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Abstract

Codes of length n? and dimension 2n — 1 or 2n — 2 over the field F, for any prime p, that can
be obtained from designs associated with the complete bipartite graph K, , and its line graph,
the lattice graph, are examined. The parameters of the codes for all primes are obtained and
PD-sets are found for full permutation decoding for all integers n > 3.

1 Introduction

Codes obtained from an adjacency matrix of the line graph of a graph are closely related to codes
from an incidence matrix of the original graph, and are, in fact, subcodes of this in the binary case.
The codes from the incidence matrix of a graph, in case the graph has some regularity, have been
found, in many cases, to have rank either the number v of vertices, or v — 1, in particular the latter in
the binary case: see [6, 7, 13]. Furthermore, their minimum weight is often the valency of the graph,
and the minimum words simply the scalar multiples of the rows of the matrix. Thus it makes sense
to look at these codes in conjunction with the codes from the adjacency matrix of the line graph,
and codes associated with this adjacency matrix. In addition, binary codes from some line graphs
have been found to be good candidates for permutation decoding: see [6, 12, 16, 14, 15, 22].

In this paper we consider the lattice graph, where, for any n, the lattice graph is defined to
be the line graph of the complete bipartite graph K, ,. It is a strongly regular graph on v = n?
vertices. The binary codes from the span of adjacency matrices of lattice graphs have been examined
by various authors: see [3, 4, 9, 23|, and with a view to permutation decoding in [16, 22]. We
extend these results now to p-ary codes for all primes p; the p-rank of these and related graphs was
examined in [20]. Taking the complete bipartite graph K, , to have vertices from two disjoint sets
A= {ay,...,ap} and B = {by,...,b,}, the vertices of the lattice graph L, are the n? pairs (a;, b;)
with (as, b;) and (ag, by) adjacent if i = k or j = m. If A, denotes an adjacency matrix for L,, then
B, = J—I—A,, where J is the all-one and I the identity n? x n? matrix, will be an adjacency matrix
for the the graph L, on the same vertices with adjacency defined by (aj, b;j) adjacent to (a,bp,) if
i # k,j7 # m. We examine the neighbourhood designs and p-ary codes, for any prime p, from A,,
A, +1, B,, B, + 1 and show that all the codes are inside the code or its dual obtained from an
incidence matrix M,, for the graph K, ,, noting that MnTMn = A, + 2I. Thus the codes from the
row span of M, and some subcodes of codimension 1, are the ones that we examine for permutation
decoding. Note that A, + I and B, + I are adjacency matrices for the graphs LE and LE obtained
from L, and L,, respectively, by including all loops, and thus referred to as reflexive graphs.
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We summarize our results below in a theorem; the specific results relating to the codes from
Ly, Ly, LE LE are given as propositions and lemmas in the following sections. The notation is as
explained in the paragraph above.

Theorem 1 Let C,, be the p-ary code of an incidence matriz M, for the complete bipartite graph
K, where p is a prime and n > 3. The vertex set of Ky, is AU B, where A = {ai1,...,an},
B = {by,...,b,} and the edges are the pairs (a;,b;) where a; € A, bj € B. Then Cy, is a [n?,2n—1,n],
code with information set

T, = {(ai,bn) [ 1< i <nyU{(an,bi) [ 1<i<n—1}

For n > 3, the minimum words are the scalar multiples of the rows r; of My, and Aut(C,) =
Sp 1Sa, where Aut(C),) denotes the automorphism group of C,. The set

S = {(tn,i;tn,i) | 1< < n},

of elements of Sy x Sy, where t; ; = (i,j) € Sy is a transposition and ty, = (k, k) is the identity of
Sn, s a PD-set of size n for Cy, using Z,,.

Let E, = (ri —rj | ri,r; rows of My, ). Then for n > 3, E, is an [n? 2n — 2,2n — 2], code
and the minimum words are the scalar multiples of the r; — r;. Further, ) =Ty \ {(a1,bn)} is an
information set, and

S* = {(tn,ivtn,j) ‘ 1<4,5 < Tl},

a PD-set of size n?® for E, using L.
The p-ary codes from Ly, Ly, L LE are either IF;Q, P+, C-, EX, C, or E,.

We note that the binary code from the lattice graph is F,: see Result 2 in Section 2.

The proof of the theorem follows from propositions and lemmas in the following sections. The
full details about the codes from L,, L,, L, L® are in Proposition 8. Background definitions are
given in Section 2, and notation for the graphs, designs and codes that we consider here is given in
Section 3. Computations leading to these results were all done with Magma [5, 2].

