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1 Introduction

1.1 General theory

1.2 Purpose of this paper

The purpose of this paper is to show that the Lang-Trotter conjecture holds when one
averages over those elliptic curves whose Mordell-Weil group over Q has a point of order m.
That is to say, if £,,(p) is the set of all such elliptic curves with parameters bounded by p,
we will show that

LY @~ Y 1)

lim ,
p—oo #E&,,(p) peer o) log x

for some constant C™™ which we will give explicitly.

2 The average and class numbers

In this section, we will show that for a fixed value of m, the argument of the limit in the
left-hand side of (1) can be written in terms of class numbers of binary quadratic forms.
Unfortunately, there is no way to avoid a significant case breakdown, and consequently the
proof of the main results of this section have been divided into several parts.

The theory of this section is quite deep, so we begin with some preliminary facts about
m-torsion subgroups, points of order m in F(F'), and counting certain parametrizations and
subsets of elliptic curves over [F),.

2.1 m-torsion subgroups

Fact 2.1 Let F be a field, E/F be a nonsingular elliptic curve, and m be an integer. Define
E(F)m|={P € E(F): mP = 0}. (2)

E(F)[m] is called the m-torsion subgroup of E over F.
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Suppose that E(Q) has a point of order m. Then for any prime p of good reduction,

S EE)m s e )

The first of the above subgroup inclusions is a consequence of the fact that

reduction modulo p
E(

E(Q)tor

Fy) (4)

is a monomorphism (as long as p is of good reduction). By hypothesis, Z/mZ < E(Q)ior,
so Z/mZ < E(F,). The second subgroup inclusion is due to the fact that for any m,

E(F,)[m] = Z/mZ & Z/mZ, and also E(F,) < E(F,)[m].

Corollary 2.2 For any m,

Y/ 7
E(F,)m = — & — (5)
(where d = 1,...,m is any divisor of m). In particular, if m is prime, then either
Z Z Z
E(F,)[m] = g or E(F,)[m] = TP (6)

We say in the former of these cases that E has cyclic m-torsion, and in the latter that E
has full m-torsion.

Lemma 2.3 For any n, let a | n. There are p(a) points of order a in Z/nZ.

Proof. The point ny = n/a has order a in Z/nZ. Let ny be another point of order a. This
means that for some integer k,

any = kn

ny = k(n/a) = kng ™

Thus, a point of order a must be an integer multiple of ng, where 1 < k£ < a.

Let ged(k, a) = d, and suppose kng has order a. This is true iff akny = 0 and Ve | a, e # a,
we have ekng # 0. This occurs iff d = 1, since otherwise, (a/d)kno = (k/d)any = 0 where
(a/d) < a. Our lemma is now proved since the number of such k& is p(a).0]

Fact 2.4 For any m, let d | m. Then the number of points of order m in Z/dZ ® Z/mZ is

doela) Y e(3) ®)

ald bla
gcd(b,%):l

Proof. A point (r,s) in Z/dZ & Z/mZ has order m iff lem(ordr,ords) = m. To construct our
sum, consider the points of order a | d in Z/dZ. By Lemma 2.3, there are ¢(a) such points.
We can show that any point r of order a in Z/dZ has

> el (9)

bla
ged (b, 3)=1



corresponding points s in Z/mZ such that the (r, s) have order m in Z/dZ & Z/mZ.
To see this, Let 1 < ¢ < m be an integer such that lem(a, ¢) = ac/ged(a, ¢) = m. Since a |
m, this means that for some e, ¢ = (m/a)e. We have lem(a, (m/a)e) = me/ged(a, (m/a)e) =
m iff e =ged(a, (m/a)e) which is true iff e | a and ged(a/e,m/a) = 1. By Lemma 2.3, the
number of points in Z/mZ with order (m/a)e is ¢(me/a). Setting b = a/e gives us (9).
Putting all of the above together results in (9). OJ

2.2 Counting elliptic curves

Let F' be afield and let E/F be a nonsingular elliptic curve. If P is a specified parametrization
of elliptic curves, we write

P(E/F) = {parametrizations of E in P over F'}, (10)
and also
P(Ey/F) = ] P(E/F). (11)
E=Ey

Fact 2.5 Let p > 3 be a prime. Then any curve E over F, can be parametrized as
EW(a,b) . Y2 = X2 +aX +0b (12)
with a,b € [F,. If' W represents such parametrizations, we have

B (p—1)/6 ifa=0andp=1 mod3,
#W(Ewap/Fp) = (p—1)/4 ifb=0 and p=1 mod4, (13)
(p—1)/2 otherwise.

Proof. We recall that Evyap) = Fwa,p) if and only if there exists a u € I such that A =u'a
and B = u®. We must therefore count the number of elements in the images of the [F,-maps
u— ut and u — u®.

Let R,(c) be the image of u +— u® on F;; in particular, 1,(2) is the set of quadratic
residues modulo p, and of course, #R,(2) = %(p —1). When p = 1 mod4, u € R,(2) iff

—u € R,(2). It follows that

=L 00 oo (o

We have #R,(3) = p— 1 unless p = 1 mod3, in which case #R,(3) = 3(p —1). If
u € Ry(3), then there is a v € F}; such that u = v*, so —u = (—v)?; therefore, u € R,(3) iff
—u € R,(3). Consequently,

[ (p—1)/6 ifp=1mod3,
#125(6) = { (p—1)/2 otherwise.

The result follows from considering the different cases. [

(15)

Fact 2.6 Let E be an elliptic curve and p > 3 be a prime of good reduction. Let P,, denote
the parametrization of elliptic curves with a m-torsion point. Then

o
#P,.(E/F,) = { 1}2 ;ﬂzmi’& } #{P € E(F,) : ord P = m}. (16)



Proof. 1If E(F,) has no points of order m, then the claim follows trivially.

Suppose then that E(F,) has at least one point of order m. To parametrize E over F,,
we choose a point P € E(F,) with order m and translate the elliptic curve by an admissible
change of variables so that the point analogous to P on the translated curve now lies at the
origin (see [7] for more details). Choosing P and —P give the same parametrization, so P
is chosen up to its z-coordinate; recall that when m = 2, P = — P, but otherwise P # —P.
The result follows. [

Fact 2.7 We have

~ | #Pu(EJF)FW(Evan/Fp) ifm=2,3,
#Pm (E/Fp) = { #P,.(E/F,) 0 otherwise. (17)
Proof. In [7], pp. 145-148, Knapp discusses how to find the parametrizations of elliptic
curves F/Q with points of some order m. Following this discussion, we start with a curve E
and a point (g, yo) of order m and make a few changes of variable to get the parametrization.

For m = 2, 3, the coefficients of the resulting parametrization depend on the coefficients
of the original curve. Thus, each E € W(FEyays/F,) uniquely determines #%,,(E/F,)
parametrizations, and our result follows.

For all other cases, the resulting parametrization only depends on the z-coordinate of our
chosen m-torsion point. More precisely, we obtain the same parametrizations from Eyy 4 p)
with a m-torsion point (zo,y0) and Evyyiausp) with a m-torsion point (uzg, u’yy) with
u € F,. Thus, #P,.(E/F,) = #P,.(E/F,). O

2.3 Binary quadratic forms and class numbers

Definition 2.8 A binary quadratic form is an expression of the form Q(z,y) = ax® + bxy +
cy® (we take a,b,c € Z). We say that Q is primitive iff (a,b,c¢) = 1. The discriminant of @
is given by b* — 4ac.

Let H, h be functions on the integers defined as

H(A) =#{Q : Q is a binary quadratic form of discriminant A}, and (18)
h(A) = #{Q : Q is a primitive binary quadratic form of discriminant A}. (19)

H and h are called the Kronecker and Dirichlet class numbers, respectively.

Fact 2.9 The Kronecker and Dirichlet class numbers are related by the identity

h(A/f?)
HA) =2 Y ——L8 (20)
ax WA/

A/f?=0,1 mod 4
where w(A) gives the number of units in the ring Z[3(1 + V/A)].

