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ABSTRACT. Let E be an elliptic curve defined over some Abelian number field K with ring
of integers Ok. For a prime p of degree f in Ok let a,(E) be the trace of the Frobenius
morphism. Let p be a rational prime such that p lies above p. By Hasse’s theorem, we know
that a,(F) satisfies the inequality |a,(E)| < 2pf/2. For a fixed integer  we define

mp () = #{p : N(p) <, degg(p) = f, and ap(E) =r}.
A generalization of the Lang-Trotter conjecture for elliptic curves over number fields asserts
that there exists a positive real constant Cg , r such that

Ve if f=1

logz?

7ol (@) ~ Cpry S logloga, if f=2

1, otherwise.

We prove an average version of the above conjecture. For the f = 1 and f = 2 cases we
calculate an explicit constant.

Let E be an elliptic curve defined over a Galois number field K. Set n = [K : Q] and
denote by O the ring of integers of K. Let p be a prime of O of degree f which lies above
the rational prime p in Z. We denote the degree of a prime in Ok as deg,(p). If F has good
reduction modulo p, then we consider E over the finite field Ok /p. Let ay(E) be the trace
of the Frobenius morphism. The number of points on E over Ok /p is

#LE(Ok/p) = N(p) + 1 — ay(E)
where the norm of p, N(p) = p/ is the number of elements of O /p, and a,(E) satisfies the

Hasse bound
lap(E)| < 2¢/N(p) = 2p’/*.
Let r € Z. If f|[K : Q], define

i (x) = #{p : N(p) <, degi(p) = f, and ap(E) = r}.
Recall that in the case that K = Q Lang and Trotter [?] conjectured

Conjecture 0.1. Ezcept for the case where r = 0 and E has complex mulitplication, there
is a constant Cg, such that

Er——  as T — OQ.
“logx
Very little is known about the Lang-Trotter conjecture. In [?] Elkies found that for any
elliptic curve E over Q, there are infinitely many primes p such that a,(E) = 0, but there
are no other results of this type with a,(E) # 0. There are several average results (see [?],
1?1, 171, 1?1, [?], [?])- In [?] David and Pappalardi prove
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Theorem 0.2. Let K = Q(i) and C, denote the set of elliptic curves E: Y? = X3+aX +f3
with o = ay + agi, = by + byt € Z[i] and max{|ai|, |az], |b1], |b2|} < xlogx. Then forr # 0,

1
c Z 72 () ~ ¢, loglog x
Tl BeC,

where .
il ())
" 3r s =D (—=(7)
If r =0, then
! Z Ty (z) < oo.
|C$| EcC,

In this paper we generalize David and Pappalardi’s results to include number fields other
than Q(7) and we allow f to be any positive integer such that f|[K : Q]. Let [a1,...,a,] be
an integral basis for Ok. By an integral basis we mean that

OK = @ ZO&Z'.
1<i<n
Then for any A € Ok there exist ¢ € Z" such that A = """  0[i]o;. Define

i) = e (371



For v € Z", define

n

A@) =) ilila; € Ok.

i=1
For v1, vy € (Z™)?, we write Ey;  for the elliptic curve
Egg iyt =2 + A'(0))z + A'(v3).

Definition 0.3. For a parameter t € R let C; be the set of elliptic curves defined over Ok
which have Weierstrass equations

Eg.g y? =2 + A(v])r + A (03)
where ||01]|, [|[vs]] < t.

Brett Tangedal points out the following fact which is a corollary to [?, Chapter 3, Theorem
3.7].

Fact 0.4. Given a Galois extension K/Q, there exists B € Z, such that for any rational

prime p € Z, [Ok [y : Z/pZ] depends only on the residue class of p modulo B if and only if
K/Q 1is Abelian.

In this chapter we prove

Theorem 0.5. If K/Q is an abelian extension of degree n, then

(1)

1 r
@ 7TE’~1($') = Dr,l,Kﬂ'l/2<x> + O(
EeC:

NI logx)
— +
log® x t
(2)
1 1

> m(x) = Draxcloglogz + O (1 + @)

’Ct’ EeC:

(3) If f > 3, then

log? =
1 O (1+ k') for f >5
o 2T @) =101+ st slogloss ) - for f — 4
¢ BeC: z'/6logx
© Q) 1+—6t1g> for f =3
where D, ¢, is defined as follows for f =1,2. Select a1,...a; and B so that degk(p) = f if

and only if p = aq,...a; (mod B) (This can be done since K/Q is Abelian.), where p is a
prime above the rational prime p. Then,

l

_dn q(®—q—1) ¢
D= 5oy L ity =1 L =7 2 e

g,0dd q,0dd i=1
atB atB
afr q|r



and

(—_1> _ (i)ordq(B)H g~207a(B)
Dok = H 1+~ q2 ;
¢ = ()

q,odd q
qlB
qlr

2n (%l)q—l !
ot L ﬁ a1 ) 2o

q,odd
afB
qlr afr

where kyq, p and ¢, g are defined as follows. Let r, A, B € Z with (A,B) =1 and r odd.
Let A" =2 — 4A and put

Qf’A?B = {q > 2, prime : q|B;qTr;ordq(AT’A) <ord,(B)} and
QEA,B = {q > 2,prime : ¢|B; ¢ { r;ord,(A™*) > ord,(B)}

For q € Q74 p, we let

T, or ( T’A) . . .. .
((A A)/qq ot ) if ord, (A1) is even, positive and finite,

I, =
0 otherwise.

then

—A
q (‘1 + (T)) g gorda(B)+2
kT,A,B = H H

_ ordg(B)—1 ordg(B)+1
g,0dd ¢~ 1 €, , g g1 PN

I1

qEDf,AyB

2 AL
g (B2) 4+ (828) g oS (gD, 4 ¢2T2) pp(ql = )
1+ 5 +
q° — 1 Lordq(A » )71J _
g = g—1)
for ¢, ap set A, = ord,(r? —4A?), L, = <%) and put

‘B,%A’B = {q > 2,prime : q|B;q{r;ord,(B) < A,} and
B, ap = 1q > 2,prime : ¢|B; ¢ 1 r;ordy(B) > A, > 0}.

)
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then

or ordg(B)+1 ordg(B)+1
A H - qu2 dq(B)_Lq a(B)+ Lq q(B)+
T, o Oor' or

i Porda(B)+2 [, q2ordy(B) q— L,

a|B

atr

=

ordqg(B) ordg(B)
R (> +q+ q"““’(B))qg_Q[+1
T (+ D@~ 1)
g.0dd q q q
qe;‘BrS,A,B
H (1 _ q—3rAq/2—u) H <1 _ 382D .
3 _ 3 _
q,odd q 1 g,odd q 1
q€‘13,>.,AYB qE‘«Bf,A,B
Ag=1 (mod 2) Ag=0 (mod 2)
or _ ordg(B)—A ordg(B)—A
Ly [@ 78 — g R (g — ) g R g — )

qPRal? Ta q*rda(B)=80) (g — 7,)(q? — ) ‘




An immediate corollary is

Corollary 0.6. With the notation from above
(1) Fort> x%?logz,
1

7,1
— T (.CC) ~ D 1,K .
[ Pt E " ogx

(2) Fort > /zxlogz,

1 r
@] 752 (x) ~ Dyo i loglog .
EeC:

(3) Fort > z'/%log,
1 r
cl > wpi(x) = 0(1).

EeCy

(4) For t > loglogxlog® x,

|c_1t| S () = 0(1).

EeCy

(5) For f >5 and t > log*z,

ﬁ S (@) = 0(1).

t EeCy

In order to prove Theorem 0.5 we employ the following three lemmas.



Lemma 0.7. Let K/Q be an Abelian extension. Select ay,...a; and B so that degg (p) = f
if and only if p = aq,...a; (mod B), where p is a prime above the rational prime p. Then

|ct P

EeCy

[\/_logacZ Z Z L(1, Xay.(p)) log p

i=1 k<2xf/2 B(r)<p<azl/f
(k,2r)= k2|r2—4pf
p=a; (mod B)

+ E(x,t)

l
@ 1 d 1
-y DS S ¢l 1 ) ds
~ /B(r)f K (1 xa ) o8 P~5g (Sl/2 logS)
i=1 k<28f/2  B(r)y<p<St/f

(k,2r)=1 k2|r2—4pf
p=a; (mod B)

where

( log? x
1 1 loggxloglogx :;Z: ; i i
t
E(z,t) < l—l—m for f=3
1+ ﬁlogx for f =2
loglogzc—i—ﬂ for f=1.




Lemma 0.8. Suppose that r, A, B € Z, with r odd.

(1) (f = 1) Set di(p) = (r* — 4p)/Kk?, if K*|(r* — 4p) and O otherwise. Let B(r) =
max{5,7?/4}. and Xq,p) = (d’“T(m) For every ¢ > 0,

1 xr
2. k > L(Lxdk(p))logp:KT,A,B:HO( _ )

log® x
k<2/z B(r)<p<z
p=A (mod B)
4p=r? (mod k?)

(2) (f = 2) Set di(p) = (r* — 4p*) /K>, if k*|(r® — 4p*) and O otherwise. Let B(r) =
max{3,r,7?/4}. and Xap) = (d%(m) For every ¢ > 0,

1 VT
Z z Z L(1, Xay) logp = Cpapva + 0O (logcx)
k<2z B(r)<p§x1/2
(k,2r)=1 =A (mod B)

4p2:7'2 (mod k2)

where L(S, Xa,(p)) 1S the Dirichlet L-function of Xa,(p)
We define C, 45 by

Cran= > Zn¢ 4an2 2 (%)CT(“’”’@

(k;k;ﬂl)\] n= a€(Z/AnZ)*

where
Cr(a,n, k) =
#{b € (Z/ABnk*Z)* :b=A (mod B);4b* = r* —ak® (mod 4nk?)}.

We define K, 4o by

rAB

Krap = Z Zm) Bnk2

where

a€(Z/AnZ)
a=0,1 (mod 4)
(r?—ak? 4nk?)=4
4A=r?2—ak?® (mod (4B,4nk?))



Lemma 0.9. With the notation used in Theorem 0.5 and Lemma 0.8

(__1> B (__l)ordq(B)—H q720rdq(B) (__1>ordq(B)+l
Cr,A,B = H 1+ a 1

—1
g,0dd q* — (7)
q|B

qlr

=L)g—1
2 H q H 1 <q>q CrAB-

30(B) 1\ g — <—71> o (¢ =1D(¢* = 1)
atB atB
qlr atr

The organization of the rest of this paper is as follows. Using the above three lemmas we
prove Theorem 0.5 in section 1. Let E4 p be a curve defined over Ok /p. After determining
the number of elliptic curves in C, which reduce to E4 g over Ok /p in section 2 we give the
average in terms of Hurwitz class numbers by using Deuring’s theorem in section 3. Then
using the class formula we obtain a result in terms of L-series and prove Lemma 0.7. Section 4
is devoted to computing C,(a,n, k) defined in Lemma 0.8. In section 5 we use arguments
similar to those of David and Pappalardi [?, lemma 2.2] to prove part 1 of Lemma 0.8. We
construct a multiplicative function in section 6 which is a necessary tool in section 7 where
we manipulate the double sum, C,. 4 p defined in Lemma 0.8 and prove Lemma 0.9.

