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1. INTRODUCTION

Let E(b,c) = y?> + (1 — c)xy — by = 2® — bx? be an elliptic curve where
b and ¢ are functions of the parameter s € Z. From [4], we know that there are
certain functions b(s) and ¢(s) which give elliptic curves E(s) with torsion subgroups
isomorphic to Z/tZ, where t is 5, 6, 7, or 10. Now, consider these curves over the
finite field F,. We are interested in the number of points (x,y) € IFZQ, such that
x and y satisfy the equation of the curve E(b,c). We know that the number of
points on E(b,c) over F, is approximately p + 1. So, we now consider the error
term a,(E) = p+ 1 — #E(F,). We can bound this error term by |a,(E)| < 2,/p.
In fact, the Lang-Trotter conjecture [5] states that, for any curve E and any r € Z,

X
Tp(X) = #Hp < X :ap(E) =71} ~ CE*k::;(’

where Cg , is a constant depending on F and 7. As in [3], we look at the Lang-
Trotter conjecture in an average sense. The main result we will prove is the following
theorem.

Theorem 1.1. Let E(s) be the paramaterization of elliptic curves having a point
of order t € {5,6,7,10}. Then, if

> 1=C-H@? —4p)+0(1),

1<s<p—1
ap(E(s))=r

is valid for some constant Cy, then the following equation holds

1 , 4 VX <X3/2 VX )

—_— T (X)=-C¢ - K- ——=+ 0 +
M(N) IS;N E(S)( ) T t IOgX N long
where d > 0, Z’ represents the sum over non-singular curves, u(N) represents the
number of curves in the sum, and K, is the constant defined in [1].

2. ISOMORPHISMS OF t-TORSION CURVES

Every elliptic curve has the form y? + a1zy + a3y = =3 + asx? + a4z + ag.
Through a series of simple transformations outlined in [8], such a curve can be
rewritten in the form y? = 2% + Az + B. This is called the curve’s Weierstrauss
normal form.

Once we have our curves in Weierstrauss normal form, we can look at the possible
ways two curves can be isomorphic. Given that our point at infinity must be unique,
the only valid transformations which can be made are x = u?2’ and y = u3y'.
Substituting these into the Weierstrauss form, we see that A = u*A’ and B = uSB’
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are the only valid relations between the coefficients of isomorphic curves in this
form.

From [4], we know that ¢-torsion curves, where ¢ € {5,6, 7,10}, can be parame-
terized to give (0,0) as a point of order ¢:

t ‘ Parameterization

5 [ 12+ (1 —s)ry — sy =a° — s

6 |y?+(1—s)ry— (s +s)y =23 — (s? + 5)2?

7 1?2+ (1 =82+ s)ay — (83— )y =23 — (52 — s%)2?

10 | 42 + 1-25-25%424% 5%(2s®—3541) 3 2(2s2=3s+1) o

2

23511 VYT (Zsst1)2 YT T (sT_3s+1)Z
Applying our valid transformations to these parameterizations gives a set of
equations describing all possible isomorphic pairs (s, S). Unfortunately, the equa-
tions are too complicated for Maple. Attempts to use the Hasse-Weil bounds failed
as the resulting curves are singular. However, we have found computational evi-
dence which seems to point to constants for all four cases. The results for ¢ = 5 are
shown in Tables 1.

TABLE 1. 5-Torsion

Prime | Number of Classes | Average Number of Isomorphisms per Class
151 64 2.343750000
293 147 1.986394558
449 225 1.991111111
599 299 2.000000000
743 371 2.000000000
877 439 1.995444191
997 499 1.995991984

If we can establish the existence of a constant C; for a particular ¢, we will have
shown that all curves with ¢-torsion satisfy the following relationship:

> 1=C-H@? —4p)+0(1).
1<s<p—1
ap(E(s)=r

3. AVERAGE VALUES OF 77 (X)

As a first step, we define the set
SHX):={B(r)<p<X:p=r—1 (modt);4p= r2,r% — f2 (mod 4f?)},

where
r? — 4p

7
Since S% (X) consists only of primes, we may assume that the upper bound of the
set, X, is prime. Now, we prove the following proposition:

B(r) = max(r2/4,5) and d,(f) :==

Proposition 3.1. Given a class of elliptic curves E(s) over F, with the relationship

> 1=C-H@* —4p)+0(1),
1<s<p-1
ap(E(s))=r
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the following equation holds:

Z L(1,xq) logp

pESTH(r X)

AN X d 1
_C’mN)/Q Zf 2. L(xa)losp dy{\/ylogy}dy

L2y pEST r—1,t,y)

X3/2
+O( N +10gX> ,

1
mu(N) \FlogX _Z:ff

where L(1,xq) is the Dirichlet L-Series L(1,xq) == Y poy X”’T(n), and Xq is a char-
acter modulo |dy(f)].

