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Motivation

We've seen how to incorporate the following features into ODE models:

m dilution of protein concentation due to cellular growth;
m degradation (or decay) of protein concentration;

m time-delays due to cellular processes.

In this section, we'll see how to add these types of features to Boolean models.

Our Boolean models will be derived from the 3-variable and 5-variable ODE models from the
previous lecture.
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Dilution and degradation
Suppose Y regulates the production of X.

Assume Y(t) = 1 implies X(t + 1) = 1. (activation takes 1 step).
Generally, the loss of X due to dilution and degradation takes n timesteps.

Introduce new variables Xold(l)v Xold(2)7 ey Xold(n—l)'

Properties
(i) If Y(t) =0and X(t) =1, then X,4(1)(t + 1) = 1. ("X has been reduced once by
dilution & degradation.”)

(i) If Y(t) =0 and Xgq(i—1)(t) = 1, then Xqq¢jy(t + 1) = 1. ("X has been reduced i
times by dilution & degradation.”)

(iii) The number of “old” variables is determined by the number of timesteps required to
reduce [X] below the discretation threshold.

Thus, X(t + 1) = 1 when either of the following holds:

m Y(t) =1 (new amount will be produced by t + 1),

m X(t) A Xoid(n—1)(t) = 1 (previous amounts of X still available).
X(t+1) = Y(£) v (X(8) A Xoa(n) ()
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Other features

Time delays
Say R regulates production of X, delayed by time 7 (n steps).

Introduce new variables Ry, Ry, ..., R, with transition functions:

Ri(t+1) = R(t)
Ro(t+1) = Ri(t)
R3(t TF 1) = Rg(t)

Ro—1(t+1) - Rn—2(t)
X(t+1) = Ra(t)

Medium levels of lactose

Introduce a new variable L, meaning “at least medium levels” of lactose. Clearly, L =1
implies L, = 1.

m High lactose: L =1, L, = 1.
m Medium lactose: L =0, L, = 1.
m Low lactose levels: L =0, L, = 0.

We can ignore any state for which L =1, L, = 0.
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Estimating constants for our Boolean model

3-variable ODE model of the /ac operon (Yildirim and Mackey, 2004)

respectively.

Let M(t) = mRNA, B(t) = -galactosidase, and A(t) = allolactose (concentrations),

dM 1+ Ki(e P™MA, )"

s — M
dt MKt Ki(e—rmAL, ) M

dB
P agehTEM,. — 7B
P ape B B
dA L

A B — BaB
e

A
Ka+ A

We need to estimate these rate constants and time delays from the literature.

m Time delays: 7y = .10 min, 75 = 2.00 min.

m Degradtion rates are harder to determine experimentally, and they vary widely in the

literaure. Sample values:

~a = .52 min~!, .0135 min~1,
~vg = .00083 min~1,
m = 411 min~1,

1 € (.0045, .0347)
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Estimating constants for our Boolean model

Approach
We'll select “middle of range” estimates for the rate constants:
® u=.03 min1,

m y4 = .014 min—?!

_— YA = YA + p = .044,

® 5 = .001 min~! — Y6 = 7B + p = .031,

m Yy = 411 min—1 - Y =Ym + p = .441.
Degradation is assumed to be exponential decay: x’ = —kx implies x(t) = Ce™*t.

The half-life is the time t such that:

x(t)=CeM=5C = e"M=5 = —kt=In}

Half-lives

m hy '5‘71 = 15.753 (approx. 1 time-step to decay)

3
[ ] EE = 'W’LB = 22.360 (approx. 2 time-steps to decay)
u i;;, = % =15 (approx. 0 time-steps to decay)
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A Boolean model incorporating dilution and degradation

Model assumptions
m Variables are M, B, A.

m Glucose absent. Intracellular lactose present, two parameters: L and L.
m Time-step ~ 12 min.
m Ignore (all « 12): 7y = .10 min, 75 = 2 min, im = 1.572 min.

m Introduce variables for dilution and degradation:

m Ay (since H
m Bod, Bogz)  (since hg

15.8 &~ 1 timestep)
22.4 ~ 2 timesteps)

N
%

Proposed model

fM =A fB =Myv <B A Bcld(2))
fA:(BALm)va(AAT..dAE) fogsy = M A B
fagg = (BvIm) AL) A A fanaizy = M A Boa()

Most of the functions should be self-explanatory.
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A Boolean model incorporating dilution and degradation
Justification for f4
a=(BALﬂvLV(AAEJA§)

There are 3 ways for allolactose to be available at t + 1:
(i) B-galactosidase and at least medium levels of lactose are present;
(ii) high levels of lactose (assume basal concentrations of 3-galactosidase);

(iii) Enough allolactose is present so that it's not degraded below the threshold, and no
[3-galactosidase is present.

