SMALL SETS OF EVEN TYPE AND CODEWORDS

Dedicated to Professor Helmut Karzel on the occasion of his 70" birthday

J. D. Key and M. J. de Resmini

We examine some geometric configurations of points in designs that give rise to vectors in the
codes associated with the designs. In particular we look at small sets of points in projective
planes of even order that are met evenly by all the lines of the plane, and find vectors of
small weight in the binary hull and in the code’s orthogonal.

1 INTRODUCTION

Given any design or incidence structure D, for any prime p we define the p-ary code of D to
be the vector space C' spanned over the field F}, of order p by the incidence vectors of the
blocks of D. In [1] the code C, its orthogonal code C*, the hull (C'NC*) of D, and C' + C*,
are studied. We look here for the occurrence of the incidence vectors of certain geometric

structures in these codes, extending some of the ideas from [4].

Suppose D is a 2-(v,k,A) design, and let C' be its code over a field F. Evidently the
minimum weight of C' will be at most the block size, k. For the orthogonal code C*, or the
hull C' N C*, knowledge of the minimum weight or the minimum-weight vectors might not
be easy to deduce. It is well known (see [1, Lemma 2.4.2] for a proof) that if C' is not the
full space then C* has minimum weight at least (r+ \)/\, where 7 is the replication number
of the design, i.e. the number of blocks through a point, (v — 1)A/(k — 1). Further, if F’ has
characteristic 2 and D has even order, then a word of this weight in C* will have support
that is an oval for D. A natural question arises as to what the minimum weight of C* is in
the case where D is known not to have ovals.

Our strategy here will be to look at sets of points of a design that intersect the blocks of the
design in a particular way, and thus to deduce that the incidence vector of the set of points
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is in one of the codes mentioned above. We will restrict our attention in this paper mainly to
the case of projective planes of even order. Our main results concern the existence of words
of weight 2n that are not the difference of the incidence vectors of two lines, in the binary
hull of some classes of non-desarguesian projective planes of even order n (see Section 4,
Proposition 2 and Corollary 3), and words of weight n + 4 in the binary orthogonal code
of even-order projective planes (Section 5). In particular we exhibit such sets in all the 22
known planes of order 16 (Section 6) and thus obtain the proposition:

Proposition 1 All the 22 known projective planes of order 16 have words of weight 20 in
their orthogonal binary codes, and four of these codes have 20 as the minimum weight.

In Section 6 we also exhibit some new complete 16-arcs for one of the planes of order 16,

and also some even sets of sizes other than 20.

First we review some terminology.

2 BACKGROUND

The notation used is generally standard and we refer the reader to Assmus and Key [1].

An incidence structure D = (P, B) with point set P and block set B is a t-(v, k, \) design if
every block is incident with precisely k& points and any set of ¢ distinct points are together
incident with precisely A blocks. It follows (see [1, Chapter 1]) that D is an s-design for any
s < t; we denote the number of blocks incident with s points by A;. The order of a t-design,
where ¢t > 2, is n = A\ — Ay. A Steiner design has A = 1. A symmetric design is a 2-design
with |P| = |B|, and in this case the dual structure D' = (B,P) is also a symmetric design,
with the same parameters. A projective plane is a symmetric design with A = 1.

For F any field, F'” is the vector space of functions from P to F with basis given by the
characteristic functions of the singleton subsets of P. If D = (P, B) is an incidence structure,
the code Cr(D) of D over F is the subspace of F'7 spanned by the characteristic functions
(incidence vectors) of the blocks of D. If X C P, denoting the characteristic function on
X by v¥, then Cp(D) = (v®|B € B). If F has characteristic p (in fact, F' = F),) then the
dimension of Cr(D) is referred to as the p-rank of D. It is well known that the code of a
design of order n will only be of any interest or use in characterizations of the design when
the prime p divides n: see [1], for example. Since we shall also be looking at the code of the
dual structure of D, i.e. D', we introduce also the notation that was used in [1] for incidence
vectors in the space FZ, viz. w”, where T C B. Thus w®, where & € P, is the incidence

vector of a block in D', and has weight 7.

The orthogonal code C* (where the orthogonal is taken with respect to the standard inner



product in FY, i.e. , for u,w € FY, (u,w) = > ,cp u(x)w(x)) is defined by

C*+ ={ulu e F'and (u,w) =0 for all w € C}.

The hull of a design D with code C' over the field F' is the code

Hullp(D) = Hp(D) = C N C*.

Recall that the weight of a vector is the number of non-zero entries in the vector. Clearly

the code from a design will have minimum weight at most the block size k. The vector in

Fv, all of whose entries are 1, is called the all-one vector and denoted by 7. Thus 73 = v”.

Let D = (P, B) be a 2-(v, k, \) design. A set of points & C P such that no three points of
S are together on a block of B is called an arc. A block B € B is

e tangent to S if B meets S in a single point;
e secant to § if B meets S in two points;

o caterior to S if B does not meet S.

(More generally, if S is a set of points in D, then a block is called a j-secant if it meets S in
j points.) In general, we will use the following notation for the intersections of blocks with

a set S of points in a design:

e {; is the number of j-secants to S;
e u; is the number of j-secants through a point not on S;

e v; is the number of j-secants through a point on S.

Thus u; and v; will depend on the point chosen, in general.

It is easy to show (see [1, Chapter 1]) that if D = (P,B) is a 2-(v, k, \) design of order n,
where k£ > 3, and if S is an s-arc of D, then

(1) if n is odd, or n is even and A does not divide r, s < (r + A —1)/A;

(2) if n is even and A divides r, s < (r 4+ \)/A.

An oval (usually called a hyperoval in the literature when D is a projective plane of even

order) in D is an arc of maximum size m, where

(1) m=(r+AX—1)/Nif nis odd, or if n is even and A does not divide r (i.e. every point
on the arc is on a unique tangent);



(2) m = (r+ A)/Xif nis even and A divides r (i.e. there are no tangents).

An arc § is complete if no point can be adjoined without S losing the property of being an
arc. The secants (also called 2-secants) to a complete arc cover all the points off the arc.
Given a set of points § in a design D the intersection numbers associated with S are the
sizes of the intersections of the blocks with §. Thus in a 2-design an arc has intersection
numbers from the set {0, 1,2} and an oval (hyperoval) has intersection numbers 0 and 2.