1. PROOF OF MAIN THEOREM

In this section we prove Theorem 0.5. Suppose f = 1. We combine Lemmas 0.7 and 0.8
(2) to obtain

!
7“1 1 < x >
= Kr,ai, .1'—|—O c
] Ci| E; [\/_logxZ B log® z

l

* S d 1
_Zzl/B(r)f< 'raZBS+O(l CS))TS(—Sl/QlogS) dS]

z3/? logx)

+ O(log log x + r

Recall the expression for D, ;

4n q(¢* —q—1)
Dr = T 5 kr ,a;,B
g ) e i fdldq - Z
aB qJ[B
afr qlr

In [?] James proved

2 (@ —q—1) q
Krap= 36(B) 11 (¢+1)(g—1)? }:I 3 _qhnAs

g,0dd aa 4
q1B q{B
qfr qlr

We make two observations:



!
1 T \/E
S PN Kra‘ Kra
\/Elogx;< ’“Bx—i_o(logcx)) logxZ ZB+O<logcx)

ZKm _ 7TDr1K

Therefore, we may write

Z rl Dk VT
|Ct| 2 logx

S d 1
_—Z/ ( raZBS—l-O(lOg S))E(Slﬂlogs_) ds

+O< VT mng)

log® x t
Note that g f11 5= {253/211%5 + 57 i)gQS} . For the O-term inside the integral we have
S d 1 8 1 1
—— = | == | dS = — ds
/2 (logCS> ds (51/2 log S) /2 log® S [233/2 log S GE log? S}
1
log€z
Therefore,

Z rl o rlK \/_ DT‘IK/ S—d 1 dS
log 2 Jy  dS\SY2log S

| t|EeC
T 232 log x
+0 f 4208
log® x t

:Dr,l,K \/E +/ S—d 1 ds
2 |logz J, ~ dS\SY2logS

+O< N +x3/210gx>

log€ x t

Recall the definition for 7y /2(X)

(X) / Tl g
T — -
12 s 2V Slog S

Integrating myo(x) by parts one obtains

N

logz T2 / \/_10g S




Therefore,

Z 7’1 o 7’, 1,K \/E +/m / S
|Ct|E€C 2 |logz J, 2\/_10g5 \/_log S
—1—0( VT +x3/2logx)

log® x t
N N 32 log
log®x t '

= Dnl,Kﬂ'l/Q(iIf) + O(

This completes the proof for the f = 1 case.
Suppose f = 2. Combine Lemmas 0.7 and 0.8 (1) to obtain

|ct|Z mii (z) = [\/_llogazzl:< TalB\/_+O(lo\g_x)>

3o (v +0(i55s) ) (smes)
+O(1+@>.

It is easy to see that the first term in the brackets is O(1). Therefore we concentrate on the
term containing the integral. Integrating by parts we see that

v d 1 1 [* ds
— | —— | dS = 1) — —
/B(r)f \/§ dS (81/210g5> S O( ) 2 /B(r)f SlOgS

= —loglogz + O(1).

For the O-term note that

_d( \/§ ) B 1 B c
dS \ log® S 2v/Slogt S /Slogttt s

Integrating by parts gives

L;g_d<T> ds =0(1) _/ [ c+1 o Cc+2 ] ds
By log® S dS\ S1/2log S B(f [251og”™ S Slog™™ S
= 0(1).

Therefore,

l
=2( n E : Vrlogx
|Ct| Z ;( CT:ain) log logiU + 0(1 + T)
=1

EcCy
11



Recall the expression for D, 5 i

alB
qlr
2n q <_1> ¢—1 l
q
11 II (- > Crasn
2 T
37¢(B) godd \ ¢ — (%) g,0dd (¢ —1)(q 1) i=1
atB atB
qlr gfr
By Lemma 0.9
<;1) B (_1>ordq(B)+1 q—20rdq(B) (_1>ordq(B)+1
Coup— H 14 q q n q
¢,0dd q? (:11> g% da(B) <q - <_71>>
q\|B
q|r

2 ()o
'Wnd q—(él) y Doy ) o

which gives

Therefore,
1 1
— ZW%Q<x>:DT72’KIOglngC+O 1—1—M :
|Ct| EeCy t

This completes the proof for the f = 2 case.
Suppose f > 3. By (8) and (9) from Section 3.

1 , n H(4p) —r?)
(1) @ =0 ), + B
C: EeC f 1 p
t B(r)<p<z'/f
g(p)=n/f
and ,
1+ k82 for f > 5
E(z,t) < 1—1—% for f =4
1+ M# for f = 3.

We use H(4p” — r?) < p//?log? p (see pg. 17) to see that the main term of (1) is

H(4pf —r?) log”(p)
OIS P SR U
B(r)<p<a/! B(r)<p<alls

12



Therefore,

(
0 1+@) for f >5
1
G -0 1+—) for f— 4
EeC:
0 1+“’/Zﬂ) for f = 3.

\

This concludes the proof of Theorem 0.5.

2. COUNTING CURVES

Let K/Q be a Galois extension of degree n. Choose aq,...,a, so that [ag,...,q,] is a
Q-basis for K and [ay, ..., ] is an integral basis for Ok. Let p € Z be a rational prime,
and pi,...p, be the distinct primes in O above p. Suppose that p does not ramify in Ok,
so that

pOK =P Py
Since K is Galois over Q, there exist a positive integer f, so that [Ok/p; : Z/pZ] = f for all
1, 1 <1 < g. The ring, O may be thought of as a Z-module generated by a;, 1 <1i < n.
For a parameter t € R to be chosen later recall the notation given in definition 0.3. For
U € Z" define

and

Recall for v7, 03 € (Z™)?, we denote by Ey; 5 the elliptic curve
(2) y? =2+ A(0))x + A(v3).

Recall the definition of C;
Ci = {Esw |01l [lvzl] <t}

Since
#{(@, @) € (Z") | |li]], |@li]| < t; 1 <i<n}
= (2t 4+ O(1))™"
we have
Cy| = 4" + O (> ).
Therefore,
1 1 1
(3) AT +0 (W) .

Let p be a prime in Og. The curve Ej 5 from (2) is said to be minimal whenever the

highest power of p dividing the discriminant is minimized, that is whenever ord,(A(Ey; ))

is minimized. According to Silverman [?, pg. 172] if p { 6, then Ej; ;» is minimal if and only

if ord,y(A'(v1)) < 4 or ord,(A'(v2)) < 6. Let E4p be an elliptic curve defined over Ok /p,
13



and let C;(E4 ) denote the set of elliptic curves E € C; which reduce to E4 g over Ok /p.
To reduce Ey;  modulo p we mean that one should first obtain a model

By =2 +utA(0]) +ulA (v3)

which is minimal at p, then reduce the coefficients of the minimal model (see [?, Chapter
7]). Denote by E:}1 « the reduction of Eg 5 modulo p. We find asymptotics for the size of

the set C;(E4 ) by thinking of pY O and pV as Z-modules, where N > 1. We start with
the following inclusions,
PV Ok CpV C O.

Since pV Ok and pV are Z-submodules of Ok the third isomorphism theorem for modules
gives

(0x)/ (0" Ok) , Ok

(»V)/(p¥Ok) P~

Therefore,
Y O] = 0D

Set s = pN(™=f Suppose {p1,...ps} is a complete set of distinct coset representatives for
pV /pN Ok. Then for A € pV, and ¢ € Z™ we have

A(@)=A (mod p")
A

= AW - Acpy
s AW)-A=p; (mod p"Ok) (somel<i<s)
S AW =A+p (mod p"Ok) (some 1 <i<s).

For 1 <7< s set

n

A+ pi = ZC@jOéj Cij € 7.

j=1
Then
#{TeZMAW) =A (mod p™);|7| <t}

|Ci7j —|—ka3]'| S t;}

N N N
= ) kai k,"')in kn : .
;#{(C’l+p G F P R G T PTR) 2T

2t \" 1
_ _N(n—
=0 | () 0 ()

B (2t>n tnfl
=7 PO\ v )

14



Therefore, for A, B € Ok /p,
# {(771,'03) € (Z"? .
onymn tn—l 2
- [( iz ) o (pf‘l)}
onyn 2 t2n—1
-(5) o)
Considering non-minimal models we see that
| Ce(EaB)|

—#{(01,33) € (2") | B}, s = Eap }
o A(G)=A (mod p A'(%) =B (mod p>;}
= 07, 0%) € (ZM)? - . .
# o e 2 il Il <
+ O(#{non-minimal models})
onyn 2 t2n—1
— ( i ) +0O (Zﬁ) + O(#{non-minimal models})

Recall that if p 1 6, then Ey; 5 is minimal if and only if ord,(A’(v1)) < 4 and ord,(A'(v3)) < 6.

Therefore, we estimate #{non - minimal models} as follows.

#{non-minimal models} = #{Ey; 5 € C; : A'(v7) € p* and A'(v3) € p°}.

A()= A (mod p); A(3) = B (mod p>;}
laill, losll <t

Using the estimates from (4) we have

(i -0 Gin)) Gy -0 ()

Hence, accounting for non-minimal models we have

|Ct<EA,B)| = #{EUE,UE S Ct|E£*17172 = EA,B}
onen 2 25271—1 " n
=(57) o (=) o (7 57)
B (2t)2n O t2n—1 t2n
o p2f + p2f—1 + pIOf

3. THE AVERAGE IN TERMS OF L-SERIES

Before proving Lemma 0.7 we discuss the Kronecker class number and the Hurwitz class
number. In [?] Schoof defines the Kronecker class number as follows. For a,b,c € Z with
a > 0let A; = b*—4ac be the discriminant of the binary quadratic form f = az?+bzy+ cy?.
For A < 0, Schoof defines

K(A)= )1
[f]

Af=A
15



where the sum runs over classes of binary quadratic forms of discriminant A.
A definition of the Hurwitz class number used by Lenstra in [?] and the definition we use is
as follows. For A > 0, we define
HA) = > ¢
(]

Ap=—A
where
if f is proportional to z? + 12,

cr = if f is proportional to 22 + zy + 2,

= Wl N =

otherwise.

Since among forms of discriminant A there cannot be forms proportional to 22 +y? and forms
proportional to z? 4+ xy+y?, we cannot have both a 1/2 and a 1/3 show up in the sum above.
Consider the form f = ax?®+bxy+ cy®. f is proportional to 2% +y*[resp. x?+ zy +y?*] means
there exists « € Z[resp. 8 € Z] such that f = a(z? + y?)[resp. f = B(z* + zy + y*)]. The
discriminants of these forms are Ay = b% —4ac, Ay2iy2) = —402, and Agzgy4,2) = =362
Since 40 # 33? for any «a, 8 € Z, the sum above has one summand which differs from one.
Therefore, H(A) = K(A) + O(1). In [?] David and Pappalardi state the following well-
known formula for the Hurwitz class number. Let D > 0 be the discriminant of a quadratic
imaginary order then
h(D/k?)
H(D)=2 —
2w/
5=0,1 (mod 4)
where h(d) and w(d) denote respectively the Dirichlet class number and the number of units
of the order of discriminant d. For p > 3 and f > 1 any elliptic curve over F,; may be
written as
Ea,b:y2:m3+cwc+b

with a,b € F,s. According to [?, Lenstra] the elliptic curves Eq  over F,r which are F ;-
isomorphic to E,; are given by all choices

a =u'a and b = u%b
with u € ]F;f. The number of such Ey p is
1‘% when a =0 and p/ =1 (mod 3)
P2l whenb=0and p/ =1 (mod 4)
FE— otherwise.

Following Schoof [?] we define N(r) to be the number of F,s-isomorphism classes of elliptic
curves with p/ + 1 — r points defined over F,;. Then by Deuring’s Theorem (see [?] or [?,
Theorem 4.6]) if 72 — 4p/ < 0 and p t r, then

N(r) = K(r* — 4p’).

Therefore,

N(r) = H(4p" —r*) + O(1).
16



Let T,s(r) be the number of models over I, of the form
Exp sy =2+ Az + B.
with p/ 4+ 1 — r rational points. Then using Deuring’s theorem we have
Theorem 3.1. ;
Tye(r) = H(4p = 1%+ O(p").
Proof.
Let E denote an F,s-isomorphism class. Then

i)=Y Y 1

. S pf2_1+o > v’

EJF s EJF
ap(E):r ap(]_:?):r
#{AB:E, pe}=2'=1 #{AB:E, pel}£r =1
Since there are at most 10 classes with size different from ’% we have
f_
_ pr-1 !
= Y Pt ow)
E/F,;
ap (E)=r
pr—1 f_2 f
=" H(4p’ —r) 4+ O(p’).
Using the class number formula
A ld 1/2
h(d) = %L(l,)@) for d <0
T

along with L(1, xa,) < logp (see [?, pg. 656]) and noting that r odd implies that

7«2;;4;# =1 (mod 4), we obtain

The result follows.
17



Proof of Lemma 0.7.
We begin by writing 7/ () as a sum.

ZW ,t|2 Z 1
FEeC, EeC: N(p

degKP f
ap (E)=r

M

Using N(p) = p/ we rewrite the inner sum as a sum on p. There are g = n/f primes in Ok
which lie above each rational prime p. Therefore

G S Lol Eoaeon)

!t!