Fact 2.10 (Deuring, Schoof) Fix m € {2,3,4,5,6,7,8,9,10,12} and r € Z. Let p be a
prime such that p ¥ r if r # 0, and p > B(r) where B(r) = max{3,r,r?/4}. Define the
following:



Npr(m) = #{E/]Fp ray(E) =71, m| #E(F,)}, and

D 2
Ny (m) :#{E/Fprap(E) =r, E(F,)[m Z o L } (21)

mZ ~ mi

I

Then we have,

[ H(r*—4p) ifp+1=r modm
Npr(m) = { 0 ifp+1r modm, (22)
and
H <T27;24p) if p+1=r modm? r =2 modm,and r # 0,
Npp(m) = h(=p) ifp+1=7r modm? r=2 modm,r =0,and m = 2 (23)

0 otherwise.

Proof. These results easily follow from [10]. Assume m,p,r are given as in the hypothesis
of our claim. The results for N, ,(m) follow immediately from Thm. 4.6 of [10].

Now suppose that r Z 2 modm or r Z p + 1 modm?. Then r # 2 modm gives p #
1 modm since p + 1 =7 modm. By Prop. 3.7 of [10], N, ,.(m) = 0.

If we have r = 2 modm and r = p + 1 modm?, our result is stated in Thm. 4.9 of [10]
for m odd and r # 0. The proof for this particular result is identical for when we allow m

to be even and r # 0. Thus, N .(m) = H <%) if r # 0 for all m.

When r = 0, the assumptions 7 = 2 modm and 7 = p + 1 modm? give p = 1 modm
and p = —1 modm which implies m = 2. Thus, r = 0,m # 2 gives N, .(m) = 0. When
m = 2, since p = —1 mod 4, our claim follows from Lemma 4.8 (iii) of [10]. O

Definition 2.11 Choose m,r, and p satisfying the hypothesis of Fact 2.10. Let d | m and
write

12

Nowld,m) = # { BIF, : a(B) =1, EE)n = 2o 21 (24

The following lemma gives N, (d, m) in terms of N,,.(m') and N, .(m"). We will later use
this lemma to write N, ,(d, m) in terms of class numbers.

Lemma 2.12 Let ¢ be a prime. We then have the following chart. (In each case, assume
that p+1=r modm.)



m | d | Np,.(d,m)

C1T [ N0 = N2, 0

00| N

P [ NP =N, (D)

2| €| Nyp(£3) = Non() = N, () + N, (0)
2|2 NII)T(EQ)

2T [ Ny (20) — N, (2) = Ny, (0) + N, (20)
2| 2 | N(2) = NI (20)

20| ¢ | N (0) = T (20)

20 | 20| N7 (20)

BT [ M) = N, (0

6| | Npn6) = Non(%) = Np, () + N (0)
;e N]/),T(EQ) - Né,r (€3)

@l e | N

T [ Nor(d) = N7, () = N, (0) + N2, (30)
40 | 2 Np,r(Sf) — Npm(l(%) + NZI,’T(Q) — N;)’T(Zl) — NII)’T(2€) + N;,m(llé)
40| 4 | NI (4) - N7, (40)

40| ¢ | NO(0) - NT(20)

40 | 20 | N,.(164) — p,r(4£)+N}’,7r(2€) N/ .(40)
40 | 40 N]/)’r(ﬁlf)

Proof. In this proof, it will be understood that all elliptic curves E satisfy a,(E) = r. Thus,
m | #E(F,) and E(F,) has a subgroup of order m. Consider the subgroups of Z/mZ&Z/mZ
containing a subgroup of order m. Call the maximal such subgroup contained in E(F,), the
maximal full m-subgroup of E(F,).

Consider the case where m = ¢?. We have the following hierarchy of possible maximal
full ¢-subgroups:

ZJIZ & 717, _Z,.Z_2 % o
AT AN AT A
2/P7 1Z 7 P2 P PZ

Since E(F,)[l?] must be one of

Z Z Z 7 /

7z 1z L rn
it is helpful to identify the maximal full I?-subgroup of E(F,), as in these cases, the maximal
full /2-subgroup must be equivalent with the torsion subgroup E(F,)[l?].
Note that if I? | #E(F,), then either
7 Y/ 7

L EF Z oL < B,
pz < B or g g < EE)

Thus, N, (I?) counts those elliptic curves E having a maximal full [?>-subgroup lying in the

restricted hierarchy

Z/ILO L)1 7 7 7 7
< =@ o7 < T2 s> T
7./127, lz 1?7 1?’Z  1?Z



On the other hand, I* | #E(F,) implies that either

/ / Z

Z3+Z SE(Fp)? or Zi@p_z SE(]FP)
(we do not admit the case wherein the triple direct sum of Z/IZ is a subgroup of E(F,),
since then F(F,)[l] would be larger than Theorem [] permits). Reducing, we find that N,,,.(I*)
counts elliptic curves having a maximal full /2-subgroup in the restricted hierarchy

Z Z Z Z Z
Pz~ 1Z¥ PL " "LV PL
in particular, we note that if £ is an element of the set counted by N, .(I%), then Z/IZ&Z/IZ
is not the maximal full [?-subgroup of E(F,) (since Z/IZ & Z/IZ is not a subgroup of Z/I*Z
and it is properly contained inside Z/IZ & Z/1*Z).
Likewise, we find that N (1) and N ,.(I*) count elliptic curves E with maximal full
[2-subgroups lying in the restricted hierarchies

7 7 Z 7 7 Z d 7 7
A A oA /A o A A 7
respectively.
We may now construct the following table, where the columns represent the possible
maximal full £2-subgroups. A * in column Y and row X indicates that Y counts the elliptic
curves with maximal full /2.-subgroup X.

7)P7 TJZOTNT L)L TIPL T)PT.6 7)1
N, (1%) * * * s
N, (1%) * * *
N () ; : ,
N (%) *

It should be clear at this point how we arrive at the claimed identities. For example,
Np»(I?) = N (1) counts all those elliptic curves E whose maximal full [*-subgroup lies in
the hierarchy

PO 2 2 2z 2 . Z 2 2 2 _Z 2

2 <@@ﬁ<ﬁ@ﬁ, ut not ﬁ@@<@@ﬁ<ﬁ@ﬁ.
JZ

That is, Ny, (1) — N} () counts those E for which Z/I?Z is the maximal full [*>-subgroup.

Since this subgroup is the maximal subgroup under Z/I?Z ® Z/I?Z in E(F,), it follows that

E(F,)[l*] 2 Z/I?Z. The second follows similarily, and the third identity is trivial.

For the other cases of m, we use construct similar tables using the same methods.
For m = ¢, we have:

| Z/mZ  Z/mZ & L/mZ

N, (m) * *
NI’,,r(m) *



For m = £3, we have:

7T TNZSLIPL LAZSL/PL T/PZeT/PL T)PL®L/PL
N, (1%) * * * * *
N, (1%) * * * *
!/
vt * * : :
N (%) .
p,r

227 7/22® L)AL Z)IZ®ZLJAZ 7)27 & Z)2Z
N, (21) * * * *
NI’,;T(Q) * *
N0 ' :
Ni1(2) :

L Z N Z Ly L Ly L Lo LZ Ly L Ly L L g L

Ny, (4l) | * * * * * * * *
N, (81) * * * * *
N, (161) * * * * * *
N} .(2) * * * * * *
N .(4) * *
N, (1) * * *
N} (20) * *
N7 (4) .

Our identities then follow from simple combinatorial arguments.[]

2.4 Main results

Of the main results we prove in this section of the paper, Lemma 2.13 (with which we
reexpress our average in terms of sums over primes p and congruence classes modulo p)
applies to all m € {2,...,10,12}. The remainder of the results (Lemmas ?7-?7) are broken
up by the prime factorization of m as well as the number of parameters in P,,.



Lemma 2.13 Let B(r)

1 o
1ST Z T () =

Is|<S,|t|<T

B(r)<p<z
p=r—1 modm

1«

s|<S

B(r)<p<z
p=r—1 modm

= max{3,r,r*/4}.

> (3o() =

We have

0<s,t<p
ap(Ep,, (s,6))=T

1+ O(loglog x),
0<s<p
ap(Ep,, (s))=T

when Ep  has two parameters or one parameter, respectively.

Proof. We begin by considering the left-hand side of equations in (26) and replacing 77

by a summation:

1 o,
4ST Z WEwmw)

s|<S,[t|<T

1
29 Z WEwmm(x) -

|s|<S

Recall that m | #E(F,).