3 SETS OF EVEN TYPE

Let II be a finite projective plane of order n, i.e. Il is a 2-(n®> + n + 1,n + 1,1) design. It
is well known that the p-ary code C' of II, where p|n, has minimum weight n + 1 and the
minimum-weight vectors are the multiples of the incidence vectors of the lines of II: see [1,
Chapter 6], for example. Thus the code completely determines the plane. In general, less is
known about C and the hull; for the desarguesian plane, the minimum weight of the hull is
2n, with the minimum-weight vectors the scalar multiples of the difference of two incidence
vectors of lines. It is not known if this is the minimum weight for the hull of any plane,
but we do know that for some non-desarguesian planes vectors of weight 2n that are not of
this form may be present in the hull: see below. Similarly, not a great deal is known about
C*, except that for binary codes the minimum weight is at least the size of a hyperoval, i.e.
n + 2, and any vector of this weight in C* must be the incidence vector of a hyperoval. In
the case where p is odd, even the minimum weight of C* is not known in general. Until
quite recently there was no finite plane known that had no hyperoval; however, four planes
of order 16 are now known to have no hyperovals: see [10]. The question then arises: what is
the minimum weight of C+? Is it then n+4, the next possible weight? We show in Section 6
that in the case of the 22 known planes of order 16 vectors of weight 20 can be constructed
in Ct. We also look at the general question: are there always weight-(n + 4) vectors in the

binary code C* when n is even?

A non-empty set S of points in a plane is said to be of even type if every line of the plane
meets it evenly. It follows that |S| and the order n of the plane must be even, and that
|S| = n + 2s, where s > 1. The incidence vector of a set of even type is thus clearly in the
orthogonal binary code of the plane. More specifically, a set of points will be said to have
type (n1,ns,...,n;) if any line meets it in n; points for some i, and for each i there is at

least one line that meets it in n; points. Thus the set is of even type if all the n; are even.



4  WORDS OF WEIGHT-2n IN THE HULL

Consider the Hall plane IT of order 16, as described in [15]. This plane has complete 16-arcs.
If A is a complete 16-arc then in the dual plane IT* the 32 tangents to A form a set of even
type. Computationally, using the construction described in [15] and Magma [2], and the first
complete 16-arc in [15, Section 6], we obtained a vector of weight 32 in the hull of IT* that
is not the difference (sum) of the incidence vectors of two lines, since lines meet the set in
0,2,4,6 or 8 points.

More generally, the Hall plane of order ¢?, when g = 2™ and m > 2, has complete ¢*-arcs,
by Menichetti [7], and the 2¢* tangents to such an arc form a set of even type in the dual
plane. This will always give us words of weight 2n in the binary hull of such planes of even

order n, as the following proposition shows.

Proposition 2 Let II be a projective plane of even order n and suppose that S is a complete

n-arc in I1. Then the set T of tangents to S in the dual plane II' has incidence vector w”

T

in the binary hull of II'. Furthermore, the vector w? is not the difference of the incidence

vectors of two lines in II'.

Proof: Every point z € S is on two tangents, so clearly there are 2n tangents. Let 7 denote
the set of tangents, as points in the dual plane II*. Then 7 is a set of even type in II*. Thus
w? € (C)*, where C! is the binary code of II'.

Now we show that w? € C* and thus is also in Hull(IT*). For this notice that if w = 3, g w®

then
1 if L is a tangent

L) = . . .
w( ) { 0 if L is a secant or exterior
and so w = w? € Ct.

Finally, we need show that w? is not the difference of the incidence vectors of two lines of
IT%, i.e. we need show that no point of II is on n tangents to S. But this is clear since S is a
complete n-arc. U

Menichetti’s result gives us the following:

Corollary 3 FEvery dual Hall plane of even square order n has a vector of weight 2n in its
binary hull that is not the difference of the incidence vectors of two lines.

There are complete 16-arcs in the dual derived semifield plane of order 16, as we will exhibit
in Section 6 (13), and thus the derived semifield plane will also have vectors of weight 32
in its binary hull that are not the difference of the incidence vectors of two lines. Similarly,

there are complete 16-arcs in the Johnson-Walker plane, as shown in [14].
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Notice, however, that we are still not able to settle the question of the actual minimum weight
of the hull of a plane. However, Proposition 2 does verify once again the well-known result
(see, for example, Hirschfeld [3]) that there are no complete arcs of size n in a desarguesian
plane of order n, since we know from coding theory that the only words of weight 2n in the
binary hull of a desarguesian plane of order n are the differences of the incidence vectors of
two lines: see [1, Chapters 5,6]. These codes are generalized Reed-Muller codes.

5 SETS OF EVEN TYPE OF SIZE n + 4

If S is a set of even type in an even-order plane then v$ € C*. The minimum possible
weight of vectors in C* is m + 2, in which case the set is a hyperoval. If no hyperovals are
present we would like to know what the minimum weight of C*+ can be, and, in particular,
if it is n + 4. We know it is at most 2n, since the difference of the incidence vectors of two
lines has this weight. We first make the following observation:

Lemma 4 If a set S of size n + 4 in a plane of even order n is of even type, then it is of
type (0,2,4).

Proof: Let x be a point of § and let v; be the number of j-secants through it. Counting

gives

ZU% = n+1
=1

which gives

> (20— 2)vg; = 2,

=1

and thus vy; = 0 for 7 > 3, vy = 1, and we have the result. [

Migliori [8] considered generally sets of size n + s and of even type (0,2, s), when the order

1

n of the plane is even, and in particular she obtains such sets for s = 3

n in desarguesian

planes. This of course gives vectors of weight n + %n in O+,

Korchmaros and Mazzocca [5] consider (n +t)-sets of type (0,2,¢) in the desarguesian plane
of order n. They show that sets of size n+4 of type (0,2,4) always exist in the desarguesian
planes of orders n = 4,8,16, but have no existence results beyond this for even sets of
size n + 4. With Magma we constructed some of the sets described in that paper in the
desarguesian plane of order 16; the set described in their Proposition 7.1 (the statement of
which has a printing error in that 1 should read 1) is the union of two complete 10-arcs



that are mapped onto one another by an elation of the plane. In fact it seems that a 20-set
of type (0,2,4) can always be split into two complete 10-arcs by some choice of two points
on each of the five 4-secants. The same appears to hold for 12-sets of type (0,2,4) in the
plane of order 8. (Note again that there is an error in the statement of Theorem 4 of [5]: for
(a* +1) and (a® + a) read their inverses. Similarly, in Theorem 5, for the polynomial f, the
set of w; should read {w?, w', w'3}.)