EEC N(p)<z EeC: pf<g EeCy B(r )<p§a:1/f
degxn ! g(p)—n/f g(p)=n/f
ap (B)=r ap (E)=r ap (B)=r

where ¢(p) is the number of primes of Ok lying above p and the O-term comes from the
finite number of primes removed from the inner sum. We set B(r) = max{(r?/4)/f r 3}
for several reasons. First, to ensure that |r| < 24/N(p), which is a necessary condition in
Hasse’s theorem. Secondly, we need r < p to ensure that p { r (for Deuring’s theorem).
Recall that an elliptic curve defined over a field K has Weierstrass equation y* = 2%+ ax +b
if the characteristic of K is not 2 or 3. Hence, we require p > 3.

Reversing summation we have

%Z Y 1+0()

BEC: B(r)<p<al/S

g(p)=n/f
ap (E)=r

(5) :f’z’ S Y 1o

B(r)<p<gl/f E€EC;
(gr<)p)5nff ap (B)=r

Given a rational prime p let p be any prime of Ok lying above p. Then the inner most sum
of (5) becomes

Y 1= > C(Eap)+0 | Y 1

RO e
a =r is
P #EA,B(pr):Pf+1—7" singular

18



We estimate the O-term as follows

Z 1= Z Z IC(EaB)

BeC, A€Ok/p BeOk/p
EPis 4A3-27B%¢p
singular
(2t>2n
< 2 02
A0k [p
th

Recall from the previous section that given E/IF,;,

(6) ICi(E)| = <<j;2);n) +0 (% +]%) :

Therefore, the main term is

(Zt)Zn t2n71 t2n
> ICe(Ea,p)| = Tpr(r) Kpr +0 g1t opr
Ea,B/F s
#EA,B(pr):pf+1*7'

Applying Theorem 3.1 we have

(2t>2n) (th—l t2n ):| (th)
1=T,(r 4O (=4 —-= || +0 (=
P;t pf( ) {( p2f p2f—1 " plof pf

ap(E):'r"
/ 2t)%" g2t g £
B ¥ N4 f (
_ (H(4p — )5+ 0 )) <( 2 ) +O<pzf—1 +p10f)> O (pf)
Recall (3)
1 1 1
Il O
|Ct‘ <4nt2n + <t2n+1)>
then
1 r
[Tl Wéf<x>
| t| EeCy
n

meo(m)), 2 [(5) o (mim)

B(r)<p<a'/f
g(p)=n/f

(
(- 00 +0 (12)
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Rearranging we may write

1 .
™ @ > T (@)

EeC,
P X | Gmrol@) (5) rolmim))
== > +0 +O0( 5=+
Ang2n 2n+1 2f 2f—1 10f
fB(T)<p<xl/f[ t t p p p
g(p)=n/f

+0| Y. S |+om
B(r)<p<z'/f
g(p)=n/f

(%fH(zL )+ O(pf)>

Recall H(4p/ — r?) <« p//?log?p (see 17). Therefore, the expression within the brackets
in (7) becomes

1 1 (2t)2n t2n71 t2n
(4nt2n +0 <t2n+1)) (( p2f ) +0 (pr—1 + W

: (p—fH(ﬁlpf —r?) + O(pf))

2
H(4p —r?)
— —
L0 (i N p/ H(4p/ —r?) (t2"1 N 2n ) 2" H (4pf — r2)>
oI £2n P21 T 107 pitanTl
H(4p) —r?) 1 log’p

=10

B 0 log? 1 1
Tyt O\ T TS P\ i T i
2pf (

H(4p" —1?) 1 log'p
pf tpf/2*1
Substituting into (7) we have

1 r
1l ZWE’f(«'E)

EeCy
n H(4p —r?) ( 1 log’p )]
O R = i BCT( . WA}
o2nf f f/2-1
/ B(r)<p<z'/’ [ P b tp
g(p)=n/f
Write
1 , n H(4p! —r?)
(8) Sy (@) =o0r Y ————— + E(x,1).
|C:] 2f p
EeCt B(r)<p§:r1/f

g(p)=n/f
20



First we deal with the O-term in (8). For f =1 we use the estimates

1
Z - K loglog x,

p<zx

log? x 23/ 1log
Z\/ﬁ e8P« \/Elogzx:—g.

t tlogx t

p<x
For f =2 we use

3 log’p o _logva _ Vrloge
t log/r ¢ t

p<T

For f = 3 we recall the partial summation formula. Let {a,} be a sequence of complex
numbers. Set

Aly) =) an  (y>0).

n<y
Let f(y) be a continously differentiable function on the interval [m, X|. Then we have
X
> ) = ACOSX) - [ A@)Fw) dy — Alm — 1)5(m)
m<n<X 1

where A(—1) = 0. A proof of the partial summation formula follows directly from Murty’s
proof found in [?, Theorem 2.2].
Suppose f = 3. Set f(y) = y~'/? and set

logZn if n is prime,
a =
" 0 otherwise.

Then partial summation gives

log? 26 1og z:
3 gy g
tpt/2 t

p<zl/3

Suppose f = 4. Then using > % < loglog x we have

p<z

logp  log*z 1 log? z log log
< - .
2y <2,

t
p<xl/4 p<z
For f > 5 use
log? p log? x 1 log? = o 1 log? x
I AL S S L S g
p<3:1/f p<$1/f n=1
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Therefore, we have

(1+ @ for f > 5
1+ 1og2x1?glogx for f —4
(9) B(z,t) < { 14 2l osz for f =3
1 4 Vrlose for f =2
| loglogx + % o logx for f=1.

Now we deal with the main term in (8). Let di(p) = Tz;;lpf. From the formula for the
Hurwitz class number

PR SO
k2|4pf —r2

and by the class number formula

w(dk(P))|dk(P)|l/2L

Mldi(p)) = o (1, Xau 1)
we have
n H(4p' —r%)  n i /4pf -,
TR 7 - > > L(1, Xdy(p))-
2f p o f
B(r)<p<a/! By Ml

Switching the order of summation and noticing that we need only consider k < 22//2, we
have

D I

2m
f B(r)<p<azl/l k2|r2—4pf

g(p)=n/f

(1, Xa(p))

L(Lxdk(p))'

4pf — r?
Lyl
k<2xf/2 B('r)<p<m1/f
k2|r2 —4pf
g(p)=n/f

Approximate /4pf —r? by 2+/pf + O (pf1/2> and use the fact that L(1, xq, () < logp
(see [?, pg. 656]) to obtain

n 1 L(1, Xa,(p)) log p
(10) o RS —z 10 > T
k:Sme/2 B(r)<p§x1/f B(r)<p§a:1/f
k2|r2—4pf k2 \7‘2—4pf
g(p)=n/f g(p)=n/f

for the O-term we use the fact that for any integer m

z:1<<m6 foralle >0

klm
22



(see [?, Exercise 1.3.2]) to see that

log p 1) logp p“logp
Z Z p37/2 < Z ( Z E)pSf/Q < p3f/2 <
k<2wf/2 B(r)<p<azl/f p<zl/f “k2|r2—4pf p<zl/f

k2|r274pf
g(p)=n/f

Set f(y) = (y//?logy)~" and set

L(1, X4, (p)) logp if n is prime and n > B(r),
ay, = .
0 otherwise.

Using partial summation (see pg. 21) the main term in (10) becomes

L(1, Xay(p))
Z Z pf/d;(p)

k<21’f/2 B(T)<p<zl/f

k:2\r2 4pf
g(p)=n/f
= L(1, Xay(p)) logp
—f /1o w1/ f Z Z » Xdp(p)
Wf\/_lOg.ﬁE k<2mf/2 (r)<p<x1/f
k2|r2 —4pf
g(p)=n/f

1/f
n [* d 1
- — L(1 )1 —— | ds.
/ /B(r Z Z Xdk(p %8P s ds (Sf/2 logs) S

k<2x f/2 B(r)<p<s

Set s = S'// and note that k%[4p/ — r? implies k < 257/% to obtain

L(1, Xay(p)
f Z Z pf—/dz()

k;<2;1;f/2 B(r)<p<ml/f
k2|r2 —apf
g(p)= n/f

W\/_logx Z Y. LLxaup)logp

k<2x//2 B(r)<p<ac1/f
k2|r2 —4pf
g(p)=n/f

d 1

k:<25f/2 B(r)<p<SY/f
k2|r2 —4pf
g(p)=n/f

since



Therefore,

1 r
@ Z W}éf(x)

EeCy

n 1 1
= — | — E — g L(1 |
T [\/Elog:c k (L Xay(p) log P

k<2zf/2  B(r)<p<z'/f
k2|r274pf
g(p)=n/f

v 1 d 1
_/B(r)f Z k Z L(LXdk(p))lngTs (Sl/?logs) ds

k<281/2 " B(r)<p<si/f
kz\r2—4pf
g(p)=n/f

+ E(z,t)

4. ComMpPUTING C,(a,n,k)

Recall that in the statement of Lemma 0.8 (1) we defined

1 o 1 a
Coan= 3 12 o 2 () Glemh)

(klzeg\l L a€(Z/AnZ)*
K )=

where

Crla,n, k) =
#{bc (Z/4ABnk*Z)* :b=A (mod B);4b*> = r? —ak® (mod 4nk*)}.
In section 5 we require an upper bound on
> (%) Cank
a€(Z/4nZ)* "

in order to prove Lemma 0.8. In this section we provide a formula for C,.(a,n, k) which will
provide the requisite upper bound. The lemma proved in this section will also enable us to
construct a multiplicative function in section 6 which will in turn allow us to prove a product
formula for C, 4 p in section 7. For the main result in this section we require the following
lemma.

Lemma 4.1. Suppose A is odd, 2 < L € Z, and 1 < k € Z. Then for any X € Z,
X =MA+ M?2"  (mod 2%)
has a unique solution M modulo 2%.

Proof. 1t is easy to check the L = 2 case. We proceed by induction on L. To that end assume

X = MA+ M?2* (mod 257!) has a unique solution My (mod 2571) for L > 3. Given A = 1

(mod 2) and 1 <k < L—1 (k > L is obvious) consider X = M A+ M?2* (mod 2%). By our

assumption there exists a unique M such that X = M A+ M?2* (mod 2171, say M = M.
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We write X — MyA — M32k = 211N for some N € Z. Set My = My +2L71Q, where Q € Z.
Then

X =MA+2M?  (mod 2%)
& 2FIN = X — MgA — 28 ME = 2871 AQ + QM2F + Q?2M 71 (mod 2%)
& N = AQ + QM2F ! + Q%25 =1 (mod 2)
& N =AQ + QMy2"™"  (mod 2)
& N=Q (mod?2)
Therefore, choosing @ = N (mod 2) M is the unique solution to X = M A+M?2* (mod 27)
U

Let p € Z be any prime. In order to compute C,(a,n,k), we note that by the Chinese
Remainder Theorem
(a,n, k) H dy(

p|(4Bnk?2)
p prime

dp(n) = Z 1

be(z/plz)*
b=A (mod pll)
4b2=r2—ak2 (mod plQ)

with [ = ord,(4Bnk?), l; = ord,(B), l = ord,(4nk?).
Note that [ = I} + Iy and ordy(4nk?) > 2.

where

Lemma 4.2. Let p be an odd prime. Using the notation above we have
(1) Suppose 0 <ly <y andly > 0. Then

(n) = P if4A? =% —ak?  (mod p'?)
o otherwise
(2) Suppose l; = 0. Then
1+ (T —ak? > if (r* —ak? p) =1
dp(n) = )
0 otherwise
(3) Suppose 1 <y <ly. Then
I—ls 2 2 2 I
P if 442 =r® —ak® (mod p")
dp(n) = ~
0 otherwise

(4) Suppose l; =0 orly = 1. Then

2min(l1+4,l71) Zf r2 —ak? =4 (mod 2min(5,l2))
0 if r? —ak? #4 (mod 2min(:2))

(5) Ifl; > 2 and 2 < ly <1y + 3, then

do(n) 2=l if4A? =12 — ak?  (mod 2I71)
2770 if 4A% #£ r? —ak?  (mod 2!71)
25
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(6) If l;, > 2 and Iy > 11 + 4, then

do(n) 203 if4A% =12 — ak?  (mod 2173)
n)=
? 0 if 4A2 # r? — ak?® (mod 2473)
Proof.
(1) It is easy to see that if Iy = 0 and {3 > 0, then d,(n) = 1. So suppose 0 < Iy < [; and p
is any odd prime. Then
b=A (mod p") and 4b*> = r* — ak® (mod p?)
& 3M such that 4(A + Mp")? =2 — ak*  (mod p?)
& 4(A% 4 2MAP" + M*p*) =% — ak?  (mod p'2)

& 4A% =% —ak®  (mod p'?).

