



































































































































7Freegroupqfreeobjectgaretappresentations D

Goalofthissection we're seen group presentations like

i D r f I r't f I I rfr r

lii 2 2 Ga blab ba
Iii Is L x I x5 l

But what does this really mean
For example take G I r f I Then r f certainly satisfy
the presentation in Cil Same for G I I E Zz
To formalize the notion of a group presentation we'll need to introduce
free groups and for that we'll need free semigroups

DE A semigroup is a nonempty set with an associative binary

operation think group with identity inverses optional

A semigraphomomorphism is a function f X Y with ffxixd ffx ffxz
for all Xc Xc c X If f is bijective then X EY

2 A semigroup X is free on a set 5 if there is a function

j S X s 1 for any other function s X
k S Y to a semigroup 3 honor if
f X Y s t fj k ye
Exand let S I and IN El 43 Then CIN t is a

free semigroup on 5 with j 1 L Verify on HW






































































































































This means that there every semigroup or group on onegenerator is a

quotient of 1N e g

I IN

b
I IN

J
IN

b E
Ry Z K

prop 7 la If a free semigroup exists on S it is unique up to
isomorphism

PE HW

Thm7 If SF 0 thenthere exists a freesemigroup on S

PI we will construct it explicitly
Set X S u 5 5 u 5 5 5 v all finite words over 5

Define a binary operation of concatenation

ai Am b ba a am b s ba

This is associative thus X is a semigroup

let j S X be the inclusion map jCx x

Claim X is free on S

To show this ht k S Y be a function to a semigroup

Define f X Y by f Ca am kCa Klan

Chek F is a honors i fj he






































































































































Uniqueness Say g X 1 Y also satisfies fj gj k
Then g la amD g Ija j and S X

glja gljan X E
Had Klan Y

flja f jam f Can and f g r

since 3 f s1 Fj k X is a freesemigroup or S D

PropI3 Quotient semigroups their universal property

let Y be a semigroup and R an equivalence relation satisfying
xRy si 2Rw xzRyw lie it is welldefinedwar1 theoperation

Then Y R is a semigroup if 55 Ty Y 1 12

and it satisfies the following universIpoperly f

If h Y Z is a semigroup homomorphism 2

with fq h and satisfying had_he wherever xRy
Inother words every homomorphism respecting R factors through HR

PI Existence f Cx f qui had
Uniqueness If fq gq then f g because q is an epi g

DEI A group F is free on a nonempty sets to
s F

if 3 function of S f s 1 for any other
function f S G to a group F homom IF

G
F F G s t fol Q






































































































































Conal we'll show that free groups if they exist are unique up
to isomorphism and then we'll showthey exist by constructing them

as quotients of free semigroups

p7 Uniqueness If a free group exists on SF 0 it is unique
up to isomorphism and lo is l l

PI Uni Exercise Hw

Injectivryofot i Supposed were not t l and a _b but olla01lb

Define Q S 72 S F e
al s I i bi 7

b z Of It I fca O C a b I I
2

Then I flat f dca fd b b 2

Thus no such f f I can exist with fol Q so F is notfree

Thm7 Existence If SF 0 then there is a free group F on S

PE Choose a sits with 151 154 Sn 5 0 and put F Sus
think of S as the inverses ofets in S

ht si s be a l l correspondence b w S and S and

s 5 s s the inverse map S S
Thus t t is a bijection 1 T
let X be the free semigroup on T exists by Thm 7,2
If g X G is a honour to a group call g proper if
gls GG for all se S






































































































































It follows easily that gt gut for all te T

Define a relation R on X where

xRy iff g gCy holds wherever g X IG is proper

Motivation g Xyy glx so Xyy Rx
Cheech R is an equiv relation on X

xRy and 2Rw xzRyw
Therefore F X R is a semigroup and of X HR is a

homon Pop 7.3 Write it qty
Note that xy IT and I I

Chain i F is a group

ii F is free on S

Pfof daim
i Fisagroup
Choose se S x c X under natural inclusion s s c X

Etty we'll show ssTeX R is the identity eH

If g X G is proper glss and so glss'D_gk
By definition of R xRxss I XI ISI

similarly STI I so SI Ie
Inverse let x 44 th tic T
Then T 5 where y tie titi






































































































































D check we want to show Ig If SI for any ses
or equivalently xy Rss
If g X G is proper then

g Xy g s s sa sa Sisi
g guy gagged glsiglsi
giggly glsalglsh glSd glsj
1g g sst for any se S

