Homework 3 | Due September 12 (Thursday) 1

Throughout, a metric space X is endowed with a distance function d: X x X — R, even if not
explicitly mentioned. Also, if the distance function for R* is not specified, it is assumed to be
BEuclidean.

1. Let Ay, Ay, As,...be subsets of a metric space (X, d). The closure of A;, denoted A,
is defined to be the union of A; with its limit points. It is elementary to show that the
closure of a set is indeed closed.

(a) If B, = UA“ prove that B, = UA"’ forn=1,2,3,....
i=1

=1

(b) If B = U A;, prove that B D U A;. Show, by an example, that this inclusion can
i=1 i=1
be proper.

2. Let E° denote the set of all interior points of a set £ C X, which we call the interior of
E.
(a) Prove that E° is always open.
(b) Prove that E is open if and only if £° = E.
(¢) If U C E and U is open, prove that U C E°.
(d) Prove that the complement of E° is the closure of the complement of F.
e) Do E and E always have the same interiors? Prove or disprove.
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f) Do E and E° always have the same closures? Prove or disprove.

3. Let (Y,dy) be a subspace of the metric space (X, dx).
(a) Prove that a subset V' C Y is an open set of Y if and only if there is an open subset
U of X such that V =Y NU.

(b) Prove that a subset G C Y is a closed set of Y if and only if there is an closed subset
F of X such that G =Y N F.

(c) For a point y € Y, prove that a subset N C Y is a neighborhood of y if and only if
there is a neighborhood M of y in X such that N =Y N M.

4. Two metric spaces (X,dx) and (Y,dy) are topologically equivalent if there are inverse
functions f: X — Y and g: Y — X that are continuous.
(a) Prove that the open interval (—7/2,7/2) is topologically equivalent to R.

(b) Prove that any two open intervals are topologically equivalent to each other, and
hence to R.
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