Since #{b € (Z/p'Z)* : b= A (mod p')} = p'~*, the result follows.
(2) If [; = 0, then d,(n) becomes

be(Z/p'L)*
4b?2=r?—ak? (mod p')

If p|(r? — ak?), then there are no solutions in (Z/p'Z)* to 4> = r?> — ak?® (mod p). If
(r? —ak? p) = 1, then there are two or zero solutions to 46> = r? —ak? (mod p'). If r2 — ak?
is a square modulo p then there are two solutions modulo p which lift to two solutions modulo
p'. On the other hand, if 72 — ak? is not a square modulo p, then there are no solutions
modulo p, hence there are no solutions modulo p'.

(3) Suppose Iy > {3 > 1 and p is odd. If b = A is a solution to 40 = r? — ak? (mod p),
then b = A (mod p") lifts uniquely to a solution modulo p®2. Since #{b € (Z/p'Z)* : b= A
(mod p'2)} = p'~"2, the result follows.

(4) Suppose [; = 0. Then
dy(n) = > 1.

be(z,/2t2)*
4b?=r2—ak? (mod 2'2)
The cases I = 2,3 and 4 may be checked directly. For I, > 5 the number of solutions to
b = # (mod 2272) are 4 if % =1 (mod 8) and 0 otherwise (see [?, pg. 98]). These
four solutions lift to 16 solutions modulo 2%.
Suppose [; = 1. Since B is even and (A, B) = 1 we see that A is odd. Thus,

dy(n) = > 1.

be(z/2t2t1)*
4b?=r?2—ak? (mod 2'2)

The cases I = 2,3 and 4 may be checked directly. For I > 5 the number of solutions to
b = # (mod 2'272) are 4 if # =1 (mod 8) and 0 otherwise (see [?, pg. 98]). These
four solutions lift to 32 solutions modulo 22+
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(5) Suppose l; > 2 and 2 <l <l + 3. Observe

b=A (mod 2")

40 = r? — ak® (mod 22)

& 3 M such that 4(A+ M2")2 =72 —ak® (mod 2?)
& 4(A* + 2T MA + M2 =% —ak®  (mod 22)

S 4A% LM A + MP2% 2 =% — ak®  (mod 272)

& 4A% =r* —ak®  (mod 27).

3 b such that {

The result follows from the fact that there are 271 b € (Z/p'Z)* such that b= A (mod 2).
(6) We consider three cases.
Case 1: Suppose l; > 2 and [, =11 + 4. Then

b=A (mod 21)

3b h that
SHeR T {4[92 =72 —ak? (mod 2?)

& 3 M such that (A + M2M)? = 7“2—4—a/§2 (mod 2'27?) and # S/
& AT 42NN A 4 MM = ﬂ%ﬁk? (mod 2"'*?) and ﬂ%ﬁ €EZ
okt ;akQ S = HMA LM (mod 204 and K _4(”“2 €z
2111“ {TQ —4ak2 — AQ} = MA+ M?2"7 (mod 2) and 27| (# - AQ)
& (#) =M (mod 2)
We require

r274ak2 o AZ
2l1+1

to be an integer. This requirement may be written as 44% = r? — ak® (mod 2"'*3). Under
this condition we have a unique M modulo 2 which gives a solution b modulo 2172, Note if
b satisfies 406 = r? — ak® (mod 2"2), then so do —b, b+ 211 and —b + 24+, But only two

of these four satisfy b = A (mod 2). Therefore, the number of solutions is 2 - 2/~(1+2),
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Case 2: Suppose l; > 2 and [, =11 + 5. Then
b=A (mod 2")
40 = 1?2 — ak?®  (mod 212)

2 _ qk2 2 _ qk?
% (mod 2272) and = — " €7

1
2 _ qk2 2 _ qk?
% (mod 21+3) and % €z

2 _ qk2? 2 _ qk?
% A2 =20 HIMA + M2 (mod 29+3) and T €7

4
1 2 _ k2 9 9
oli+1 [7“ 4a - AQ} = MA+ M?2""" (mod 4) and 2"*!| (ﬂ — AZ)

4
roak? _ A2 AM if I, >3
S| | =
2041 AM +2M? ifl; =2
We require 12 — ak? = 4A? (mod 2"'*3) so that the left hand side of the above equation is an

integer. If [; = 2 we use Lemma 4.1 and see that we can find a unique M modulo 4 which
satisfies

3b such that {

& 3 M such that (A -+ M2h)? =

o A% 4 IV A 4+ M2 =

=

r2—ak? _A2
<4ng> =AM +2M? (mod 4)

which gives a unique b modulo 2°. Note if b satisfies b = A (mod 2%) and 4b* = r? — ak?
(mod 27), then so does b+ 2%. Therefore the number of solutions is 2 - 297° = 32
If [ > 3, then it is easy to see that we have a unique M modulo 4 such that to

r2—ak? _AQ
<42ZT) =AM (mod 4).

which gives a unique b modulo 21%3. Note that if b satisfies 40> = 72 —ak? (mod 2!1*5), then
so do —b, b+ 2172 and —b + 21%2. But, only two of these satisfy b = A (mod 24). Thus,
the number of solutions is 2 - 2!~(h+3) = 2h+3,
Case 3: Suppose [; > 2 and [y > [; +6. Then

b=A (mod 2")
4b* = r? — ak® (mod 22)

r? — ak?

3 b such that {

r? — ak?

& 3 M suchthat (A+ M2h)?2 = 1 (mod 2272) and — € Z
2 _ qk? 2 _ qk2
& A2+ 2 FIMA+ MM = T (mod 297) and € Z
2 _ qk? 2 _ qk?
% — A2 =2"IMA + M?2% (mod 2272) and % €Z
(11)
r’—ak? A2 r2 — qk?
& <42IT) = MA+ M?*2"71  (mod 227'73) and 2'*| (T — AQ) .
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In order for the left hand side of (11) to be an integer, we must have
(12) r? —ak? = 4A% (mod 273,

By Lemma 4.1, (12) is a sufficient condition for determining a unique solution M modulo
227173 for (11). Then we obtain a solution b modulo 2272, Note that if b satisfies 4b* =
r? — ak? (mod 2"2), then so do —b, b+ 2273 and —b + 2273, But, only two of these satisfy
b= A (mod 2"). Thus, the number of solutions is 2!72+2. 2

U

5. AVERAGING SPECIAL VALUES OF L-SERIES

In this section we prove Lemma 0.8 (2). For a proof of Lemma 0.8 (1) see [?, Proposition
2.1]. In [?] David and Pappalardi present a proof of Lemma 0.8 for A = 3 and B = 4. We let
A and B be any coprime positive integers and consider primes up to \/x. In the proof that
follows we use arguments similar to those of David and Pappalardi (see [?, proof of Lemma
2.2]).
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Proof of Lemma 0.8 (1).
Throughout this section we will be concerned with the double sum

Z % Z L(1, Xa,(p)) log p.

k<2z B(r)<p<Vz
(k,2r)=1 p=A (mod B)
4p2=r2 (mod k2)

Let U be a parameter to be determined. We have the following identity (see [?, (4.2)])

(13) L(L Xapw) == ), (dkép)> % =2 (dk:L )) _:U 0 (%) |

neN neN

Before using the identity above we make two observations:

(1) Since di(p) = ﬁ;—fl’z,

7/32 b
ap) " < (§

716 |di(p)|"? pe
/2 < L7/16771/2"

1 p7/16 logp 1 7/16
Z k Z L7/1671/2 < [L/2 Z p'/ " logp
<2z B(r)<p<vz p<Vz
=1 p=A (mod B)

4p?=r?  (mod k?)

——Va"/16]og x Ve

U 1/ 2 log x
1£23/32

U2

Therefore, substituting the identity (13) and choosing

<

U > 2"1%og* x

we obtain

1
z > L(Lx4p) logp

<2z B(r)<p<vE
(k,2r)=1 , ;;EAQ (r(noddBk)%
PE=T mo :
1 di(p)\ e ™Y p7/16
S, = [Z(n o T O\ g ) | losp
(kkz%il B(r)<p<yz  neN

p=A (mod B)
4p?=r? (mod k?)

! (dk(P ) /U < NG )
- Z k Z Z logp+ O [ ————
(k%%il g B(r)<p<yz neN n log® x

p=A (mod B)
4p?=r?  (mod k?2)
Throughout the next several pages we continue to make estimates involved with the double

sum above. Since we have incurred an error of v/x/log® 2 we will choose any free parameters
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wisely so that our main term is bigger than y/z/log®z. Next we show that we may neglect
the larger values of k. Let V' be a parameter to be determined. Note that

S (B

V<k<2z neN B(r)<p<vz
(k,2r)=1 p=A (mod B)
4p2=r2  (mod k2)

k
neN V<k<2a m<z
(k,2r)=1 4m2=r2 (mod k2)

<<10ng Z #{h € Z/KZ - 4h? = 1> (mod k?)} /T

k k?
neN V<k<2z
(k,2r)=1
In order to find #{h € Z/k*Z : 4h*> = r*> (mod k?)}, suppose k = p{'p3?-- - p{* where the

pi’s are distinct odd primes. Notice that r? = (22;)? (mod p}*) has two nonzero solutions
whenever (k,r) = 1. Now use the Chinese Remainder Theorem to solve

Zy (mod pi*)
x={:
Ty (mod py*).

Thus, 4X? = 72 (mod k?) has at most 2"*) solutions X modulo k% when k is odd, where
v(k) is the number of distinct prime divisors of k. Therefore,

{h € Z/KPZ - 4h° = r*  (mod k*)} V&

k
neN V<k<2o
(k,2r)=1
21/(k)
(14) 2
neN V<k<2x

To estimate ) <o, 22# we use |7, Exercise 2, pg 53], which states

D2t = —TlogT+O( )

m<T

along with the partial summation formula (see pg. 21). Setting a,, = 2", f(y) = y%, partial
summation gives

2 6 1 2 (6 3
P (F2xlog(2x) T 0(2:15)) a /V <ﬁylogy+ o<y)> =y
k=V
6 1 log V'
(15) - (;(V —1Dlog(V —1)+0O(V — 1)) e < TR
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To estimate the sum ) “—— "% we first use the Maclaurin series for ¢* and the Alternating

Series Estimation Theorem to see that

1—e WV =1- N (_1)Z
; Uil
Gl
U 12:2: Uil
11 1
T U202 R e
1 1
U e
Then using the Maclaurin Series for —log(1 — z) we write

—n/U

(&
= —log(l —e VY
D B

neN

(16) =—log <5 (1 B %)

2
= logU + log (2U[i 1)

<logU +log(2) for U > 1

Choose
V > (logz)c+d/2
and use (15) and (16), to see that (14) becomes

2V<k> log V
Z < vzlogz(logl) <og >

V2
neN V<k<2x

<<\/_10gx(logU< ! )

< Vzlogz(logl) (W)
JE
NG
NG
log"
32
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if U < v/z/logz. Note that requiring this upper bound on U will not be a problem since
we will soon choose U to be a function of z which is < y/z/logz. We have shown that

> % > L x4p) logp

k<2z B(r)<p<vz
(k,2r)=1 p=A (mod B)
(17) 4p2=r2  (mod k2)

1 e~Y di(p) NZ7

= E - E E logp+ O -
k n n log® x

K<V neN B(r)<p<vz
(k,2r)=1 p=A (mod B)

4p2=r2 (mod k2)
Now we concentrate of large values of n. Note that

e e/ 1 /‘” gy ]
E E e x =
n UlogU UlogU UlogU UlogU

n>UlogU n>UlogU
and recall that U has been chosen so that

U > 21%10g% 2.

