
 

Infinity Mon 8 27

What do we mean by infinity
Numbers Lines Space Something else

How does infinity arise in art and architecture

Can we do math with infinity
O

b x to no I O no

xxx x x x f

Bird 2 farmers plat 1 seed day
A bird eats one seed every 4 daysday't day8

Farmer 1 I 2 3 5 6 7 8 9 CO

Farmer2 X k 3 4 5 G 7 8 9 10

day40 t day8

How many seeds are left at the end of time

Are all infinities the same size whatdoes this even mean
e g IN I 2,3 4,5 6

21N 2 4,6 8110,12
Z L 2 1,944
Q f a be2 bto gcdca b

IR fall real s



Himel

iiaqia i.IT T

Infinite buses arrive 10 IN

a

Proofthat llN lQ
I Q

1 7 IR

siiiiiiiisii.is
4 1 He 4 3 4 5

H3k
4x43k

yf

41 43 44 45

H k Yz k 45

Proof that IQIs 11121

Suppose we could order them

Room I 0835442863
Room Z 84 I 28 879 923

Room3 0.870 81446312 Cantor's diagonal argument
Room 4 8 2901313142
Room T 9 990000 2382

2 2831 doesn't get a room why



Discuss the continuum hypothesis Godel's incompleteness theorem

Neat paradox we can cover Q with intervals of total size 1

Reviewofdomaigraye andlints wed 8 29

Intuitively Idfa is what f c should be
51yd IRecall earlier examples

Ext fC4 7L 482
d LI

what is the demean

Ansel LFO i.e C x Dolo x 0

i e LLO or L o 7

AIL L O because Lino is nonsensical n

what is the range

Ansf f L I
Whatwe wantto find

we'll revisitthis

ExI glx x 60 27 60 2 2 60 2x

Domain Oaxa 30 or 0,30 x Tf
or o_O
O 30



Aa
th

Ext what should f o K

AI x Iso limit doesn't exist
We say Ligo 7L 1482 or doesn'texist

what should fl D be
Of course ftD 7 48 55

Exe what should glo be

gC1 5.999

gf ol 5999

gCool 0599
i

glo shouldbe zero Write fish 967 0

Similarly 9130 shouldbe zero

Otis
dig to

We can also define the lefthand limit and righthand limit



2
f 2 3

to tini
Caution Sometimes the lefthand limit and righthand limits are

equal lie the limit exists St
They are different fromfad
fad may notevenexist

EHO.gg
xI fxot II EE ftp.xf

Limtsgaenllybehacliheyoudexput

z fhdtgCxD fish flat figgag Carried theseexist

fine fg if
finegag

Exe Iii fi thing finox 4 1 04 1



µou t Thurs 8 30
4,557

God Determine the lowesthighest point of a curve

qqHae At each point P on a cure we shall

seek the linethrough P thet most closely 1 i 1

approximates the curve near P target
keyobservation The minimum is where this target line is horizontal

Read The stop of the line though Xi y and k g is

M 977,7 if x Xe rise over run T2 Y

K 9
71

ya y mCk Xi k 4

A line is rising if its slope is positive
falling if its slope is negative
horizontal if its slope is zero

Think of dope as a stretchingfactor

miff

a 41
I 1 Tl
domain wfmain

A linearfunct has the form fix bxec
A quadraticfunction has theform fad axibxtc a to