Since F X R is a semigroup with identity 4 inverses it is a group

Think of F as the group of finite words over Su 5 where the

binary operation is concatenation
ii F is free on S

let s T X be inclusion maps
Define to S F by G _qji
Now let 0 S G be any function to a group

Extend A to G G by setting 047 06 fses

God show 2 homon f X G s 1 f Q
Q

S T X 4 F X R
Prop 7.2 Pop 7.3
X is free 1 Universal

I pop

isI
K






































































































































Since X is free on T d T X G s 1 Tj O Prop 7.2

By Pnp 7.3 Univ property J F F G s 1 fg P

Kote fol fqji fji O liQ.ltessoff Suppose 3h F G s 1 h Q

Is inn union

f
Note hqji Q Q'i Vij fqji
Thus hq fools f Ms fses c X

Need to show hqG fools fMs'D k sie S EX
Recall that guy q s in F X R
Thus hqG'D h gist hook fqui ffqG5D fqcs'D

D
Sina d is H we identify ses with lots c F and just say SEF
The elements of S are generators of F and we write F Fs S

Remark By definition any function f S G S 2 Fs

arbitraryG can be extended uniquely to Ifa homom f Fs G st fol G G

Exampds

C 151 1 say S s and let to S Z
s I

let E S G be at mop say of g






































































































































D d 0
Then the homom f Z G S Z s I

1mg of f If
is the unique honor set fol Q G 9

Thus 2 is free on S

Note that g E Z o Zn thus every cyclicgroup is

the quotient of the freegroupy on 63 onegerent
2 let 5 a b Note that s is not cyclic it has two

a b Fs
generators 53 4127,4237

If htt Ea b Fs

121 Izzy
Define Q a b 53 412 423

a 1 3 12

b 123

The free group Fs is the set of all words over 5 a b

Underconcatenation which we write as La b1 i e

2 generators no relations

The map f S Sz extends to a unique honor f Fs S3

Rigida Thegroup S3 is generated by 2 elements and is a

quotient of the free group Fs where 151 2

More generally if 6 45 and 1st n then I homom

Fs G i.e every group is the quotient of a free group






































































































































d
Why S E and F is surjective because s G

fIs f
G

Thm Suppose 5 UFO Then Ee Fu iff 151 14

PI Caseli Iska s Fs
since Fs Fa they have the same

number of index 2 subgroups zz
Each is characterized uniquely as the kernel
of a surjection f Fs 174

Clearly there are 21 I such surjections
So Fs has 2 I index2 subgroups and Fu has 2 I ISIfu

Casey 1st no Set T Sus so I 11 151

IfsI E I t lTI t I 1 1 1 TxTxT t Kol 11 151

Therefore IBI ISI and so 151 151 1Ful Ul r
Ots

suppose h S U is bijective S E
Is S E da U Fa ht If

U Fu
Then duh S Fa so 7 F E E s t fds uh

hey
similarly loshi U Fs so I g Fu Fs s t glou ohh s f
Now gfits E satisfies ds gf s Is los 19

By uniqueness gf 1fs






































































































































D
similarly fg 1fu so f d g are inverse isomorphisms and

EE Fu D

Def Therant of a free group Fs is 151

The Subgroups of free groups are free

The If KISI INE Io ther 3 embedding Fs Fu

Proofs Involve algebraic topology covering spaces

Not surprisingly the concept of a free object can bedefined

in a categorical setting

Def A concretecatyony is a category C wherethe objects

A cOb E have an underlying set structureFLA and
f

Ci Every ft Home A B is a function A B

on the underlying sets I f
IflFIA FIB

Ii The identity morphism is the identity a A
function on the sets

Ciii Composition of functions agrees with 7 3

f
composition of functions on the sets A B 92C

at sF


















































































Formally this means that there is a covariant functor F to

the category Set

Informally Objects are sets with extra structure eg groups

Morphisms are functions with extra structure eg homomorphisms

Nonexamples

d Any directed graph defines a non concrete category assuming

loops 4 transitive edges
2 let G be a fixed group Ob G G lie one object

Hom G g gcG The identity element is 1g

Deff let F be an object in a concrete category E S 0

and do S F a map of sets Then F is freeo
if for any AeOble and set mop Q S 7 A B f eHomeFA
s 1 fol 0 as maps of sets

