Homework 1

1. Due Friday 9/2. Fix A > 2, and let T(n) denote the number of RNA secondary structures
with arc length at least A over [n]. Via the bijection between secondary structures and
Motzkin paths, we have a recursion:

n—(A+1)

Tn)=Tn—1)+ Z T(n—2—51T(3).

Define the following generating function
T(z) =Y T(n)z".
n=0
The textbook says that if we multiply the recursion by 2" for all n > A, then subsequent
calculation gives the equation
P2TRP—(1—2+22++2)T(2) +1=0.
Carry out the details of this derivation.

2. Due Wednesday 9/7. Start with the empty Young tableau, and apply the RSK-algorithm
to the following sequence: 2,7,5,8,3,4,6,1. Draw each intermediate tableau.

3. Due Wednesday 9/7. Consider the following Young tableau T; over the set {0,1,...,9}:

2[5]7]
3[9
6

‘ooPpHo

Find all standard Young tableaux 7;_; such that applying the RSK-algorithm to 7;_;
yields T;.

4. Due Monday 9/12. Let B,, be the Weyl group with the following Coxeter graph:
4

Bn ——eo —0—90 - - o—9
S0 S1 S2 Sp—1

Recall that this group is isomorphic to the group of signed permutations of a stack of
n cards numbered {1,...,n}, each with a black front, and a white back. The canonical
isomorphism sends

si— (i i+ 1) s — “flip over top card”,

where (¢ ¢+ ¢) means transpose the two cards in positions ¢ and ¢ + 1. Consider the sub-
group consisting of all signed permutations with the property that only an even number of
cards are flipped (i.e., white side showing). This is generated by the set {s{, s1,...,Sn—1},
where

si— (1 i+ 1) sy — “flip over and swap top 2 cards”.

Write s in terms of sg, $1,...,s,. Draw the Coxeter graph for this group. How many
elements does it contain?
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Homework 2

5. Due Monday 9/19. Consider the following *-tableaux (u®)},:

HH M T
gaD’H7 ‘7 ’ ‘77 T - ’ ‘ "‘ ‘ ‘ M ‘ H:‘)@,

14,

=0

Construct the corresponding arc-diagram v ((u’)

6. Due Monday 9/19. Consider the following arc diagram:

Construct the corresponding *-tableaux, (1'))_, = ¥~ (Gy).

7. Due Monday 9/26. Let fr(n,0) be the number of k-noncrossing matchings without iso-
lated vertices over [n]. Use the residue theorem to show that

1
fr(2m,0) = —]{ Fk(v2)v_2m_1 dv,
|v|=8

2me
where 8 > 0 and Fi(2) = Z fr(2n,0)2".
n=0

8. Due Friday 10/21. Verify that the recurrence
(m+1g(s+1,m+1) = (m+1)g(s,m+ 1)+ (2s + 1 — m)gi(s,m)

is “equivalent” (and explain what you mean by this) to the partial differential equation

oy - oy ox y

9. Due Friday 11/4. Let Tg(n,h) and Ci(n, h) be the number of k-noncrossing RNA struc-
tures and cores, respectively, over [n] with A arcs. Define the functions

a(i) =Ce(n—2(h —1—14),i+1), b)) =Tr1(n—2h—1—1i),i+1),
fort=0,1,...,h — 1. The Core Lemma tells us that

The textbook says that Mobius inversion can be used conclude that

aal—l)zzgf(—1y'1i(h;]>b@y

Carry out the details in this derivation.
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Homework 3

10. Due Monday 11/21. Prove the lemma from class showing that the vertex coloring part
of the Loop Decomposition Theorem is well-defined:

Let S be an arc diagram with the edges colored via the algorithm described in Proposition
6.2. For a given vertex i of the core structure ¢(5), let N(i) be the ¢(S)-arcs that nest it.
Prove that N (i) contains at most one non-red <-minimal arc.
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