ON THE DOMINATION OF KINGS

JOLIE BAUMANN, NEIL CALKIN, AND JEREMY LYLE

ABSTRACT. In this paper, we consider counting the number of ways
to place kings on an k X m chessboard, such that every square is
dominated by a king. Let f(k,n) be the number of dominating con-
figurations. We consider the asymptotic behavior of the function

f(k,n).

1. INTRODUCTION

We consider a k x n chessboard embedded on a torus, that is, with the
first row of the chessboard adjacent to the last row, and the leftmost column
adjacent to the rightmost column. We consider the number of different ways
to place kings on this chessboard such that every square on the board is
dominated; that is, every space on the board either contains a king or can
be attacked by one. A particular assignment of kings to the squares on the
chessboard is a configuration, and a configuration in which every square is
dominated is called a dominating configuration (Figure 1 gives an example
of a dominating configuration on a 9 x 9 chessboard).

Let f(k,n) denote the number of dominating configurations on an k x n
chessboard. In Section 2, we consider counting configurations on chess-
boards embedded on the torus. We show that the asymptotic behavior
of f(n,k) and of the number of dominating configurations on chessboards
embedded on the torus is identical. Further, we formulate the counting
problem as a probability problem, writing the probability of a configura-
tion being dominating as the intersection of each square being dominated.
Dividing the torus into cylindrical bands, we consider the probability of
those events contained completely in a cylindrical band, and those events
which overlap two bands. A transfer matrix is defined in Section 3 in order
to calculate the probability that each event contained in a cylindrical band
occurs, and the recursive structure of this matrix is identified. In Section 4,
we consider the events which overlap two bands, and obtain bounds on the
conditional probability of an event, given the intersection of any collection
of events.
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FicURE 1. A dominating configuration of kings

In Section 5, we combine the two previous sections to determine bounds
on the asymptotic behavior of f(k,n). In particular, as in [CW98], we will
show that the following double limit exists, (we define its value to be 7.)

n lirgf(n,k)ﬁ

1 1
where lim,, j, M =lim, koo M In Theorem 5, we give bounds
on 7, determining that 1.996901390214526 < n < 1.997195304892026.
In Section 6, we derive an alternative method to attempt to find better
bounds on 7. To conclude, we briefly discuss the benefits and shortcomings
of each method in Section 7.

2. MAIN METHOD

2.1. Formulation. In order to simplify the problem, we consider counting
dominating configurations of kings on a chessboard embedded on a torus.
Let g(k,n) be the number of dominating configurations on a k x n chess-
board embedded on a torus, that is, with the first row of the chessboard
adjacent to the last row, and the leftmost column adjacent to the rightmost
column. Let S; be the set of squares on the chessboard on the torus. We
uniformly at random choose configurations of kings from the set of all 27*
configurations.

Let A; be the event that square i is undominated, that is, the 3 x 3 block
of squares, or cell, centered at ¢ does not contain a king. If a square j is
located within the 5 x 5 cell centered at ¢, the 3 x 3 cells centered at ¢ and j
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overlap, implying dependencies among the events A; and A;; however, rela-
tive to the number of events, the number of such dependencies is small. It is
easy to note that if an event A; occurs, the configuration is not dominating,
so we consider Pr(N;es,A;) (in fact, g(n, k) = 2" Pr(Nies, A;)).

On the set of all configurations 2, we define a simple partial ordering as
follows: w1 < ws for wy,ws € Q if and only if wy is obtained by adding kings
to wy. Then for any Sy C S;, if the event B = N;egs, A; occurs for wy € Q,
it also occurs for wy € Q where w; < wy. Events with this property are
called superhereditary, and by a result of Kleitman [Kle66], there is positive
correlation between any two such events. That is, for sets S1,5; C &, if
By = Njes, Ai and By = Njeg, As,

PI'(Bl N BQ) > Pr(Bl)P(BQ) = PI'(Bl|B2) > PI‘(Bl)
In particular, Pr(4;|A;) > Pr(4;).
2.2. Equivalence of Torus and Plane. Before continuing on to deter-

mine bounds on g(n, k), we justify our consideration of the torus, by show-
ing that asymptotically f(n, k) and g(n, k) behave similarly.