3 1 3 T di.(p)

k<V E n ( n logp
< n>UlogU B(r)<p<vz

(k,2r)=1 p=A (mod B)

4p2=r2 (mod k2)

log x
1
U log U Z k: n;;
(k 27-) 4m2=r2 (mod k2)

\/_ log x < \/E
U log U logz’
Substituting this into (17) we obtain

> % > L(lx4p) logp

k<2z B(r)<p<v=
(k,2r)=1 p=A (mod B)
4p2 =r2  (mod k2)

Therefore,

(18) U
" di.(p T
- i Y Y (o).
n log® x
k<V n<UlogU B(r)<p<z
(k,2r)=1 p=A (mod B)

4p2=r2 (mod k2)
For the inner sum

C

B(r)<p<v/E
p=A (mod B)
4p2=r2 (mod k2)

note that (@) is periodic modulo 4n. That is,

d d
di =dy (mod 4n) = (—1) = <—2) foralln € N

n n
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Thus

B(r)<p<vz
p=A (mod B)
4p2=r2 (mod k2)

B S C I S

a€(Z/4nZ)* B(r)<p< =
p=A (mod B)
4p?=r? (mod k?)
di(p)=(r2—4p?®)/k*=a (mod 4n)

For positive coprime integers C' and D define
0 (X,C, D) = Z log p.

2<p<X
p=D (mod C)

Then

B(r)<p<Vz
p=A (mod B)
4p2=r2 (mod k2)

- > (%) > @/11(\/5,4Bnk2,b)+0(2;(,:z))

a€(Z/4nZ)" be(Z/4Bnk?L)"
b=A (mod B)
4b’=r2—ak? (mod 4nk?)

where the O-term comes from the following estimates.

> L)X I

a€(Z/4nZ)" be (Z/ABnk?L)" 2<p<B(r)
b=A (mod B) p=b (mod 4Bnk?)
4b°=r?—ak? (mod 4nk?)

I R S

a€(Z/4AnZ)* be(Z/4Bnk?L)"
b=A (mod B)
4b?=r?2—ak? (mod 4nk?)
a 2u(nk)
< Z (ﬁ) 4Bnk?
a€(Z/AnZ)*
2V(nk) 4
L2 (n)
BE? 4n
2u(nk)
< Br
Since ¥ (X, C, D) ~ % (see [?, Chapter 2 §8.2 Theorem 5]) we define

X

E\(X,C, D) :=(X,C, D) — ek
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Therefore,

d
Z ( k(p)> log p
n
B(r)<p<v@
p=A (mod B)

4p2=r2 (mod k2)

a
- > G X
a€(Z/4nZ)* be(2/ABnk>2)"

b=A (mod B)
4’=r?—ak? (mod 4nk?)

o 2u(nk)
‘ (Bkz)

v
»(4Bnk?)

+ By (Vx,4Bnk?, b)]

2
s d(4Bnk?)
a E 4Bnk?,b) + O 2o
+ Z (ﬁ) Z 1(\/57 ne-, )_'_ < B2 )
a€(Z/AnZ)* be(2/4Bnk>z2)"

b=A (mod B)
4b?>=r?—ak? (mod 4nk?)

where as before
Crla,n, k) =
#{b € (Z/ABnk*Z)* :b=A (mod B);4b* = r* — ak® (mod 4nk*)}.
If we interchange the sum on a € (Z/4nZ)* with the sum on b € (Z/4Bnk*Z)*, then for a

fixed b there is at most one value of a € (Z/4nZ)* such that 40> = r* — ak? (mod 4nk?).
Therefore,

3 (3) 3 Er(V/T, ABnk?,b)

n
a€(Z/4nZ)" be (Z/ABnk?Z)
b=A (mod B)
4b°=r2—ak? (mod 4nk?)

<| Y Ei(Vz,4Bnk’b) 3 (2)
n
be(Z/4Bnk?Z)" a€(Z/4nZ)*
b=A (mod B) 4b2=r?2—ak? (mod 4nk?)
< ) |B(Wm 4Bk b) -1
be(Z/4Bnk?L)"

b=A (mod B)

> |Ei(Vx,4Bnk’b)|.
be(Z/ABnk27)*

IN
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Hence,

S (%) 3 By (v, 4Bnk?,b)

a€(Z/AnZ)* be(2/4Bnk>2)"
b=A (mod B)

4b°=r2—ak? (mod 4nk?)

< Y. |Ei(Vz.ABnk? b)|.

be(Z/ABnk2Z)*

Therefore, we may write (18) on page 33 as

> % > L x4p) logp

k<2zx B(r)<p<vz
(k,2r)=1 p=A (mod B)
4p2=r2 (mod k2)

—n/U a Cr(@,nJg)
I o G NGE
(k,2<r) 1 n<U1°gU a€(Z/4nZ)

2V(nk)
+ > |BEi(Vx,4Bnk b \+o( )

BEk?
be(Z/ABnk2Z)*

70 (iar)

For the O-term inside the brackets note that for any ¢ > 0

2/ = Y 1<) 1< (m)

dlm dlm
d squarefree

(see pg. 22). With this fact we have for any € > 0

77L/U2V (nk) n/U €
SOY Sy s Y
k<V  n<UlogU k<V n<UlogU
(k,2r)=1
1
<D= 2 oM
k<V n<UlogU
<L UlogU
and
UloglU < Lf
log® x
when

NZS

logc+1 x :

36
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Therefore, (19) becomes

Z % Z L(LXdk(p))lng

k<2e B(r)<p<ya
(k,2r)=1 p=A (mod B)
4p2=r2 (mod k2)
1 a\ Cr(a,n, k)
20 = - <_) Erla,n, k)
(20) ; k Z [\/_ Z n/ ¢(4Bnk?)
(o) n<UlogU €(Z/4nZ
+ ) |Ei(Vx,ABnk? D) +O< ﬁ )
. log® x
be€(Z/ABnk2Z)

Recall the Cauchy-Schwarz inequality. For two real valued sequences {a,} and {b,},

rone(o) (59

We apply the Cauchy-Schwarz inequality to the middle term of (20) and obtain
1 e—n/U
CONED DI T DR
k<V n<UlogU
(k2r)=1  be(Z/4Bnk2Z)*

o\ /2
o5 ) (5, s

n<UlogU n<UlogU be(Z/4Bnk2Z)*

|E1(\/57 4B7’Lk’2, b)|

1/2

Using the identity ¢p(AB) = ¢(A)¢(B)% we can write,

1/2

o\ 12
Zl 3 —¢(452”"“)> 3 S B, 4Bk, by

k<V <n<U10gU n<UlogU be(Z/ABnk?Z)*

) 6(4Bn) (4Bn. k) "’
YR ( y 5)

n?  ¢((4Bn, k2

E<V n<UlogU

1/2

> > Ei(V,4ABnk? by’

n<UlogU be(Z/4Bnk?Z)*
507 6(dn) (4n,B) (4Bn i)\
= ¢(B Z w2 o((4n, B)) 6((4Bn, i2))

1/2

> > Ei(Vx,4Bnk*b)’

n<UlogU be(Z/4Bnk27Z)*
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Note that ¢(4n) < 4¢(n), ¢(k*) = ko(k), ¢(n) < n, and

2
(4Bn, k7) H P H 5 — g(BnK) < (k)

4Bn, k? -1~
¢<( n, >> p|(4Bn,k?2) p p|(4Bn,k?)
Similiarly,
(4n B) < ov(B),
¢((4n, B))
Recall that for any e > 0, 2™ < m¢ (see pg. 22). Therefore,
1/2
4B k%)
Z < Z 4Bk Ey(Vz,4Bnk? b)?
kSV n<UlogU n<U10gUb€ Z/4BnkQZ)

1/2

<<Z\/2v<k>2v<8)< Z %) Z Z E\(\/x,4Bnk* b)?

k<V n<UlogU n<UlogU be(Z/4ABnk?Z)*
1/2
<Y Vi(ogU)2 | Y > Ei(Vx,4Bnk? b)?
K<V n<Ulog U be(Z/ABnk?Z)*
Substituting m = 4Bnk? (21) may be written as
! B (T 4B
Z E Z n ’ 1( Z, nK-, )’
k<V n<UlogU
(k2r)=1  be(Z/4Bnk?Z)*
1/2

< \/logUZ Vke Z Z Ey(/x,m,b)?

k<V m<4BV2U log U be(Z/mZ)*

The Barban, Davenport, Halberstam Theorem asserts that given any [ > 0 we have for
X>Q>X/log' X

Y ) E(X,mb) < QXlogX.

m<Q be(Z/mL)*
Therefore, if \/z > 4BV?UlogU > \/z/log'(y/x), then
1/2

\/logUZ\/k_B Z Z By (v, m, b)?

k<V m<4BV2U logU be(Z/mZ)*
< \1ogU > VEB (4BV*Ulog U+/z log )"
k<V

< (logUV3VU\/Vxlogz
Vv

log® x
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when

o _ YT
(22) log> 5 3’
V =loglt¥/?2 ¢

We have shown that (19) on page 36 becomes

Z % Z L(LXdk(p))lng

k<2z B(r)<p<yz
(k,2r)=1 p=A (mod B)
(23) 4p2=r2 (mod k2)
e~V ay Cy(a,n, k) NG
_ @y Crla R ,
=V Z Z Z (n) ¢(4Bnk?) * <logcm)
(kk;;/: n<U10gU a€(Z/AnT)*

We now prove

Claim 5.1.
e~V a
_c ¢ K
2. kno(4Bnk?) 2. <n> Crla,n, k)
k<V a€(Z/AnZ)*
n<UlogU
(k,2r)=1
=Y s Y (Y nkro ().
kng(4Bnk?) n T log® x
( ; 2T§N a€(Z/anZ)*

Recall that

w(a,n, k) Hd

pl4Bnk?

where the d,(n) are given in Lemma 4.2. In particluar, dy(n) is at most 20742(B)+3 hy
Lemma 4.2 (4)-(6). For p|B, d,(n) is at most p°%(5) by Lemma 4.2 (1) and (3). For p|nk
and p{ B, d,(n) is at most 2. Therefore,

C.(a,n, k) ) | [ dw(n [Idm || ]I &)

p|B plk pln
p#2 2B pR2BE
< 163211 21/ (n)—v((n,k))
= 1652""%)

Since C,(a,n,k) =0if a =3 (mod 4),
Z (%) Crla,n, k) = Z (%) Cr(a,n, k)

a€(Z/AnZ)* aEI(Z<4nZd)1)
a= mo

(24) < ¢(n)2" ),
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Therefore,
—n/U

Z kno(4Bnk?) Z

a€(Z/4AnZ)*

a

<E> Cr(a,n, k)

n<U log U
(k,2r)=1

—n/U

= X a2 () Gtanb

a€(Z/AnZ)*
n<U10gU
(k,2r)=1

—n/U v(nk)
N

= kng(4Bnk?)
n<UlogU
(k,2r)=1
Since ¢(4Bnk?) > 2¢(B)¢( )o(k?) and 2v<nk> < gvm)tuk),
DI EENLLEEE D D
< - -
2y = 2
k>V n<U10gU ngb 4Bnk ) k>V kgb(k ) n<UlogU ngb(B)
(k,2r)=1
v(k) efn/Uzu(n)
25 —_— _
(25) <o 2w
k>V n<UlogU
We use partial summation (see pg. 21) to estimate the sums in (25). To that end, observe
that
=I[r'-1 —k:H(l——)
|k plk
and if p > 3, then
2p
3
p—1 =
Therefore,
2V<k>_1H 2 1 2p
S § SN § S
ok) kopl-pTh kgD
4 2p 12 2p 12 3v(k)
—“ll—=<=—1l—<—=113
sl sp 7S Pl <
plk plk plk
p>2 p>3 p>3
Thus,
o6 v(k) v(k)
5 PSR S
K>V >V

Using [?, Excercise 4, pg 53]
D 3 <« Tlog’ T,

n<T
40



Set

1
E.
Then for X > V + 1 partial summation (see pg. 21) gives

ap = 31/(”); f(y) =

X

3V log?V

RN
k=V+1

Thus,

e—n/Ugv(n)

To estimate Y 71000

then using 2v(") « T'log T from [?, Exercise 2, pg 53], partial summation (see pg. 21)
gives

Z efn/UQV(n)
n<UlogU n
e~UllogU)/ () UlogU e~ t/v e~ t/U
< gl Z 2 / (tlogt)[ =+t 5 } dt
n<UlogU
log U UlogU o=t/U g ¢ UlogU o=t/U g ¢
- dt ———dt
(27) <7 T /1 i M /1 U
1 U UlogU log t 1 UlogU
<<og +/ gdiﬂ——/ logt dt
U 1 t
log U UlogU
< (g] + log? U+—logU/ 1dt
< log? U.