T > x b

|<S |t|<T p<z
ap(Ep,, (s,4))=T

1 ~—7
g2, 2. b

ls|<S p<w

1+ O(loglog x), or

(26)

o (7)

(27)

Therefore, 7 = a,(F) = p+ 1 — #E(F,) implies that r =

p+ 1 modm. Also, if p < B(r), then r > 2,/p so that by Hasse’s bound, we should restrict

p to those primes satisfying B(r) < p

1 -
45 Z T Ep s, t)

[s|<S,|t|<T

1 o
35 2

[s|<S,|t|I<T

Ewm(s)

< z:

T 2 >

\ |[<S,|t|IST  B(r)<p<z
p=r—1 modm
aP(E?m(s,t))ZT

221.

\s|<S B(r)<p<z
p=r—1 modm
ap(Eyp,, (s))="

Switching the order of summation,

1 o,
45 Z T B (5.0 () =

s|<S,[t|<T

1 ro,
25 Z TEgp,. () (x)

Is1<5

=§zz

S D
48T
B(r)<p<z  |s|<S,|t|<T
p=r—1 modmay(Ep,, (s,¢))="

1+ O(loglog x),

B(r)<p<=z [s|<S
p=r 1modmap(Eg> (s))=T

9

1+ O(loglog x),

(28)



with the error terms representing those curves which reduce to singular curves over [F,,.
Consider the inner summations above; in particular, note that the assumption a,(E) = r
depends only on the congruence classes of the parameters of EFp modulo p. Thus we may

estimate
! 45T S T /
Soa= (7 40 (%)) S

|s|<S, |t <T 0<s,t<p

ap(Ep,, (s,6))=T ap(Ep,, (s,¢))=T (30>
> o= (Trow) ¥
|s|<S p 0<s<p
ap(Ep,, (s))=" ap(Ep,, (s))=r

Substituting (30) into (29) and simplifying gives (26). O
By Corrollary 2.2, E(F,)[m] = Z & £ where d | m. We therefore write the inner
summations of equation 26 as:

o=y 3 | (31)

OSS,t<p dlm OSS,t<p
ap(Ep,, (s,¢))=T ap(Ep,, (s,6))=T
E(Fp)[m|2Z/dZ&Z/mZ

and

o=y 3 1. (32)

0<s<p djm 0<s<p
ap(Ep,, (s))=T ap(Ep,, ()=
E(Fp)[m]~Z,/dZ&7,/mZ.
The inner summations above can be written in terms of the number of certain isomor-
phism classes E/F,:

/ - - Z Z
1=#P,.(E/F E/F,:a,(F)=r E(F Y —p—
py) $0u (BB { B[y 0B) =1, BE)m] = 0 2
ap(Ep,, (s))=T (33)
E(Fp)[m|2Z/dZSZ/mZ
= #?m(E/Fp)NPW(d7 m)
Definition 2.14 To simplify the following lemmas, let
1 1 1 1
A== —+ 7+ d
g <p2 o (Sp+ Tp ST))’ o
(34)
1 1
B,=1-4+0|=]]|.
g (p i <5 ))
Lemma 2.15 Fixm € {2,3} and p=r — 1 modm. Then,
L Z' o (@)= > A (?H( 2 —4p)+0(p)) + O(loglogz) + S
48T Epm(s.0) P\2 (35)

|s|<S,Jt]<T B(r)<p<a



Where

Y. B(r)<p<z %A”H (ﬁ—f”) ifr=2modm and r #0
p=r—1 mod m?

S = > Br)<p<z mpzA"h(—p) if 7 =2 modm,r =0 and m = 2 (36)

p=r—1 mod m?
0 otherwise

Proof. Combining Facts 2.4 and 2.6 we obtain

1 if E has cyclic 2- or 3-torsion,
#Pn(E/F,) =< 3 if E has full 2-torsion, (37)
4 if E has full 3-torsion.

If we substitute the above into Equation (17) (see Fact 2.7),

((1/6 ifa=0, p=1 mod3, and E has cyclic 2- or 3-torsion, )

1/4 ifb=0, p=1 mod4, and E has cyclic 2- or 3-torsion,

1/2 otherwise, if E has cyclic 2- or 3-torsion,

1/2 ifa=0, p=1 mod3, and E has full 2-torsion,

#P,.(EJF,) =< 3/4 ifb=0, p=1mod4, and E has full 2-torsion, (p—1).

3/2 otherwise, if E has full 2-torsion,

2/3 ifa=0,p=1 mod3, and E has full 3-torsion,
1 ifb=0,p=1 mod4, and F has full 3-torsion,
2 otherwise, if E has full 3-torsion.

\

(38)
Note that the exceptional cases are very rare (there are at most 10) so we may estimate

. 1/2 if E has cyclic 2- or 3-torsion,
#Pn(E/F,) =< 3/2 if E has full 2-torsion, (p—1). (39)
2 if E has full 3-torsion,

By 2.12, we see that

Np,r(lam) = Np,r(m> - Nz/),r(m)v and

40
N,.(m,m) = N];J(m). (40)
Substituting the above into(33) gives us
/ 1 1,
Z 1= ipNP,T(m) - §pr,r(m) + O<p)7 (41>

0<s,t<p
ap(Ep,, (s,0))=T
E(Fp)[m|=Z/mZ

S = {0 I benm 0w (42)

if m =3,
0<s,t<p
ap(Ep,, (s,4))=T

E(Fp)[m|=Z/mZSZ/mZL

with the error term representing the contribution from the exceptional curves in (39).

11



Combining (41) and (42) with (??) yields

! 1
Z 1= §prm(m) +

0<s,t<p
ap(Eyp,, (s,t))=7“

m

2PN, (m) + O(p), (13)

and plugging (43) into the right side of (26) gives

1 m
Z Apépryr(m) + Z APEPN;/)J(m) + Z A,0(p) + O(loglog z).
B(r)<p<z B(r)<p<z B(r)<p<z
p=r—1 modm p=r—1 modm p=r—1 modm

(44)

Finally, we apply the results from 7?7 given in 2.10 to evaluate the above summations in
terms of class numbers. Our claim then follows from considering each of the cases for when
N} ,.(m) is nonzero.[]

Lemma 2.16 Fixm € {5,7} and p=r — 1 modm. Then,

1 m—1

/
— Z Ty (@) = Z BPTH(T2 —4p) + O(loglog x) + S (45)
[s|<S,|t|<T B(r)<p<z
p=r—1 modm
Where
epes By, pr <T274p> ifr=2modm andr #0
5= { = sows BT & 7 (46)

0 otherwise

Proof. Combining the results of Facts 2.4 and 2.6 and recalling that o(m) = m — 1 for m
prime,

_f (m—-1)/2 if £ has cyclic torsion,
#Pm(E/F,) = { (m+1)(m —1)/2 if E has full torsion. (47)
Again, the chart in Lemma 2.12 gives:
N,.(1,m) = N,,.(m)— N _(m), and
e (L) = Nom) = N, ) "

N,(m,m) = N;yr(m).
and since m ¢ {2,3} we have by Fact 2.7

#Pm(E/Fy) = #Pm(E/[Fy). (49)
We combine Equations (?7-49) to get

-1 _
=N m) - PN (m), (50)
0<s<p

ap(Ep,, (s))="
E(Fp)[m|=Z/mZ

3 o (m+ Dm = UN” (m). (51)

ap(Eyp,, (s))="
E(Fp)[m]=Z/mZSZL/mZL

12



By substituting (50) and (51) into (??), we conclude

0<s<p
ap(Ep,,(s))=r

Plugging (43) into the right side of (26) gives

-1
Z Bp%]\f;m(m) + O(loglog x).

B(r)<p<z
p=r—1 modm

(52)

(53)

We apply the results from 7?7 given in 2.10, and our claim follows from considering each
of the cases for when N, .(m) is nonzero.l]

Lemma 2.17 Fixm € {6,10} and p =r—1 modm. Then m = 2( for ¢ an odd prime. For

simplicity, define the following:

Sy =

B(r)<p<z B(r)<p<z 2
p=r—1 mod2m p=r—1 mod m
' mp(m) % —4p
SQ = Z Bpw(m)h(—p), Sm = Z BP 9 H m2
B(r)<p<z B(r)<p<z

p=r—1 mod2m

We then have

1 o,
29 Z 7rEfmn(s,w(x):

p=r—1 mod m?

