Homework 5 | Due September 26 (Thursday) 1

1. Suppose (X, Tx d (Y, 7y) are topological spaces and A C X and B C Y. Prove that:

) an
(a) Int(A x B) = Int(A) x Int(B);
B = Z X E;
x B) = [0A x BJU[A x 0B].

2. Let X1, X5 be sets and let m;: X7 x Xy — X, denote the standard projection maps for
1 = 1,2. The Cartesian product X; x X5 can be thought of as the “smallest” set that
projects onto both X; and X,. This can be formalized by the following “universal prop-
erty”:

For any set Z along with maps f;: Z — X;, there is a unique map f: Z7 — X; x Xy
satisfying m; o f = f; for « = 1,2. That is, the following diagram commutes:

A
Y

X1<77T1X1 XXQ?)XQ

Prove this.

3. Let (X1,7),...,(X,,7,) be topological spaces and endow X := [];_; X; with the prod-
uct topology 7x. Let m: X — X, be the standard projection maps; recall these are
continuous.

(a) Suppose f: Z — X is a function from a topological space (Z,77). Show that f is
continuous if and only if each f; := m; o f is continuous:

e

Z
(b) Prove the following “universal property” of the product topology: For any collection

of continuous maps f;: Z — X;, there exists a unique continuous map f: 7 — X
such that f; = m; o f for all ¢. That is, the following diagram commutes:

A
no4

Z
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