Replacing the two sums in (25) with the estimates given in (26) and (27) gives

—n/U 2V(nk) 1 2
§ S (Y ey
= no(4Bnk?) Vv
n<UlogU

(k,2r)=1

log log z)2
(loglog x) log?

< x
log®™ &
1
<=
log® x
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as U and V are given by (22). We have shown that

efn/U

2 Tns(iBn) 2 () Crlasn. k)

< a€(Z/AnZ)*
n<UlogU
(k,2r)=1

e—n/U

- %ZN kng(4Bnk?) 2 (%)CT(“’”’k)

a€(Z/AnZ)*
n<UlogU
(k,2r)=1

+0 ()
log® x

whenever U and V' are given by (22). Furthermore,

efn/U

a
T —)Crla,n k
2 kng(4Bnk?) 2. <n>c<“”)
keN a€(Z/AnZ)*
n<UlogU
(k,2r)=1
- e /v a
= 2 an¢(48nk2) 2 (ﬁ)c’“(a’”’kH
keN n=1 a€(Z/4nT)*
(k,2r)=1
v(k) efn/UQV(n)
O<Z—k¢(k2) > T )
keN n>U log U

Recall that for any € > 0
21/(m) < (m)e

(see pg. 36). Thus the error term above is

—t/U qt <«

1 > 1
<« .
U Tog U /UlOgU ‘ log’ 7

Recall the statement of Claim 5.1

e—n/U

> imm > (3ot

< a€(Z/AnZ)*
n<UlogU
(k,2r)=1

1 a 1
- k,nZGN kng(4Bnk?) 2 <5) Crla.m, kHO(logcx)'

sl a€(Z/4nZ)*
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Use the identity

(28) > anqﬁ 4Bnk:2) 2 (%) Crla,n, k)

(kkﬁl)\l n=1 a€(Z/AnZ)*
a 1
- Cr ) 7k O
S ZW B 2 ()aennt (bgcx)
(kl;%\l n=1 a€(Z/AnZ)*

(see [?, pg. 15]). Claim 5.1 follows. Using (24) and ¢(k?) = k¢(k) we may write
e—n/U n/U¢( )21/ (nk)

a
S — &Y C(a,n, k) <
Z kng(4Bnk?) Z <n> (a,n, k) Z k*n¢g(4Bnk)
% a€(Z/AnZ)* K<V
n<UlogU n<UlogU
(k,2r)=1 (k,2r)=1

We make the following two observations:
(1) For any € > 0, 2"("") < (nk)e.
(2) ¢(4Bnk) > d(n)p(4Bk).

Therefore, for any € > 0

Z n/U¢( )21/ (nk) Z e—n/U

= k*n¢(4Bnk) — = nl=ck2—<¢(4Bk)
n<UlogU n<UlogU
(k,2r)=1 (k,2r)=1

The double sum above is

<<<Z n1€><zkz2 €¢4Bk><<

n>1

eV« 1

n>1

Therefore, using Claim 5.1 the double sum

ZW > () Clanh

* ] o1 a€(Z/AnZ)*

converges. Thus, (23) from page 39 becomes

Z % Z L(laXdk(p))logp

k<2z B(r)<p<+ =
(k,2r)=1 p=A (mod B)
4p2=r2 (mod k2)

A S X (Do) o ().

a€(Z/AnZ)*
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6. CONSTRUCTING A MULTIPLICATIVE FUNCTION

Recall that

Crap = Z Z ngb 4an2) Z (%) Cr(a,n, k)

(kkﬁl)\l n= a€(Z/AnZ)*

where
Cr(a,n, k) =
#{b € (Z/ABnk*Z)* :b=A (mod B);4b* =r* — ak® (mod 4nk?)}.

In this section we construct a multiplicative function which is a necessary tool used to prove
a product formula for C, 4 p which in turn gives the constant in Theorem 0.5 (2). Recall
that before we computed C(a,n, k) in section 4 we used the Chinese Remainder Theorem

(see pg. 25) to write
(a,n, k) H dy(

p|(4Bnk?2)
p prime
where
dp(n) = E 1
bE(Z/pordp(éankz)Z)*
b=A (mod pordp(B))
4b2=r2—ak? (mod pordp(4nk2))

Let

da(n) -
ea(n) = dz(l) if d(1) # 0
0 ifdy(1) = 0.

Definition 6.1. Set n = 2°7d2ny/,

am = Y (5)em]]dm

a€(Z/AnZ)* pln
a=1 (mod 4) p#£2
(r2—ak?n’)=1
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Lemma 6.2. Let q be an odd prime. For a > 0,

(1) cx(n) is a multiplicative function in n and cx(1) = 1.
(2) Suppose q|B and write k = ¢°k1, where ord, (k) = f3.
(a) If 26 > ord,(B), then

2 — 2 ordg(B)
ordq(B) o Zf?” =44 (IIlOd q )
cn(qg®) =<1 (¢%) and « is even
0 otherwise.

(b) If 26 < ord,(B), then

[ qemintaords(B)-29) <—<r2—4A2>/qw>a ifr* =4A% (mod ¢*)
cr(q”) = !

0 otherwise.

(3) Suppose q 1 B.
(a) If q|k, then

o 2¢° g —1) if a is even
ce(q”) = { ( )

0 if a is odd.
(b) Suppose q 1t k.

(g—1) ifglr and « is odd
—q* <71> + 1} if ¢fr and o is odd
q—1) if qlr and « is even

! [q — 3] if gt r and « is even
\

(4) c(2%) = (=2)"
(5) c(q™) = cgoranar (4%)

Proof.

(1) We wish to show that for (m,n) = 1, cg(m)cg(n) = cx(mn). To that end, suppose

(m,n) =1and n =1 (mod 2). Note that dy(N) = dy(2°°2(")) for any N € N. Therefore, if
45



d2(1) # 0 we have

dy(mn)
€9 (mn) = T(l)
orda(m)
= da (2 min) where m = 207d2(m)y,
do(1)
d2 (2ord2 (m) )
dy(1)

_ dp(27%) (dy(n)

C do(1) (dz(l))

_ dy(m)ds(n)
dy(1)d2(1)

= ex(m)ea(n).

Hence, e3(n) is multiplicative. To show cg(n) is multiplicative we follow David and Pap-
palardi’s proof in [?, pg. 10]. Note the following two facts. First, there is a bijection
between the invertible residues modulo 4n which are congruent to 1 modulo 4 and the in-
vertible residues modulo n. Second, if a is congruent to 1 modulo 4, then (r? — ak? N) = 1
if and only if (r? — ak? 4N) = 4. Thus,

(29) amem) = > > (5F)em | [Idm

a1€(Z/nZ)* a2€(Z/AmZ)* p|n
(r?—a1k?mn’)=1 a2=1 (mod 4) p#£2
(r2—agk?,4m’)=4

a2
(%) eam) | [T dolm)
m
plm
PF#2
For any a; and a, in the above sums, we let a be the unique integer such that 1 < a < 4mn,
(a,4mn) = 1, a = a3 + kyn = ag + kodm for some integers k; and ky. Then using the fact
that
(r? — a;k*,n) = 1 and (7* — agk? 4m) = 4 <= (r* — ak? 4mn) = 4

(29) becomes

Z (%) ea(n) Hdp(n) (%) ea(m) Hdp(m)

a1€(Z/nZ)* pln plm
a2€(Z/AmZ)* pF#2 p#2
az=1 (mod 4)
(r2—ak?,4m/n’')=4

= Z <%> ea(mn) H d,(mn)

a€(Z/AmnZ)* plmn
a=1 (mod 4) pF#2
(r?—ak?4m'n’")=1
= ci(mn).
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To evaluate c(q®) we first make the following simplification. Suppose ¢ is an odd prime and
a > 0. Then using Lemma 4.2

(07 a “ o (e
alg®) =) <—> e2(q")dq(q")
a€(Z/4q°L)* q
a=1 (mod 4)

(T2_ak27qa):1

a\®
e} * q 1 *
a€(Z/4q°Z) be(Z/q'Z)
afl (2mod 4) b=A (mod ¢'1)
‘ (r*—ak®,q*)=1 4b?=r2—ak? (mod ¢'2)
qmln(ll’l2)|(4A27T2+ak‘2)

where, as before, I} = ord,(B), I = ord,(¢®k?) = a+2ord, (k) and [ = l; + 3. In Lemma 4.2
we computed the inner sum above and obtained

> 1:{1+(Tak> if ¢ B and (r* — ak® ¢) = 1

1)l 2 _ 2 -
be(zal 2" qmin(utz) if ¢|B and ak? = r? —4A? (mod min(ly,15))
b=A (mod qll)
4b2=r2—qk2? (mod qu)

Set = ord,(k). For an odd prime ¢ and o > 0 we have

( o
qmln (I1,l2) Zae(Z/4q°‘Z) (g) if q|B
a=1 (mod 4)
(T _ak27qa):1
ak?=r2—4A% (mod qmin(l1’l2))

> ae(z/4q°L)" | (%) (1 + <r —ak2>) i gt B

a=1 (mod 4
\  (r?—ak?,q%)=1

(2) Suppose g|B. Set k = ¢°k;, where ord, (k) = 3. We consider two cases.
Case 1: If 20 > [y, then the condition

ak? = 1% — 4A%  (mod gmin(i))
becomes
ak? =1* —4A* (mod ¢")
as a > 0 and Iy = a + 283. Since k = ¢°k; = k? = q2ﬁk%7 we have

ak?® =r* —4A? (mod ¢"') <= r* =44% (mod ¢")
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Therefore,

a min a “
alat) =gt Y ()

a€(Z/4q*7)*

a=1 (mod 4)

(12 —ak? g*)=1
ak?=r2—4A% (mod ¢'1)

qmin(lhlg) > o€ (Z/4g°T)* (%) if r2=4A2 (mod qh)
a=1 (mod 4)
(r?—ak?,q™)=1

0 otherwise
Case 2: If 20 < [, then

CL]C2 = 7”2 - 4A2 (mod qmin(ll,a+2,6))
r? —4A?

5 (mod qmin(ll—Qﬁ,a)) and q2ﬁ|(’f‘2 o 4A2>
q

> ak] =

Combining the two congruences

2 r? — 447 min(l; —28,a)
a=1 (mod4);aklzT (mod gmin(i—20.0))
q
we have
: : a «
a€(Z/44°Z)" 1 a€(Z/44°T)* 4
a=1 (mod 4) (r2—ak?,q®)=1
(r*—ak?g*)=1 —r?-44?, -2 d dgmin(l] —28.,a)
ak?=r2AA (mod gmin(l1—25.2)) =T M (mod 4g )
1= 428 q q2f8|(r2—4A2)
¢?P|(r2—4A?)
Thus,

q

( a) qa—min(a,h—?ﬁ) <M)a if 7"2 = 4A2 (mOd qQﬂ)
Ce\q ) =
0 otherwise.

This concludes the proof of part (2).
For ¢ 1 B we use Lemma 4.2 (see pg. 25) for the value of d,(¢%).
(3a) Suppose ¢ 1 B and g|k. Since (k,2r) =1, ¢ 1 r. Therefore, by Lemma 4.2 (2)

a\” a\” 2¢(q%) if a is even
RUCECHD SN () ISR S () AR A
aE(Z/4qO‘Z)* q ae(z/4qaz)* q 0 1f 1S Odd
a=1 (mod 4) a=1 (mod 4)
(r2—ak?,q%)=1
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(3b) Suppose ¢ 1 B and ¢ t k. First, consider odd . Then using Lemma 4.2 (2)

B

wn= % () ((55)

a=1 (mod 4)
(r2—ak?,q%)=1

- 3 O =)

a=1 (mod 4)
(r2—ak?,q%)=1

N ONOICS)

a€(Z/qZL)*
r2#ak? (mod q)

_ a a r? — ak?
P OE RO ]
L )* q a€(Z/qZ)* q q

a€(Z/qZ
r22£ak? (mod q)

L) 2 (5

a€(Z/qZ)*

L) B (5

a€(Z/qZ

¢! (%) (q—1) ifglr

- qal{—1—(—71)] if gtr
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If v is even, then

w3 (- (52)

a=1 (mod 4)
(T2 _ak:27qa):1

- Y et Y (M)

a€(Z/4q°Z)* a€(Z/qZ)*
a=1 (mod 4) (r?—ak?,q%)
(12 —ak?,g")=1

= qai 1 Z 1
a€(Z/qL)*
azr?k=2 (mod q)

ol 2 () () (F)]

aZr?k~2  (mod q)

_Ja g =2 - ifgtr
q—1] if gq|r

Il
i

(4) Throughout the proof of part (4) we will be using parts (4)-(6) of Lemma 4.2 from
page 25. Note that by definition

dy(1) = > 1

bE(z/22+ord2(B))*
b=A (mod 207d2(B))
4b?=r2—ak? (mod 22)

therefore

2 if2f{Banda=1 (mod4)
dy(1) =494 if2[Banda=1 (mod 4)
0

otherwise.