We will show in Section 6 that all the known planes of order 16 have sets of even type of
size 20, and thus C* has minimum weight 18 in the case where the plane has hyperovals, or

20 in the case of the four planes that do not have hyperovals.

First we make some general observations about sets of type (0,2,4). If S is such then, as
we observed before, |S| = n + 2s where s > 1. Using the notation defined in Section 2, for
any point on S, let v; denote the number of j-secants through it. Then vy +v4 = n +1
and v9 + 3vy = n + 2s — 1, so that vy = s — 1. If s = 2 then vy, = 1 and we see that the
4-secants partition the points of S. Further, keeping s = 2, i.e. |S| = n + 4, if we denote by
t; the number of j-secants to S, for j € {0,2,4}, then counting shows that t4 = i(n +4),
ts = in(n+4) and o = n(2n — 5). Finally take a point not on & and let u; denote the
number of j-secants through it. Then ug + us + u4s = n + 1 and 2us + 4uy = n + 4.

In all but one of the cases we have constructed, i.e. for n < 16, and also for the desarguesian
planes in general (from [5, Theorem 1, page 448]), the 4-secants are concurrent. Following
[5] we will refer to such a point as the 4-nucleus of the 20-set. This point would have uy = 0
and uy = %n + 1. Notice that since uy = %n + 2 — 2uy and n > 4, usy is always even. It is
clear that it is not possible to have a point with uy = %n, since in that case the last 4-secant
cannot be constructed; thus in particular, for n = 8, which is the desarguesian case proved
already in [5], the 4-secants must be concurrent. The 20-set without a nucleus that we found
by computation in one of the planes of order 16 has two points with uy = 3 and four with
uy = 2: see Section 6 (17). The five 4-secants and the six points of intersection have the
property that they can be completed to a Fano plane by the addition of one more point and

two more lines.

We consider now possible constructions of (n + 4)-sets of type (0,2,4). First note that we
need n > 4, and that for n = 4 we simply take the symmetric difference of two lines. Thus
we take n > 8. A possible construction of an (n+4)-set of type (0,2, 4) involves the existence
of complete (3n + 2)-arcs:

Proposition 5 Suppose the projective plane 11 of even order n has two complete (%n + 2)-
arcs A and A', with the following properties:

(i) A and A" share ezactly one interior point (i.e. point on no tangent) and the tn + 1

secants on it;

(it) the sn(in + 2) tangents to A are also tangents to A’, and conversely;
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(111) the (%”;2) — (3n+1) = tn® + 3n secants to A other than the ;n + 1 secants on the

common interior point are exterior to A', and similarly interchanging A and A’.
Then AU A" is an (n + 4)-set of type (0,2,4).
Proof: The proof is straightforward. [

In fact for the planes of order 16 we have found 20-sets of type (0,2,4) arising from this
construction, apart from the one example where no 4-nucleus was present. Conversely,
starting with a 20-set S of type (0,2,4) with a 4-nucleus, in all the cases we computed we
found that we could choose any subset 7 of S such that 7 had one point from one of the
4-secants, say L, but met all the other 4-secants twice, then a point x could be found on
LNS such that 7U{z} turned out to be a complete 10-arc. This is also true for the planes of
order 4 and 8, and might follow generally. In the one case of a 20-set without a 4-nucleus the
set still split in many ways into two complete 10-arcs, but the choices were not quite as free.
Furthermore, for some of the complete 10-arcs from some splittings in some of the planes,
once the finite points are chosen, there may or may not be some freedom in the points at
infinity on the 10-arc.

We also note a rather obvious fact that can be employed in the search for (n + 4)-sets: our
primary interest was in the construction of (n + 4)-sets of even type in the case when no
hyperoval is present in the plane, since this would give the minimum weight of the plane’s
binary code’s orthogonal as n+4. However, since we are interested now in the existence in all
planes of (n + 4)-sets of even type, we note the following construction that quite frequently
can be made:

Proposition 6 If a projective plane 11 of even order n has two hyperovals that intersect in
exactly %n points, then the symmetric difference of the two hyperovals is an (n + 4)-set of
even type.

Proof: In the orthogonal binary code the sum of the two incidence vectors of the two
intersecting hyperovals has support of weight n 4+ 4. Since it is clearly a set of even type, it
is of type (0,2,4), by Lemma 4, as required. U

Note that the two arcs of size %n + 2 that are the non-intersecting parts of the pair of
hyperovals are obviously not two complete (1n+ 2)-arcs that the (n+4)-set might split into.
Such a splitting must be found from other considerations. Notice also that not all planes

have such pairs of intersecting hyperovals, and in particular not all of the planes of order 16
do.

We now give general constructions of 20-sets of type (0,2,4) with a 4-nucleus in the known
planes of order 16. The existence of these sets with a 4-nucleus obtained by these construc-

tions in the known planes of order 16 is a consequence of the fact that all of these planes have



some 4-group acting on them. It may be a Baer 4-group or simply some subgroup of the
elementary abelian 2-group acting on the plane. The non-translation planes also admit some
translations and/or shears. All these planes have a distinguished line (the line at infinity)

and /or a distinguished point; furthermore, in many cases there is a distinguished flag.

Construction 7 Let 11 be any of the known planes of order 16. Then II has a 20-set of
even type.

Proof: To construct a 20-set we start with two of its 4-secants. Denoting the set of eight
starting points by 5, these points yield sixteen 2-secants, all of whose points not in .S become
forbidden points, i.e. they cannot be added to S in order to get a 20-set of even type.

If the sixteen 2-secants come in pencils and these pencils have collinear centres, then we can
find points to add to S. For this we need S to have a Klein 4-group V} in its stabilizer.
Then the two 4-secants which form S must meet on the distinguished line (possibly at the
distinguished point).