2 Background and terminology

Notation for designs and codes is as in [1, Chapters 1,2]. An incidence structure D = (P,B,J),
with point set P, block set B and incidence J is a t-(v, k, \) design, if |P| = v, every block B € B
is incident with precisely k£ points, and every ¢ distinct points are together incident with precisely A
blocks. The design is symmetric if it has the same number of points and blocks. The code Cp(D)
of the design D over the finite field F' is the space spanned by the incidence vectors of the blocks
over F. If Q is any subset of P, then we will denote the incidence vector of Q by v<, and if
Q = {P} where P € P, then we will write v instead of v{¥}. Thus Cp(D) = (vZ| B € B), and
is a subspace of F7, the full vector space of functions from P to F. For any w € F” and P € P,
w(P) denotes the value of w at P. If F' = F,, then the p-rank of the design, written rank,(D), is
the dimension of its code C'p(D), which we usually write as Cy(D).

The codes here are linear codes, and the notation [n, k,d]; will be used for a g-ary code C
of length n, dimension k, and minimum weight d, where the weight, wt(v), of a vector v is the
number of non-zero coordinate entries. A generator matrix for C' is a k X n matrix made up of
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a basis for C, and the dual code C+ is the orthogonal under the standard inner product (,), i.e.
C+ = {v e F"(v,c) = 0 for all c € C}. A code is self-orthogonal if C C C*. A self-orthogonal
binary code is doubly — even if all the codewords have weight divisible by 4. If C' = C,(D), where
D is a design, then C' N C™ is the hull of D at p, or simply the hull of D or C if p and D are clear
from the context. A check matrix for C is a generator matrix for C+. The all-one vector will be
denoted by 7, and is the vector with all entries equal to 1. We call two linear codes isomorphic if
they can be obtained from one another by permuting the coordinate positions. An automorphism
of a code C is an isomorphism from C to C. The automorphism group will be denoted by Aut(C).
Any code is isomorphic to a code with generator matrix in so-called standard form, i.e. the form
[I;. | A]; a check matrix then is given by [~A” |I,,_x]. The first k& coordinates in the standard form
are the information symbols and the last n — k coordinates are the check symbols.

The graphs, I' = (V| E) with vertex set V' and edge set E, discussed here are undirected with no
loops, apart from the case where all loops are included, in which case the graph is called reflexive.
The order of I' = (V, E) is |V|. A graph is regular if all the vertices have the same valency. An
adjacency matrix A of a graph of order |V| = n is an n X n matrix with entries a;; such that a;; = 1
if vertices v; and v; are adjacent, and a;; = 0 otherwise. An incidence matrix of I' is an n x |E|
matrix B with b; ; = 1 if the vertex labelled by 7 is on the edge labelled by j, and b; ; = 0 otherwise.
If I is regular with valency k, then the 1-(|E|, k,2) design with incidence matrix B is called the
incidence design of I'. The neighbourhood design of a regular graph is the 1-design formed by
taking the points to be the vertices of the graph and the blocks to be the sets of neighbours of a
vertex, for each vertex. The line graph of a graph I' = (V| E) is the graph L(I") with E as vertex
set and where adjacency is defined so that e and f in E, as vertices, are adjacent in L(T") if e and
f as edges of T share a vertex in I'. A strongly regular graph T of type (n,k, \, u) is a regular
graph on n = |V| vertices, with valency k which is such that any two adjacent vertices are together
adjacent to A vertices and any two non-adjacent vertices are together adjacent to p vertices.

The complete bipartite graph K, , on 2n vertices, AU B, where A = {a1,...,a,}, B =
{b1,...,b,}, with n? edges, has for line graph, the lattice graph L,, which has vertex set the set
of ordered pairs {(a;,b;) | 1 < 4,5 < n}, where two pairs are adjacent if and only if they have a
common coordinate. L, is a strongly regular graph of type (n2,2(n —1),n — 2,2).

The code of a graph I" over a finite field F' is the row span of an adjacency matrix A over the
field F, denoted by Cp(I') or Cr(A). The dimension of the code is the rank of the matrix over F,
also written rank,(A) if F' = Fp, in which case we will speak of the p-rank of A or I', and write
Cp(I') or Cy(A) for the code.