Let's write our model into polynomials form, with parameters (L, L) and variables
(x1, %2, X3, x4, x5, %6) = (M, A, Acid, B, Bola(1) Bold(2)):

fu=A =

fa=(BALm)vLiv <A A Aod A E) £ = xo(1+x3)(1+xa) + (Lmxa+L+x4LLm)
+x2(14+x3)(1+xa)(Lmxa+ L+xalLlm)

fagg = ((Evm) /\Z) AnA f3=(14+xslm)(1+ L)x2

fB:MV(BAm> fa = x1 4+ xa(1 + x6) + x1xa(1 + x6)

fBoId(l) =MAaAB fs = (1+ x1)xa

fBoId(Z) = M A Bog(1) fo = (1 + x1)x5
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Using Sage to compute the fixed points (high lactose)

W PNOUIE W NE

P.<x1,x2,x3,x4,x5,X6>

= PolynomialRing(GF(2), 6, order ='lex'); P

Multivariate Polynomial Ring in x1, x2, x3, x4, x5, x6 over Finite Field of size 2

L=1;

Lh=1;_

print "L =", L;_
print "L _h =", Lh;

[

L =
L h

1

I = ideal(x1+x2, x2+(L*xX4+Lh+x4*L*Lh)+(x2%(1+x3)*(1+x4))+(L*x4+Lh+xX4*L*Lh)* (x2*%(1+x3)*(1+x4)), X3+(1l+x4*L)*
(1+Lh)*X2, X4+X1+x4*(1+X6)+X1*x4*(1+x6), X5+(1+x1)*x4, x6+(1l+x1)*x5); I

Ideal (x1 + x2, x2

+ 1, x3, x1*x4*x6 + x1*x4 + x1 + x4*x6, x1*x4 + x4 + x5, x1*x5 + x5 + x6) of Multivar

iate Polynomial Ring in x1, x2, x3, x4, x5, x6 over Finite Field of size 2

= I.groebner basis(); B
[x1 +1, x2 +1, x3, x4 + 1, x5, x6]

Conclusion: There is a unique fixed point,

(M, A, Aq, B, Bold(l): Bold(2)) = (x1,%2,x3,%, %5, %) = (1,1,0,1,0,0)

This is exactly what we expected: the /ac operon is ON.
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Using Sage to compute the fixed points (low lactose)

P.<x1,x2,x3,x4,x5,x6> = PolynomialRing(GF(2), 6, order ='lex'); P

Multivariate Polynomial Ring in x1, x2, x3, x4, x5, x6 over Finite Field of size 2

© PNOAUE W NR

11 I = ideal(x1+x2, X2+(L*X4+Lh+xX4*L*Lh)+(x2%(1+x3)%*(1+x4))+(L*X4+Lh+X4*L*Lh)* (x2*%(1+x3)*(1+x4)), X3+(1+x4*L)*
(1+Lh)*x2, x4+x1+x4%(1+x6)+x1%x4*(1+x6), x5+(1+x1)*x4, x6+(l+x1)*x5); I

12 Ideal (x1 + x2, x2*x3*x4 + x2*x3 + x2*x4, x2 + x3, x1*x4*x6 + x1*x4 + x1 + x4*x6, x1*x4 + x4 + x5, X1*x5
+ x5 + x6) of Multivariate Polynomial Ring in x1, x2, x3, x4, x5, x6 over Finite Field of size 2

13 | —

14 B = I.groebner_basis(); B

15 I [x1 + X672, x2 + X672, x3 + x672, x4 + x6"5 + x6"4 + x6, x5 + x6"4 + x6, X676 + x6"4 + x6"3]

We need to backsubstitute. Recall that X,-k = x; for all k.
The last equation: Xg + xg + xg’ = 0 implies x¢ = 0.
Plug this into the previous equation: x5 + xg + x6 = 0 (with xs = 0) implies x5 = 0.
And so on. We get a unique fixed point:
(M, A, Aq, B, Bold(l): Bold(2)) = (x1,%2,x3,%, %5, %) = (0,0,0,0,0,0)

This is exactly what we expected: the lac operon is OFF.
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Using Sage to compute the fixed points (medium lactose)

] | —
2 P.<x1,x2,x3,x4,x5,x6> = PolynomialRing(GF(2), 6, order ='lex'); P
3

Multivariate Polynomial Ring in x1, x2, x3, x4, x5, X6 over Finite Field of size 2