Theorem 1. If lirilg(n,k)ﬁ exits, then lir}cl fn, k)ﬁ exists, and
lim g(n, k) 7% = lim f(n, k)%

Proof. In a similar fashion as the torus, let S, be the set of squares on the
chessboard embedded in the plane. Let 0S, C S, be the set of squares on
the border of the chessboard, and dS; C S; be a set of squares that would
correspond to S, if the chessboard was cut along a row and some column,
and embedded in the plane. Then let SS = 8,\08, and S = S;\9S:.

We assume that the 11121 g(n, k:)ik exists. Then,
n,

a—""

: % —_1; nk . AN\
1%%1 g(n, k)nk 1132 (2 Pr (ﬂlestAz))

N _ Rt

= lim2 (Pr (mieS?Ai)) " (Pr (ﬂieastAi‘ mjeS? Aj)) ’

n,k

Since the events in dS; are positively correlated with Pr(4;) = (1-277)
and the number of events in 0S; is 2n + 2k — 4,

S
1> Pr (ﬂieathA ﬂjes? Z]) nk > ((1 . 2—9)2n+2k74) 1/nk

Since the lower bound goes to 1,

1
lim Pr (ﬂieastAH Njeso AJ’) =1
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Then lim,, 2 (Pr (Nies,\os,4i)) ™" exists, and we can have that

1
liril g(n, k)ﬁ = lir£12 (Pr (ﬂiesgzz)) E
Similarly for the plane, the events in 0S, are positively correlated with
P(A;) > (1 —27%) (the corners give this value) and the number of events

in 05, is 2n + 2k — 4,

A — \7F —4\2n _a\1/nk
1>Pr (ﬂz’easpAi\ Njeso AJ.) > ((1 —274)2 +2k 4)

so that

1

hIIl PI‘ (ﬂié&spﬁ” ﬂjesp Zj) "E = 1
n,k P

Also, if events in the “boundaries” of S; and S, are removed, there is no
difference between the plane and the torus, that is

Pr (ﬂtesgzl) =Pr (miesgzi) .
Therefore,

li w5 = lim (2" Pr (N;
lim £ (n, k) 7% = lim (2" Pr (Mies

1

= lim?2 (Pr (ﬂiesozi)> "™ = lim g(n, k)=F
n,k t k
2.3. General Approach. We can partition the squares of the chessboard
on the torus into disjoint k/¢ cylindrical strips, each of width ¢. For a
particular strip, let By ,, be the union of each event A; whose corresponding
3 x 3 cell is completely contained within the strip. This partitions the set of
events into two sets, U; and Us, where U; is the set of events corresponding
to 3 x 3 cells contained in k/¢ disjoint cylindrical shells of width ¢, and U,
is the set of remaining events.

Pr (ﬂ;;klzai) =Pr (miEUlzi) Pr (miEUQZ” miEU1 Zz)
= (PI‘(Bg7n)k/e) Pr (mieUQZi‘ ﬂi€U1 Zz)

At a particular boundary between two cylindrical strips, let Vi be the
events corresponding to the two rows on either side of the boundary. We
know that for any set S C &,

Pr (Niev, Ai| Nies A;) > Pr (Nicvy A;) = Pr(Bu,,)
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We therefore obtain the following upper and lower bounds.
Pr (% Ay,) = (Pr(Ben)*/*) (Pr(Bya)*) (1)
Pr (M 4,) < (Pr(Ben)™’’) Pr (Nievu Ail Niew, &) (2)

In Section 3, we use the transfer matrix method to obtain Pr(B,,) for
small values of /. In Section 4, we derive upper bounds on the conditional
probabilities obtained by expanding the expression Pr (ﬁieU2 Al Nicu, Ai).

3. THE TRANSFER MATRIX

The configurations on the ¢ x n cylindrical strip can be constructed by
successively overlaying configurations on ¢ x 2 cells of squares. To overlay
two configurations, the rightmost column of the previous ¢ x 2 cell and the
leftmost column of the next £x 2 cell must contain the same configuration of
kings. To additionally ensure that no 3 x 3 cell completely contained in the
cylindrical strip is empty, we require that any two configurations on a ¢ x 2
cell which overlap not contain an empty 3 x 2 cell at the same location. It is
not difficult to see that if £ x 2 cells are overlayed in this fashion, the result
is a configuration in which all squares not located on the top or bottom
row are dominated. To count the the number of configurations that can
be built up in this way, we use the transfer matrix method (see [Sta97]), a
method used on many types of problems, including the related problem of
counting independent sets of kings [CW98, CJPT06b, CJP+06a].

