Homework 4 | Due September 14 (Wednesday) 1

Throughout, X is assumed to be a vector space of dimension n < oo.

1. Let A, B: X — X be linear maps.
(a) Show that if A is invertible and similar to B, then B is also invertible, and B~ is
similar to A~

(b) Show that if either A or B is invertible, then AB and BA are similar.

2. Let T : X — X be linear, with dim X = n.

(a) Prove that if 72 =T, then X = Ry & Nrp.

(b) Show by example that if 72 # T, then X = Ry & Np need not hold.

(¢) Prove that Nyn = Npn+1 and Rpn = Ryt

(d) Prove that X = Ryn @ Npn.

(e) Show there exists a linear map S : X — X such that ST = T'S and ST"™! = T™.

3. Let X and U be vector spaces, and suppose that Y is a subspace of X. Let : X —
X/Y be the canonical quotient map sending « -2y {z}, and let T: X — U be a linear
map. Give necessary and sufficient conditions for the existence of a unique linear map
S: X/Y — U such that T'= S o (). When this happens, the map 7' is said to factor
through the quotient space, as shown by the following commutative diagram:

Prove all of your claims.

4. Let P, be the vector space of all polynomials over R of degree less than n.

(a) Show that the map T': Ps — Py given by

T(p(x)) = 6 / " p(t) dt

is linear. Indicate whether it is 1-1 or onto.

(b) Let B3 = {1,z,2?} be a basis for P3 and let By = {1,z,2? 2%} be a basis for P;.
Find the matrix representation of T" with respect to these bases.
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5. Let T: X — U, with dim X = n and dimU = m. Show that there exist bases B for X
and B’ for U such that the matrix of 7" in block form is

I, 0O
[
where [ is the k x k identity matrix, and the other blocks are either empty or contain
all zeros.
1 =1 0
6. Consider the linear map T : R® — R? with matrix representation | 0 2 —2| with
-3 0 3

respect to the standard basis. What is the matrix representation of 1" with respect to the
basis {(1,—-1,0),(0,1,—1),(1,0,1)}?
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