Nextgen whatis the target line

SherlockHdmedpnnci whenyouhave eliminated the
impossible whateverremains

howeverimprobable must be the truth

Sinan Consider fix x Find the slopeof the tangentline

secantline targetline

µ

right answer

Secanje Fri 8 31

slope Fife YET Y YH H2hhth 2htI 2th if hto
h

Foreach hto this is the wrong answer

By the Sherlock Holmes principle the right answer is when h O sGpe

let's try again with y x at Pf 2,4

cant line has slope equal to 4th
µ4

slope 4
slope 2



How to find a formula for all

We need a clear definition of a targetline at a point

Def The slope of a secant to f at Cc fcc is

Ifn ffithf I.fi I c if
c c h

X xth

Thedopofthangert line to f at c fo is

higofkthf.fi
This determines a new function called the derivative of f

f IH slope of the tangent line to f at Cx fan

Example fCx7 x at ClD dope 2

ft Xl at f2,4 slope 4

fact if at 4 2 slope

use formula line flxthlhffxl qfi.no hY X
hao h

Inigo 2h thh him 2hxfhI

hi 2x th

So thedrira veoffCx xisf4x7 2T



Question How do we do this for a general function

Mon 9 3

Theinterplaybetweerafunctionaidative
Compare Axl X rs f 2x

feat

f Tf Frig
horizontal tangentline

f

Def If the target line at G fo is horizontal then c is a

critical point

Exercise F 17 IT i7 Now reversethis i
funny 1

fanfan N guy i
f 50 I

saw i Gim f
i.io
i

f lLO



Application let's maximize gCx x 60 27 60 2 2

him glxthlh gcxl elimffeocxthl kxDJ dox 2iehero h

him 604604 244,24147 4 20

him boh 4in h liamo6O 4x 2h 60

4xfs
ii ix
gta 60 4 0 x 15

So g has a horizontal target line at a45

This is where g is maximized gas 15160 307 450

Wed 9 5

Notation Write fly for fKx

Last time we saw that 60 2 2 60 4x
God Find formulasfor the derivative of functions e g

xn fifty

Sin X af

ex f g
Hx Ig



Ex let fCx xn for some non negative integer n

holing HthY lim tnx ht_x 4nit hI x
hero

dig nxnt.ch nx

Dering
ft g him

Cflxth tg xthD fcx egC
h

him flxthlhfhh ehli.no gCxhh
gC

f ly t glad

Derintivesiscalernintation

f dig cfCxth cf
h

Liam c
fHtH f cutting fGth ff c flag

Appleton derivatives of polynomials

5 4 3 2 5 4 12x



Fri 9 7

Recite

f him f y faith
hi a ii afiii It
him AH fCx I

ffxth fix Tn

Inigo tfKtHh_f fi f

fix f IqI
Example Compute X 3

let fix _x f ffL 3 3x 3

This generalizes further

Except Compute xD
a III Yin 1 fifty nx

m

I
Exand t fifty
Rem xn n x

1 holds for all integers n fpositive negative



Product

f g fish flxth gCx h fxgCh

If ftxthgCxth _fCygCxh tfx gCxth fxgCh

him fcxthlgcxhffxgxth nlimofixglxthlhfcxglxl

hh.am fkthhfx.gl h fix himgCxthI g

fix g x fix gk
Quotiertruly Compute f It's not fYgi

key point I f gt we'll use the product and reciprocalrules

Ig ff f f Ig f

fly f I
g

Figg fggi f'ggfgf
EIade X

f g
2 422 43 4144135 41

3 2 43



4yd

pff old example fan 7 x 14 7 48 1 1M
God Find men f Hx this is min cat 51yd

flex 7 48 2
0

HFI7 412 0 x If
x 148 22.619 FI

The min cost of the fence is f TEE 7ft1 481M 36.661

Nextgen Compute derivatives of trigfunctions sin cos x etc

To do this we'll encounter dig sink
To evaluate these will need the following

i n

w
Quick review of trigfunctionsnvm



thx Csc x cost Sec cot x

off

Appt of squeezetheorems

compute Lino sin

sink

M i
fig sink DNE If Ksnt O

Note x2 E x sin E x

as 0 of
here

Yas
x 50

Next Compute figo 9

what do ym think this
should be I claim it's 1



f x radians

height _sin

The squeeze theorem confirms it

o.at i
n o

mats cos x h cost

talereciprocal Cos

Applysqueeze1hm I tabs I
Castro I 1

Fri 9114

Exercise Use the squeeze theorem to verify that

t.info o



Let fad sin x

f him sinkthsi
h

thing sinxcosh sinhcosxsinxh
fiemosinxlcohsh D tlni.no sinhhcosx

sinxlhi.mocoshh l ecosxhi.no Sinh

sin x O t cos I

A similar exercise can verify that cos x sin x

We can use the quotient rule to computethe derivative of the
other trig functions