To construct the transfer matrix, we first must define the bijection from
the configurations on £ x 2 cells to the matrix indices. Number each of
the squares of the £ x 2 cell by row from the bottom. Then any of the 22¢
configurations on a ¢ x 2 cell on a chessboard corresponds to a binary string
of length 2k, where a 1 in position 7 indicates a king is located in square
i, while a 0 indicates there is no king located there (as demonstrated in
Figure 2).

The transfer matrix for this problem, Ty (¢ > 3), is defined in the fol-
lowing way. The matrix T, has dimension 22¢ x 2%¢, where both the row i
and the column ¢ correspond to the configuration of kings on a ¢ x 2 cell
with the corresponding binary expansion of i. The entry (4, j) of the matrix
Ty is 1 if the configuration on the leftmost column of i coincides with the
configuration on the rightmost column of j, and ¢ and j do not contain an
empty 3 X 2 cell at the same location.

The matrix Ty can be viewed as an adjacency matrix of a digraph, where
the vertices are the configurations on £ x 2 cells of squares. A walk of length
n beginning at ¢ and ending at ¢ corresponds to a configuration on the £ xn
cylindrical strip, and the number of such walks is given by [TZ"]M.7 the (i,1)

entry of T;'. Therefore, the total number of configurations on a cylindrical
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FIGURE 2. The configuration on an 5 x 2 board corre-
sponding to the binary number 0011010011.

strip of length n and width ¢ such that each event A; occurs is given by
Tr(1}'), the trace of T}, i.e.,
Tr (17')

Pr (Bgyn) = QT

A nonnegative matrix M is primitive if every entry of M™ is strictly positive
for a suitably large value of n. Given any configuration 7 on a k x 2 cell
and any configuration j on a k x 2 cell, a valid sequence of overlaying
configurations which start with ¢ and end with j can be easily be found
by considering the configuration for which the first two columns match 4,
the last two columns match j, and all remaining squares contain a king.
Therefore, T} is primitive since 7;) > 0. The Perron-Frobenius Theorem
describes the dominant eigenvalue in primitive matrices, along with the
associated eigenvector.

Theorem 2 (Perron-Frobenius). Let M be a non-negative, primitive ma-
trix. Then there is a unique eigenvalue N\, of largest absolute value. Fur-
thermore, A > 0, and the eigenvector associated with A\, is positive.

Let A¢ be the unique principle eigenvalue as guaranteed by the Perron-
Frobenius theorem. Since the trace of a matrix is the sum of its eigenvalues,
A¢ can be used to describe the asymptotic behavior of Pr (B, ) for fixed ¢
and increasing n.

Tr(T™ 1/n
lim (Pr(Br,))"" = lim ( TQ(lné )> B % 3)

n—oo n—oo

3.1. The Recursive Structure of 7y. The matrix 7y has the nice prop-
erty of having a simple recursive structure, in terms of Ty_1, Ty_2, and
Ty—3, as given below.
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FIGURE 3. The transfer matrix T3
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Note that each 0 represents an appropriately sized block of zeros, and

1 all have the same dimensions.

and T are the trivial matrix obtained from only checking

and Rg_
to see if two configurations overlap,

Ty,

—1

also that the matrices Sy

The matrices T}

and the matrix T3 is given in Figure

3 (Note that the only zero entry that is not a result of non-overlapping

).

has the recursive structure given above.

entry

)

(0,0
Theorem 3. The matriz T,

configurations is the
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Proof. Let wy; denote a configuration on a 2 x £ cell, and w,_; denote the
configuration on a 2 x (¢ — ¢) cell formed from removing the last ¢ rows
from w,. We loosely let [Tp],, ., be the matrix element at the indices
corresponding to w; and wj.

The matrix Ty can be partitioned into 16 blocks, where the indices of the
rows and columns can be partitioned by the four possible configurations on
the last row of each configuration on a 2 x ¢ cell (which are 00, 01, 10, and
11, 1 corresponding to the placement of a king, and zero corresponding to
an empty square.) The zero blocks in the definition of Ty correspond to
entries where the last row would not overlap. Therefore we need only to
consider configurations wy and w; where the last row of w, and wj, overlap,
and we do so by cases.