Set Iy = ordy(4-29k?) = a+2; I = ordy(B); | = ordy(4B2°k*) = a+2+1;. Suppose [; = 0.
Note that since r and k are odd

: 2
r? —ak* =4 (mod 2mm(5’°‘+2)) =a=5 (mod8)= (E) = (—) = —1.
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Using Lemma 4.2 (4) with [; = 0 we have

cp(2%) = Z (%)a ()

ac(Z/20427)* da(1)

a\ @ 2min(4,a+1)
- 2 (5) 2

a€(Z/2°F27)*
r2—ak?=4 (mod gmin(5,042) )

= Z (—1) —

a€(Z/24F27)*
r2—ak?=4 (mod 2min(5.a+2))

If « =1, then
ay 22 a
“= Y (55 X (5
ac(Z/237)* ac(Z/237)*
r2—ak?=4 (mod 8) a=5 (mod 8)
If « = 2, then
o a\2 23 a2
a®= > (3) =2
ac(Z/22)*
r?—ak?=4 (mod 2%)
If > 3, then

« a a24 3 a—3 « «
a@)= Y (5) 32T =(=2)
a€(Z/24127)*
r?—ak?=4 (mod 2°)

Suppose [; > 0, we have three cases.
Case 1: [; =1
Using Lemma 4.2 (4) ¢x(¢%) is

N a\ @ 2min(5,l2)
(27) = 2 <§> i

a€(Z/2°F27)*
4=r?—ak?® (mod 2min(5*l2))

If =1, then
a 2min(5,3)
D DI () e S
a€(Z/237)* ac(Z/237)*
4=r?2—ak? (mod 2min(5:3)) 4=r2—ak? (mod 23)
If « =2, then
2 94
)= X (37
a€(Z/2*7)*

4=r?—ak? (mod 2%)
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If a > 3, then

aye 2°
Ck<2a) _ Z <_> Z — (_1)a . 23 . 2a+2—5 _ (_2>a.
a€(Z)20+27)*
4=r?—ak? (mod 2°)

Case2: [, >2and L, <[; +3
Using Lemma 4.2 (5)

an o 2l—l1 2a+2
204 == <—> = —1 «
e (2%) (Z/zz+22) 5) =D (MZHZ)
ac <« * ac e *
4A%2=r2—ak?® (mod 2!71) 4A%=r2—ak? (mod 2°12)

Case 3: [; >2and l, > 1, +4
Using Lemma 4.2 (6)

DV

a€(Z/2°F27)*
4A%2=r2—ak? (mod 2113)

2l1+3
= (=1 4 Z 1
a€(Z/2°F27)*
4A%2=r?—ak? (mod 21113)

_ (_1)Oc . 2l1+1 . 2a+2—(l1+3) — (_2)@

7. COMPUTING THE CONSTANT

Let r, A, B € Z with (A, B) =1 and r odd. Recall the definition of C, 4 g

Cran= Zmb 4an2 2 (%)Cr(“’”’k)

kGN n= e(Z/AnZ)*
(k,2r)= ac(z/ )

where as before (see pg. 25)

(a,n, k) Hd

pl( 4Bnk2)
p prime

and

dy,(n) = Z 1.

be(Z/pordp(4Bnk2)Z)*
b=A (mod pordP(B))
2
4b2=r2—ak? (mod pordp(4nk ))
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In this section we show that

(__1>_<__1>0rdq(B)+1 2ordy (B)
H 14 ¢ q q
OOy
alr

2 (5)s-1
o5 1 ﬁ I\ -0

CT,A,B = Cr,AB

q,0dd q q,0dd

aB gtB
qlr qtr

First, we record several evaluations of d, which follow directly from Lemma 4.2 (see pg. 25).

Lemma 7.1. Suppose p12n,
(1) If p|B and pt k, then d,(1) = d,(n) =1
(2) Suppose plk.
(a) If p|B, then

dp(1) = dp(n)
B pmin(ordp(B),ordp(4nk2)) Zf 4A2 = p2 (IHOd pmin(ordp(B),ordp(4nk2)))
o otherwise

(b) If pt B and (r* — ak?,p) = 1, then d,(1) = d,(n) = 2
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Proof.

(1) By Lemma 4.2 (1).

(2a) By Lemma 4.2 (1) and (3).
(2b) By Lemma 4.2 (2).

If a =3 (mod 4) or (r? — ak? n') # 1, then C,(a,n, k) = 0. Therefore, we may write

rAB Z anb 4Bnk2) Z (%) H dp(n)

keN n= a€(Z/4nZ)* p,prime
(k,2r)= a=1 (mod 4) pl4Bnk?
(r2—ak?n’)=1
1 & a
Z k Z “ ng 4Bnk2) Z (n)
keN a€(Z/AnZ)*
(k,2r)= a=1 (mod 4)

(r2—ak?mn)=1

[ | [0 | | I] dr

pln plk p|B
p#£2 pi2n p2nk

If p| B and p t 2nk, Lemma 7.1 (1) implies that d,(n) = 1. Therefore, C,. 4 g simplifies to

Crap = Z anb Zank‘2

kEN n=1
(k,2r)=

> (5)dm) | TTdo | [ TTdm

a€(Z/4nZ)* p|n plk
a=1 (mod 4) p#2 pi2n
(r?—ak?n")=1

For a prime p such that p|k and p 1 2n Lemma 7.1 (2) gives d,(n) = d,(1). Therefore, we
write Cy. 4 p as

1 o
Croap = D 12 naaBnk®) 4Bnk:2

keN n=1
(k,2r)=
a
> (5) k) [TTdm | [ TTd0
a€(Z/AnZ)* pln plk
a=1 (mod 4) pFA~2 p2n

(r2—ak?n’)=1
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By definition,

dy(1) = > 1

bE(Z/QordQ (4Bk2)Z)*
b=A (mod 207d2(B))
42=r2—ak? (mod 207d2(4k?))

da(n) = Z 1.

be(z/QordQ (4Bnk2)Z)*
b=A (mod 20rd2(B))
A2=r2—ak? (mod 207d2(4nk?))
If dy(1) = 0, then 4A% # r2 — ak? (mod 2min(erd2(B).erd2(46%))) ~ Gince
min(ordy(B), ordy(4k?)) < min(ordy(B), ordy(4nk?)), we also have that
442 # 2 — ak? (mod 2min(ord2(B).erds(4nk%)) - Therefore, dy(n) = 0. Recall our definition of
ea(n)

and

da(n .
ez(n) = d2§1)) if dy(1) # 0
0 ifdey(1)=0

Thus, do(n) = d2(1)ea(n) and C,. 4 p becomes

Cran= ) nz no( 4Bnk2

kEN
(k,2r)=
a
> (&) et [ [Tdm | | TTdb0
a€(Z/4nZ)* p|n plk
a=1 (mod 4) PF#2 pi2n

(r2—ak?n")=1

Suppose p is an odd prime, recall

dp(1) == Z

bE(Z/pordP(4Bk2)Z)*
b=A (mod p°rdr(B))
4b?=r?2—ak? (mod pordp<4k2>)

Since p is an odd prime ord,(4k?) = ord,(k?) and our last condition on the sum in the

ord,, (4k2) )

definition of d,(1) becomes 4b* = r? (mod p . We have shown that for odd primes p

d,(1) does not depend on a. Therefore, we write

Cran =D nznqbéank:Q Hd

keN
(k,2r)=1 pi2n
a
> (5) dWem [[dm
a€(Z/4nZ)* pln
a=1 (mod 4) PF2

(r2—ak?n")=1
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Since a =1 (mod 4), ds(1) only depends on B modulo 2 and our definition of ¢x(n) is

ck(n) = Z (—) es(n Hd

a€(Z/AnZ)* pln
a=1 (mod 4) pF#2
(r2—ak?n")=1

We write C;. 4 p as

Crap=dy(1) Y Z ol 4Bnk2 [T | cln)
keN " n=1 plk
(k,2r)= pi2n
heN T on= pl(B,k) plk
(k,2r)= p2n pf2Bn

For integers = and y denote by v(x,y) the number of distinct prime divisors of the ged(x,y).
Using Lemma 7.1

[T do(1) = 27 =vtk2mn),
plk
pf2Bn
Recall
(A, B)
. A o >¢((A,B))
where (A, B) is the greatest common divisor of A and B. So, we can write
C, d ov (k)
a8 = da(1) kz% W
k,2r)=1
(31)
{Hp'(B % } o((n, ABK?))
neN no(n)(n, 4 Bk?)2v(k2Bn) cr(n)

For positive integers z,y, and z we have the identities:

(32) (z,(y,2)) = (z,y,2)

z,y)
Identity (33) along with the fact that v is additive and k is odd implies that

21/(]6,2371) — 2”((14573)(%’”))

_ o)y )5 ()
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(34)




Observe that

(e ) ((m ) e) e
((k —>) ) P

by (33).

Thus, (34) becomes

(35) 21/(k‘,23n) —

Using (35) we may write (31) as

v(k)
Crap = da(1 Z k2uk3)¢ ABk?)
e

(36)

{lew,k) dp(l)} o((n, 4Bk2))2”( 5]
Z pf2n (2 )’n) ck(n).

neN no(n)(n,4Bk?)2"\ &5
In order to make the inner sum multiplicative in n, we require the following lemma.
Lemma 7.2. Suppose p|(B,n, k). If d,(1) =0, then cx(n) = 0.

Proof.
Let a = ord,(B) and # = ord,(k). By definition

dp(1) = Z 1

be(Z/p>+287)*
b=A (mod p%)
4b?=r2—ak? (mod p39)

dp(n) = Z 1

be (Z/poc+2ﬁ+ordp(n)Z)*
b=A (mod p%)
4b?2=r2—ak? (mod p2Btordp(n))

and

Recall from page 55 that d,(1) does not depend on a. Therefore, for any a one can see that
if d,(1) = 0, then 442 # r% —ak? (mod p™"(®28)). Since min(e,23) < min(a, 23+ ord,(n)),

4./42 7—é 7,2 . akZ (mod pmin(a,Qﬁ)) = 4A2 5_,5 7‘2 . akQ (mod pmm a,2f3+ordy(n )))
= dy(n) =0
So, if d,,(1) = 0, then d,(n) = 0 for all a. Thus, ¢;x(n) = 0.

57



For p|(B, k,n), define

_ ) (1) i dy(1) #
=1 if dy(1) =

Then by Lemma 7.2,

I8 do(1)
IT 4 Ck(n):ﬁ)l(?—)f
pl(B,k) p|(B,kn) /P

p2n

ck(n)

Note that if d,(1) = 0 for some p|(B, k), then both sides of the above equation are 0. Using
Lemma 7.2, we write C,. 4 p as

20 | Ty do(1)|

Crap=dy(1) Y k2v(.B) (4 Bk?)
keN
(k,2r)=1

ayyg” (50
> ¢((n,4Bk*))2 — )qc(n)'
o [Ty fo| n(n) (n, 4BR2)2 (@

Another application of (30) yields

209 T, dp(1)] G((4B, %))
k2v(®k:B) ) (k2) (4B, k?)

o((n, 4Bk2))2”(%’”>
5 [T 1] no)(n, 4BH2)2 (#r)

N

ce(n).