Z B}DMH(T2 —4p) + O(loglog x) + S

B(r)<p<z

2

p=r—1 modm

s|<S,t|<T
where
Sy + S¢+ S,
Sy
S = Sy
S5
0

ifr =2 modm and r # 0
ifr=2mod2,r #2 mod/{,and r # 0
ifr=2mod/{,r#2 mod2,and r # 0
ifr=2mod2 andr =0

otherwise

> Bw(m)ﬂ(”fp),sf: 5 Bpw<m><w<e>+1>ﬂ<r2_4p>

(54)

(55)

(56)

Proof. By Corollary 2.2, Facts 2.6, 2.7, and 2.4, and the assumption that m ¢ {23}, we

have

#Pn(E[F,) =< o(m)(e(q) +2)/2

if F has cyclic torsion,

13

if B(Fp)[m] = Z/qZ ® Z/mZ(q = 2,1),
)(2(m +1) —p(m))/2 if E has full m-torsion.

(57)



By the chart in Lemma 2.12 we have,

Npr(1,m) = Ny (20) = N, (2) = N, (0) + N, (20)
Npﬂ’(27 m) - N;,m“(2) - N;;,T(QE) (58)
Npﬂ“(& m) = N]z/m“(g) - N];,r(zg)
N,r(m,m) = Nz,w@o
Therefore, combining Equations (??7-77) and Fact 2.10, we find for r # 0,
/
o= (Nw<m> N = N (0 + N,;,«m)) D)
0<s<p
ap(Ep,, (s))=T
E(Fp)[m|=Z/mZ
as well as
/ p(m)
S 1=+ (N;,xq) - N;,,T<m>>, and (60)
0<s<p
ap(Ep,, (s))=T
E(Fp)[m|=Z/qZ®Z/mZ
/ SO m
> 1= %(2(771 +1) = @(m)) Ny, ,.(m). (61)

0<s<p
ap(Eyp,, (s))="
E(Fp)[m|=Z/mZ&Z/mZ

Substituting (59-61) into (??) and collecting terms, we find

o= @Np,r(m) T pm)N, )+ PO +21)90<m>N;,,(€)

0<s<p
ap(Ep,, (s))="

+ 29 (9(m — 1) — m) — £(0) Ny, (). (62

Also note that 2(m — 1) — ¢(m) — ¢(f) = m. Plugging (62) into the right side of (26),

simplifying as usual, and applying the results from ?? as usual proves our claim.[]

Lemma 2.18 Fix m € {4,9} and p = r — 1 modm. Then m = ¢* for { a prime. For
simplicity, define the following:

S= Bf(@“”(m)ﬂ(ﬂ—”‘p)ﬁm: T BPM(H(pMHﬂm))H(r?—@)

2 m 2 m?
B(r)<p<z B(r)<p<z
p=r—1 modm p=r—1 mod m?
. 2 b<pss BHEEN(—p) ifm=4
Sg = p=r—1 mod4
0 iftm=9

(63)
We then have

14



LS e Y p 0,

[s|<S,|t|I<T B(r)<p<z
p=r—1 modm

(m) (64)
+ Z Bp%(w(f) + 1)H(r* — 4p) + O(log log ) + S
B(r)<p<z
p=r—1 mod ¢m
where
S+ S, ifr=2modm andr #0
g_ Sy ifr =2 mod/{,r #2 modm,and r # 0 (65)

Sy if r =2 mod/ andr =0
0 otherwise

Proof. By Corollary 2.2, Facts 2.6, 2.7, and 2.4, and the assumption that m ¢ {23}, we
have

(m)/2 if F has cyclic torsion,
(mgggo( )+1)/2 it E(F,)[m] =2 Z/{Z & Z/mZ, (66)

. ¥
#?m(E/Fp) = 2
©(m)(2+2¢(0) + p(m))/2 if E has full m-torsion.

By the chart in Lemma 2.12 we have,
Npr(1,m) = Npp (€%) = N, ()

D,

Ny (€,m) = Np,r(gg) - Np,r(ﬁ) - N;,),T(EQ) + Nzl;,r(g) (67)
Ny(m,m) = N, ()

The rest of the proof is identical to the previous cases so it will not be repeated.]
The proofs for the cases where m = 8,12 use the same methods as the previous cases, thus
only the statements of the lemmas will be given.

Lemma 2.19 Let m =8 and p =r — 1 mod 8. For simplicity, define the following:

24 2y
=Y QBPH(¥>,S4: 3 4BpH(T 16p)

B(r)<p<z B(r)<p<z
p=r—1 mod8 p=r—1 mod 16
T2 _ 4]7 (68>
S-S welmhnsa- Y s (So)
B(r)<p<z B(r)<p<z
p=r—1 mod 8 p=r—1 mod 64
We then have
1 r
% X @ X OB -
s|<S,Jt|<T B(r)<p<z
p=r—1 mod 8 (69)
+ Z 4B,H(r* — 4p) + O(loglog ) + S
B(r)<p<z

p=r—1 mod 16

15



where

So+ Sy + Sy ifr=2mod8 andr #0
Sa + Sy ifr =2 mod4,r #2 mod8,and r # 0

S = Sy ifr =2 mod2,r # 2 mod4, and r # 0 (70)
S5 ifr=2mod2 andr =0
0 otherwise

Lemma 2.20 Let m = 12 and p =r — 1 mod 12. For simplicity, define the following:

2y 2y
S= Y 2BpH(T y p>,53: 3 6BPH(T ; p),
B

B(r)<p<z r)<p<z
p=r—1 mod 12 p=r—1 mod 36
Ss= Y i (C=2) o - S 2B,h(-p)
6 p 36 =) P p (71)
B(r)<p<z B(r)<p<z
p=r—1 mod 36 p=r—1 mod 12
r? —4p r? —4p
Si= ), S8Byp(mH ( T ) Si2= > 24B,H (W)
B(r)<p<z B(r)<p<z
p=r—1 mod 48 p=r—1 mod 144

We then have

1 /
5 Y = Y CWBHGE -4+ Y ABHG - p)
s|<S,Jt|<T B(r)<p<z B(r)<p<z
p=r—1 mod 12 p=r—1 mod 24 (72)
+ Z 12B,H (r* — 4p) + O(loglog z) + S
B(r)<p<z
p=r—1 mod 48
where
(SQ+53+S4+SG+S]_2 jfTEQmOdeaHd’l“?éO
So + S3 + Sg ifr =2 mod6,r # 2 mod4,and r # 0
So + Sy ifr =2 mod4,r # 2 mod3,and r # 0
S = S ifr=2mod2,r #2 mod4,r # 2 mod3,and r # 0
Ss ifr =2 mod3,r # 2 mod2,and r # 0
S5 ifr=2mod2 andr =0
0 otherwise

3 Averaging special values of Dirichlet L-series

We now turn our efforts towards estimating terms of the form
r? —4p
(=), (74)

where r, m are fixed integers, d is a divisor of m, p is a prime, and H is the Kronecker class
number. Our estimate depends crucially on averaging values of certain L-series.

16



3.1 Working with class numbers

Definition 3.1 Set

r? —4p

7
87" ={B(r)<p<z:p=r—1modm,
4p = r? mod f?, A%(p) = 0,1 mod4}.

As(p) = (75)

(76)

Where convenient, we will write A without some of its arguments and parameters. In
particular, we will abbreviate A(p) by A.