Permutation decoding, first developed by MacWilliams [18], involves finding a set of auto-
morphisms of a code called a PD-set. The method is described fully in MacWilliams and Sloane [19,
Chapter 16, p. 513] and Huffman [10, Section 8]. In [11] and [17] the definition of PD-sets was
extended to that of s-PD-sets for s-error-correction:

Definition 1 If C is a t-error-correcting code with information set T and check set C, then a PD-
set for C is a set S of automorphisms of C which is such that every t-set of coordinate positions is
moved by at least one member of S into the check positions C.

For s <t an s-PD-set is a set S of automorphisms of C' which is such that every s-set of
coordinate positions is moved by at least one member of S into C.

The algorithm for permutation decoding is given in [10] and requires that the generator matrix
is in standard form. Furthermore, there is a bound on the minimum size that the set S may have,
due to Gordon [8] from a counting argument in [21], and quoted and proved in [10]:
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Result 1 If S is a PD-set for a t-error-correcting [n, k,d]q code C, and r =n — k, then

szt ]

PD-sets for binary codes from the lattice graphs were found in [16], in which the main result was
as follows:

Result 2 Forn > 5, let C' be the binary code from the row span of an adjacency matrixz for the
lattice graph of K, , with vertices A x B where A = {a1,...,an}, B = {b1,...,b,}. Then C is a
[n2,2(n —1),2(n — 1)} code and the set

T =A{(ai,by) | 2<i<n—1}U{(an,b;) |1 <i<n}
s an information set. The set
S={(tiptin) | 1<i<n,1<j<n}
of permutations in Sy, x S, forms a PD-set of size n® for C for T.

Note: Here, and in what follows, ¢; ; denotes the transposition (i,j) € Sy, and t; denotes the
identity element of \S,,. This notation is used since we are using ordered pairs for the edges of K, ,,.
The code C' in the result is the code E,, of Theorem 1 for p = 2.

3 The graphs, designs and codes

In all the following sections, p will denote any prime. We set up our notation for the graphs, designs
and codes that we will be examining.

For any n > 2, let G,, denote the incidence design of the complete bipartite graph K, ,,. Thus G,,
is a 1-(n?,n, 2) design. The point set of G,, will be denoted by P,, = A x B, where A = {a1,...,a,}
and B = {by1,...,b,}. This is the point set for all the classes of designs here. Writing = {1,...,n},
we take for incidence matrix M,, where the first n rows are labelled by the vertices of K, ,, in A, and
the next n rows by B. The columns are labelled

(a1,b1),...,(a1,byn), (az2,b1) ... (a2,bp)y ..., (An,b1), ..., (an,bp). (1)
For a; € A the block of G,, defined by the row a; will be written as
Ei:{(aivbj)‘lgjgn}a (2)

and for b; € B the block of G,, defined by the row b; will be written as
bi ={(a;,bi) [ 1< j <nj. (3)

The code of G,, over F), will be denoted by C),, assuming the prime p is clear from the context.
Thus
Cn=("|z€AUB), (4)

where the span is taken over [F,,. Furthermore

En:(vf—vm:c,yeAUB), (5)
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where the span is over [F),.

The lattice graph Ly, is the line graph L(Ky,;). The rows of an adjacency matrix Ay, for L, give
the blocks of the neighbourhood design D,, of L,. It is clear that M, M, = A, + 2I. The blocks of
D,, are

(@i, b5) = {(as, b) | k # 5} U {(ax, bj) | k # i} (6)

for each point (a;,b;) € Pp. Thus D,, is a symmetric 1-(n?,2(n — 1),2(n — 1)) design for n > 3. We
write

Ch = (@) | (a;,b;) € Py). "

For the reflexive lattice graph L, we get the 1-(n?,2n — 1,2n — 1) design %n with blocks

(ai, bj) = (i, b;) U {(ai, b;)} (8)

for each point (a;,b;) € Py, and p-ary code

Cn = (%) | (a5, b)) € Py). (9)

The graph L, is the complement of L, and gives a symmetric 1-(n2, (n — 1)2, (n — 1)2) design D,
with blocks

(@i, bj) = {(ar, bm) | k #i,m # j} = Pn \ {(ai, b))} (10)
for each point (a;,b;) € Py, and p-ary code

Gy = (@0 | (a5, b)) € Py). (11)

Finally, from the reflexive graph LE we get a 1-(n2,n% — 2n + 2,n2 — 2n + 2) design D,, (for n > 3)
with blocks