E Han x csinxYcosxsinxkosxjccosxy

kosxxcosxcsinx.IN
cos2 x

cosktoggin

Surrey
Sin x cos x cos x Sin x

flan x see x Got xD csch

sexy see x tax Csc x Csc x cot x



Note The 2nd column can be gotten from the L
columnby

adding removing co and a negativesign

Nutbigi The derivative can be viewed as a way to measure

the instaneous ratifchangy of a function

Notations 1600 Lagrange f x

Euler Df
Bs

Newton y adopted in Britian
Leibniz old adopted in Europe

DX
Advantages of Leibniz's notation resulted in Britian falling too 200hundred

years
behind mainland Europe mathematically

Mon 9 17

Recall Leibniz's notation for the derivative if y fan then
d fkx

Motivating ht y x

slope of secant line is 1

iii H I
2x ox t Dx

4 2xcsxltsx.fi Fx o 2xtM2x



Leibniz defined fo

Notation reasoning Ancient Greek symbol I had evolvedinthelimit to the
modern d

Practice this notation

If y x3 then d dyd E 2x

A S then off L 5 25

fix x then off 3 x

Product rule If y f g then dtd daff g t f
d

Recipe da f off

Quotiatrate da Ig gta dff g f off

Cet ft position of an object at time t

Example aft mi

ft 30mi µ
f't O hr

e

velocity is rate of change of position



a f e Got

µ

Y H 60 Ii

fH
velocity of a piecewise

furetion isHighschoolmath

µ
just the slope of thatparticular

30
piece

tI e 3

Calculus Suppose the function ft is no longer piecewise

fLH n

it

t

T Howfast are youtraveling at this pointin
time

instantly
Things to pander about infinitesimals and calculus

Can you ever go from motion to non motion instantaneously

ie without hitting a brick wall or vice versa

Actually that has to happen any timeyou come to a completestep



Consider theheight of an airplane

landing hat taking off
htt n

E
te

is there
a lastpointoftime in the air a lastpoint of time ontheground

a firstpointof time on the ground a firstpointoftime intheair

Wed 9 19

let htt 16 t't 64 be the height of a ball thrown in the air

Questions

What is the avenge speed during the 1stsecond of flight
what is the avengespeet during the 2h second of flight
What is the instantaneous at t I

When t 3 is the ball going up or down

When does the ball reach its max

what is the rock's Mitty
What is the rock's acceleration



n htt 464
64

t

dad 321 64
t

I 2 3

hlDfh 4 0 48 ft

lb K 441 692,482 16 ft

Dh dh 32 fttaxi
O It fete h D sea

d Down because hits O

e date 32464 0 4 2 sec

f h o 64 Fet

g Acceleration is rateafchazeaf reloag

position velocity acceleration

htt HH dat HH att v't date h t

Note that h lH 16 c sec 16



Istdernate htt o ball traveling up

htt so ball traveling down

2ndderivat.ve h th o ball speeding up Cod is increasing

h so ball slowing down vel is decreasing

whatdoertheseandde.int ellus

f x fkn rate of change of the slope of the tangent line
f1 0

vs

if c
fan

f f

g agy qE µgm

FIT

ftp.fxDCxtfx
Fk O for o

F

f so
for X O



Iri 9 21 21yd
Chains

A W

Oldexayple
51151yd L

cost C 7 Lt 18h C is a function of L

length L Ew L is a function of W

C 7 tf 4814W

81W 4W C is a function of W

Question How are the derivatives off dfw dfw related

Analogy Suppose Clemson scores 3x as much as GT

Suppose GT scores 2x as much as USC
Question How much more does Clemson score as USC