Fact 3.2 (Class number formula) If A <0, then we have

h(A) = %L(Lm). (77)

Lemma 3.3 Fix x,r,m and let p be a prime with B(r) < p < x. We have

H <r2 — 4p> - % S L xa)V-A (78)

2
dlf

f2|r?—dp
A=0,1 mod 4

In particular, we may write

1 1 r? —4p

- gl —F) = L(1,xa)l

s () e T 3 Hiwee

B(r)<p<z f<2f GSTm
p=r—1 modm

1 d 1 2
——/ Z - L(1, xa)logp E(ﬂl—ogt) dt + O(log”x). (79)

f<2\f 68””( )
Proof. By Fact 2.9, we have
7’2 — 4]? h(Adf)
Hl—— ] =2 i
( d? ) 2 w(Ag) (80)

f2|( >—dp)/d®
Agr=0,1 mod4

It is clear that f2 | (r® — 4p)/d? iff (df)? | 7* — 4p. Replace df by f with the additional

condition that d | f:
r? —4p h(A)
H{—— | =2 —. 1
(=)= T iy b
d|f
f2r?—4p
A=0,1 mod 4
Because p > B(r), r* —4p < 0 and A < 0, so the class number formula gives
w(A)WV—=A

h(A) = TL(LXA), (82)

17



and (78) now follows from combining (82) and (81).
Substitute to obtain

1 1 r?—4 1 1 L(1, xa)\/4p — 12

2 P d? 27 f
B(r)<p<w B(r)<p<z dlf
p=r—1 modm p=r—1 modm F2|r2—4p
A=0,1 mod 4

Switching the order of summation and then approximating \/4p — r? = 2,/p+0O(1) yields

;Y () ly Ly )

B(r)<p<z f<2f peS’ (@)
p=r—1 modm d|f (84)
L(1
DI > HEa) 4 ofogt ),
f<2f pesy™
dlf
and partial summation gives
L(1, xa)
= L(1,xa)l
I PR DI
f<2f pesy™ (x) f<2f pesy
dlf dlf
1 d 1
/ o= L(1,xa)logp —(—) dt. (85)
f<2\/ 68”"() di \/z_flogt

The result follows. O

3.2 Analytic results

We now state some analytic results which will be used in the proof of the main theorem in
this section.

Fact 3.4 (Polya-Vinogradov inequality) For any nonprincipal Dirichlet character xy mod-
ulo q, we have

> x(n) < /qlogg, (86)

n>N
and in particular, for A < 0,

3 (%) — V=B log(—A). (87)

n>N
Fact 3.5 (Barban, Davenport, and Halberstam) Let (a,n) = 1 and define
di(zn,a) = Y logp, (88)
p<z
p=a modn
x
Ei(x;n,a) =19 (x;n,a) — . 89
(@im.0) = (i) - (59)

18



Using the notation above, for any ¢ > 0 and () satisfying xlog™“x < QQ < x, we have

Z Z E}(r;n,a) < Qrlogw. (90)

n<Q a€(Z/nZ)*

Fact 3.6 (David and Pappalardi) Define

L:l?[(ler). (91)

Then ) I
~ , (92)
2 et~ VE
and in particular i L converges
" £ k(n)p(n) '

(References here.)

Lemma 3.7 Let x,m,r, f be fixed. Then

a A

— — 1
S X (5) e
a€EZ/AnZ pES;’m(m)
(a,n)=1 A=a mod4n

a
= > (2) ¥a(a: [nf?,m).b) + O(n), (93)
a€Z/AnZ
(a,n)=1, a=0,1 mod 4
4(r—1)=r?2—af? mod4(nf?,m)
(r—1,m)=1, (r?—af?4nf?)=4

where each b € Z/[nf? m]Z is determined uniquely by m,r, f,a.

Proof. The conditions under the inner sum on the left hand side hold iff B(r) < p < z and
the following congruences hold:

p=r—1modm, (94)
4p = r? mod f?, (95)
4p = r* r* — f? mod4f?, and (96)
4p = r? — af? mod4nf2. (97)

(97)

Ne}

Congruence (96) implies (95), so we can ignore (95) altogether. Congruences (96) and (97

are compatible only if
r? —af?=r*r? — f2 mod4f?, (98)

or equivalently, only if @ = 0,1 mod 4. In such a case, (97) implies (96), so we are left with
the congruences

p=r—1modm, (99)
4p = r? — af? mod 4nf?, (100)
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and the preliminary assumption that a = 0,1 mod 4. Congruences (99) and (100) are com-
patible only if
4(r —1) =r? — af?* mod4(nf? m). (101)

By the Chinese remainder theorem, if the congruences are compatible there exists a
unique b € Z/[nf?, m|Z such that

b=r—1modm, and b=1(r*—af?) modnf>. (102)

We may therefore write

3 (E) Y logp= S (%) S logp.  (103)

n
a€Z/4AnZ peS;’m(:c) a€Z/4AnZ B(r)<p<z
(a,n)=1 A=a mod 4n (a,n)=1, a=0,1 mod 4 p=b mod[nf?m]
4(r—1)=r?—af? mod4(nf?,m)

Note that (b, [nf?,m]) = 1iff (r — 1,m) = 1 and (4nf?,r? — af?) = 4; with these
assumptions,
> logp = tu(x;[nf?, m),b) + O(1), (104)

B(r)<p<z
p=b mod[nf2,m)]

where the error term represents those primes less than B(r). In the case where our copri-

mality conditions do not hold there is at most one prime which satisifies the congruence (as

opposed to infinitely many) and these cases do not contribute an appreciable error.
Substituting (104) into (103) establishes (93). O

3.3 Statement and proof of the theorem

Theorem 3.8 Let x,m,r be fixed and let d be a divisor of m. For any ¢ > 0,

> < > Lva)hsr- Km0 () (105
log® x

f<2f ST )
dlf

where K™™® is a constant given by K™™¢ =0 if (r — 1,m) # 1 and by

Krmd = Zznﬁp nf? with " (n) = 3 (%) (106)

f=1n=1 a€Z/4n
dlf (a,n)=1, a=0,1 mod 4
4(r—1)=r’—af? mod4(nf?,m)
(r?—af?4nf?)=4
otherwise.
Proof. Fix a parameter U > 0 to be chosen later; we write

L(lxa) =Y (%) % =y (%) %Jr > (%) % (107)

n>1 n<U n>U
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Note that

AN 1 AN 1
> (5) ~< > (5) i (108)
n>U n>U
so that by the Polya-Vinogradov inequality, we have

> <%> < V-Alog(—A), (109)
L(l’XA):Z(%)%:Z (%) %JFO(Ml;g(—A))' (10)

Because A = O(p/ f?), we have

L) =3 ()

n>1

Rl

Substituting into (105), we find

Z > L(1,xa)logp

f<2f S”" (z)

. - Z Z S < )logp+z 3 O(flogp> (112)

f<2f n<U Sr m f<2\f Srm
dlf dlf

Considering the sum over the error term, we have

DD o(fl"gp> ()Zo<f) Y Oo(Blogp),  (113)

f<2\f pes8Y™ (2 f<2v/z peSY™ (z)
d|f dlf
Note that
Z Vplog?p < Z Vplog?p < Z Vnlogin < 23%log? x < 2 log x. (114)
pesy™ (z) p<z n<z
Then
plo 5/2] 1
S5 o(HE) o) £ ofs) s
f<2\f pesy™ F<2y/z
dlf dlf
23/ 1log
=0——). 116
(=) (1)

Substitution gives

DRSS SINTIRWITIT S i Z<>1ogp+o<$).<m>

f<2f pesy™ (2) f<2yx n<U PEST ™ (=
dlf d|f
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Fix a second parameter V with 1 <V < 24/x and write

S X (el 3 (3)ee

<2z n<U egrm f<V n<U es“”
d|f dlf

+ > Z Z < )logp (118)

V<f<2yx n<U pes
dlf

The sum over the larger values of f can be bounded. First we note that the middle sum
is bounded by log U, and the innermost sum is bounded by logz ) (A/n) for p € 87" (z).
Note also that > (A/n) is bounded by the function which counts those n < z with 4n =
r? mod f?. By relaxing the second and third conditions on our outermost sum, we conclude
that

> Z > ( >10gp <logzloglU ) f > oL (119)

V<f<2f n<U peST™( V< f<2yz n<wz
d|f 4An=r? mod f?

In the above, the inner sum is clearly bounded by z/f?, so

Z Z Z < )logp <z < rlogzloglU Z f3<$10g$#.