1. The last row of either wy or wj is nonempty.
If the last row of either w, or wj is nonempty, then any square in the
penultimate row is dominated. Then [T¢],, ., = 1 precisely when
[Téfllwzfl,wg,l =1
2. The last row of both w; and wy is empty.
This case corresponds to the entry Sy_;. Again, we note that the
zero blocks in the definition of S;_; correspond to entries where
the last row (of wy—1 and wj_,) would not overlap. Again, consider
two cases.
a. The last row of either wy_q or wj_, is nonempty.
In this case the penultimate row of w, and wj is dominated, so
[T¢]; ; = 1 precisely when [T;_o]

We—2,Wj_y
b. The last row of both we_1 and wj_, is empty.
This case corresponds to the entry Ry_;. Again, the zero
blocks in the definition of R,_1 correspond to entries where
the last row (of wy_o and wj_,) would not overlap. Again,
consider two cases.
i. The last row of either we_o or wj_, is nonempty.
In this case, the ante penultimate row of wy or wy is
nonempty, so the penultimate row is dominated. Then
[Tt]w,,wy, = 1 precisely when [T}_3]

We—3,w)_g
ii. The last row of both we—s and wj_, is empty.
In this case the last three rows of both wy and wj are
empty, so the common square in the penultimate row is
not dominated, so [7],, ., =0

Thus, the matrix T, can be defined recursively by the formula given. O
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FIGURE 4. The configuration of kings on the removed section.

4. AN UPPER BOUND ON THE CONDITIONAL PROBABILITY

In Equation 2, we would like to bound the term Pr (mieUZZA Niet, Zi)

from above. We do this by finding bounds on the expression
B Pr (4;| Nies Ai)

Trivially, this is bounded above by 1. Slightly more work achieves a
bound of (1 —2713). Consider the configuration of squares given in Figure
4. For S € 8; (i ¢ S) and B = NjesA;, any configuration where both B
and A; occur can be modified by removing thirteen squares in this pattern,
and replacing them with the configuration given in Figure 4, so that B still
occurs, and A; does not. Then among every 2'3 configurations for which the
event B occurs, the event A; occurs in at least one, so Pr(4;|B) < 1—2713,

However, we can improve on this by proving a positive correlation version
of the Local Lemma. This approach follows the proof of the Local Lemma
given in Chapter 5 of [AS00].

Let T; be a subset of the events which are dependent on the event A;.
We choose z; for each event A; such that

Pr(A; Njer, 4;) > z; [ (1 — =) (4)
JET;
for all 1 <4 < nk.
Lemma 1. For any set S C S,
Pr (AZ-\ Njes Zj) >

Proof. We use induction on the cardinality of the set S. We partition .S into
sets S7 and So, such that S7 is the set of events in S which are dependent
on the event A;, and the set Sy is composed of the remaining events of S.

Pr (Az n (ﬁjesizj) | (ﬁjESZZj))
Pr (ﬂjeSIAj‘ ijsz AJ)

Pr (Az‘ Njes Zj) = (5)
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Consider the chessboard with the 3 x 3 cell centered at i removed. The
events (ﬂjesl Aj) and (ﬁj652Aj) are still positively correlated on the re-
maining board, yielding the following equation.

Pr ((Njesi 4;) N (Njes: 4j) 14i) = Pr ((Njes; 4;) |4i) Pr ((Njes, 4;5) [43)
Thus,

— — Pr(A; N (Njes, 45)) Pr(A; N (Njes,45))
Pr(A4; N (Njes, A)[(Njes, Aj)) > JEoLT SRR A
r( (Njes, A45)(Njes, 45)) Pr(Ai)Pr(mjeSQAj)

= Pr (Al n (mjeslzj))
> [ (1-2))

JES1

(6)
Expand the denominator, and apply the induction hypothesis to find
Pr (Njes, Aj| Njes, A;) = Pr (Aj,| Njes, A;) Pr(Aj, |45 0 (Njes. 4;))
e Pr (er| ﬂf;ll Aji n (ijSQZj))

= (1=Pr(4),] Njes, 47)) (1= Pr (4,145, N (Njes.4;)))

. (1 —Pr (Ajr| O;:ll AN (ﬁjesgﬂj)))
<(l-z)A—aj)...(1—zj,)
= [[a-=) (7)

JESL

Applying the upper bounds on the denominator from (6) and the lower
bounds on the numerator from (7) to (5) yields the desired result. O

In order to determine x;, we define Ej to be the event that there is a king
in the 3 x 3 block of squares centered at j, minus any squares contained in
the 3 x 3 block of squares centered at i. Again, these events are positively
correlated and independent of A;.