hm7 let F F c Ob e befree objects on S S respectively

where 151 1511 Then F and F are equivalent

PI HW

Free objects are universal i e initial objects in an appropriately

constructed category like how co products were



Construction Details to be verified on Hw

let Feoble be free on 5 with d S F

Define a new category D as follows
S A

Ob D maps of sets s A cOb e 9 BIh
Hom D ht Hong s 7 A S 9213 if heHomelA B and hf g

Claim Ida A A is the identity morphism S A

or S A HA Ida

heHompls A S 9,13 is an equivalence iff

h cHome A B is an equivalence s F

If F is free on S then s f is f

initial lie universal in D
A

Now back to groups
Renate Evey group G generated by S is a quotient of F

By the FAT S Elk for some Kd Fs S E
ht KKR Ther o q

each re R is an element of Fs
S

i e a word in Svs
The quotient q Fs Elk maps ri rK K it sets r I

we say that G has a set 5 of generator G subject to a set

of relations r L re R The elements r are called retrorse



Thus every group G s is isomorphic to a quotient Elk
where K h Na

RENNE
we write this as G S R S r I t reR called

a presentation of G

E Cn a 1 an l

22 a b ab bin

Qs i j k l i jEk ijk l

Propts suppose G SIR Ghs Rz and R a Re
Then I homom g G Gz

PI Assume it Fs DE K I G is the canonical quotientmap

h Na S Esand K
Renee 0

Ig t'tlet ol S Fg and Q S Gz be inclusions

Since Fs is free F F E Gz s1 E fol
G

Sina R E R2 Ker T E kerf so by the universal prop of
quotient groups 7 homom g G Gz s t f g IT D

To Summarize Poop 7.8
Adding relations induces a homomorphism

S R is the freest group subject to the relations



Note Removing generators is equivalent to adding the relation g L

Thus if 5,252 and R E Rz then I homon GIR 452,13

Actually we don't need 5,352 but rather just any surjector
Q S Sz that respects relations i e r I Ocr L

Moreprecisely we have established thefollowing

Cortot Suppose Gffs R and GELS IR such that

it 3 Q S s say 067 5 and extending to 0 12 R

Ci n I freer lie 0 4 1 trek

Then I homom g G Ga

Example

C let G a 1 an _l and 62 46 5 1 mln
Then 0 atsb and flan bn I so 0 extends to a homom

G Gz In fact In Em

2 let G a blah I b L ababe 1

Note a3 1 at a

b I b i g
abab I ab bat ba

Thus every element can be written in the form bias where

i O l and j O 1,2 IGI EG
So GE I Zz Zz Ey 22 22 Rs 26 or S3
which one is it



Consider 0 1123 I 12 in S t t

let Gla r and 0lb T

Cheech 0 as 03 1 b'f E L flabab riot

By Cor 7.9 Ig G Ss and so 1Gt 76

Therefore GES a b la b abab
3 let G fx.gl xy y'x yx x'y
Note xy y4 yYxy yx x2y x Xy x yY
Thus I Xy y'x y gx y y I x l

Hera G I

4 ht G a.to an b l ab b a

Note that a a b b ab ba
Thus every element can be written as alibi Osian Oss's2

here 1GIE 2n
To show 1Gt 2n we'll demonstrate G Dn
Consider D r f where r 21h rotation f reflection

Define flat r fcb f r

show 0 respects relations rn f rf fr 1

Thus I G Dn and since 1Gt el Dnl then GE Dn

Fmfad Given two finitely presented groups Gifs R and

GE S2 Ra ie Isil Milano determining whether GIG is
in general computationally undecidable