One way that guarantees such a situation is to choose as S the set of finite points on two
lines of a Baer subplane Il of II with the line at infinity of Il coinciding with the line at
infinity, a0, of II. Let I be the point on a0 where the two 4-secants meet. Since Il is a Baer
subplane of I1, it is a blocking set. Thus the sixteen 2-secants produced by S kill all points
of II but those of II — Iy on the three lines of Iy through I other than the two starting
4-secants. This leaves 3 - 12 points that can be added to S to complete the 20-set. Indeed
there are usually three possible choices and again the eight finite points that are added to
S must be chosen so that they are stabilized by the same V, that stabilizes S. With such
a choice the four points at infinity that the 20-set has come out naturally. (If II is a shear

plane then a0 is substituted by a shear axis.)

Moreover, to construct a 20-set with 4-nucleus it is enough to choose the set .S of eight starting
points on two 4-secants so that the two 4-secants meet at a point I on the distinguished
line of IT (possibly I = A0 where A0 is the distinguished point of II) and S is stabilized
by a Vj. Then the sixteen 2-secants provided by S come in pencils with centres on the
distinguished line of II (on a shear axis). Once the forbidden points are deleted, points
remain on lines through I that can be added to S, using the Vj to pick them out. Thus a
20-set is constructed. Usually we get six 20-sets starting from S. [

6 SOME 20-SETS IN THE KNOWN PLANES OF ORDER 16

We give in this section specific 20-sets of even type for the known planes of order 16. In

most of the cases we are able to describe the specific sets with reference to published papers



constructing the plane, but in some cases we had to resort to pure computation, using
Magma, looking for words of weight 20 in the code’s orthogonal, and then analysing the
structure of the set. In such cases we refer the interested reader to the first author for data
containing the plane and the 20-set.

All the planes have 20-sets; we refer to the notation used in the various papers, as quoted.
All the sets found by construction have a 4-nucleus, and all split into two complete 10-arcs,
in many ways. We indicate a splitting in each case, giving just one of the complementary
complete 10-arcs. Note that the desarguesian plane of order 16 has these sets and they can
be constructed as described earlier, using the results of [5]. The existence of the 20-sets that
we describe below is in all cases a consequence of the existence of an elementary abelian
2-group acting on the plane. In the notation for these planes, the points labelled Ai are the
points on the line at infinity, labelled a0. The remaining points are the finite points.

The method of obtaining the 20-sets is either that outlined in Proposition 6 or Construction 7.
In the latter case, starting with eight points, if the eight points are together in a Baer subplane
then three distinct 20-sets arise; if the eight points are not in a common Baer subplane then
more 20-sets might arise. Similarly, it will be noticed that in certain situations for some of
the planes the complementary complete 10-arcs have the property that their finite points
might be completed to two hyperovals whose intersection is the set of finite points. This
then produces yet another 20-set. Furthermore, different splittings into complete 10-arcs
might yield distinct possibilities.

The planes are enumerated by ascending 2-rank, which is noted in each case, along with
the symbols used to denote the designs as in [10]. To be consistent with that notation we
have denoted the dual of a plane II by II*. We have included 20-sets for the planes that we
examined computationally; in this case the plane is obtained from the ftp site cs.uwa.edu.au
in the directory pub/graphs/planes16 [9].

Remark 1 The points in our case are labelled 1 to 273 instead of 0 to 272. Thus to retrieve
the plane as given in the ftp site [9], subtract 1 from each point in our notation.

We can omit the desarguesian plane, since 20-sets can be constructed from [5], but since we
found two hyperovals (one regular and one Lunelli-Sce [6]) that intersect in eight points, we
will include these two hyperovals, in terms of homogeneous coordinates, just for completeness.

The sets given below then constitute a proof of Proposition 1 as stated in Section 1.

(1) Desarguesian plane (PG3(16) 2-rank 82)
If w is a root of the primitive polynomial z* + x + 1 over Fb, then
(1w w), (1,w? w?), (1,w%,w'), (1,w? w), (1,w®w"), (1,w",w®), (1,08 w?),
(1,0 w%), (1,w*, wit), (1,0,0), (1,w,w?), (1,w, w?), (0,1,0), (1,w w?), (0,0,1),
(1, w?, w'?), (1,w'3 w?), (1,1,1)
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is a regular hyperoval and

(1w w), (1,w'? w?), (1,w’,w'), (1,w? w), (1,w®w"), (1,w", w®), (1,ws w?),
(L), (L), (L), (L), (L), (Lt ), (L7),
(1,08, 0%), (L), (1w, ') (1,0, )

is a Lunelli-Sce hyperoval, and they meet in eight points. The resulting 20-set has

4-nucleus (1,w'® w*) and splits into two complete 10-arcs, one of which is:

(1w w?), (1w w), (1,0,0), (1,w' w?), (1,0 w?), (1,1,1). (1,w* w®), (0,0,1),
(1, w8 w), (1, w3, w?).

(2) Semifield plane with kern F, (SEMI2 2-rank 98) [11]
A pair of hyperovals ([11, page 145], v1,~2) intersecting in eight points gives the 20-set
with 4-nucleus A3 in this self-dual plane:

K13 K14 R13 R14 F5 F16 X5 X16 A15 A16 D8 D15 N8 N15 M9 M 11 P9 P11 A4 Al4,
and a complete 10-arc:
K13 K14 R13 R14 M9 M 11 P9 P11 A4 Al4.

Note in addition that the eight finite points of each of the complementary complete
10-arcs completes uniquely to a hyperoval which for the 10-arc given above is

K13 K14 R13R14AM9MI11 P9P11B3B6 LT L12WTW12Z3 Z6 A2 A13.