Due to the multiplicativity of the functions in the inner sum above we may rewrite the inner
sum as

219" ( <(ki$%2)) ’qa>
> 4Bk?))2 ’ N
(38) 1> ¢((q ) )
¢ prime =0 [Hp\(B,k,q“) fp] q“9(q*)(q*, 4Bk?)2"\ B
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Since ¢k (q%) = ¢ oraqr)(¢%), the product above may be written as

4B)
(3 et

atk \a>0

« 2 1,((&77}?32))@&)
H(Z gb((q 74Bk ))2 — qurdq<k)<qa)>

alk \az0 [Hp\(B,k,qa)fp] ¢*6(q) (g, 4Bk2)2 (wm )
d) q 4B) N
- 1 (i)
g,prime a>0 C] )
V<((I€]£B;32)),qa>
#((q*,4Bk?))2 ’ N
o oy Coorda (o) (4
<Z - ay fola®d(g®) (g™, ABk? () 4 tatt )>
(39) TI [y 5,100 Fo]a® $la)( )

k 4B
" (Zazo %Cﬂ‘ﬂ)

Substituting (39) into (37) we obtain

o((q°, 4B ))ei(g®)
(Z )(g* 4B)>

a>0

2/ [HpKB,k) 4,(1)] o((4B, )
I;N k2v(®5.5) 6 (k2) (4B, k2)

C17’,14,3 —

(k,2r)=1
(llﬁ B ) fe
(Z #((¢*,4Bg?7))2 <<"5 5 " >Cqﬁ(q‘l) )
a>0 . L, -
(40) . H TL,i(,q) fr)a®®(a®)(a* ABg>?)2 (@573) ! )
a° [k D ?((g*AB))e1 (9%)
B=1 az0 ¢q*p(q*)(q™,4B)

Again we have a sum of multiplicative functions which allows us to write the inner sum as

4924 B) g(q20) (4B 420
L+ SR

11

2@ [T, 5.0 do (D] &((4B,g%%)) )

B>1 az0 ¢*¢(q*)(¢*4B)
41) q1’27“
( V((‘ZK;BQ)#]&)
(s
‘15 le%
o MNP
=0 |:HP|(B,Q) fp] q*#(q*) (g™, 4B¢*7)2 <(qB’B) )
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Putting (41) into (40) yields

da(1) 6((2%,4B))cy (2°)
Cras = 50y ( Z 20.)(20) (20 4B)>

ZﬁlB

qlr

. c1(q%) 2 6((4%, ))ega (%)
q:,l(;i[d azzo o) ; 9°0(¢*) QZZO °¢(q*)(q*, qw)zv(qﬁ,qa))
9B

(42) o((g*, B))er(”)
gl (1 2 o) B) )

«%,B%) o

L ) 5 ¢<<B,q2ﬂ>>25>2¢<< o, oy L )cﬁ<qa>>

fo 4 4°0(¢*°) (B, ¢*) &

P .
q“d(q*)(q*, 4B¢*5)2 (<q5»B> & )

Define C'(2) as

O((2%,4B))c1 (2%)
=1
2 20(22)(2%,4B)

a>1
To compute C(2) recall Lemma 6.2 (4),

a(2%) = (=2)
We compute

qua ((2,4B))e; (2%) 2

204(22)(2%,4B) 3
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Using Lemma 6.2 the following two computations allow us to simplify the first and second
products in (42). First we compute, for ¢ 1 B

° H—1-(=2
14+ a1 ) +> a1 (_—(‘1)) if ¢ fr

Z ci(g) _ o, aven 4 qa ¢@q>~1(g-1) o odd 9%° @D
q*o(q” ($(a™)) .
a>0 (a%) 14> 0 —<q q2 1) if g|r
(4=3) a(-1-(3)) .
) e T ey et
?+(Z)a .
) if g|r.

- G gy
Second, we compute for ¢ 1 B, ¢{r

cb q ,0°%))eq(g*)
Zqﬁ(b 2/3 Z q qzﬁ)qQV(qﬁ )

8>1 a>0 q*¢

_ 2 1 cq(q”)
_Zq%(qw) [1+2Z o “]

B8>1 = 14

q—lz 35{ qil)}

5>1

_ 2 +qz+1)Z 1

2 _ 38
g —1 = a

2P +q+1)
(@ -D(?-1)
B 9

(2 -D(g—-1)

For the third product in (42) note that ¢|B and q|r. Since (k,r) =1, ¢{ k = ¢°. Therefore
using Lemma 6.2 with § =0

Qb min(a,ordg(B)) )Cl<qa) Cl(qa) cl(qa>
L+ Z mm (a,ordg(B)) =1+ Z q204 + Z q2a
a>1 1<a<ordy(B) ordg(B)<a
—_1\¢ o
1 Y (=) + Y e (Z1) L
- q2a q q q2a




(42) may now be written as

dy(1)

o = 5aB)

2
3

q (- <_71>Q+3 2

i~ (2)) i\ @ D@D @D

(43) g,0dd

@®.B% o
dy(1 Z 1 Z 2”(<qﬁvB> o ) (g0

521 a>1 qzag”(mﬁ,m 4

For the computation of the last product we use the following notation.

2 4A2
A=r? 44> A =ord,(d) L, = <7"_>
q
Using Lemma 6.2 for the value of ¢;(¢*) we have,
c(q®)
1 + Z q2a
a>1
c1(g® c1(g®
P -
1<a<ordg(B) q ordg(B)+1<a q
1. Lg
=1+ Z qELq + Z qurordq(B)
1<a<ordq(B) ordg(B)+1<«

quQOrdq(B)_Lordq(B)+1 Lordq(B)+1

_ 1+ QQOrdq(BHQ*quqzordq(B) + qgorgq(B)(qiLq) if Aq =0
L it A, > 0.

We now deal with the remaining double sum in the fourth product. We first write the double
sum as

(®.B%) o
dg(1) 1 QV( @ )C (¢*) dq(1) 1 g5 (q”)
7 Zng L+ 2 qi) T Zng<1+Z qZZa >

521 a>1 qgaz”(mﬁ,s)’q 521 a>1
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Now we split the sum on 3 > 1 according to Lemma 6.2 (2) and simplify. Then the double
sum becomes

dq(l)z ¢((B,¢*)) Zqﬁ((qa,qu))Cqﬂ(qo‘)
)

fo 4 P0(@*) (B, ¢*) 2= q*6(q*)(a, 4Bg*)

_ dq(1) 3 1
fq 1<28<min( q?»ﬁ
min(ordgq(B),Aq)

d,(1 1 Cqo(4%)
(44) + ]fq> S 5 [1+Z q;{ ]

23>min(ordq(B),Aq) a>1

1+ cqﬁgza)]

a>1 q

To evaluate this double sum we first make the following two observations
(1) By the definition of f,,

d,(1)  Jo ifd,(1) =

(2) Let ord,(k) = . Note that since

dy(1) = 0= (B,¢”) 1 A

we have
d,(1
qJE ) = 0 <= min(ord,(B),28) > A,.
q
Therefore, we examine three cases. Note that 5> 1 and ord,(B) > 1.
Case 1: A, =0
In this case dqf—il) = 0. Therefore the last product in (43) is
L q2ordq(B) _ Lordq(B)+1 Lordq(B)+1
H 1+ 2(3)rd (B)+2 ; 2ordy(B) + 2ord q(B)
q,0dd q ! B qu ! q ! (q - LQ)
alB
atr
Case 2: 1 <ordy(B) < A,
In this case dqf—(ql) = 1. Since ¢,s(¢*) = 0 whenever 23 < A,, (44) becomes

3 %[1+0]+ S qgiﬁ{urchﬁ(qa)}.

q q2a
1<2B<min(ordy(B),Aq)=o0rdq(B) 26>min(ordy(B),Aq)=0rdq(B) a>1

The first sum 1is

ordg(B) _q

Z 1 . 1-— q—S[ 2
33 3_1
1<2B<min(ordg(B),Aq)=ordq(B) q q
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Using Lemma 6.2 (2a) to obtain c,s for 28 > ord,(B) the second sum is

q*)
—ﬁ[+2q

ordq(B )
26>o0rdq(B) a>1
- Z_1+Zq ordq(B
= o
23>ordq(B) aae>vén
- > L[]
sty 4 L q(q+1)
_ <Q(Q+1)+qordQ(3)> Z 1
- 438
q(q + 1) 23>ordq(B) q
ordq(B)
(Pt a+ ) 2=

(¢+ D= 1)
Therefore, in the case that 1 < ord,(B) < A, we may write the last product in (43) as

ordq(B) ordq(B)
Y R T By ) S
1L |1+ ¢ —1 i (¢+1)(¢*—1)
q,0dd
q|B
qfr

Case 3: ord,(B) > A, >0
We examine carefully the two sums in (44). In order to determine dqf—(ql), we examine
min(ord,(B), 2) by using observation 2 on page 63.

(1) In the first sum we sum over 1 < 23 < min(ord,(B),A,) = A,.

d,(1) J1 if min(ord,(B),28) = 28
f—q ~ 10 if min(ord,(B),28) = ord,(B).

By Lemma 6.2 2(b), ¢,s(¢*) = 0, since A, > 23. Therefore, the first sum becomes

dg(1) 1
T rremmaya, @
9 1<28<min(ordy(B),Aq)=A,
B 1
- 2 7
1<2B<min(ordq(B),Aq)=A4
(2) In the second sum we sum over 23 > min(ord,(B), A,) = A,. If min(ord,(B),23) =
ord,(B), then d,(1)/f, = 0. If min(ord,(B),23) = 2, then d,(1)/f, = 1 if and only
if 26 = A, since 26 > A, For the second sum we also include the sum on a > 1,
since if 20 = A,, then ¢,;s(q*) # 0, by Lemma 6.2 2(b). Therefore, the second sum

becomes
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dy(1 1 c,(q”
(1) L[y
fq 23>min(ordq(B),Aq)=A q a>l q
2 q(D),Rq)=Rq =
dy(1) = 1 cqo(q%)
= — |1+ d
fq ZA q3ﬁ ; q201
L
afmin(a,ordq(B)qu),yg

_ {qmlq/z [1 + 21 7 } if Ay =0 (mod 2)

0 otherwise.

where

- (2)

Therefore, (44) on page 63 becomes

d,(1) 1
fa 2 ¢

1<28<min(ordq(B),Aq)

Lyt

a>1

d,(1) 1
SR D DR

Lyt

28>min(ordgq(B),Aq) a>1
Zl<2ﬂ<mi 1(ordg(B),Aqg)=A %ﬁ :
nlordat®)Ra)=2a q if A, =0 (mod 2
_ +(]—3Aq/2 [1+Za21 q—a—mm(a,ordp(B)—Aq),Y(?] q ( )
1 : —
Zl<2ﬂ<min(ordq(3),Aq):Aq ] if A;=1 (mod 2).

Therefore, if A, =0 (mod 2) the double sum (44) simplifies to

1 — g 3B/ 1
q3 -1 +q3Aq/2

or _ ord,(B)—A ord,(B)—A
{(qQ( da(B)=2q) _ ordaB)=Bay (g g yrdaB)=Ba(g2 %)}
q?rda(B)=240) (g — 7, ) (¢ — 7q)

If A, =1 (mod 2) the double sum (44) simplifies to

1 — g—3180/2-1]

¢ —1
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We have shown that

—1
2 q (7) ¢—1
Conp=—ms — 4 1 -
3¢(B) qu q— (—_1> qu (¢—1)(¢>—1)
atB qtB
qlr qfr

<;1> _ (;1> ordg(B)+1 oordy (B) (_1> ordg(B)+1

| | q q q q

. 1+ 1 + 1
" = (3) i (1= (3))

or ordg(B)+1 ordg(B)+1
. H - qu2 d¢(B) _ Lq «(B)+ N Lq a(B)+
q20rdq(B)+2 _ qu20rdq(B) q— Lq

q,0dd
q|B
qtr
¢=0
_ofordg(B) o[ ordg(B)
IT (1+ g n (¢ + g + ¢4 )25
¢ —1 (¢+1)(¢*—1)
q,odd
qe‘nrg,A,B
H <1 _ q—S[Aq/2—ﬂ )
3 _
q,0dd q 1
qE‘Bf,AB

Ag=1 (mod 2)

or _ ord,(B)—A ord,(B)—A
. (2OrdaB)=0a) (e B =Bay (g y g e B =Bag2 )
a g?rda(B)=2a) (g — 7, ) (¢* — 7q)

where

‘BEA,B = {q > 2,prime : q|B;q{r;ord,(B) < A,} and

B, ap = 1q¢ > 2,prime : ¢|B; ¢ 1 r;ordy(B) > A, > 0}.
This completes the proof of Lemma 0.9.
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