—_——
P

(ai, bj) = (as, bj) U{(ai, b;)} (12)
for each point (a;, b;) € P, and p-ary code

—_—
——

Cp = (W) | (a5,b;) € Pp). (13)

Note also that if 7 denotes the all-one vector of length n?, then, for all (a,b) € P,

/U(avb) + U(/‘;B/) =7= ’UW + U(/‘;BS. (14)

The group G' = S, 1 S2 is the automorphism group of K, ,. It acts on the edge set P,, = A x B
by its construction as an extension of the group H = S,, X S,, by So = {1,7}, where 7 = (1,2). The
element 7 then acts on H via (o, 3)" = (0, «), for a, 5 € S,,. Then G acts as a rank-3 group on P,

as follows:
(ai, bj)(a,,@’) = (aia, bjﬁ), and (ai, bj)T = (aj, bl) (15)

Furthermore, G acts on each of these graphs, designs and codes. We will establish when it is the
full automorphism group.
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4 Codes from G,

We obtain now the basic properties of C,, = Cp(Gy,) = Cp(M,). We first need a lemma. The notation
is as established in the last section.

Lemma 1 Forn > 2, if {i,j,k,m} C Q where i # k, and j # m, then the vector

u = u((ai, bj), (ag, b)) = v(:b:) 4 ylarbm) _y(aibm) 4 (arbs) (16)
is in C;-.
Proof: This is clear since (Z,u) = 0 for all choices of z € AUB. &

Proposition 1 Forn > 2, the code C,, over F), of the incidence design G,, of the complete bipartite
graph K, 5, is a [n2, 2n—1,n], code. Forn > 3, the minimum-weight vectors are the scalar multiples
of the incidence vectors of the blocks of G.,.

Proof: It is easy to see that the matrix M, has rank 2n — 1 over any field, and that the minimum
weight is at most n.

Now let B,, be the set of supports of the vectors u((a;, b;), (ak, bm)) as defined in Equation (16).
Then (P, By) is a 1-(n?,4,r) design, where r = (n — 1)2.

Let w € C), and Supp(w) = S, where |S| = s. Let P € S. We first count the number of blocks
of B, through P and another point Q. Suppose P = (a;,b;). Then

1. if @ = (a;,b) then P, Q € Supp(u((as,b;), (am,by)) for all m # i, giving n — 1 such blocks;
2. if @ = (am, bj) then P,Q are on n — 1 blocks again;

3. if Q = (am,by) where m # i,k # j, then P,Q € Supp(u((as,b;), (am,bi)) only, giving one
block.

Suppose that in S there are k points of the type (a;, bg) or (am, bj), and £ of the type (ap,, by) where
m # i,k # j. Then s = k+/¢+1. Counting blocks of B,, through the point P, suppose that there are z;
that meet S in ¢ points. Then zy = 21 = z; = 0 for ¢ > 5, since w cannot meet a block of B,, only once.
Thus r = zo+23+24 and 2z0+223+32z4 = (n—1)k+L=(n—1)(s—0—1)+L = (n—1)(s—1)—¥{(n—2).
Thusr=(n—-12<(n—1)(s—1)—€(n—2) < (n—1)(s—1) for n > 2. So s > n for n > 2, giving
the minimum weight as stated.

Now we show that for n > 3 the vectors of weight n must be scalar multiples of the blocks of
Gn. Suppose s = n with the same notation as above. Putting s = n in the equations above, we
get (n —1)2 < 29+ 223+ 324 = (n—1)%2 — (n — 2)¢. Since n — 2 > 0 this implies that ¢ = 0, and
r =29+ 23+ 24 = 290+ 223+ 32z4. Thus z3 = 24 =0, k =n —1 and S\ {P} consists of at least
n —1 > 2 points and they are all of the form (a;,b;) or (am,bj). Suppose there are k; of the form
(@i, b)) and kg of the form (ap,,b;). If k; =0 or ko = 0 then S = @; or E If k1, ko > 1 then we can
make the same counting argument using the point (a;, b;) for P and get a contradiction for ¢ = 0.
Thus S = @;, say. If w # aw® for some a € F,, then wt(w + Sv%) < n for some 3 € F), contradicting
the minimum weight being n. Thus we have our result. B

Note: For n = 2 there are words of weight 2 in C), for all odd p that are not scalar multiples of the
incidence vectors of the blocks of G, viz., for example, w = 3 — v — vb1.
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Proposition 2 Forn > 2, and C,, = C,(Gy),
U = {u((ai, b)), (ai+1,b0j41)) [1<i<n—-1,1<j<n-1}
is a basis for C;-.