PI‘ (A1 ijTl Z])
Z PI‘(AZ) Pr (ﬂjeTiEj)
> Pr(4;) [] Pr(B))

JET;
=(1-2"")(1 =273 (1-277)%=(1—270)% (1 —27")% (1 —27%)%
where ai,a0,a3,a5 < 4, as < 6, the values dependent on the events in
the set T;. In fact, the events corresponding to the a; and a3 exponents
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overlap, so the condition a; < 4 — ag can be added. We can then choose
x; = 0.001150168444385 for all 7, which gives

sJax r (4] Nies 4;) < 0.9988498315556 (8)

5. RESULTS

The function g(n, k) is submultiplicative, so lim,, . g(n, k)'/™* exists

for every k. Taking the limit as n — oo of the nk-th root of both sides of
Equations 2 and 1, and applying Equation 3, we obtain

tim (Pr (1, A,,)) ™ > (”)w (A‘*)W )

o n A 1/¢
lim (Pr (N7 4,,)) " < <2j> (0.99884983155562)2/¢ (10)

n—oo

Since Ag = 63.6096223408566 and A4 = 15.9491257240594, we obtain
0.99845069510726 < lim (Pr (N}, 4,,))"/™" < 0.99859765244601

Equations 9 and 10 also allow us to show that liril g(n, k‘)ﬁ exists.
n,

Theorem 4. The limit liIil g(n, k)ﬁ exists.
n,

Proof. We show that lil}cl (Pr (O?ﬁlﬂai))l/nk exists. Using circular strips
n,

of width s for in Equation 10 and width ¢ in Equation 9, we can achieve

the following inequality.
A\ M
)\1/5 )\1/t M
SN 16

This inequality is true for any choice of s, so we may take the liminf as
s — o0 of the left,

16
Taking the lim sup as t — oo of both sides yields

1/t
lim inf )\i/s > )\%/t <)\4>

lim inf \1/* > lim sup /\i/t.

Therefore, the limit limy_, o )\;/ ¢ exists, which implies that the following
double limit exists i
np < lim P (022, 7,,) / O

Applying Theorem 1 gives the following theorem.

Theorem 5.
1.996901390214526 < n < 1.997195304892026
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6. AN ALTERNATIVE APPROACH

Lastly, we consider an alternative approach to counting the number of
dominating configurations of kings on an kxn chessboard. Instead of choos-
ing random configurations uniformly from the space of all configurations,
choose random configurations from the space of all configurations with M
kings. Let A = nk to simplify the expressions to follow. Let Ahj,; denote
the expected number of kings needed to “fix” a configuration, that is, the
expected value of the minimum number of kings which need to be added
to a random configuration with M kings, such that the configuration can
be made dominating.

Remove Ah); kings from each dominating configurations with Ahy; + M
kings. This leaves configurations with M kings. At least 1/Ahys of the
configurations with M kings require the addition of Ahjs or less kings in
order to become a dominating configuration. Thus removing Ah,s kings
from the set of all dominating configurations covers at least 1/Ahys of the
number of configuration with exactly M kings.

F(k,n) (MzhihM) > ﬁ (ﬁ) (11)

A

162 g

We note that this is valid for any function greater than hj,;, as long as

M + Ahy; < A. To simplify things, we let M = pA for an appropriate

value of p, and also set ¢ = 1 — p. Expanding the righthand side and
making these substitutions, we obtain the following.

T
Ahy (pA:hi?M)  Ahar (gA) (pA + Ahay)!

f(k,n) >

Apply Stirling’s Approximation (we over-estimate the error term with e
) to obtain

1 hat AA(Ahyp)Ahm
Al \| q(p + hiar) (@A) @D (pA + Ahyy)@A+AR ©

flk,n) >

Taking the A-th root of both sides and simplifying yields

1/A
Fnga s (L ( + )/ "
’ — \ Ahar \a(p+ha) q(p + har) @+’

As n, k — oo, this equation becomes

ha"
> M
= q‘Z(p—FhM)(P‘H"LM)-
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6.1. Approximating hj,;. In order to approximate the function h,;, we
instead consider placing kings at squares on the board independently with
uniform probability p. In order to examine hj;, we choose p such that
M = pA, as we chose previously. In this distribution, we again consider
the expected number of kings needed to “fix” a configuration, and we will
let this value be Ah,. The quantities hj, and hjs are related if we consider
hy and let p’ — p, as we will show below.