Alternatively, starting with the eight points F3 P3 L3.S3 F'6 P6 L6 S6 not in a Baer
subplane and using the method of Construction 7, six 20-sets are obtained, all with
4-nucleus Al:

F3P3L3S3F6P6L6S6B9B11CI9C11DID11 K9K11 A4 A7 A14 Al6,

F3P3L3S3F6P6L6S6B13B14C13C14D13D14 K13 K14 A4 A8 A9 A12,
F3P3L3S3F6P6L6S6H1H2Z17Z2N1N2R1R2A3A8A13 Al4,
F3P3L3S3F6P6L6S6H9H11Z9Z11 N9N11 R9R11 A6 A10 A12 A13,
F3P3L3S3F6P6L6S6M1IM2X1X2T1T2W1W2A6A9 All Al6,
F3P3L3S3F6P6L6S6M13M14X13X14T13T14W13W14 A3 A7 A10 A11.
A splitting of the first of these into complete 10-arcs gives:

B9B11C9C11 F3F6 P3 P6 A4 A7,
and the eight finite points complete uniquely to a hyperoval:
BIB11C9C11 F3F6 P3P6 HAH10 Z4 Z10 M8 M15 X8 X15 A3 AT.

The point A7 is on the 20-set, the 10-arc, and the hyperoval.
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(3) Semifield plane with kern F; (SEMI4 2-rank 98) [17]
This plane also is self-dual. Starting with the points B1 B2 B13 B14C1C2(C13C14
in the Baer subplane «y, using the method of Construction 7, three 20-sets with the

4-nucleus AQ are obtained:
B1B2B13B14C1C2C13C14T3T6 W3W6T8T15 W8 W15 A8 A10 A12 A15,

B1B2B13B14C1C2C13C14TATIOWAWI10T9T11 W9 W11 A5 A6 A13 Al4,

and
B1B2B13B14C1C2C13C14T5T16T7TT12W5W16 WT7TW12 AT A9 A11 Al6.
A splitting of the first of these into two complete 10-arcs yields:

B1B2C1C2T3T6 W3 W6 A8 A12.

The eight finite points of this 10-arc can be completed to the following two hyperovals
that intersect in these eight points and whose symmetric difference gives a 20-set with
4-nucleus A0:

B1B2C1C2T3T6W3W6 A8 A10 D4 D10 K4 K10 M7 M12 X7 X 12,
B1B2C1C2T3T6W3W6 A12A15D9 D11 K9 K11 M5 M16 X5 X 16.

Similarly, starting with the points B1 D1 M1T1 F7 H7 L7 R7 in the Baer subplane f3,
three 20-sets are obtained, with 4-nucleus A1, one of which is

BIDIMITIFTHTLTR7TC9K9P15S15W9X9N15 7215 A0 A8 A13 Al6,
giving a complete 10-arc:

B1M1L7TR7TC9K9N15 715 A0 AS.

Again, starting with the points R1 R3 R R13W2 W3 W11 W16 in the Baer subplane
s, three 20-sets are obtained with no points on the line a0 at infinity, with 4-nucleus
AO0, one of which is

R1IR3R8RISW2W3W11 W16 B1 B2 B4 B10 D6 D8 D10 D11 F4 F6 F'13 F'16,
giving a complete 10-arc:

B1B2F4F6 D6 DSW2W3 R1 R3.
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Alternatively, one can start with the eight points B1 B2 B3 B6 C1C2C3 (6 not in a
Baer subplane and obtain in a similar manner six 20-sets with 4-nucleus AQ:

B1B2B3B6C1C2C3C6D4D10D7D12 K4 K10 K7 K12 A5 A6 A13 Al4,

B1B2B3B6C1C2C3C6D5D16 D9D11 K5 K16 K9 K11 A7 A9 A11 A16,
B1B2B3B6C1C2C3C6L5L16 L9 L115551659 511 A3 A9 A12 Al4,
B1B2B3B6C1C2C3C6 L8 L15L13 L1458 515513514 A4 A10 A13 A16,
B1B2B3B6C1C2C3C6 N4N10NTN12 R4 R10 R7T R12 A4 A6 AT Al12,
B1B2B3B6C1C2C3C6 N8 N15N13 N14 R8 R15 R13 R14 A3 A5 A10 A11.

A splitting of the first of these to give a complete 10-arc is:
B1B2C1C2D4 D10 K4 K10 A5 A6.
The eight finite points here again complete to two hyperovals:
B1B2C1C2D4 D10 K4 K10 F8 F15 P8 P15 L5 L16 55516 A6 A15
and

B1B2C1C2D4ADI0 KA K10 M7TM12 X7 X12T3T6 W3 W6 A8 A10.

Hall plane (HALL 2-rank 98) [15]
Starting with the eight points B1 B2 B4 B10C'1C2C4C10 in a Baer subplane, and

using Construction 7, we get three 20-sets with 4-nucleus A0, one of which is:
B1B2B4B10C1C2C4C10F9 F11 F13 F14 P9 P11 P13 P14 A9 A11 A13 A14,
and a complete 10-arc:
B1B2C1C2F9F11P9 P11 A9 Al1.

(In each of the three 20-sets obtained here the eight added finite points are also in a
Baer subplane.)

The eight finite points of the complete 10-arc complete to two hyperovals that meet in
these eight points:

B1B2C1C2F9F11 P9P11N3N6R3R6TH5T16 W5 W16 A9 A13,

B1B2C1C2F9F11 P9PIINTNI12R7TR12T8T15 W8 W15 A1l Al4,
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and whose symmetric difference thus gives another 20-set with 4-nucleus A0. (Note
that the eight points N3 N6 R3 R6 N7 N12 R7 R12 of this 20-set are together on a Baer
subplane.)

Alternatively, starting with eight points B1 B2 B3 B6 C'1 C2C3 C'6 not in a Baer sub-
plane, we get five 20-sets with 4-nucleus A0, one of which is:

B1B2B3B6C1C2C3C6D4D10D7TD12 K4 K10 K7 K12 A4 A9 A10 A14,
and a complete 10-arc:

B1B3C1C6 D10 D12 K4 K7 A4 A10.

Dual Hall plane (HALL* 2-rank 98)
Using [9] (but see Remark 1) 20-sets with 4-nucleus and splitting into complete 10-arcs
were found by computation. A 20-set with 4-nucleus 273:

{1,3,10, 12,152, 155, 158, 160, 230, 231, 233, 237, 242, 244, 245, 255, 257, 258, 265, 267},
and a complete 10-arc:

{1,12,155, 158, 231, 233, 242, 255, 265, 267}.