Proof.  Let r € Z and E(s) be the parameterization of an elliptic curve having a
point of order t € {5,6,7,10}. Since a,(E(s)) = r, we have p+ 1 —r = #E(F,).
Also, since the group of points on E(s) has a subgroup of order ¢, we can reduce this
modulo ¢ to give p+1—7 =0 (mod t). Thus, p=r —1 (mod t). Now, rewriting
FE(S)(X ) as a sum and changing the order of summation, we can write

1 / 1 X
(1) ) Z WE(S)(X):f Z Z 1 +O<NlogX>’

HIN) v (N pimex |sI<N
p=r—1 (mod t) \a,(E(s))=r

where the error term comes from no longer excluding singular curves in our sum.
Using the assumed relationship for our curves, we can write

(2) > 1=C-H(r* —4p) + O(1),
1<s<p—1
ap(E(s)=r

where the O(1) accounts for singular curves. If instead of taking this sum over all
1 < s <p-—1 we take it over |s| < N, we have roughly 2N/P times as many curves
which are counted. Thus, we have

IEN 1 = (Ct “H(r? —4p) + 0(1)> (25 +0(1 ))
ap(E(s))=r

(3) = Ct~2;]9v'H(r24p)+O< (2 4p)+2;\7>
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If we now subsitute this into equation (1), we obtain

1 /

w(N) |§N Ths)(X) =
Ci 2N , 0N
(4) u(N) Z (pH(T —4p)+ 0O (H(r —4p)_|_p>>

B(r)<ps<X
p=r—1 (mod t)

X
+O(NlogX) ’

Since > O (%) can be bounded by ff)f(r) (1/y) dy = log X, we can rewrite this
term as O (log X). This substitution makes the right hand side

Cy 3 <2NH(,~2 —4p) + O (H(r* — 417)))

HN) B(r)<p<X b
(5) p=r—1 (mod t)

X
—_— X ).
+O(N10gX+log >

Factoring out H(r? — 4p) and using the equality

h(dy (1))
H(r?* — 4p) =2 Z ~ )
s o W@y (f)
we get
e hdy(f) (N
Sy (B (2on
o ) o e o (w(dp(f)) (p ))

log X ) .
O(NlogX+Og )

After reversing the order of summation, our expression becomes

w22 G (5rew))

7 F<2VX PES;(r—1,t,X) p

—HogX) .

0 (NlogX

From [7], we know that

®) h(dy (1)) = LIPS
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where xq = xa, () and dy(f) = (4p —r?) /f2. By applying this substitution and

noticing that ﬁ Y i (f)L(l,Xd) -0(1)is O (% : %), we have

2C’t Z Z <N4pf—7‘2 L(LXd))
) p

f<2\/> peES} (r—1,t,X

SEE

f<2f pEST r—1,t,X)

X
log X ) .
O(NlogX+Og )

The middle term can be bounded using the Brun-Titchmarsh Inequality. Since
p < X, we can bound ,/plogp by VX log X, which gives

1 lo VX log X 1
SIDIEDIE =D DD SIS

f<2vX peSH(r—1,t,X) f<2vX peSH(r—1,t,X)

Now we can split this into two sums and pull the 1/f out of the inner sums, giving
us

| =

vV Xlog X 1
W —=Fx—| 25 > 1+ > 5 > 1
f<X1/4 pGS’(r 1,¢,X) x1/4 pGS}'(rfl,t,X)
="z N

Observe that @ < logX if and only if log X — logk > %logX if and only if

VX > k. In this case, k = tf2, so the last statement is true iff f < % Next,

recall the Brun-Titchmarsh inequality [2]:

3X
¢(k)log (3)

Substituting this inequality and the Brun-Titchmarsh inequality into (10), we get

(11)
VX log X 1 1
D D DR > 5 o> 1

f< x\%‘l pES;(rfl,t,X) X\l/é‘L <f<2VX pES}‘(rfl,t,X)

(X, k0) =#{p<X:p=k (mod/)} <

\/)>(logX 1
ST Z F20(f)log X logX * Z f Z !