V<f<2yx n<U pes V<f<2\/x
dlf

(120)
Combining with (117), we find

Z Z 1XAlogp—Z Z Z( )10gp

d|f dlf

3% logx  xlogxlogU
O . (121
+ ( gt 9z > (121)

The main term is obtained from the sum over the smaller values of f. In particular, we
will evaluate our sum by splitting the inner sum by the residue of A modulo 4n. By general
properties of the Kronecker symbol, (A/n) =0 when (A,n) > 1. Thus, we may write

> Z Z( )logp > o (2) > logp (22)

<v n<U EST m n<U, f<V aEZ/4nZ pES;’m(m)
daf dlf (amn)=1 A=a mod 4n
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Furthermore, by Lemma 3.7, we have

Sy (5 e

<V ms<u T pesim

dlf
1 a )
- > > (£) w1 [nf2,ml,b) + O(U log V). (123)
n<U,f<V a€Z/An7Z,
dlf, (r—1,m)=1 (a,n)=1, a=0,1 mod 4

4(r—1)=r?—af? mod4(nf?,m)
(TQ_af274nf2):4

Rewriting 11 in terms of E;, we have

a ™ (n)
> () X wemp=e 3 nfelnf? m
a(EZ/)4n12 pES;’m (z) d|fn(§U’{§‘§ ) ’
a,n)= A=a mod 4n » (r—L,m)=
1 a
DD > (%) 1 Inf? m).b) + O(U log V). (124)
n<U,f<V a€Z/4nZ
dlf, (r—=1m)=1 (a,n)=1, a=0,1 mod 4

A(r—1)=r2—af? mod4(nf?,m)
(r2—af2,4nf2):4

(When (r — 1,m) # 1, all but the error terms vanish in agreement with the proposition of
the theorem. For the remainder of the proof we will consider the trivial case dealt with and
assume only the nontrivial case wherein (r — 1, m) = 1.)

We will now show that the second summation is dominated by the error term. In par-
ticular, we apply the Cauchy-Schwarz inequality to obtain

1 a
§ —r § <_> El(‘x7 [an,m],b)
nf n
n<U,f<V a€Z/AnZ
dlf (a,n)=1, a=0,1 mod 4n
4(r—1)=r?—af? mod4(nf?,m)
(12 —af? 4nf?)=1

1/2

1/2
S0P DD VN

n<U a€Z/AnZ
(a,n)=1, a=0,1 mod 4
4(r—1)=r?—af? mod4(nf?,m)

(7‘2 7Cl,f2 ,4’I'Lf2):4

23



Because ., n2 <Y n~' =O0(logU), we may write

> o > (£) Ev(asfng®,m]. 0

n<U,f<V a€Z/AnZ
dlf (a,n)=1, a=0,1 mod 4
4(r—1)=r?—af? mod4(nf?,m)
(r2—af? dnj?)=4

1/2
126
<Y L T 3 B2 (s [n . m].b) (126)
<v f n<U a€Z/AnZ
(a,n)=1, a=0,1 mod 4
4(r—1)=r2—af? mod 4(nf?,m)
(r?—af?,4nf?)=4
1/2
< log'?U Z > B nfmlb)
<V f n<U be(Z/[nf?,m|Z)*
We may conclude that
1 a 9
Z W Z (g) Eq(z; [nf”,m],b)
n<U, f<V a€Z/AnZ
d|f (a,n)=1, a=0,1 mod 4
A(r—1)=r’—af? mod4(nf?,m)
(r?—af?,4nf?)=4
1/2
<log'?UlogV | > > EjxN,A)| . (127)

N<UV? Ae(Z/NZ)*

Setting ¢ > 0 and applying Fact 3.5, we find

Z Z E(x;N,A) < UV?zrlogx (128)
N<UV? A€(Z/NZ)*

whenever
Uvi< ———. 129
— 10g26+6 T ( )
so that
Z S Z (ﬁ) By (z;[nf?,m],b) < log!/? Ulog V Cx+2 , (130)
n<U,f<V nf a€Z/4nZ. n log"™“z
dlf (a,n)=1, a=0,1 mod 4

4(r—1)=r?2—af? mod4(nf?,m)
(T2—af2,4nf2)=4
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showing that the left hand side is dominated by O(U log V') when z is fixed. When (r —
1,m) = 1, combining equations (list of equations combined) establishes the estimate

c"(n
S LY s Y
<2z pes’"’" (x) n<Uf<Vn ey, m
dlf dlf

zlog?Ulog V. 232%logz  zlogxzlogU
g " UlogV. go, wlogrloglU) ),
log““ x U %

+0 (Ulogv+

It remains only to be shown that the coefficient summation of x tends to a constant as
U,V — oo and to define the parameters U and V explicitly in terms of z. First, we note
Ehat ™ (n)| < 2n/k(n) (see Lemma 4.7) and also that p[nf?,m] > @(n)e(f?) > 1, we

ave

nfelnf?,m] = fr(n)enf?,m] = Fo(f2) k(n)p(n) (132)
By Fact 3.6
v +0 (=
n<§f:<v nfz J;/; ftpnf2 ( 7;] ( ;/fg@ >
A dif
x
;21 fso nf2 o (ﬁ) ’

dlf

(133)

and similarly we have

oY i o =0 (55): 15

f>V
so that
S ey S o)
i M e lnfso nf VU
d|f alf

The above guarantees that the double infinite series over n, f converges to some constant
Kmm4 We therefore shall write

Z Z L(1,xa)logp = K"™g

serys ! el
dlf

log'2Ulog V. 23/21 log 2 log U
+O<U10gv+xog og +3: og:c+xogxog n T T (136)

log“t? U V2 VU - V2
where U,V satisfy (some equation). If we choose

U=+zlogtz, and V?=loguz, (137)
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we find

log® x
f<2yz ! pe8y™ () &
df

Z 1 Z L(l,XA)logp—KT’m’da:—i-O( ’ >, (138)

as desired. O

4 The function c}’m

4.1 Properties of ¢/}

We now wish to describe the behavior of the following function, which arises naturally in
the computation of our average:

Definition 4.1 For fixed values of m,r, f and ¢ = 0,1 we define

r,m a
& (n) = 3 (%) (139)
a€Z/AnZ
(a,n)=1, a=i mod 4
4(r—1)=r?—af? mod4(nf?,m)
(r2—af?,4nf?)=4
and set ¢ (n) = ' (n) + ¢ (n).

Fact 4.2 and Lemma 4.3 will be invaluable in the next part of this section and later in
the paper, as they aid greatly in subsequent calculations.

Fact 4.2 Suppose that 8 { m. Then C;T(n) is nonzero only if (m, f) | (r — 2)%. Also,
1. For c§(n) to be nonzero, we must have r even, n odd, and (r/2, f) = 1;
2. For c}/'(n) to be nonzero, we must have
a. r and f both odd and (r, f) =1,
b. r=2mod4, 4| f, and (r/2, f) =1,
c. 4|r, f=2mod4, and (r, f/2) = 1.

(While the above follows quickly from the given definition of c;’;”, we can refer the reader to
[5] for more detail.)

Lemma 4.3 c}'(n) is a multiplicative arithmetic function of n.

Proof. We first show that ¢} is multiplicative. In the case of r odd, we have c}/'(n) = 0;
suppose then that r is even. There is a bijective correspondence between the set of residue
classes a modulo 4n which are divisible by 4 and relatively prime to n and the set of invertible
residue classes modulo n; furthermore, when n is odd, (4/n) = 1. In particular, this allows

us to write
Go- Y (O S (0 uw

a€Z/AnZ a€(Z/nZ)*
(a,n)=1, a=0 mod 4 (r/2—1)%2=af? mod(nf2,m)
4(r—1)=r2—af? mod4(nf?,m) (nf2,(r/2)?—af?)=1

(4nf2 r2—af?)=4
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For ¢(n) to be nonzero, we also require that (r/2, f) = 1 and that (m, f) | (r —2)*. We

may therefore rewrite
T,Mm a
() = S (5) . (141)

a€(Z/nZ)*
(r/2=1% _ af? m
o) =ty mod(n2%55)

((r/2)*~af?mn)=1
Now suppose we have n = nins with n; and nsy relatively prime. We have

i ma)e(na) = > > (=) (%) aw

ale(Z/TLlZ)* QQG(Z/HQZ)*
(r/2—1)2 — a1f2 m (7'/2_1)2 = a2f2 _m__
o =t mod(m, iy ) S =02y mod(n2, )
((r/2)*—a1f?n1)=1 ((r/2)2—a2f?m2)=1

We can combine the summations as required using basic results of number theory; if (ny,ny) =
1 there is a natural bijection