Johnson-Walker plane (JOWK 2-rank 100) [14]
This is one of the planes with pairs of hyperovals meeting in eight points, and thus we

can get a 20-set with 4-nucleus A0 from the first pair of hyperovals in Ex. 2, page 136
of [14]:

ATA12D3 D6 H3H6 KT K12 Z7 Z12 A8 A15 D5 D16 H5 H16 K8 K15 Z8 Z15,
and a complete 10-arc:

ATA12D3 D6 H3H6 K7 K12 Z7 Z8.

Alternatively, starting with eight points B1 B2 B3 B6 C'1 C2 C3 C6 from the Baer sub-
plane ay on page 126 of [14], and using Construction 7, we get three 20-sets with
4-nucleus AO0:

B1B2B3B6C1C2C3C6D4D10D7D12 K4 K10 K7 K12 A4 A10 A7 A12,

B1B2B3B6C1C2C3C6D5D16 D9D11 K5 K16 K9 K11 A5 A16 A9 Al1,
B1B2B3B6C1C2C3C6D8D15D13D14 K8 K15 K13 K14 A8 A15 A13 Al4.
Splitting of the first of these gives a complete 10-arc:

B1B2C1C2D4 D10 K4 K10 A4 A10.
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(7)

Dual Johnson-Walker plane (JOWK?* 2-rank 100)
Using [9] (but see Remark 1), 20-sets with 4-nucleus and splitting into complete 10-arcs
were found by computation. A 20-set with nucleus 273:

{4,8,12,14, 215,218,219, 224, 231, 232, 234, 238, 244, 251, 252, 256, 258, 263, 267, 271},
and a complete 10-arc:

{12, 14, 215,224, 231, 232, 244, 256, 258, 267}

Dempwolff plane (DEMP 2-rank 102) [12]

Starting with the eight points B1 B2 B3 B6 C'1 C2(C'3C6, which are not in a Baer
subplane, and using Construction 7, we obtain five 20-sets with 4-nucleus A0, one of
which is:

B1B2B3B6C1C2C3C6D4D10D7D12 K4 K10 K7 K12 A3 A4 A8 Al4,
containing a complete 10-arc:

B1B2C1C2D4 D10 K4 K10 A3 A4.

The 2-secants of the 20-set through the original eight points are concurrent in fours at
the points A1, A2, A9, A15.

Alternatively, starting with the eight points B1 B2 B4 B10 C1C2 C4 C10, which are
in the Baer subplane « ([12, page 56]), we obtain three 20-sets with 4-nucleus A0, one
of which is:

B1B2B4B10C1C2C4C10F3F6 F7 F12 P3 P6 P7 P12 A9 A10 A15 A16,
containing a complete 10-arc:

B1B2C1C2F3F6 P3P6 A9 Alb.

Sets can also be constructed from hyperovals using Proposition 6. For example, using
the two hyperovals on page 62 of [12], we get the 20-set with 4-nucleus Al:

HTH12Z7Z12 N3 N6 R3R6 A15 A16 M7 M12 X7 X12T3T6 W3 W6 A9 A10,
and a complete 10-arc:

HTH12Z7Z12N3N6T3T6 A9 Al5.
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(9)

(11)

Dual Dempwolff plane (DEMP* 2-rank 102)
Using [9] (but see Remark 1), 20-sets with 4-nucleus and splitting into complete 10-arcs
were found by computation. A 20-set with nucleus 273:

{2,7,8,9,214, 219,220, 221, 231, 233, 235, 236, 242, 246, 248, 253, 262, 265, 268, 270},
and a complete 10-arc:

{2,8,220, 221, 231, 233, 242, 253, 265, 268}

Lorimer plane (LHMR 2-rank 106) [20]
Pairs of hyperovals intersecting in eight points exist in this plane: the first two on
page 147 of [20] give the 20-set

nlbnl6r13r14tl5t16x13 x14al3 ald p7p8 sb s6 w7 w8 z5 z6 all al2,
and a complete 10-arc
nl5nl16t15t16 p7p8 w7 w8 all al2.

Alternatively, starting with the eight points d1 d2d3 d4 k1 k2 k3 k4 not in a Baer sub-
plane, Construction 7 yields six 20-sets with 4-nucleus a0, one of which is:

dld2d3d4kl1k2k3k4r13r1dribr1i6wl3wldwlbwl6aldada9aldb,
and a complete 10-arc
d3d4 k3 kdr13rldwl3wld a3 ab.
The eight finite points of this complete 10-arc form the intersection of two hyperovals:
d3d4 k3 k4r13r14wl3wldbllbl2mllml2n5n6 2526 all al2,

and
d3d4 k3 k4dr13r1dwl3wld clbcl6 015016 pl p2 x1 22 a3 a4,

whose symmetric difference is thus a 20-set.

Dual Lorimer plane (LHMR* 2-rank 106) [20]
Starting with the eight points B1 B2 B3 B4 C'1 C2 C3 C'4, which are in a Baer subplane,
and using Construction 7, we obtain three 20-sets with 4-nucleus A0, one of which is:

B1B2B3B4C1C2C3C4D5D6 D7D8F5F6 FT7EF8A5 A6 AT AS,
containing a complete 10-arc:

B1B2C1C2D5D6 F5 F6 A5 A6.
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A pair of hyperovals ([20, page 145], w1, w2) intersecting in eight points gives the 20-set:
NTN8RHR6TTTS8 X5X6A11 A12 P15 P16S13S14W15W16 Z13 Z14 A13 Al4,
and a complete 10-arc:
NTNS8TTT8 P15 P16 W15 W16 A11 A12.

Alternatively, starting with the eight points K1 K2 K3 K4 P1 P2 P3 P4, which are not
in a Baer subplane, we obtain six 20-sets with 4-nucleus A0, one of which is:

K1IK2K3K4P1P2P3P4D9D10D11 D12 X9 X10X11 X12 A3 A8 A11 A16,
containing a complete 10-arc:
K1K2P1P2D9D10X9 X10 A3 A8.
The eight finite points of this arc complete to two hyperovals:
K1K2P1P2D9D10X9X10B7B8TT7T8 M15M16 515516 A9 A10
and
K1K2P1P2D9D10X9X10C5C6W5W6 L13 L14 R13 R14 A15 A16,

whose symmetric difference will give another 20-set.