4
5 L=1;
6 Lh=0;_
7 print "L =", L;__
8 print "L_h =", Lh;
9 L=1
Lh=0
10

11 I = ideal(xl+x2, x2+(L*X4+Lh+x4*L*Lh)+(x2%(1+x3)%(1+x4))+(L*x4+Lh+x4*L*Lh)* (x2%(1+x3)*(1+x4)), x3+(1+x4*L)*
(1+Lh)*x2, X4+x1+x4%(1+X6)+x1*x4*(1+x6), xX5+(1+x1)*x4, X6+(1l+x1)*x5); I

12 Ideal (x1 + x2, x2*x3*x472 + x2*x3 + x2*x472 + x4, x2*x4 + x2 + x3, x1*x4*x6 + x1*x4 + x1 + x4*x6, x1*x4
+ x4 + x5, x1*x5 + x5 + x6) of Multivariate Polynomial Ring in x1, x2, x3, x4, x5, x6 over Finite Field
of size 2

13 | =—

14 B = I.groebner_basis(); B

15 [x1 + x4 + x6"9 + x6"8 + x6°5 + x674, x2 + x4 + x6"9 + x6"8 + x6"5 + x6"4, x3 + x6"9 + x6"5, x4"2 + x4 +

x6°11 + X610 + X6°9 + x6"8 + x6°6, x4*x6 + x6°10 + X6"9 + x6°6 + X672, X5 + x6°8 + x6°4, X6°12 + x6"9
+ X6°5 + X6°4 + x6]

The last (7th) equation implies xs = 0. The 6th one then implies x5 = 0.

The 5th equation gives no information (x4 can be anything), as does the 4th (x? + x4 = 0).
The 3rd equation says x3 = 0.

The 2nd equation says xo = x4, and the 1lst equation says x; = x4.

We get two fixed points:

(M7 A, Aoids B, Bold(l)’ Bold(2)) = (X17X2’X37X4:X57X6) = (0’0707 0»070)7 or (17 1,0,1,0, 0)
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Fixed points of our model and bistability

Here is a table showing the fixed points of our model, depending on whether extracellular
lactose levels are low, medium, or high.

Inducer level L) Lm M1 A| Aud | B | Baa) | Boldre) operon
Low lactose 0 0 0 0 0 0 0 0 OFF
High lactose 1 1 1 1 0 1 0 0 ON
Medium lactose 0 1 0 0 0 0 0 0 OFF
Medium lactose || 0 1 1 1 0 1 0 0 ON

Suppose lactose concentration is low (L = Ly, = 0), and so the operon is OFF. The current
state is

(M, A, Aolde’BoId(l)v Bold(Z)) = (x1,%2,x3,%, %5, %) = (0,0,0,0,0,0),

Now, let's change L, from 0 to 1, increasing the lactose level to medium. We are now in the
3rd fixed point above, and so the operon is still OFF.

Conversely, suppose lactose concentration is high (L = L, = 1), and so the operon is ON.
The current state is

(M, A, Aolde’BoId(l)v Bold(Z)) = (x1,x2,x3,%, %5, %) = (1,1,0,1,0,0),

Now, let's change L from 1 to 0, reducing the lactose level to medium. This takes us to the
4th fixed point above, and so the operon is still ON.
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A Boolean model incorporating dilution & degradation, and time-delays
Instead of the a “middle value” (.0135 min—1!), let's choose the high estimate y4 = .52
-1
min~—t.

This makes the half-life of A (which was ha = 15.753) much smaller:

hNA:%:l.%O, %:%:22.360 @:%:1.5

In this case, let's choose a much smaller time-step (e.g., t = 1 min).

We can no longer ignore all of the time-delays, so we introduce the following new variables:

m M, M; to model the delayed effect (by 758 = 2 min) of mRNA on the production of
[3-galactosidase.

m A; to model the delayed action of A on the production of mRNA by 7y = .1 min.

We will use the following new variables to model dilution & degradation:

m Myyq since ir;;, = 1.5 is approximately 1 time-step.
m Ay since ff’; = 1.26 is approximately 1 time-step.
® Bod(1), Bold(2) since loss of B-galactosidase is slower.

Remark

We really should use more variables, e.g., Byjg(1), Bold(2), - - - » Bold(22) to accurately track the
loss of B-galactosidase. However, we will argue shortly why this won't matter.
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A Boolean model incorporating dilution & degradation, and time-delays

Proposed model

fm = A1 v (M A Myg) fa, =A
fun = M faga = (
fm, = My fg = Ma v
fitgg = AL A M - fBoay =
fa=(BALm)vLv(AAAyu A B) fBoId(Z)

(Bv Lm)n Z) AA
(B A Bold(2))

M> A B

Mo A Bod (1)

Analysis of the long-term behavior of this model leads to similar results as the previous one.