Proof: We consider U as a sequence ordered first through fixing ¢, and allowing j to take the values
1 to n — 1 within each fixed i. Thus the sequence is

[u((al, bl), (CLQ, bz)), u((al, bg), (ag, bg), e ,u((an_l, bn—l); (an, bn))]

If the points of P,, are ordered as described for M,, in Equation (1), then the array of vectors from
U is in echelon form. Since [U| = (n — 1)? = n? — (2n — 1) = dim(C;-), we have the result. B

Proposition 3 Forn > 3, and C,, = C,(G,), Aut(G,) = Aut(Cy,) = Sy 1 Sa.

Proof: From Whitney’s theorem [24] it is clear that Aut(L,) = Aut(K,,) = S, 1 S2 and thus
Sp 1Sy C Aut(Gy,). For the reverse inclusion, suppose that o € Aut(G,,). To show that o € Aut(L,,),
suppose P and @ are adjacent in L,. Then P = (a;,b;) and Q = (a;,by) or (ag,b;), so P,Q € @;
or E Thus Po,Qo € T for some x € AU B, and so Po and Qo are adjacent in L, and hence
o € Aut(Ly,).

For n > 3, by Proposition 1, the words of weight n are the scalar multiples of the blocks of G,,.
Since weight classes are preserved by any o € Aut(C),), we see that o € Aut(G,,) = S, 1 S2, and thus
Aut(Cp) =S, 1Sz forn>3. A

Proposition 4 Forn > 3, and C,, = Cp(Gn),
In =A{(ai,bn) |1 <i<n}U{(an,b;i)|1<i<n-—1}
is an information set for Cy, and the set
S ={(tni,tni) |1 <i<n},
of elements of Sy, x Sy, is a PD-set for C,, of size n for the information set Iy,.

Proof: That Z,, is an information set follows from Proposition 2. Let C,, be the corresponding check
set. To prove that S is a PD-set for Cy,, note that C;, can correct ¢t = |25} | errors. Let

T = {(a”il7bji)’ sy (a’itv bjt)}

be a set of ¢ points of Py, and Q1 = {i1,...,0}, Q2 = {j1,...,j¢}, O = Q1 UQa. Then since t < ”T_l,
|O] <2t <n—1. If n € O then we use the identity ¢. If n € O then there is a k € Q, k # n, such
that k£ ¢ O and the element (¢, x,t, ) will move 7 into C,. Thus we have a PD-set. B

"TJ“{S for n odd for the smallest size possible for a

Note: Result 1 gives the bounds § for n even, and
PD-set. Our set has size n.

Recall that the code E,, is defined in Equation (5).
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Proposition 5 Forn >3, let B, = (v"—vY | z,y € AUB) over Fy. Then E, is a [n? 2n—2,2n—2],

code and the words of weight 2n — 2 are the scalar multiples of v¥ — v%, for 1 < 14,5 < n.

Proof: It is clear that E, = (v* —v™ | 2z € AU B) and has codimension at most 1 in C,,. In C),
we have > I, 0% =Y % =3 and so Y 1, (v¥ —v®) = 3" (vb — %), showing that E, has
dimension at most 2n — 2, and thus exactly 2n — 2.

For the minimum weight, E,, # C, so if w € E,, and w # 0, it must follow that wt(w) > n + 1,
since the words of weight n in C,, are the scalar multiples of the v®, for x € AU B. Further,
wt(v® —v¥) = 2(n — 1). Suppose wt(w) = n+j = s where 1 < j < n — 3, and show we have a
contradiction. Let & = Supp(w). Count as in Proposition 1, considering intersections of & with
weight-4 vectors in C;- C E;-.

