, pg = 109, and p; = —1. Then

n(vy) = 67" x 383" x 239% x 5! x 29° x 109? x —1"
(v) = 67" x 383" x 239° x 5° x 29 x 109° x —1°
n(vs) = 67" x 383" x 2397 x 5% x 29° x 109! x —1"
(vg) = 67 x 383" x 239° x 5% x 29° x 109° x —1*
(v) = 67 x 383" x 239" x 5° x 29" x 109° x —1°

(%

S

Us

Finally, observe that
S, =< n(vy),...n(vs) > .
Thus, our basis for NS(L(G(—n)) corresponds in a natural way to generators of S,.

REFERENCES

[1] Feng and Xiong, On elliptic curves y? = x® — n?z with rank zero. Journal of Number Theory 109 (2004),
1-26.

[2] Heath-Brown, D. R., The size of Selmer groups for the congruent number problem. Invent. Math. 111
(1993), no. 1, 171-195.

[3] Heath-Brown, D. R., The size of Selmer groups for the congruent number problem. II. Invent. Math. 118
(1994), no. 2, 331-370

[4] James, Kevin; Ono, Ken, Selmer groups of quadratic twists of elliptic curves. Math. Ann. 314 (1999),
no. 1, 1-17.

[5] Yu, Gang, Average size of 2-Selmer groups of elliptic curves, II, Acta Arith. 117 (2005), no. 1, 1-33

[6] J. Silverman The Arithmetic of elliptic curves, Grad. Texts in Math. 106, Springer, 1986

DEPARTMENT OF MATHEMATICAL SCIENCES, CLEMSON UNIVERSITY BOX 340975 CLEMSON, SC
29634-0975, USA

DEPARTMENT OF MATHEMATICAL SCIENCES, CLEMSON UNIVERSITY BOX 340975 CLEMSON, SC
29634-0975, USA

FE-mail address: blfaulk@clemson.edu

E-mail address: kevja@clemson.edu

URL: <http://www.math.clemson.edu/~kevja/>

18