Lactose L Lm M M1 M2 Mold B Bold(l) Bold(2) A A1 Aold
Low 0 0 0 0 0 0 0 0 0 0 0 0
High 1 1 1 1 1 0 1 0 0 1 1 0
Medium 0 1 0 0 0 0 0 0 0 0 0 0
Medium 0 1 1 1 1 0 1 0 0 1 1 0
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A Boolean version of the 5-variable ODE model
5-variable ODE model (Yildirim and Mackey, 2004)

Let M(t) = mRNA, B(t) = B-galactosidase, A(t) = allolactose, P(t) = lac permease,
L(t) = lactose (concentrations). Extracellular lactose (Le) is a parameter.

dM 1+ Ki(e *MA.,,)" ~

— = + o — AmM

dt MK+ Ki(e—rmAL, ) 0T M

dB _ ~

- ose "PMr; —95B

dA L A

— —aaB———— — BaAB——— —J3A

gt~ OB T T PABR A T A

dP

= aPe*u(Ts+TP)MTB+TP — JpP

dL L L L
—=qyP—=— B P —asB — L
dt KLe + Le € KLe + L K.+ L

We'll use the same estimates for degradation and delay constants as in the 3-variable model:

w=.03 min"1, Ta =+ p = .044, B =+ u=.031, A =y + p =441

New degradation constants estimated at ; = 0.0 min—!, and vp = .65 min—!. Delay
constant estimate is 7p = .83 min.

We need a new parameter to help distinguish high vs. medium extracellular lactose: Lem.
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A Boolean version of the 5-variable ODE model

Model assumptions

m Variables are M, B, A, P, L.

Glucose absent. Extracellular lactose present, two parameters: L. and Lep.

u
m Ignore time-delays (Yildirim and Mackey showed that they do not affect bistability).
u

Time-step &~ 12 min.

Ignore (all « 12): 7y = .10 min, 75 = 2 min, im = 1.572 min.
Introduce dilution & degradation variables: Agq, Boid, Lolds Pold-

Proposed model

fu=Av (MA M)
Mg =AAM

fA=(B/\L)\/(L/\Le)V(A/\m/\E>

old

fa =(§\/Z)/\(Z\/E>/\A

fi = ((P A Lem) v Le) v ((L A Toa) A (B A ﬁ))

fBId—W/\B

fo=Mv P/\Po|d>

Py =MnaP

fiag = (PvIem) aLe) AL
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A Boolean model incorporating dilution and degradation
Justification for fx
fa=(BAL)v(LALe)vV (A/\m/\g)

There are 3 ways for allolactose to be available at t + 1:

(i) B-galactosidase and lactose are present.

(ii) Internal lactose is present and the concentration of extracellular lacatose is high. This
ensures that by time t + 1, intracellular lactose concentration is high enough to find
available trace amounts of B-galactosidase.

(iii) The concentration of allolactose is high enough that it won't be reduced below the
threshold due to dilution & degradation, or to conversion (by 3-galactosidase) to
glucose & galctose.

Justification for f;
fi=((P A Lem) v L) v ((L ATod) A (B A ﬁ))

There are 3 ways for intracellular lactose to be available at t + 1:
(i) Lac permease and extracellular lactose are available.
(ii) There are high levels of extracellular lactose available (even if lac permease level is low).

(iii) There is enough lactose in the cell that it won't be lost to dilution & degradaton,
transport out, or conversion into allolactose (by 8-galactosidase).
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A Boolean model incorporating dilution and degradation

Model:
fu = Av (M A Myg) fB=Mv(BA@)
Mo =AAM fBoa =MaAB
fA=(BAL)v(LALe)v(AAmA§) fp=Mv(PAﬁ)
onId=<§vZ)/\(ZvE)AA fpold=W/\P

fi = ((P A Lem) v Le) v ((LAQ)A(EAE) fi, = (ﬁvg)AE)AL

Fixed points:
Ext. Lactose Le | Lem M| Myg | B| Bod | A | Aoid | L | Log | P | Poud
Low 0 0 0 0 0 0 0 0 0 0 0 0
High 1 1 1 0 1 0 1 0 1 0 1 0
Medium 0 1 0 0 0 0 0 0 0 0 0 0
Medium 0 1 1 0 1 0 1 0 1 0 1 0
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