(i) *(z) — () =

More explicitly, let a1 € (Z/niZ)* and ay € (Z/neZ)*. Since (ny,ny) = 1, there is a unique
a € Z/ninoZ such that a = a; mod n;. Moreover, (a,n;) =1, so a € (Z/ninZ)*. Because
(a/n) is periodic with period n and the Kronecker symbol is bimultiplicative,

() ()= G G- Gi) = ) sy

Note that by the same application of the Chinese remainder theorem the congruences

(r/2—1)2  af? m
r) = g "o (e gy ) ond 9
(r/2—1)2  ayf? m
ot R () 0
hold iff (/2 1)2 s
re- = a4 d < L) .
) ) "\ 0
Now, (1r? — a;f%,n;) = 1 iff there exist integers X,Y such that
(4r* — a; /)X +nY =1 (148)
But a; = a + k;jn;, so
(3r* —af?) X' +nY' =1, (149)

where X' = X and Y’ = (k; f2X +1)Y. Thus, (;7* — af?,n;) = 1 for j = 1,2 which is true
iff (}17“2 —af?*n)=1
The converse follows from the same sort of argument, so

G = X (&) =i, (150

n
a€(Z/nZ)*

(r/2=0%_ _af

o=ty mod(n555)

((r/2)*~af?mn)=1
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as desired.

We now turn to the case of ¢ = 1; the details of the arguments are similar here. C;T(n)
is nonzero only if the conditions in 2a, 2b, or 2¢ hold. As in [1], we see that when n is odd,
(r* —af? 4nf?) = 4 if and only if (r* — af?,nf?) = 1. Thus,

r,m a
() = 3 <ﬁ> . (151)
a€(Z/4nZ)*, a=1 mod 4
r—1=r2—af? mod(nf2,m)

(r2—af2nf2)=1

As n is odd, there is a bijection between the invertible residues modulo 4n which are con-
gruent to 1 modulo 4 and the invertible residues modulo n. Using arguments previously

| () = 3 (%) . (152)

a€(Z/nZ)*

Furthermore, in cases 2b and 2c (see 7?7 for details)

() = 3 (%) . (153)

a€(Z/nZ)*
(r/2=1)2 _ a(£/2)? m
o) ="ty mod (n, 5 )

((r/2)*=a(f/2)*m)=1

Now, let n = nyny where (ny,n2) = 1. Multiplicativity in 2a follows from assuming without
loss of generality that n; is odd and applying (152) and the Chinese remainder theorem.
Cases 2b and 2c¢ follow from equation (153) and the Chinese remainder theorem. [J

4.2 Computation of C}T

For the sake of notation, if n is a positive integer and ¢ is a prime, set (n), = ¢>*%". By
Lemma 4.3, for all fixed values of 7,7, m, f, n satisfying the conditions given in Fact 4.2, we
may write
itn) = T e (154)
aln

Accordingly, we will now attempt to give computations for c}"(¢*), where ¢ is a prime and
a > 0.

Lemma 4.4 Let: = 0,1 and g be prime. If i,r,m, f,n satisfy the conditions given in Fact
4.2 and q is odd, define

4(f), ifi=1,r =2 mod4, and q is odd,
gi(f)g=1 2(f), ifi=1,4|r, and q is odd, (155)
(f)y otherwise,
By definition, if 3 > 0, o7 (¢"), = 07(1),q°. We also have the following reduction:
cri (@) = ey, (d”), (156)

where o > 0.
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Proof when ¢ = 2. The idea of the proof is to show that when r and f satisfy one of the
conditions under 2 in Fact 4.2, then C%”(ZO‘) can be written independently of f for each case.
Since (f)2 and r satisfy one of the conditions under 2 in Fact 4.2 as f and r, we have our
desired equality.

First assume r and f satisfy condition 2a of Fact 4.2. This means r and f are odd,
(r, f) =1, and (m, f) | (r — 2)%. By definition,

i (2%) = 3 (%) (157)

a€Z/2°t27
(a,2%)=1, a=1 mod 4
4(r—1)=r?2—af? mod 4(2% f2,m)
(2242 2,17 —af?) =4

We simplify the conditions of the summation by noting the following;:
a. We have a € Z/2°7Z and (a,2%) = 1 iff a € (Z/2°T*Z)*.

b. Since r and f are odd, the condition (2°2f2 r? —qaf?) = 4 holds iff (2,7 —af?) =1,
r? —af? =0 mod4, r* — af? # 0 mod8. Since (r, f) = 1 we have (f?,r* —af?) =1,
and when given @ = 1 mod4 and r, f odd, r* — af? = r? — f2 = 0 mod 4. Finally,
note that > — af? # 0 mod8 and @ = 1 mod4 iff @ = 5 mod8. To see this, write
r=2s+1, f=2t+1 to get

r? —af? =4t — 4t + 1 — 4as® — das — a,
=4t(t—1) —4das(s— 1)+ 1 —a, (158)

=1-—a modS.

Now ¢ =1 mod4 iff a = 1 mod8 or a = 5 mod8. If a = 1 mod8 then 7> — af? =
0 mod 8 while a = 5 mod 8 gives r? —af? £ 0 mod 8. We may now conclude that with
our assumptions on 7 and f, a =1 mod4 and (a®"2f?, 72 — af?) = 4 iff a = 5 mod 8.

c. We now want to show that the assumption (m, f) | (r — 2)? allows us to get rid of

4(r — 1) = r? — af? mod4(2“f%,m). By simplification, we have 4(r — 1) = r? —
af? mod4(2*f2 m) iff (2*f%,m) | (r — 2)? + af? which holds iff (m, f) and (2% m)
both divide ((r —2)? + af?).
First suppose 4 | m and a > 1. Then we have 4 | (2%,m) but 4 { (r — 2)? + af?
so we must have ¢;™(2%,1) = 0. Now consider all other cases. Since (r —2)* and
af? are both odd, (2%,m) = 2,1 divides (r — 2)? + af?. Since (m, f) | af?, we have
(m, f) | (r=2)*>+af?iff (m, f) | (r —2)%, and our claim follows.

Combining the above results gives

M [y a
greny = Y (Q—Q) (159)
a€(Z/2°0+27)
a=5 mod 8
for any r,f satisfying condition 2a of Fact 4.2. Since f is odd, (f); = 1, and f =1 =r
satisfy 2a,
cir(2%) = e (2%). (160)

20rd2(f),1
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Now suppose 7 and f satisfy 2b or 2c of Fact 4.2. We again have (157). Given a = 1 mod 4
and 7, f satisfying 2b or 2c we have (2,72 —af?) = 4 and r* —af? # 0 mod 8. The condition
(20722 r2 — af?) = 4 is satisfied so it may deleted from our summation.

As we have already seen, 4(r — 1) = r*> — af? mod 4(2*f2,m) iff (m, f) and (2%, m) both
divide (r — 2)? + af?. Since r and [ satisfy 2b and 2c, we have the following: It is always
the case that (2%, m) | (r — 2)? + af? since (2%, m) = 1,2,4,8, and 8 | (r — 2)* + af% We
also have the assumption that (m, f) | (r — 2)? which implies (m, f) | (r — 2)® + af?. These
results show that the condition 4(r — 1) = r? — af? mod 4(2%f2, m) may be deleted since it
is automatically satisfied.

The results in the two paragraphs above and item a in the previous case give

M [y a

greny = Y <2—a) (161)
a€(Z,)20+27)*
a=1 mod 8

By the same reasoning in the case where r and f satisfy 2a, we have our desired equality. []

Lemma 4.5 Let o, 3 > 0. By definition, o} (f)2 = (f)2, so 02;2[,)271.(20‘) = cy5,(29).