For P = (al,bl) e S let

o Kp={Q|Q e85 Q=/(a,b)) or (ar,b1), 4,k # 1}, kp = |Kp];
o LP == {Q ‘ Q €S7Q - (Gj,bk),j,k?é 1}7 eP - ‘LP‘

IfQeLlp, Q= (ag,bQ) say, then Kp ﬂKQ C {(al,bg), (az,bl)}, SO ‘Kp N KQ’ < 2.
We have s = |S|=n+j=kp+{p+1for any P € S. Fix some P € § and write k = kp and
¢ = {p. Counting as in Proposition 1, we get

n—1>2*<m-Dk+l=mn-1)n+j-1-0+L=n—-1)>+n—-1)j—L(n-2),

which gives

P e O S S e
(n—2) n—2
We remark that if {p = 0 for P = (a1,b1), then S = Kp U {P}. Since s > n + 1, by assumption,
kp > n > 2, Kp must contain points of the form (ai,b;) and (ag,b1), k,j # 1 and thus we can
always find two points P and () such that () € Lp, and then also P € L.
So suppose Q € Lp. Then |[KpNKg| =1t < 2. Since also then P € Lg, we get that |[KpU Kg| =
kp + kQ —t. Thus

(17)

S:’I’L—|—jka—{—k:Q—t—{—QZ(n+j—l—fp)—k(n—{—j—l—gQ)—t—{—Z

so that
fp—i—EQ >n+j5—t.
Together with Equation (17) for ¢ = £p, £, this implies 2(n — 1)j > (n+ j — t)(n — 2) and hence

2t

jzn—(t+2)+ (18)
Ift=2weget j>n—3,andift =1o0ort =0 we get j >n—2orn— 1 respectively, which is
impossible since j < n — 3. Thus we must have j =n—-3, s =2n—3and k > n—1— Z—:g, SO

k > n—1 for all points. But if t = 2 then s = 2n —3 = 2(n —3) +2+2 = 2n — 2, which is impossible.
So there are no words of C,, in this range, and the minimum weight of E,, is 2n — 2. -

Now to show that the words of weight 2n — 2 are the scalar multiples of the words v® — v% | we
put s = 2n — 2 in the above argument and obtain £ > n — 2 for all points. Again we take P, such
that P € Lg, Q € Lp, and we get the following possibilities:
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1. kp=kg=n—-1,t=2;

2. kp=n—2,kg =n,t=2;

3. kp=n—-2kg=n—-1,t=1,2;
4. kp=kg=n—-2,t=0,1,2.

We show that the only possibility is the last case with t = 0, and that this has to be of the form
stated. The main argument used will be that, taking P = (a1,b1), Q = (a2, b2), the weight-4 word
u((ay,b1), (ak, by,)) for k,m > 3 must meet S = Supp(w) again.

Thus in Case (1) we have S = Kp U Kg U{P, Q}, leaving n — 3 points available in Kp \ K¢, but
at least n — 2 are needed to meet all the weight-4 words. Case (2) is the same, as is Case (3) with
t=1. In Case (3) witht =2, S = KpU Kgq U{P,Q, R} where R € Lp N Lg. The same argument
then eliminates this possibility.

In Case (4), if t = 2 there are two more points, both in Lp N L, and if t = 1 there is one more
point. In both cases the same argument can be used. This leaves only the Case (4) with ¢ = 0. Here
there are (n— 2)? words of weight 4 that must meet K p again and unless Kp = az \ {(a1,b1), (a1,b2)}
or by \ {(a1,b1), (az,b1)} this will not be possible. Similarly for Kq. If Kp = a7 \ {(a1,b1), (a1,b2)}
and Kg = az \ {(a2,b2), (a2,b1)} then for R = (a1,b3) we have kr = n — 1, which we have already
shown to be impossible. So Supp(w) = Supp(v® — v”2), and, from the intersections with the
weight-4 words in Ei-, we have w((a1,b1)) = —w((az,b2)), w((a1,b1)) = w((a1,b;)) for j > 3 and
w((az,b2)) = w((aj,b2)) for j > 3. Thus w = a(v™ — v*2) for some o € F),. W

Proposition 6 Forn >3, let E, = (v —vY | z,y € AU B). Then
Ty, ={(ai,bp) | 1 < i <npU{(an, bi) [ 1 <i<n—1}\ {(a1,bn)}
is an information set for E, and
S = {(tmiutn,j) ’ 1<4,5< n}, (19)
of elements of Sy, x Sy is a PD-set of size n? for E,, using 7.