Anse Cox

ddaefion.de e dddusEn

3 2 6

x s



Practice

Ext ht y 3 47 15
Then y U5 where U 3x2t7

duty data def 564 6 7 513 471416 17

01 fCH 3x
5

fCH 5104 01
513 4714 6 17

Ext y Sin 3 45 7

d Cos 3 2 5 7 d 3 45 71

cos 3 2 5 7 6 5

EXT y sin 2x

d
cos 2x ft 2x 2 cos

Mor generally ft sink k cos kx

fcoskx ksinkx



Mon924

Implicitdifferentiaion

Sometimes a function y yK is defined implicitly rather than explicitly

Even in these cases we can still find the derivative y ddt

E Consider a function y defined by Xy 1 X sing 3x

ME Differentiate both sides

Xy X sin y 3x

Xy t x sin y 3

1 y Xy t l sing x cosy y 3 Recall y off

y Xt x cosy y sin y 3
Collect y

yt 3 y s.in

yXtxcosyL
EI Find the equation of the line tangent to x xy y 7

it

x xy y
3 7

2x t l ytx.de 3y2dfz

Oddtxlx3yY 2x g
2
157

dddxlcx.yy.cm 254 IT 8g Tangut 9 2 851347



ed 9 26

pplicationofimplicitdifferriation derivative of X

How to compute x

Write y

yo XP y YI Exp XP

If ly8 da xp
Y

qy Gay pxp I

p l
off fggift Pq Pg XR H

CPtool

Pq
fo I

Thus the power rule df Xn n also works for any
rational number n

Example o daXT Ly x Ex Tx
dayTEXT If 1 2 3 1343 1,1 2 3 154 2 3

Relatedrate

E A rock is dropped in a pond and the nipple expands at a
rate of 3 in sec How fast is the area increasing when the radius

is 7 in



in
Eino If a

went daff t
r 7

L
Note We have functions A r and rt f

Easy to mess up daA rt A r rt Lar 3 Gar

Better adf.dz daI 2 ar 3 6Tr

dd
r o

6ar

Note This is different from the optimization problems we saw earlier since

we're not trying to minimize or maximize anything

Example A lo ft ladder rests against a wall
If the base is pulled away at a rate of J
2 ftfee how fast is the top of the
Caddo falling when the ladderis oft fromtheway

µt

G fo Idf L Fee X't y 100 2ftIse

Fad daff
xD andgal

x't y 100
4 t y It4001

y city 100

2x t Ly O
y
2 64 y 8x 6

2.6 2 t 2 8 If O 16 If 24 l 5ft f



Fri 9 28
Another related rates problem

Fpi Sand falls from an overhead ban It forms a sandpit
with a radius that is 3 times its height If it falls at a
rate of 120 ftYmir how fast is the height changing when the
pile is 10 ft high

t

Giminfo r 3h ht
DV r 3h

DI 120 Ymir

Iz tr h It 3h h 3 ah

Find dd lh
to

chairle death dat dff

V 3uh ft v IfGah
1 27 uh ddt doth

zy
whenhe

datetwo dat
io FYI too ko

Mon 1013

we hear a lot e is a number that comes up a lot in nature
But what does that mean



Motivating example

consider an investment that grows at a 100 rate
For simplicity suppose theinterest rate is 100

pay a
payout once a year 4007 rate 00

Ypo
After 1 year PG Po 1 1 2Po

2Po original tgained

I 2 3

K n
payouttwice a year 150 After 1 year

2.25Pof Pfc PolkE Itta
1.5Po
Po p It E 2.25Po

e
Z 3PM n payout4 times a year 25 After 1 year

pas AHHHH'aHHaHkH

p Poll 4 22.441 Po

I 2 3

payoutdaily Is After 1 year

put Polltatsi
Po

t 2.7146 PoI l I
I 2 3

In the limit we say the interest is compounded continuously



NA n

p

After gear
µ PH Ponting Itt

i l I s t call this e 22.718281828
I 2 3

e was first discovered in the early 1600 by Napier
It arose several other times in the 1600 in differentcontexts

In 1683 Jacob Bernoulli showed that es 3

Note thatby our above argument e 2 e 2.25

Bernoulli Define e nlimthI
Wed lolz
Note that Hx It nxt Nn x't nHY x'e

Play in X In Ith z I t I t LT t 34 t t t
E I t I t I t'T 1 t

I t l t t t t t t t to t 3

Similarly we can define e fifo I txt t t 7t

Derivativeofex i Given fix et

f'm stingo e IY e limo let me I

Ntl e X

exalimonyfT Infra ox



e din.tn n exnlimoi n

exn4h1n n ex 1 ex

Thus dze7
By the chain rule day ek be4

hi 1015 day EM EM dot2x 2x e

i

Recall that e and In x are inversefurctions i e

eh x and In ex x

et



Derivativesofotherexponentialfunctiulit
fix 2x In 2 EH 2

f CH In 2 edn 2 Y In 2 2

Similarly If b In b b

Duntirefratoy
suppose y In x Then e'd x

es day x

Thus
e II I If et


