
 

2Fieldsoffmeticalizations
Throughout assume R is a commutative ring with 1

Motivatingexampt Z is an integral domain The field Q is the smallest

ring containing it where every element has an inverse

Question Is there always such a minimal field that has this property

3 A fieldoffrections for R is a field R Fr
Fr with a monomorphism Q R Fr s 1 if
G R K is a moron to a field then µ
there is a unique homom f Fr K s t Q fol

Propi If REO has a field of fractions Fr then it is unique up
to isomorphism

PI Exercise standard uniqueness proof

The If RFO is an integral domain then it has a field of
fractions

PE ht X 12 421903
Define an equiv relation a b n c d if ad be

Motivation f Ed ad _be

Check Equivalence relation reflexive symm transitive

let Fr Xf set of equiv classes

Denote the equiv class containing Ca b as Vb



Define operations on X n as follows

4bt4d ladtb.cl bd oYb 4d a4bd
Cheech Well defined

Associative

Thus Fr is a commutative ring
1 Ya for any a O

O 0lb for any bto

IF 461 0 then Hb Ha I cFr
thus Fr is a field
Checkuniversal property

Define lo R Fr D rata for any ato

Easy Q is a monomorphism r

Define f Fe 2K by flab Gla 065
Cheek f well defined

f is a moron

f d G

uniqueness suppose g Fr K is another moron S t

gol fol Q

Thin guts g rata salat grata glsala glamglass
Qtr Qts f rts



Thus g f and Fr is a field of fractions for R D

Usually we identify r with rata and view R as a subring

of Fp

Localizations Generalizing the construction of Fp

let R be comm and SE R a semigroup containing no zero divisors

Goal Embed R into a ring so that elements of S all have

malt inverses

Let X Rx S and define or or X by Ca b n k d if ad b

The ring Rs XL is the smallest ring containing R s t all

elements in 5 have an inverse in R It is called the

localization of R at S

Exe let 12 2 S Rl p
This forces all non multiples of p to have inverses that is

b lbE Rg iff s t b
Thus all elements of the form stb are in Rs

Exercise The unique maximal ideal of Rs is Palb ptb

Def A commutative ring is local if it has a unique maximal

ideal



D
Peputw A ring is local iff its non unit form an ideal

Pope Hw If P is a prime ideal of a commutative ring and

S RIP then Rs is local

This is the motivation for the term localization