Proof: That 7} is an information set follows from Proposition 2. Let C,, be the corresponding check
set. To prove that S is a PD-set for FE,, note that E,, can correct n — 2 errors. Let

T = {(ai17 bji)v ERE (ait7 bjt)}

be a set of t < n — 2 points of Py, and Q1 = {i1,...,5}, Qo ={j1,...,5t}, O=QUQ. If n g O
then we use the identity ¢. Since t < n — 2 thereisa k #n, k € Q1 and an £ # n, { € {9, and
(tnkstne) will move 7 into C,. Thus we have a PD-set. B

Note: This is the same PD-set as was used in the binary case in [16]. In that paper it was shown
that Result 1 gives a bound linear in n. Our set has size n?.
When p divides n, a further class of codes with a larger minimum weight than F,, and correcting

n — 1 errors, can be obtained.
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Proposition 7 Ifn > 3, p divides n, and

Ef = (v — o™ b — P e {1,...,n}),

then EZ is a self-orthogonal [n?,2n — 3,d], code, where d =2n—1 or 2n. An information set for E},
is Zp, \ {(an, bn)}-

If p is odd then E} = Hull(E,). If p = 2 then E} C Hull(E,) = E, and E} is a doubly-even
[n?,2n — 3,2n]y code.

Proof: Since 3.7, (v™ — v™) = g+ no™ and 3.7, (v¥ — o) = 5 4 noPt, we have

n n

J= Z(U‘Ti — ™) — ™ = Z(vbi — o) — b,

i=1 i=1

and so n(v™ — v*) € EZ, so that if p Jn, then Ef = E,,.

So suppose pln. Then (v% — v™,v%) = 0 for all + € AU B, and similarly for (v% — v, 0%), so
that EX C C;- C Ei-. But E, € C;-, so Ef # E,,, Ef C Hull(E,,) and [E, : E}] = 1. Since E # E,
and has vectors of weight 2n, its minimum weight is 2n — 1 or 2n. Also, looking at inner products,
we see that with p|n then E, C E;- only if p = 2, i.e. B = Hull(E,) if p # 2, and Hull(E,) = E,, if
p=2. Soif p=2, E, and E}, are self-orthogonal, E} is doubly-even, and hence its minimum weight
must be 2n.

That Z; \ {(an, b,)} is an information set is clear from the matrix M,,. B

Corollary 2 For n > 3, the set S of Equation (19) is a PD-set for E} for the information set

Zy \ {(an, by)}

Proof: The proof is almost identical to that for E,, except that we are taking a set of size n — 1.
Thus

T = {(ai,, bji)7 oo (aig, bjt)}
is a set of t < n — 1 points of Py, and Q1 = {i1,...,0}, Qo= {j1,...,jt}, O=Q U Ifng O
then we use the identity ¢. So suppose n € O. If thereis a k #n, k € Q1 and an ¢ # n, { & Qa, and
(tnk,tn,e) will move T into Cp,. Otherwise, if n € @y and Qo = {1,...,n— 1}, then there is a k ¢ €2,
k #n, and (tgpn,tnrn) will map 7 into C,. Thus we have a PD-set. B

5 The codes 6,“5”, én, /C'\;

We show now that none of the p-ary codes from the lattice graph nor its complementary graph, nor
from the reflexive graphs, give any interesting new codes beyond the codes C,, and FE,, that we have
already examined.

We use the notation established in Section 3.

Lemma 2 Forn > 2, p an odd prime, the weight-4 vectors u((as;, bj), (ak,bm)) of Equation (16) are
mn all én,ﬁn,én,az. Forp=2,ue ﬁn,én.
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Proof: It can be verified easily that if u = u((a;,b;), (ax, bm)), then

v(ai7bj) -+ U(almbm) — fu(ai»bm) — U(akabj) — _2u

It then follows from Equations (8) and (14) that

U(ai:bj) —+ v(a‘kabm) —_ v(aiabm) —_ 'U(ak7bj) = —u
p(@ibi) o glarbm) _ gy(aibm) _ gylansby) = o
p(@isbs) + plarbm) _ y(aibm) _ 4 (arb;)  — Qu,

which gives the result. B

Proposition 8 Forn > 2, p an odd prime,

1. if n =2 (mod p) then C,, = E;; if n #2 (mod p) then C,, = FZZ if n #1 (mod p), and
W= Y- forn =1 (mod p);

C
2. if n =1 (mod p) then Cn = EL; if n 21 (mod p) then C, = FgQ if 2n # 1 (mod p), and
Cp = (9)* for2n =1 (mod p);

3. ifn =1 (mod p) then Cp = Ci-:if n £ 1 (mod p) then Cp = IFZQ;

4. ifn =2 (mod p) then C,, = EX: if n #2 (mod p) then C,, = FZQ.
Forp=2,C, = Ey,; 5n = B ifn is odd, En = IFZ2 if n is even; 5; = Gk ifn is odd, 6; = Ff
if n is even; 6’; = FE,, for n even, 6’; = C), forn odd.