Let = P([n]), the power set of {1,2,...,n}. Let E,(X) be the expected
value of a random variable X on a subset S C [n] such that the elements of
S are chosen uniformly at random from [n| with probability p. Let E}(X)
be the expected value of a random variable X on a subset S with k elements,
such that S is chosen uniformly at random from all k-element subsets. We
assume that the quantity pn = M is an integer. As discussed in [Bol01],
the quantities I, and £}, are closely related, and we give one aspect of
that relationship below.

Lemma 2. Suppose p, X, and S are chosen as above, with p > 1/2 4 ¢
fore >0, Ef(X),E,(X) >0 for all k,p, and Ej(X) < Ef,(X) for k' <k.
Then for p1 = p — /EL and large enough values for n,

Epl (X) > E;(W:pA(X)

Proof. By splitting the elements in § by subset size, we can write E,, (X)
as follows:

(0= 3 (1) oty

1

We define ps = p; — \/% (We will treat pon as an integer, avoiding floors
and ceilings in the summations which do not change the result), in order to
consider a thin slice of this sum centered at p. Since all terms of this sum
are positive, we obtain

rin
n\ . n—
Ep (X) = Z (k)Ek(X)PIfCh k.

k=pan

Using the fact that E},(X) < Ef(X) for all pon < k < pin, as well as the

fact that since p,p1, po are larger than 1/2, pk¢? ™% > ph*"¢2*" we obtain

pin
* n n—k
EnlX] 2 Ba0) 3 () Jobar

k=pan

n n n
> Ep(X)(pin — pzn)< )sz a5
p2n
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Using Stirling’s approximation, we obtain the following

Ep, (X) > Ex(X) (%)

= B (X), /2L > By (X) O
P2q2

Therefore, we will consider h,, as an upper bound on hj;, as we approach
this value as A = nk grows larger.

An upper bound on the number of kings needed to “fix” a configuration
is the number of undominated squares. If kings are placed uniformly at
random with probability p (with ¢ = 1—p), the expected number of squares
which are not dominated ¢°A, so hyp < q°.

We can do better at approximating h, using inclusion/exclusion. A king
placed at the center of an empty 3 x 3 cell will also fix the problem of having
the 3 x 3 cell directly above empty as well. Let X be the random variable
which determines the number of empty rectangular cells of area 12 or less
with length and width at least 3 squares. We can count this by counting
the number of empty 3 x 3 cells, as well as the number of empty 3 x 4 and
4 x 3 cells, and then using inclusion and exclusion to represent when an
empty 3 x 3 cell is contained in the intersection of some collection of empty
3 x 4 and 4 x 3 cells. The expected value of X is

E(X)=A [(qg +2q12) — 4¢'% + 4¢'5 — 4¢1® +(]21]
- A [qg —2¢12 4 4¢"0 — 4418 +(]21]

This gives a smaller upper bound on the value of h,. We can apply the
same process to find tighter bounds on h,, but further inclusion/exclusion
does not change the coefficients of the ¢° and ¢'? terms.

We can refine this approach by noticing that multiple placements of kings
will “fix” a configuration. In particular, if there is an empty 3 x 3 cell, a
king placed on any of the nine squares dominates the center square. In our
particular case, we have approximated h, by counting the number of empty
3 x 4 and 4 x 3 cells, as well as the number of empty 3 x 3 which are not
contained in any empty 3 x 4 and 4 x 3 cells. A king can be placed on any
of six squares to fix each of these empty squares. In Equation 11, if the
quantity Ahys is taken to be the expected number of empty 3 x 4, 4 x 3,
and 3 x 3 cells as described above, then we can say the following.

’ - M+Ah
Ahar (Y300
This yields the following.

thM

q(I(p —+ hM)(P+hM)

n> 6hM
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This gives the lower bound n > 1.98653 at p ~ .520735; however, the lower
bound obtained by the transfer-matrix method is tighter, however we feel
that improvements to this method may lead to better lower bounds.

7. CONCLUSION

Both the main method used and the alternative method discussed in the
previous section have advantages and disadvantages. Further refinement
of the bounds in Theorem 5 is certainly likely using the main method and
eigenvalues of larger transfer matrices, but this is very computationally in-
tensive. Additionally, unless the recursive structure of the transfer matrices
can be translated into a recursive structure of their respective maximum
eigenvalues, an exact answer seems unlikely to result from this approach.

The alternative approach from the previous section does not give as
good a bound on 7, but we feel that some method based off this approach
is much more likely to result in an exact solution then something based on
the transfer matrix method. At the moment, it is unclear how close our
estimated value of h, is to the true solution, and a better approximation
to this may dramatically improve the bound resulting from this approach.
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