1. If (r/2,2°) = 1, then

rm ey ) 1 ifa=0,
r0(2) = { 0 ifa>0, (162)
2. a. Ifris odd, then cy3" (¢*) is nonzero only if 3 = 0, and
1 ifa=0,
al(2%)=40 if m is even and a > 0, (163)

(—2)*/2 if m is odd and a > 0.

b. If r = 2 mod4, then c;;?l(qa) is nonzero only if 8 > 2, and

oo 0 ifo is odd
e ={ (164)

2% if «v is even.

c. If4 | r, then cy3" (¢*) is nonzero only if 3 = 1, and

0 ifaisodd

C2,1 (2%) = { 2% if o is even. (165)

Proof of 1. Follows from Fact 4.2.
Proof of 2a. 1In the proof of Lemma 4.4, we saw that for such values of r and f,
r,m (6% _ ﬁ
el (29) = Z <2a> . (166)
a€(Z/2%F27)*
a=5 mod 8

The number of a € (Z/2°72Z)* such that a = 5 mod 8 is 2°72/8 = 2%/2 and a = 5 mod 8
implies (a/2) = —1. This means

2% /2

AT =) (-1) = (-2)/2. (167)

Jj=1
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Proof of 2b and 2c. In the proof of Lemma 4.4, we saw that for such values of r and f,

r,m (6% a
anen =Y (&) (168)
a€(Z/2°T27)*
a=1 mod 8

The number of a € (Z/2°72Z)* such that @ = 1 mod8 is 2°7?/4 = 2% Also note that
a = 1 mod 4 alternates between a = 1 mod 8 and @ = 5 mod 8 so the terms in our summation
alternate between (1)® and (—1)*. Our summation has an even number of terms so we have
an equal number of ¢ =1 mod8 and a = 5 mod 8. This means

20 /2 20 /2 .

rm (oa if v is odd,

Cap 1(2 ) = Zl "t Z { 2% if o is even. U (169)
j

Lemma 4.6 Let o, 3 > 0 and let ¢ be an odd prime. Ifi,r,m, f = ¢°,n = ¢ satisfy the

conditions set forth in 4.2, then cr’:'zl) .5.:(a%) is nonzero, and we have
i \L)aq”s

(1 if =0,
—(r*/q)q"*" if =0, a odd, qtm,
rm ay (q—l—( 2/q)) o=l if3=0, a even, ¢t m,
Cg;“(l)qqﬁ,i(q ) - qa 1(( ) /C]) ifﬁ — 0 and q ‘ m, (170)
0 if >0 and « odd,
[ ¢ Hg—1) if 3> 0 and a even,

where (a/n) is the Kronecker symbol.

Lemma 4.7 For any prime q and o > 0 define

. if o is odd,
m@)z{qlalo ()

1 if « is even,

and extend to all positive integers by multiplicativity. For all fixed values of i,r,m, f,
cfi (n)] < n/k(n).

Proof. By Lemmas 4.5 and 4.6, for any prime ¢, we have

o a=1if o is odd, o o
\qmqns{% o }zqmm» (172)

q if v is even.

Since ;" and  are multiplicative functions, we have

|c5i (n)] < n/k(n). (173)

5 The constant C"™™

Finding the constants which appear in the statement of Theorem 7?7 will require all of our
computational results thus far, especially those related to the function C;T
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5.1 Expressing K, M4 as a product over primes

We first will find explicit formulae for the constants K™™? which appear in the conclusion
of Theorem 3.8. In particular, we recall that

Kt = Z Zwmnﬂ (174)

dlf

where d | m. Clearly, K™ = K7™ 4 K7™ where

00 1 00 Cr,m(n)
Epmd =312 175
=L Ll (1)

dlf

Replacing f by df, we have
Il I~ CGap(n)

Kpmd = 2NNt de L 176
! d ; f ; nplm, nd? f2| (176)

As the summand is multiplicative (see Lemma 4.3) we can rewrite this as
=1 Cdfz q*)
K™= 2N C : 177
IS i o)

where the product is taken over all primes ¢. By Lemma 4.4 we have CZ?Z df)qi(qa) =

T”de) Z(q”‘), so we can express the product as

PO p g LTI
a0 g%p([m,q*d? f?]q)

. 178

1;[20 m qad2f2 HZ q> 90 m qad2] )H c T(d)q,i(qa) ( )

P D IR (e am)
Setting
D _Corng i)
_ a>0¢q w([m q*d*f?]q)
M(f) =11 gald®) )
D DR (errr )
we find

. = M)
K (HZQ wa(im qadg )> (Z T) (180)

qg a=0 f=1

Noting that M (f) is a multiplicative function (as it is a product over primes dividing f),
we can rewrite the summation by

Z:M:r[(HiM(gﬁ)). (181)
f ! q B=1 4



Calculating M (¢”), we have

iy q0.i(47) i (g%) -
BY — o7 (d)qq” i o7 (d)qyi
M= (Z qagoam,qudm)) (Z q%([m,qadm)) e

a>0 a>0

Combining equations, we obtain the following expression for K mid,

1 ity i)
K = d ; (Z (Im, qadz Z q° Z q° 90 m, qa”ﬁd?] )) ’ (183)

a>0 q ¥ a>0
| Cor (e, -(qa)
_ 2 2 a 184
1> Z o, - BEL) (184)

for the sake of convenience, we will denote the summation over 3 in the above product by

KI™%(q); we can then rewrite

Krmd HKrmd ) (185)

5.2 Computation of K™

We now compute K™% by computing the contributions K"™%(¢) from each prime q. Special

cases in the computation of c;’(rg) 42.:(4%) occur when g | 2mr (since d | m, ¢ | d implies ¢ | m).
q )

Accordingly, we write

e S T o T o T K07a. s

qlm qlr qf2mr
q#2 qf2m

We shall begin by simplifying the product over ¢ 1 2mr.

Note that because (¢ ¥ m and therefore ¢ { d), [m,q"d*], = ¢"; we also recall that
0(q") = ¢ (g —1). Since q # 2, we will now apply Lemma 4.6; in order to do this, we will
first verify that the conditions of Fact 4.2 hold. When r is even and ¢ {1 r, only condition 1
holds; when 7 is odd, only condition 2a holds. We therefore have

Cortay,+(4")
B xR e DI R e I

as0 4 ¥

a>0 a>0
« odd « even
1 -2 1
. ¢ 4 (187)

g—1¢—-1 qg—1¢>-1’
_a@®—g—-1)—1
(¢—1)32(g+1)°
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and

T,m

Z q° Z a+2,6’ 2], Z _ Z aa |
:1 a>0 q QO m 4 d B= a>0 q
1 ¢ , 1 (188)
S P—-1\g—1 ¢#-1)°
B 1
(q=1)%(g+1)
Combining these results,
2
g1
K™% (q) = alg" —q=1) when ¢ { 2mr, and so, (189)

(g—1)2*(¢g+1)

1T &™) = 11 (q<q2 —q—1)_ (190)

_ 2
giomr gy (4~ VP 1)

We will now deal with the product over primes ¢ for which ¢ | r but ¢  2m.
From Fact 4.2 and Lemma 4.6, we find that c:r’le)qqﬁi(qa) = 0 when § > 0 and (since

q | 7 implies (r?/q) = 0),

1 ifa=0
c:;’_f(ll)q (¢)=¢0 if @ > 0 and « is odd, (191)
' “(qg—1) ifa>0and «ais even.
Substitution yields
K-r’m’d(Q) = Z M =1+ Z L = ¢ when ¢ | r and ¢ 1 2m (192)
z a>0 7*¢(q”) o 1 ¢ —1

Therefore,

r,m,d . q2
I &™) =] prat (193)

qlr qlr

qf2zm af2m

Combining the last two results and equation (186), we find

K:md _K'rmd HKrmd H q2 H (Q(q2_q_1) ) (194)

21 —1)2 1
qlm qlr g qf2mr 9 ) (q+ )
q#2 qf2m

The remaining computations must be specialized for the different values of m, d, where d | m.
Noting that K]"™(q) = K T’(m)q’(d)q(q) greatly decreases the number of calculations one has

(2
to perform. However, there are still a good many cases to deal with, and thus, we will omit
the details of our computations. The distinct values of K"™%(g) (which were computed first

by hand and then checked against machine computations) are given in the below tables:
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1=0 =1 =1 i=1
r=2mod4 4]r  risodd r=2 mod4  4|r

KU 2) | 97 1 2/3  1/21 1/3
KP2N2) | 97 1 1 /21 1/3
KI%%(2) | 47 0 0 2/21  2/3
KPWN2) | 1114 1/2 12 1/21 1/3
K42 (2) | 47 0 0 2/21  2/3
K2 | 17 0 0 4/21 0

(Tables for values of K"™%(3), KI"™%(5), and K"™%(7).)
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