We also obtained a 32-set of type (0,2,4):
B9 B10B13B14C9C10C13C14 X9 X10X13 X14 729 Z10 Z13 Z14
D11 D12D15D16 F11 F12 F15 F16 T11T12T15T16 W11 W12 W15 W'16.

It has 56 4-secants which can be partitioned into seven pencils with centres at
A0, A1, A2, A4, A5, A10, A15; the remaining lines on each of these points are exter-
nal. All lines but a0 through any other point on a0 are 2-secants, and there are 160
2-secants.

Furthermore, we obtained a 32-set of type (0, 2,4, 8):
B1B2C1C2D5D6 F5F6 HT HS K7 K8 L3 L4 M3 M4

N1IN2P1P2R5R6S5S6TTTSWTWS8X3X4Z3Z4.

This set has four concurrent 8-secants, nl,n2,n9,n10, and 32 4-secants.
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(12)

(13)

Derived semifield plane (DSFP 2-rank 106) [13]
A pair of hyperovals ([13, page 108], the first two hyperovals) intersecting in eight
points gives the 20-set with 4-nucleus A6:

HOHIIT1IT2W3W6Z5 716 A8 A12 RO R11 M1 M2 N5 N16 X3 X6 AT A13,
and a complete 10-arc:
HIYHITRIRI1I M1 M2T1T2 AT A12.

As for some of the other planes already mentioned, the eight finite points of the com-

plete 10-arc complete to two hyperovals whose intersection is this set of eight points:
HIYHITRORIIMIM2T1T2NAN10Z4 Z10W13W14 X13 X 14 A3 A7
and

HI9HI11RORI1IM1M2T1T2B13B14 D13 D14 FAF10 L4 L10 A11 A14,

whose symmetric difference will thus give another 20-set with 4-nucleus Al.

Alternatively, starting with points B1 B2 B5 B16 C'1 C2 C5 C'16 from a Baer subplane,
and using Construction 7, we obtain three 20-sets with 4-nucleus A0, one of which is:

B1B2B5B16C1C2C5C16 H3H6 Z3Z6 HY H11 79 Z11 A3 A6 A9 Al1,
and a complete 10-arc:
B1B2C1C2H3H6Z3 76 A3 A6,
and the eight finite points of this arc do not complete to a hyperoval.

Dual derived semifield plane (DSFP* 2-rank 106) [13]
Note that this is one of the planes that does not contain any hyperovals and thus the
minimum weight of the plane’s binary orthogonal code will be 20.

Starting with the points d1d2d4d10k1k2k4 k10 in a Baer subplane (3, and using

Construction 7, three 20-sets with 4-nucleus a0 are obtained, one of which is:
dl1d2d4d10 k1 k2 k4 k100306 s3 s6 701287 s12a3 ab a7 al2,

and a complete 10-arc:

dl1d2 k1 k20306 s3 s6 a3 ab.

The finite points of this complete 10-arc and of its complementary arc form parts of
four complete 16-arcs:

dld2 k1 k20306 s3s6h13h14mTml12292x11 27 212,
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dl d2 k1 k20370653 s6n8nl15r7r12t7t12 w5 wl6,
d4d10k4 k1007012 s7s12h9 h11 m3mb x13 x14 23 26,
d4d10k4 k107012 57 51215116713 r6t3t6 w8 wlbd.
(See the comment after Corollary 3 relating to these arcs.)

However, using the starting points f3 f6 f7 f12 p3 p6 p7 p12 from a Baer subplane and
proceeding as before yields again three 20-sets with 4-nucleus a0, one of which is:

f3f6f7 f12p3p6p7pl2b1b2clc2b4010c4cl0a3aba’al2,

with a complete 10-arc
b1b2clc2 f3 f6 p3 pb a3 ab,

but which does not complete to a complete 16-arc on removing the infinite points.

Starting with the eight points ¢1¢2 ¢4 (10 s1 s2 s4 s10 in the Baer subplane [ (see the
first example above), yields three 20-sets with 4-nucleus a0, one of which is

01020401051 5254510d3d6d7d12k3k6k7TKk12a3abaTal2,

with a complete 10-arc:
010251 s2d7d12k7 k12 a3 ab,

which gives complete 16-arcs from its finite points:
010251 s2d7d12k7TEkE12h3 h6m13mld x3 2629 211,

0102s1s2d7d12k7Tk12n3n6r5r16t8t15 w3 wb.

The symmetric difference of these two complete 16-arcs is not a complete 16-arc.

Mathon plane (MATH 2-rank 109)
Using [9] (but see Remark 1), we found two hyperovals meeting in eight points:

{45, 46,75,80,99, 106, 115, 126, 136, 141, 152, 153,171, 176, 201, 202, 264, 271},
and
{1,17,45,62, 75,96, 106, 126, 141, 153, 176, 187, 202, 217, 230, 246, 257,266 },
whose symmetric difference is the 20-set
{1,17, 46, 62,80, 96,99, 115, 136, 152, 171, 187, 201, 217, 230, 246, 257, 264, 266, 271},
with 4-nucleus 268, and complete 10-arc
{1,46,80,99, 115,136, 171, 187, 257, 264}.
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(15)

There are also 20-sets that are not the symmetric difference of two hyperovals:
{3,5,11,13, 18,24, 26, 32,227, 229, 235, 237, 242, 248, 250, 256, 259, 260, 262, 268},
with 4-nucleus 257 and complete 10-arc

{3,11, 24,26, 235,237, 242, 256, 259, 268}

Dual Mathon plane (MATH?* 2-rank 109) [19]

Note that this plane is referred to as the Mathon plane in [19]. Starting with the
eight points B1 B2 B3 BAC1C2(C3(C4 in the Baer subplane 17(i) of [19], a 20-set
with 4-nucleus AQ is obtained:

B1B2B3B4C1C2C3C4D5D6D7D8F5F6 F7F8Ab5 A6 AT A8,
and a complete 10-arc:

B1B2C1C2D5D6 Fb F6 A6 A8.