Proof: First take p odd. Let u(1,2) =377, u((a1,b1), (a2, b;)) = Zgﬂ(v(al’bl) 4 pla2:bi) _ glanbi)
v(@2:01)) Then it follows that

u(1,2) = (n — D)(plh) - glozb)) = 3 (pleab)  ylerb)
i#1
and u(1,2) € @fn,é], 6’; by Lemma 2. Now we consider the four classes of codes, the proofs
being similar.

1. For C,:

U(alvbl) — U(G'?vbl) n — 1)(U(a17b1) — v(a27b1)) — u(l’ 2) — (U(U«l;bl) — U(a27b1))

= (n - () ) (1,2)
is in C,.
If n # 2 (mod p) then v(@:01) — y(a201) ¢ € and this will hold for any pairs of points, so
(p+ CC,. Butye éi only if n = 1 (mod p), so we have the stated result for n #Z 2 (mod p).

If n =2 (mod p), then since (W%, 02y =1if x #y,zand n — 1 if 2 = y or z, it follows that
C, C E;-. Now from Proposition 2, the weight-4 vectors span C;-, so C;- C C,,. Clearly we
cannot have equality, and since [E;- : C;-] = 1, we have C), = E;-.
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2. For 571:

planbr) _ glaz2,b1)  —  (an,br) _ 4 (az,b1) + platb1) _ 4 (a2,b1)

= (0= D)ot o) — u(1,2),

from the previous case, is in En

If n #1 (mod p) then planbn) _ ylazbr) ¢ En, and this will hold for any pairs of points, so
p— :J_

(9)+ C C,. But g€ C, only if 2n = 1 (mod p), so we have the stated result for n # 1 (mod p).

ftn=1 (mod p), then since (v¥, v(y’z)) =1lifz #y,zand nif x =y or z it follows that
C, C Ef; Now from Proposition 2, the weight-4 vectors span C’T%, SO C’# C C,,. Clearly we
cannot have equality, and since [E;- : C;-] = 1, we have C), = E;-.

3. For C,:

—

/U(avb) _|_ /U(a’b) — J) SO

—_—

’U(al’bl) _ v(a27b1)

—’U(al’bl) + ,U(az,b1)
= (- () o) (1, 2),

from the previous case, is in C,.

If n #1 (mod p) then planby) — ylazb) ¢ ¢ and this will hold for any pairs of points, so
(9)+ C C,. But 3¢ C;- for n # 1 (mod p), so we have the stated result for n # 1 (mod p).

If n =1 (mod p), then since (W*,vWA)) =n —1if x #y,z and 0 if z = y or z, it follows that
C, C C’Tf. Now from Proposition 2, the weight-4 vectors span C’#, so we have equality.

—_

/U(avb) — /U(avb) + /U(azb)7 SO

—_—~
—_— —_—

,U(al,bl) _ ,U(a2ab1) _ ’U(al’bl) _ ,U(ag,bl) + U(al’bl) _ U(O&,bl)
—(n = 2)(vled) — ylozbi)) 4 gy(1,2),

from the previous case, is in C,,.

If n # 2 (mod p) then v(a1:b1) — ylazb1) ¢ C,. and this will hold for any pairs of points, so
—~ 1

() C Cp. But 3¢ C,, so we have the stated result for n % 2 (mod p).

If n = 2 (mod p), then since (v7,v%?) =n —1if z # y,z and 1 if z = y or z, it follows that
6’; C E. Now from Proposition 2, the weight-4 vectors span C;-, so Ci- C 6’; Clearly we
cannot have equality, and since [EL : C5] = 1, we have C,, = EL-.

This completes all the cases for p odd.

Now take p = 2. That C,, = E,, follows from the observation that M;;F M,, = A, (in the notation
of Section 3), or from Result 2.
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For En, from Lemma 2, u(1,2) € En, and the same argument as in the case of odd p can be used;

similarly for C),.

—_—

- ——

For Ch,, since v(@®) = 5 4 p(@b) = 5 4 @ 4 b, S vl =g S 0 4 nvd = g for n even,

and equal to Wb for n odd, and so CN’n = C, for n odd. For n even, > ", v(@P) = 3 50 for n even,

C,=C, =FE,.

This completes the proof of all the cases. B

The proof of Theorem 1 now follows from the results in this and the last section.
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