f< x1/4 x\l/g‘l <f<2VX pES;(rfl,t,X)

For f > Lf, which is equivalent to f2 > @, we have

#n<X:n=a (modl[t,f?])}} = o
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Also, >

Fo XU/ # is bounded by a constant because Zf>0 # is a convergent series.
X4 f>
Let ¢; = Zf<X1/4 # Hence, we can bound (11) by
=T
(12) VXlogX [ 6c1.X Z tvVX

N log X

Now, we obviously have

so we get an upper bound for (12):

Xlog X X X3/2 tX(log X)? X3/2
VX log (601 —l—t\/)i(logX):(jcl +t (log X) :O( )

N log X N N N

After these substitutions and absorbing the O (ﬁ) into O (X 32 /N ), the ex-

pression in (9) becomes

204 Z Z (NWL(LX@)

() =
(13) f<2vX peSH(r—1,t,X)

1‘3/2

Now, using the approximations y/4p —r2 = 2,/p+ O (%) and u(N) = O(N), we
see (13) becomes

ANC, L(1, xa)
mu(N) 2 2 Vpf

f<2vX peSH(r—1,t,X)

(14)
! N - L(luxd) X3/2
o N Z Z TR +0 N +log X
F<2vX pESH(r—1t.X)

The second term of the three above can be absorbed into O (log X). To see this,
notice:

1 N'L(l’Xd)
O\ly 2 2 pp

f<2vX pESH(r—1,t,X)

1 L(1,
of ¥ 5 ¥ A

f<2vx CopeSH(r—1t,X)

(15)

Switching the order of summation gives

L1, 1
(16 of ¥ Hd oy

pEST(r—1,t,X) FLevx
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We know the > F<aVE % term can be bounded by log X via integration. Using [6],
we can bound the value of L(1, x4) with

0 (log d,(f)) = O <log Vap — r2/f) < 0 (log X).
So, (16) is smaller than

1
(17) OlogX -logX - > 7
pGS}'(rfl,t,a:)

Using integration to bound the last sum, we see this expression is less than

(18) 0] <logX'10gX . 1) <O (logX) ,

VX

so the second term in (14) can be absorbed in the error term. Thus our total
expression is now:

4NC L(1, X3/2
(19) 5 X X (>J§d)+o( ¥ +1ogx>.
f<2\ﬁpesr r—1,t,X) \/I)

The 1/f can be factored out of the inner sum in the first term, and the expression
becomes

ANC, 1 L(1,xq) X3/2
(20) i) >y \/ﬁ+O<N+10gX>.

f<2vx " peSH(r—1,t,X)

Next, we will use partial summation to rewrite the main term of (20). First,
index the primes in the set S;(r —1,t,X) as p1,p2,...,pq Rewriting the main
term of (20) with these indices gives

f<2f

Next, we recall partial summation:

q q—1 !
Zaibi = ZAz‘ (bi = biy1) + Agby, where A; = Z Ak -
i=1 i=1 k=1

Applying partial summation to (21) with a;, = L(1, x4)logp; and b; \/pilogpl

gives us

ANC, 1 l"‘l < ‘ ( 1 1 >>
) L(]‘?Xd) Ingk -
) mu(N) 5 f Zl kZ:1 Vpilogpi  \/Pit1logpit1

+
B

1
L(l,Xd)logpk T |-
i V/Pqlogpg

Since p, and X are both the largest prime in the set S;(r — 1,t, X), we have
¢ = X. So, we can pull 1/ (\/pglogps) = 1/ (ﬁlogX) out front of the last

x>
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sum. Expanding the result gives
(23)

-1/

ANC, 1+ ( 1 1 )
— - L(1, logp -

7u(N) Z f= <; (1. Xa) log P VPir1logpiv1  \/pilogp;

ANC, 190/ ( 1 1 )
S L(1, lo -
2 T ,; txaloem\ O Tog s~ Viioen

ANC,
+7W(N) \ﬁlogX Z f Z LA, xa) logp,

f<2vX © peSH(r—1,t,X)

because {pr}i_; = Sy (r —1,t, X). By basic calculus, we can surely write

1 1 /p”'l d ( 1 ) d
_ — _ — Y
VPir1logpiv1  /Pilogp; . dy \/ylogy

So, we can rewrite the first term in (23) as

(24) 4NCt Z Z (ZL (1, xa) log pk /pi“ d% <\/?110gy) dy) .

f<2\/ i=1 pi

Since 22:1 L(1, xq) log px is a constant with respect to the integral, we can write
it inside the integral:

ANC, 1L i d 1

fSQ\/Y =1 i k=1

Now notice that as k ranges from 1 to i, pr ranges through all values in the set
S%(r—1,t,y). So, we can rewrite the inner-most sum in (25) as

d 1
S L, xa)logp- ( )
PESH(r—1,ty) vlogy
So, (25) becomes

4th 1 &L i d
(26) (N f;/ 2 Lxalogp: g <f10gy> d

fg pESH(r—1,t,y)

Note that we are integrating over many small intervals [p;, p;+1]. Also note that we
are adding the value of these integrals for 1 < ¢ < ¢ — 1. This means we are really
just integrating over the interval [p1,p,]. Also, remember that p, = X. Taking all
of this into account allows us to rewrite (26) as

(27) 4th >, f/ > L(l,xa)logp- = d (flogz) dy

f<2\/ pEST(r—1,ty)
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If the first prime in our set S}(r — 1,¢,X) is 2, then our integral goes from 2 to
X. If the first prime in our set is not 2, then the set S}(r — 1,t,y) is empty for
2 <y <pi1, and

/Pl Z ( )1 d d
L(1, xa) logp - ( ) y=20
pES (r—1,t,y) \flogy
So, we can write (27) as

4th Z 1/ Z d 1
< L(1,xa)logp - — | —=— ) dy
ﬁf dy \ ylogy

pESE(r—1,t,y)

(28)

4NC d 1

=— L(1, xa)logp | — [} dy.
f<2f pEST(r 1,t,y)

Finally, substituting (28) into (23) gives
(29)
ANCY 1
" L(1, xa)logp
u(N) VX log X\:ﬁf 2

PESF(r—1,t,X)

4NC, [* d 1
_W(N)/z 2 f > Hlxa)logp dy[\/@logy} .

<2y ° peSE(r—1ty)
which, in addition to the error terms in (20), proves Proposition 3.1. [

Now, using an argument similar to that in [1], we see

Proposition 3.2. Given an integer r and any d > 0,

X
- L(1,xq)logp=K,X +0 (| —— ),
> 5 X tiwiss (o)

f<2vXx © peSH(r—1,t,X)

~ |

where

x© X § a
f=1" k=1 a (mod 4k)
a=0,1 (mod 4)
(r2—af2,4kf?)=4
4(r—1)=r2—af? (mod (12,4kf2))

Putting propositions 3.1 and 3.2 together yields
1

—= ) (X)
u(N) E;N E(e)
AN 1 X
(30) =T VX log X (K’“Xw(long))

4N (X y d 1
i o) & )
(N Sy Y log?y /) dy | /ylogy Y

X3/2
+O< N +logX>.
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Factoring out K, and evaluating the derivative gives
1 ,

—= > T (X)
(V) =N
4N Yy
31 =C .Kr.i / +/ 7
(81) ' Tu(N )<logX flog y J2 2\/?310gy>
X3/ X
o5 )
g

Using the fact that p(N) = 2N + O(1), the equation becomes
(32)

1 , 2 X dy
- ﬂ_T s X :,C _KT / / -
f1(N) 2 i (X) Tt (1 og X \flog vy Jo 2\/§logy>

|s|<N
X3/2 VX
+ O + T .
N log® X

Evaluating the first integral, we have

N
> Vylog’y logX log2 2/, /ylogy
vX
= g X +7my2(X)+0(1).
where 7 /5(X) = fZX 5 \/gﬁ)gy ~ 1(‘){3( as in [3] with an error term smaller than
O(lgg;) Thus,

/X dy VX
— =0 .
2 \/glog Y log X

Applying this observation to (32) gives

- rT(X)==0C, K. | X" _ %
w(N) Z WE(S)( ) 7TCt " <logX +0 <10gX> +/2 2\/ylogy

|s|<N
X3 VX

(33)

N log? X

Combining the O ( ‘{5(

VX
T2 = f2 Z\flogy ~ log X

1 , 4 VX X3/2 VX
4 - (X)) =-C-K,.- ——+0 + }
GO slz;NWE( ) =26 log X ( N log’x

) and O( f ) terms and substituting the asymptotic

as above, we find

which is exactly the result of Theorem 1.1.
Given our conjecture that the constant C; exists for t € {5,6,7,10}, an im-
mediate corollary to the theorem would be that for all curves E(s) with 5,6,7, or
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10-torsion, the following equation holds

) 3/2

— TE(s —— —
() e log X N T log?x
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