Classical semi-translation plane (BBH1 2-rank 110) [18]

This is a self-dual plane. Starting with the points B1 B2 B3 B4C1C2(C3 (4 in a Baer
subplane, using the method of Construction 7, three 20-sets with 4-nucleus A0 are
obtained, one of which is:

B1B2B3B4C1C2C3C4D5D10F5F10D7 D13 F7 F13 A5 A6 AT A8,
and a complete 10-arc:

B1B2C1C2D5 D10 F5 F10 A5 A6.

The eight finite points of this complete 10-arc can be completed to complete 14-arcs

in four ways, for example:
B1B2C1C2D5D10F5F10 H6 H16 P6 P16 A5 A7

and
B1B2C1C2D5DI10F5F10 H12 H15 P12 P15 A6 AR.

New 20-sets with 4-nucleus A0 may be obtained from eight points in the symmetric
difference of these two arcs, one of which is:

H6H16 H12H15P6 P16 P12 P15 L1 L2 L3 LAT1T2T3T4 A9 A10 A11 A12.
A 20-set with 4-nucleus A0 with, unusually, no points at infinity was found:
H2HTHI1H12P1P6 PTP8D1D2D3DALAL6 L11 L13T3T8T12T13,
and a complete 10-arc:

HTHI11PTP8D1D2L4AL6T8T13.
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(17) Derived dual Hall plane (BBH2 2-rank 114)

(18)

Using [9] (but see Remark 1), 20-sets were found by computation and some of the sets
did not have a 4-nucleus. They all split into two complete 10-arcs. A 20-set without
4-nucleus:

{2,3,4,5,7,12,13,16, 21,22, 28, 29, 209, 210, 215, 216, 217, 218, 223, 224},
and a complete 10-arc:
{2,3,12,13,22, 28,209, 210, 223, 224}.

The five 4-secants of the 20-set meet in a set of six points, and this set can be completed,
by the addition of one more point and two more lines, to a Fano subplane. The points

of this Fano subplane are

{17,163, 165, 167,176, 257,265}.

A 20-set with 4-nucleus 263:
{18, 20, 25, 26, 30, 32, 225, 226, 227, 232, 234, 237, 239, 240, 259, 261, 267, 269, 272, 273},
and a complete 10-arc:
{18, 25, 26, 226, 227, 232, 234, 267, 269, 272}.

Neither of these two 20-sets is the symmetric difference of two hyperovals intersecting
in eight points, but such hyperovals do exist in this plane:

{18, 29, 82,86, 145, 154,164, 169, 177,182, 192, 200, 203, 228, 238, 250, 251, 264 }
and

{18, 19, 86, 88,93, 130, 144, 145, 154,167, 169, 177, 181, 185, 243, 247, 250, 251},
giving the 20-set with 4-nucleus 172:
{19, 29, 82, 88,93, 130, 144, 164, 167, 181, 182, 185, 192, 200, 203, 228, 238, 243, 247, 264},
and a complete 10-arc:

{88, 93,144, 167, 182, 200, 238, 243, 247, 264}.

Dual derived dual Hall plane (BBH2* 2-rank 114)
This is one of the planes without hyperovals. Using [9] (but see Remark 1), 20-sets
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(19)

with 4-nucleus and splitting into complete 10-arcs were found by computation. A
20-set with 4-nucleus 9:

{14,15, 16, 32, 48, 64, 80, 96, 112, 128, 144, 160, 176, 192, 208, 224, 240, 256, 272, 273},
and a complete 10-arc:
{14,15,48,80, 112, 144, 176, 192, 224, 256}
Johnson strict semi-translation plane (JOHN 2-rank 114) [16]
Starting with the eight points D3 D6 D4 D10 K3 K6 K4 K10 in the Baer subplane at

the bottom of page 148 of [16], and using Construction 7, a 20-set with 4-nucleus AQ
is obtained:

D3D6 D4D10 K3 K6 K4 K10 F5 F16 F13 F14 P5 P16 P13 P14 A3 A6 A4 A10,
and a complete 10-arc:
D3 D6 K4 K10 F5 F16 P13 P14 A3 A6.
A different splitting gives the complete 10-arc
D3 D6 K3 K6 F5F16 P5 P16 A3 A4,
and its complement, to which the following hyperovals are attached:
D3D6K3K6F5F16 HI3H14Z13Z14T4AT10W4 W10 A7 A12,

D3D6 K3K6 F13 F14 P13 P14 HAH10Z4 Z10T5T16 W5 W16 A7 A12.

This plane has only a small number of hyperovals, and no pairs intersecting in eight
points.

Dual Johnson strict semi-translation plane (JOHN* 2-rank 114) [16]

This is one of the planes that does not contain any hyperovals and thus the minimum
weight of the plane’s binary orthogonal code will be 20. Starting with the eight points
d3d6 d4d10 k3 k6 k4 k10 in a Baer subplane, and using Construction 7, three 20-sets
with 4-nucleus a0 are obtained:

d3 d6 d4 d10 k3 k6 k4 k10 £8 £15 £9 f11pSpl5p9pllabal6aldald

d3 d6 d4 d10 k3 k6 k4 k10 £5 £16 £13 f14p5 pl6pl3 pldalalbadall,
d3d6d4d10 k3 k6 k4 k10 f1 f2 f7 f12pl p2 p7pl2a3 a6 ad all.
A splitting for the first of these gives the complete 10-arc:

d3d6 k4 k10 £8 f15p9 pll a5 al6.
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(21) Derived dual semifield plane (BBS4 2-rank 114)
Using [9] (but see Remark 1), 20-sets with 4-nucleus and splitting into complete 10-arcs
were found by computation. A 20-set with 4-nucleus 53:

{1,9,14,17,19, 22, 25,204,207, 212, 215, 235, 240, 243, 248, 257, 258, 259, 263, 269},
and a complete 10-arc:

{1,14,22, 25,212, 215, 235, 243, 257, 258}

(22) Dual derived dual semifield plane (BBS4* 2-rank 114)
This is one of the planes without hyperovals. Using [9] (but see Remark 1), 20-sets

with 4-nucleus and splitting into complete 10-arcs were found by computation. A
20-set with 4-nucleus 273:

{6,10, 12,15, 36,41,46, 47,209, 210, 211, 212, 241, 246, 247, 248, 258, 259, 260, 261},
and a complete 10-arc:

{12, 15, 36,46, 209, 210, 246, 247, 258, 259}.
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